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Special topics

•Generalized stability margin and Vinnicombe distance
•Q – parametrization (Youla- Kucera)
• Predictor interpretation of R-S-T controllers
• Robustification of Linear GPC
• Complexity of robust controllers and controller reduction
• Some references (books)

Robust discrete time control
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Generalized stability margin. Preliminaries
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Modulus margin:

Takes in account only one sensitivity function

• Stability of the closed loop system requires the stability
of all the sensitivity functions

• Various sensitivity functions have to be considered for robust
stability depending on the representation of the uncertainties.

Is it possible to characterize globally the robustness margin of the closed loop
system taking in account simultaneously the four sensitivity functions ?
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Generalized stability margin
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Generalized stability margin:

Can be computed with smarg.m

Sensitivity matrix:

controller plant model
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Generalized stability margin. Computation

U,V : orthonormal matrices

Singular value decomposition:
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Normalized distance between two transfer functions:

The winding number

izn
ipn: number of unstable zeros of G : number of unstable poles of G
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0)()()()1( 2211

*

2 1
=−−++ GnGnGnGGwno Ppp ii

number of poles on the unit circle

[ ] ( ) ( ) 2/12

2

2/12

1

21
21

)(1)(1
)()()(),(
ωω

ωωωω
jGjG

jGjGjGjG
++

−=Ψ

Normalized difference between two transfer functions:

Vinnicombe distance (ν-gap):
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Robust stability criterion (Vinnicombe)

The controller K which stabilizes the plant model G1 will also
stabilize model G2 if:

),(),( 121 GKbGG ≤νδ

A less restrictive condition:
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Vinnicombe G., (1993) : « Frequency domain uncertainty and the graph topology »,
IEEE Trans. on Automatic Control, vol. 38, no. 9, pp. 1371-1383.

Zhu K., (1998) : Essentials of robust control, Prentice Hall, N.J., U.S.A.
Landau I.D.(2002) Commande des sytèmes- conception, identification et mise en oeuvre,

Hermes, Paris
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Q – parametrization (Youla –Kucera)
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Central controller:   [R0(q-1),S0(q-1)].

CL poles: P(q-1)=A(q-1)S0(q-1)+q-dB(q-1)R0(q-1).

Control:       S0(q-1) u(t) = -R0 (q-1) y(t)

Q-parametrization : 

R(z1)=R0(q-1)+A(q-1)Q(q-1);
S(q-1)=S0(z-1)-q-dB(q-1)Q(q-1).
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Q - parametrization
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Model Model

Plant

Q – parametrization (equivalent scheme)
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Closed Loop Poles :

Q – parametrization (Q = FIR)
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Q-parametrization :
R(z1)=R0(q-1)+A(q-1)Q(q-1);
S(q-1)=S0(z-1)-q-dB(q-1)Q(q-1).

Central controller:   [R0(q-1),S0(q-1)].

CL poles: P(q-1)=A(q-1)S0(q-1)+q-dB(q-1)R0(q-1).

Control:       S0(q-1) u(t) = -R0 (q-1) y(t)

•Closed Loop Poles remain unchanged  !
•Sensitivity Functions will be different
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Q – parametrization. Sensitivity functions

R(z1)=R0(q-1)+A(q-1)Q(q-1);
S(q-1)=S0(z-1)-q-dB(q-1)Q(q-1).
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Q – parametrization (Q = FIR)

• Q can be used to “tune” the robustness of the closed loop
• Q can be used to introduce an equivalent “internal model”
• Q can be used to introduce an“equivalent pre-specified”

filter in the controller
• Q as a FIR does not allow to introduce “additional poles”
(useful for robustness)

Example : internal model
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Rantzer & Megretski (IEEE-TAC, 1994 result:
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But (*) is nothing else that the condition for satisfying the upper template on
a sensitivity function:
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(convex condition on a and b – see Langer’s thesis for a proof)
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201 ;And one can uses (**) with: for finding α and β

Then convex optimization techniques can be used to solve “automatically” the
problem (Langer,Automatica, June 99 and OPTREG(Matlab Toolbox))

Q – parametrization (general case)
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Parametrization of α and β for convex optimization

Ritz method
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An exercise

How to introduce a band stop filter HS/PF ?
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Predictor interpretation of R-S-T controllers
The case of systems with delay

See also:
I.D. Landau (1995) : Robust digital control of systems with time delay (the Smith predictor 
revisited), Int. J. of Control, v.62,no.2 pp 325-347
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Equivalent controller equations:

Controller for system with d = 0

d-steps ahead predictor

R0 and S0 are solutions of:

E and F are solutions of:
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R-S-T controller –equivalent representation
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Combining (*) and (**) gives

)()1(*)()( 0000 tFyRdtyPTtuEBRSP prpr −++=+

which yelds the closed loop poles :

pr

d

pr

d

pr PPFqAEBRASPFBRqAEBRSP 000000 )()( =++=++ −−

R-S-T controller –equivalent representation

Remark:
Various interpretation possible of the imposed dynamics for the 
closed loop without delay and the predictor dynamics
(Which are the dominant poles ? Which are the auxiliary poles ?)
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Remark : “Smith predictor” like structure

Internal model control – another equivalent representation

controller

predictor

Predictor (IMC)

predictor parameters for IMC
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Robustification of linear generalized predictive control
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Minimize

in a receding horizon sense, subject to the constraint

Two approaches for robustification:
• Selection of P and Q plus the poles of the predictor
• Use of Q parametrization on top of the computed controller

Solution : an R-S-T controller with well defined closed loop poles 

Robustification of linear generalized predictive control
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Selection of P ,Q and the poles of the predictor
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Opening the loop at 0.5fS

Integratror

The P polynomial and the dynamics of the predictor appear in the closed loop
poles in addition of the poles introduced by the criterion minimization.They can be 
Selected to improve the robustness
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Use of Q parametrization on top of the computed controller

Use the computed controller as the “central controller” and
add the Q – parametrization

To optimize Q parameters use:
•Convex optimization (as for pole placement)
•Use linear programming on a fixed size Q (see Rodriguez, ECC03)
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Complexity of robust controllers
and

Controller reduction
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CONTROLLER REDUCTION. Why ?

- Complex Models
- Robust Control Design

High Order Controllers

Example : The Flexible Transmission
(Robust control benchmark, EJC no. 2/1995 and no.2-4/1999)

Model complexity :                                    nA= 4;  nB= 2; d =2
)q(A

)q(Bq
)q(G

1

1d
1

−

−−
− =

Fixed controller part : Integrator

Pole placement design :                                     nR= 4;  nS= 4
)q(S
)q(R

)q(K
1

1
1

−

−
− =

Max : nR= 9; nS= 9 (Nordin) Min : nR= 7; nS= 7  (Langer) 

Complexity of controllers achieving 100 % of specifications:



I.D. Landau A course on robust discrete time control, part III 
28

Φm

axis
motor

d.c.
motor

Position
transducer

axis
position

Φref

load

Controller u(t)

y(t)
D
A
C

R-S-T
controller

A
D
C

The main vibration mode varies by 100%

Frequency characteristics for various load

Robust control of a flexible transmission
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Approaches to Controller Reduction

Indirect Approach

Plant
Model

Controller
Design

Specs.

Controller
Reduction

Reduced
Order

Controller

-Does not guarantee resulting controllers of desired order
- Propagation of model errors
Direct Approach

- Approximation carried in the final step
- Further  controller reduction for “indirect approach”

Plant
Model

Model
Reduction

Controller
Design

Specs.

Additional Specs.

Reduced
Order

Controller
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Controller reduction should be done with the aim to
preserve as much as possible the closed loop properties.

Reminder :
Controller reduction without taking into account the
closed loop properties can be a disaster !

Some basic references :
- Anderson &Liu : IEEE-TAC, August 1989
- Anderson : IEEE Control Magazine, August 1993

Basic rule :

Controller Reduction
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Ĝ

r
c u

ĉ û
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Input Matching (CLIM)
Use of simulated data Use of real data
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Identification of Reduced Order Controllers

Landau I.D., Karimi A., Constantinescu A., (2001) : « Direct controller reduction by
identification in closed loop », Automatica, vol. 37, no. 11, pp. 1689-1702.

Landau I.D (2002). Commande des systèmes –conception, identification et mise en œuvre Hermes, 
Paris

EJC, (2003), special issue on controller complexity reduction, no.1
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