Decomposing multivariate polynomials
with structured low-rank matrix completion
Konstantin Usevich1
Abstract— We are focused on numerical methods for decomposing a multivariate polynomial as a sum of univariate
polynomials in linear forms. The main tool is the recent result
on correspondence between the Waring rank of a homogeneous
polynomial and the rank of a partially known quasi-Hankel matrix constructed from the coefficients of the polynomial. Based
on this correspondence, we show that the original decomposition
problem can be reformulated as structured low-rank matrix
completion (or as structured low-rank approximation in the
case of approximate decomposition). We construct algorithms
for the polynomial decomposition problem. In the case of
bivariate polynomials, we provide an extension of the wellknown Sylvester algorithm for binary forms.
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I. INTRODUCTION
A. Problem statement and motivation
In this paper, we consider the following polynomial decomposition problem. Given a multivariate complex (resp.
real) polynomial p(z1 , . . . , zn ) of degree d in n variables,
decompose it into a sum of r univariate polynomials of linear
forms, i.e. find a decomposition (possibly minimal) of the
form
p(z1 , . . . , zn ) = q1 (s1,1 z1 + · · · + s1,n zn ) + · · ·
· · · + qr (sr,1 z1 + · · · + sr,n zn ) ,

(1)

where q1 , . . . , qr are univariate complex (resp. real) polynomials of degree d and {sk,j }r,n
k,j=1 are the complex (resp.
real) coefficients of the linear combinations.
The decomposition (1) is motivated by a problem arising
in system identification of block structured models [1]. Often,
it is possible to estimate (for example, using frequency
domain methods [1]) a block-structured model, consisting of
a single-input-multiple-output (SIMO) linear time-invariant
(LTI) block, followed by a multivariate polynomial nonlinearity (Fig. 1, top diagram). However, this representation
is coupled, and it is more desirable to find a parallel
Wiener representation (Fig. 1, bottom diagram). This can
be accomplished as shown in Fig. 1. By decomposing a
polynomial nonlinearity as (1), the linear transformation can
be merged with the SIMO block, which yields a parallel
Wiener representation.
One also may be interested (for example, in system
identification) in approximation of the form (1) (rather than
in decomposition). In approximation theory, this problem is
related to approximation of a multivariate nonlinear function
as a sum of nonlinear functions of the form fe(s1 z1 +
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Decoupling a nonlinearity in identification of parallel Wiener

. . . + sn zn ) (called ridge functions [2] or planar waves [3]).
Approximation by ridge functions appears in many topics of
statistics and data analysis (feed-forward neural networks,
density estimation, independent component analysis, projection pursuit, etc.), see [2], [4] and references therein.
B. Previous works
In the case when the polynomial p is homogeneous
(the total degree of all its monomials is the same), the
decomposition (1) is known as Waring decomposition, and
is equivalent to symmetric tensor decomposition [5], [6],
[7, Ch. 5]. There are many recent results on the Waring
rank of homogeneous polynomials (i.e., r in the minimal
decomposition (1)): maximal rank (r needed to decompose
any polynomial) and generic rank (r needed to decompose
a generic polynomial). There are results on uniqueness of
Waring decomposition.
For n = 2, there is a classic Sylvester algorithm (see
[5], [8]), which provides a complete solution to the Waring
decomposition problem. For n > 2, there exist symbolic
and numeric algorithms that provide partial solutions to the
Waring decomposition problem [8], [9].
For the general (non-homogeneous case), there are just a
few works [10], [11]. In [11], it was shown that any real or
complex polynomial can be decomposed with at most


n+d−2
rmax ≤
d−1

terms in (1), where ( nk ) is the binomial coefficient. There
are currently no results on the generic r, to the extent of the
author’s knowledge.
As of numerical algorithms, probably the only available
paper is [1] on decomposition of degree-3 polynomials.
The approach of [1] is based on non-symmetric tensor
decompositions, and treats the homogeneous components of
p(z) separately, which leads to r higher than rmax .
C. Contribution of this paper
We are focused on developing practical algorithms for
decomposition (1). We use the connection of (1) to simultaneous Waring decomposition of homogeneous polynomials
[6]. We extend existing algorithms using a well-known idea
in signal processing of stacking Hankel-like matrices next to
each other. This idea was also used in [12] for simultaneous
Waring decomposition of a quartic and cubic (in the case
n = 2), in the context of independent component analysis.
First, for the case n = 2, we extend the Sylvester algorithm. The proposed algorithm is guaranteed to find a minimal decomposition of the form (1). Second, for n > 2, we
extend the recent result [8] on correspondence between the
Waring decomposition and low-rank completion of a quasiHankel matrix. We reformulate the decomposition problem
(1) of a non-homogeneous polynomial as a structured lowrank matrix completion problem (or structured low-rank
approximation in the case of approximate decomposition).
In this paper, we also summarize the results of [8] in the
language of linear recurrent arrays, which is more familiar
to researchers in signal processing and system theory. Also,
compared to [8], where systems of polynomial equations
are solved, we propose to use general-purpose methods for
matrix completion.
The paper is organized as follows. Section II is devoted
to preliminaries, such as notation, Waring decomposition,
connection to linear recurrent arrays and multidimensional
Hankel matrices (and multidimensional systems). In Section III, the polynomial decomposition (1) is reformulated
as a simultaneous Waring decomposition. Next, we state the
main result of the paper: a correspondence between the polynomial decomposition problem (1) and a structured low-rank
matrix completion problem. Using this correspondence, we
present a generic algorithm for polynomial decomposition.
We provide a simpler algorithm for bivariate polynomials
(an extension of the Sylvester algorithm), which uses only
standard linear algebra operations. Section IV contains some
numerical examples for the algorithms.
II. PRELIMINARIES
A. Notation
We denote by Z+ the set of nonnegative integers, and by
C and R the sets of complex and real numbers respectively.
>
We denote by R[z] (resp. C[z]), where z = [ z1 ··· zn ] ,
the vector space of n-variate polynomials with real (resp.
complex) coefficients; Rd [z] and Cd [z] stand for spaces of
homogeneous polynomials of degree d, and R≤d [z] and

C≤d [z] the spaces of multivariate polynomials with degree
at most d.

>
For vectors x = x1 · · · xn
∈ Cn and α =

>
α1 · · · αn
∈ Zn+ , we define in a standard way the
power operation:
αn
1
xα := xα
1 · · · · xn .

For a multi-index α ∈ Zn+ , we denote by |α| = α1 +· · ·+αn
the sum of its elements. By N(n,d) we denote the set of multiindices {α ∈ Zn+ | |α| ≤ d} (the degrees of monomials in the
space K≤d [z]). By 4(n,d) we denote the set {α ∈ Zn+ | |α| =
d} (the degrees of monomials in the space Kd [z]).
B. Multidimensional arrays and Hankel matrices
Let An = {Zn+ → C} denote the space of n-dimensional
infinite sequences1 , i.e., A = (Aα )α∈Zn+ ∈ An is a collection
of elements indexed by the multi-indices α ∈ Zn+ .
For an A ∈ An we consider the infinite Hankel matrix,
with row and columns indexed by multi-indices,
H(A) := [hα,β ]α,β∈Zn ,
+

hα,β = Aα+β .

Note 1: The rows and columns of H(A) can be also
conveniently indexed by integers as
∞,∞
H(A) = [hi,j ]i,j=0
,

hi,j = Aαi +αj .

if a multi-index order 0 = α0 ≺ α1 ≺ · · · is chosen.
It is easy to see that the rows (and the columns) of H(A)
are shifts of the original infinite array
H(A)β,: = H(A):,β = σβ (A).
where the array shift σβ (A) is defined as
σβ (A) := B ∈ An ,

where

Bα = Aα+β .

In our exposition,
define an action of the polynoP we also
mial p(z) =
pα zα ∈ C≤d [z] on an array as
α∈N(n,d)

p ∗ A :=

X

pβ σβ (A).

β∈N(n,d)

Thus a β-shift is the action of zβ on A, i.e., zβ ∗A = σβ (A).
Note 2: The action p ∗ A can be interpreted as filtering
or convolution with an “FIR-filter” p (because a polynomial,
by definition, has a finite number of nonzero coefficients).
We say that the polynomial p(z) annihilates A if p∗A ≡ 0.
Note that p ∗ A ≡ 0 if and only if
X
pβ Aα+β = 0, for all α ∈ Zn+ ,
β∈N(n,d)

i.e., the infinite array A satisfies a linear recurrence relation
with coefficients of p(z). We denote by
I(A) := {p ∈ C[z] | p ∗ A ≡ 0}

(2)

1 The space A can be identified with the dual space of C[z], and also
n
with the set of formal power series [8].

the set of all polynomials that annihilate an array (i.e., the
set of all possible linear recurrences). The set I(A) is a
polynomial ideal [13] in C[z].
Note 3: The matrix H(A) is the matrix representation of
the linear (Hankel) operator
H (A) :C[z] → An

for any permutation of indeces Π. For any symmetric tensor
A we can construct a homogeneous polynomial

for all α

(3)

(s ⊗ · · · ⊗ s) ×1 z ×2 z · · · ×d z = (s> z)d .
Hence, (4) is equivalent to symmetric tensor decomposition

n

where hk ∈ C[z] are polynomials and λk ∈ C .
If one of the statements holds true, then
m
X

d

}|
{
z
ci · si ⊗ · · · ⊗ si ,

where si ∈ Kn .

k=1

The case when I(A) is not radical, corresponds to the case
of multiple roots for univariate polynomials.
Theorem 1 (or its variations) can be found in different
papers and formulated with different terminology: in [14],
[15] it is formulated in terms of linear recurrent sequences
(for example [14, §20.20]); in [8] it is formulated in terms
of linear functionals on C[z] (see also [16]); in [17], [18]
similar results were formulated in terms of multidimensional
systems theory.
C. Waring decomposition and polynomial decomposition
Problem 1 (Waring decomposition): Given a homogeneous polynomial a(z) ∈ Kd [z], K = C or R, find the
minimal r and vectors s1 , . . . , sr ∈ Kn such that
(4)

with cj ∈ Kn \ {0}. The minimal such r is called the Waring
rank of a(z).
Note 4: Waring decomposition problem can be considered
as a restriction of the decomposition problem (1) to homogeneous polynomials.
Waring problem is a classic problem in algebra (see [5] for
a historical overview), and recently received much attention
due to a remarkable result of [19] on the generic ranks, and
also due to many important applications (see [6] for a list of
references).
Waring problem is also known as a tensor decomposition
problem. Consider a symmetric d-way tensor

the corresponding symmetric matrix is


a1 a24 a25
A =  a24 a2 a26  .
a5
a6
a3
2
2
Then (5) is equivalent to the factorization

A = S diag(c1 , . . . , cr )S > , S := s1

d times

···


sr .

One of the possible such factorizations is given by the eigenvalue decomposition (where the vectors sk are orthogonal).
Thus, the Waring decomposition can be considered as a
generalization of the symmetric factorization of symmetric
matrices.
Note 5: Note that decompositions (4) and (5) contain an
obvious overparameterization: the vectors sk can be scaled
and permuted, without changing the decomposition. Thus in
decomposition (4) we aim at finding sk up to permutation
and scaling.
Note 6: The decomposition (4) can be still nonunique,
even if we take into account scaling and permutation and
consider a minimal decomposition (for the minimal r).
For more background on Waring and symmetric tensor
decompositions, we refer the reader to [6].
D. From Waring decomposition to sums of exponentials
This subsection contains a brief description of the principle
of apolar duality, widely used in the theory of Waring
decompositions.
P
For a homogeneous polynomial a(z) =
aα zα , we
α∈4(n,d)
(N )

}|
{
z
A ∈ Kn × · · · × n ,

(5)

i=1

a(z) = a1 z12 + a2 z22 + a3 z32 + a4 z1 z2 + a5 z1 z3 + a6 z2 z3 ,

c k λα
k ⇐⇒ m = r.

d
> d
a(z) = c1 · (s>
1 z) + · · · + cr · (sr z) ,

r
X

Example 1: Consider the case d = 2, i.e., a(z) is a
quadratic form. In linear algebra, quadratic forms are represented by symmetric matrices A ∈ Kn×n such that a(z) =
z> Az. For the polynomial

k=1

I(A) is radical ⇐⇒ Aα =

(A(j1 ,...,jd ) )·zj1 · · · zjd ,

and vice versa, for any homogeneous polynomial there exist
a unique symmetric tensor A.
The powers of linear forms correspond to rank-1 symmetric tensors, i.e., for s ∈ Kn we have that

A=
hk (α)λα
k,

n
X

j1 ,...,jd =1

Moreover, the ideal I(A) is the kernel of the operator H (A) .
The following theorem gives a characterization for Hankel
matrices (and operators) of finite rank.
Theorem 1: The following three statements are equivalent
• rank H(A) = r < ∞
m
• I(A) is a 0-dimensional ideal with variety {λk }k=1 ⊂
n
C , m ≤ r, and dim C[z]/I(A) = r.
• the array A has a representation
Aα =

A(j1 ,...,jd ) = AΠ(j1 ,...,jd )

a(z) = A×1 z×2 z · · ·×d z =

p(z) 7→ p ∗ A.

m
X

where the term symmetric means that

define its normalized coefficients {aα }α∈4(n,d) as
−1

(N )
aα
= aα · ( αd )

,

where ( αd ) :=
we have that

d!
α1 !···αn !

is the multinomial coefficient. Hence,
X

a(z) =

α∈4(n,d)

 
d (N ) α
a z .
α α

Due to the properties of the multinomial coefficient, we have
X d
> d
(s z) =
sα zα .
α
α∈4(n,d)

Hence, the Waring decomposition (4) is equivalent to
)
a(N
α

=

r
X

ck sα
k,

(n,d)

for all α ∈ 4

,

(6)

k=1

which is a decomposition of the array of normalized coeffi(N )
cients {aα }α∈4(n,d) as a sum of projective exponentials.
E. Affine decomposition
Assume that we deal only with the case (sk )1 6= 0 for all
k. As noted in [8, Def. 2.1], we can always achieve (sk )1 6= 0
by a generic rotation of the variables z. Then, due to Note 5,
we may assume that sk have the form
 

>
1
sk =
, λk = λk,1 · · · λk,n−1 ∈ Kn−1 . (7)
λk
Then the decomposition (6) is equivalent to
a(D)
=
α

r
X

ck λα
k,

for all α ∈ N(n−1,d) ,

(8)

k=1
(D)

where {aα }α∈N(n−1,d) are the dehomogenized coefficients
(N )

a(D)
:= ad−|α|,α1 ,...,αn−1 ,
α

(9)

obtained from the normalized coefficients. The decomposition (8) is called affine decomposition [8, Def. 2.1] (as
opposed to its projective counterpart (6)).
Note that the operation of dehomogenization drops the
dimension of the array of coefficients by 1.
F. Affine decompositions and Hankel matrices
In what follows, we deal with complex decompositions
(K = C). In [8] it was proposed to relax the problem from
finding the Waring decomposition, to finding the decomposition of the dehomogenized coefficients of the form
a(D)
=
α

r
X

hk (α)λα
k,

for all α ∈ N(n−1,d) .

(10)

k=1

where hk ∈ C[z1 , . . . , zn−1 ]. Note that this decomposition is
exactly of the form (3). We will refer to (10) as a generalized
affine decomposition.
By Theorem 1, the problem of finding minimal decomposition (10) is equivalent to the following problem.
Problem 2:
minimize rank H(A)
A∈An−1

subject to Aα = a(D)
for all α ∈ N(n−1,d) .
α

This is a problem of finding the minimal low-rank completion of the infinite Hankel matrix H(A), given the initial
entries {Aα }α∈N(n−1,d) .
Note 7: It is well known (see Note 6), that a symmetric
tensor may have a nonunique symmetric decomposition. The
same holds for the generalized affine decomposition (10).
However, after the completion in the Problem 2, the λk in the
decomposition (10) are determined uniquely. Therefore, the
nonuniqueness of symmetric tensor decompositions corresponds to nonuniqueness of matrix completion in Problem 2.
G. Reduction to quasi-Hankel matrix completion
Since the rank of an infinite Hankel matrix is finite, it is
possible to construct a submatrix that will completely define
the elements of the whole Hankel matrix H (A) [8].
Consider two ordered sets of multi-indices, described by
b
a
, where
and B ∈ Zn×m
matrices A ∈ Zn×m
+
+
 (1)

n×ma
,
A= α
. . . α(ma ) ∈ Z+
 (1)

b
B= β
.
. . . β (mb ) ∈ Zn×m
+
Then the quasi-Hankel [20] matrix HA,B (A) ∈ Cma ×mb is
defined as
(HA,B (A))i,j := Aα(i) +β (j) .
The quasi-Hankel matrix is a submatrix of H(A) corresponding to the sets {α(1) , . . . , α(ma ) } and {β (1) , . . . , β (mb ) } of
row and column indices. HA,B takes into account only the
multi-indices from the Minkowski sum A + B.
Now we go back to Problem 2. In [8], it was shown
that it is sufficient to consider a submatrix HA,A with
A = N(n−1,d) . This results in the following algorithm (we
present it in a simplified form).
Algorithm 1: Input: the homogeneous polynomial a(z) ∈
Cd [z]. Output: the factors in decomposition (10).
1) Construct the normalized dehomogenized coefficients
(D)
{aα }α∈N(n−1,d) .
2) Construct
the
quasi-Hankel
matrix
(D)
HN(n−1,d) ,N(n−1,d) (A), where Aα
=
aα
(n−1,d)
for α ∈ N
, and Aα are unknown for
α ∈ N(n−1,2d) \ N(n−1,d) .
3) Find the minimal rank completion for the unknown
entries Aα for α ∈ N(n−1,2d) \ N(n−1,d) .
4) Reconstruct the exponents λk in the expansion (10)
from the image of the matrix HA,A (A).
5) Obtain the coefficients of hk by solving the linear
system (10) (e.g., via least squares fitting).
Algorithm 1 is a simplification of [8, Alg. 7.1] (in particular,
more details on step 4 can be found in [8]).
The minimal decomposition (10) does not always coincide
with (8), thus Algorithm 1 does not solve Waring decomposition problem in general. Unfortunately, for a generic homogeneous polynomial the rank of the minimal completion
in Problem 2 may be smaller than the generic Waring rank.
Note 8: In the original algorithm [8, Alg. 7.1], it is proposed to increase the number of exponents until the polynomials hk in (10) are constant (which yields a decomposition
(8)). However, this approach requires solving polynomial
systems of equations, which is not always feasible.

H. The case n = 2, Sylvester algorithm
(n−1,d)

For n = 2, the set N
is equal to {0, 1, . . . , d}.
Therefore, the quasi-Hankel matrix is just a Hankel matrix


A0 A1
···
Ad

.. 
.
 A1 . . .
..
. 
.
HN(1,d) ,N(1,d) (A) = Hd (A) :=

 .
.
.
.
 .
.
A2d−1 
Ad · · · A2d−1
A2d
Note 9: With some abuse of notation, for a vector A ∈ CT
we will denote by HL (A) ∈ CL×(T −L+1) the Hankel matrix
with L rows constructed from A.
Since, the values {Ad+1 , . . . , A2d } are unknown, it is a
classic minimal realization problem [21] for scalar Hankel
matrices. For n = 2, the minimal realization problem is completely solved [22]. The solution is essentially determined by
the “maximally square” submatrix of Hd (A).
Moreover, for n = 2 it is possible to construct an algorithm
which yields the Waring decomposition (8) (compared to
Algorithm 1).
Algorithm 2: Input: homogeneous polynomial a(z1 , z2 ).
Output: sk and ck in (4).
1) Compute the dehomogenized coefficients A =
(D)
[aj ]dj=0 .
2) Set r = 1.
3) If rank Hr+1 (A) = r + 1, increase r by 1, repeat;

>
4) Consider a vector θ = θ0 · · · θr , such that
θ> Hr+1 (A) = 0.
r
P
5) Define {λk }rk=1 as the roots of θ(z) :=
θr z r .
j=0

6) If all the roots are simple, goto step 8.
7) Try another specialization of θ at step 4, and go to step
5. If all specializations for current r were exhausted,
increase r and
4.
 go tostep
>
8) Define sk = 1 λk . Determine the coefficients ck
by solving the linear system (4).
Algorithm 2 is known as Sylvester algorithm [5], [8].
Note 10: Algorithm

2> is suitable not only for the
> sk of
the form sk = 1 λk , but also for sk = 0 1 . This
corresponds to the case θr = 0 (the root at ∞ of θ(z) [22]).
III. MAIN RESULTS
A. Problem (re)statement
It is easy to relate decomposition (1) to Waring decomposition (4). Denote by a(k) (z) the degree-k homogeneous
part of p(z) in (1). Then (1) can be rewritten as a system of
equations
a(0) (z) = c1,0 + · · · + cr,0 ,
(1)

a

(z) = c1,1 ·
..
.

(s>
1 z)

+ · · · + cr,1 ·

decomposition of several homogeneous polynomials. Equivalently, it is a simultaneous symmetric tensor decomposition
problem.
As in Section II-E, we construct the dehomogenized normalized coefficient arrays for j = 1, . . . , d:
(j,D)
{aα }α∈N(n−1,j) . We also assume that the vectors sk are
given as in (7), by the vectors λk . Then the system of
equations (11) becomes
a(1,D)
=
α1
(2,D)
aα
=
2

r
X
k=1
r
X

1
c1,k λα
k ,

for all α1 ∈ A1 ,

2
c2,k λα
k ,

for all α2 ∈ A2 ,
(12)

k=1

..
.
a(d,D)
=
αd

r
X

d
cd,k λα
k ,

for all αd ∈ Ad ,

k=1

where Aj := N(n−1,j) . Therefore, the problem of polynomial decomposition is equivalent to simultaneous sumsof-exponentials fitting. For this problem (at least, for onedimensional exponents), there is a well-known approach in
signal processing [23] to stack the Hankel matrices next to
each other. This idea is exploited in the next two subsections.
B. Case n = 2: extended Sylvester’s algorithm
(j,D)

Let {ai
}ji=0 be the sequence dehomogenized normalized coefficients. Define the vectors A(j) ∈ Cj+1 as
h
i>
(j,D)
.
A(j) := a(j,D)
·
·
·
a
0
j
Consider the following family of structured matrices


Sr (p) := Hr+1 (A(r) ) · · · Hr+1 (A(d) ) ,

(13)

where Hr+1 (·) is a Hankel matrix with r rows (see Note 9).
A matrix Sr (p) has r + 1 rows, and contains only homogeneous terms of p from the r-th degree to the d-th degree.
Then the decomposition of a bivariate polynomial can be
obtained by the following algorithm.
Algorithm 3: Input: polynomial p(z1 , z2 ). Output: sk and
cj,k in (11).
1) Compute the vectors A(j) .
2) Set r = 1.
3) If rank Sr (p) = r + 1, increase r by 1, repeat;

>
4) Consider a vector θ = θ0 · · · θr , such that
θ> Sr (p) = 0.
r
P
5) Define {λk }rk=1 as the roots of θ(z) :=
θr z r .
j=0

(s>
r z),

(11)

d
> d
a(d) (z) = c1,d · (s>
1 z) + · · · + cr,d · (sr z) ,

where cj,k are the coefficients of the polynomials qj (t),
i.e. qj (t) = cj,0 + cj,1 t + . . . + cj,d td . In other words,
decompostion (1) is the problem of simultaneous Waring

6) If all the roots are simple, goto step 8.
7) Try another specialization of θ at step 4, and go to step
5. If all specializations for current r were exhausted,
increase r and
step 4.
 go to>
8) Define sk = 1 λk . Determine the coefficients cj,k
by solving the linear system (11).
Algorithm 3 yields the minimal decomposition of the form
(11). Since all the vectors A(j) , j ≥ r satisfy linear recurrent

relations with coefficients θk (such that the corresponding
polynomial θ(z) has only simple roots), they should be representable as sums of the corresponding complex exponents
(12) (from the algebraic theory of Hankel matrices [22]).
Moreover, by construction, there cannot be a decomposition
of smaller order r0 < r.

8
6
4
2
0
−2
−4
−6

C. Case n > 2: a matrix completion algorithm

−8
5
0
−5

For n > 2, we propose to extend Algorithm 1.
Algorithm 4: Input: a polynomial p(z) ∈ C≤d [z]. Output:
the vectors sk , and coefficients cj,k in the expansion (11)

(j)

(j,D)

for α ∈ Aj , and other elements
where Aα = aα
are missing.
4) Find the minimal rank completion of (14).
5) Compute U ∈ R|Ad |×r — the basis of the column
space of the matrix (14).
6) Determine the multidimensional exponents {λk }rk=1 .
7) Obtain the coefficients cj,k by solving the linear system
(11) (e.g., via least squares fitting).
Note 11: We use a different from [8] approach for obtaining the exponents λk . We use multidimensional ESPRIT-type
method [24] (more precisely, an ESPRIT version for shaped
arrays [25]).
We do not prove the correctness of the algorithm, but the
main idea is along the same lines with Algorithm 1. The key
fact is that an analogue of Theorem 1 holds for a collection
of infinite arrays A(1) , . . . , A(d) which are annihilated by the
same set of polynomials (see [17], [18], [26]). In general,
the result of the algorithm is not the decomposition (12),
but rather an analogous simultaneous generalized affine
decomposition (10) of the homogeneous parts a(j) (z).
We also provide an example in Section IV, for n = 3.

We present several examples, for the algorithms proposed
in the paper. All the algorithms were implemented in Matlab;
the code is available on request, and is planned to be released
publicly.
A. Decomposition of bivariate polynomials (n = 2)
1) Example 1: We construct a polynomial
>
>
p(z) = q1 (s>
1 z) + q2 (s2 z) + q3 (s3 z),

where the linear forms are given by





s1 = 1 1 , s2 = 1 −0.35 , s3 = −0.35


1 ,

0

3

2

1

The first test bivariate polynomial

respectively. The resulting polynomial p(z) is plotted in
Fig. 2.
We consider the sequence of matrices Sk (p), defined in
(13). In Fig. 3 we plot the rank of Sr (p) depending on r.
As we can see in Fig. 3 the rank is full until the point r = 3,
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Fig. 3.

Ranks of the matrices Sr (p) depending on r, example 1

after which it stays constant (and equal to 3). The rank drops
again at r = 9, where the number of columns becomes too
small.
From the kernel of S3 (p) (as well as the kernels of other
matrices), we
 can extract the unique (up>to a scaling factor)
vector θ ≈ −1 −2.2071 2.2071 1 . The roots of the
characteristic polynomial θ(z) are
λ1 = −2.8571,

IV. N UMERICAL EXAMPLES

−1

−2

and q1 , q2 and q3 are degree-9 Chebyshev approximations
on [−5; 5] of the functions
 
πt
t
f1 (t) = tanh
+ ,
2
20
f2 (t) = cos(t + 1), f3 (t) = exp(0.2t).

rank Sr

1) Split the polynomial into homogeneous parts a(j) (z).
2) Construct the normalized dehomogenized coefficients
(j,D)
{aα }α∈Aj .
3) Construct the following matrix


(14)
HAd ,A1 (A(1) ) . . . HAd ,Ad (A(d) ) ,

Fig. 2.

−3

λ2 = 1, λ3 = −0.35,




and
s1 = 1 λ1 , b
s2 = 1 λ2 , and b
s3 =
 the directions b
1 λ3 exactly correspond to the original directions s1 , s2
and s3 (up to scaling and permutation).
Least squares fitting of the coefficients yields estimated
polynomials qb1 , qb2 , qb3 . The coefficients of the polynomial
coincide with the coefficients of the original qk up to
exponential scaling and numerical precision.
The computed norm of the difference between normalized
coefficients of p(z) and pb(z) = qb1 (b
s>
b2 (b
s>
b3 (b
s>
1 z)+ q
2 z)+ q
3 z)
−14
is equal to ≈ 1.5 · 10 , which confirms that the exact
decomposition was achieved up to numerical precision.
Note 12: The behavior of the rank is similar to the rank
behavior of block-Hankel matrices. In fact, matrices Sr are
striped Hankel, which is a special case of the more general
mosaic Hankel case.

2) Example 2: We construct an example for which t he
first rank drop may be larger than by one (in the sequence
of the ranks of Sr (p)). We consider the previous example,
with the last polynomial replaced by q30 (t) = 0.2 · t2 , and
everything else (including the vectors sk ) left the same.
As in the previous example, we consider the sequence of
matrices Sk (p), defined in (13), and we plot the ranks of
Sr in Fig. 4. As we can see in Fig. 4, the rank drops by 2

rank Sr
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λ1 = −1.9849,

λ2 = 1,

of
of
of
1,
of

λ3 = −0.35.

Thus we see that the directions s1 and s2 are preserved
and the direction s3 (corresponding to the polynomial q30 )
is changed.
The computed norm of the difference between normalized
coefficients for the original polynomial p(z) and recovered
polynomial is equal to ≈ 10−15 .
B. Decomposition of polynomials for n = 3
We consider the test polynomial from [1], which is a
polynomial of degree 3 in 3 variables
p(z) =0.9743
− 7.7940z0 + 0.4601z1 + 1.1426z2
− 76.8242z02 − 10.9872z12 − 13.1377z22
− 9.8017z0 z1 − 8.8899z0 z2 − 9.8928z1 z2
−
−
−

λ1 = (−0.0593, −0.1583),
λ2 = (−0.0149 + 0.2265i, −0.0659 + 0.1987i),
λ3 = (−0.0149 − 0.2265i, −0.0659 − 0.1987i),
λ4 = (−0.3153 + 0.0917i, 0.4166 + 0.1739i),
λ5 = (−0.3153 − 0.0917i, 0.4166 − 0.1739i).

>
. The error of the
and the basis vectors sk = 1 λ>
k
decomposition algorithm (between the original and decomposed polynomial) is ≈ 10−7 .
For matrix completion in this example we chose the
following method. Consider an affine matrix structure S :
np
P
Rnp → Rm×n , S (p) = S0 +
Si pi , which parametrizes
i=1

Ranks of the matrices Sr (p) depending on r, example 2

when r = 3. It happens because the polynomial q30 (t) is
degree 2 and is not represented in the matrix S3 (p)
Thus we have a nonunique vector in the left kernel
S3 (p) (the dimension of the kernel is 2). We pick one
the vectors,
and it is different from the one in example

>
θ = −0.6947 −1.6402 1.3349 1.0000 . The roots
the characteristic polynomial are

decomposition with

296.1180z03 + 9.2577z13 + 10.2615z23
135.2378z02 z1 − 96.1882z02 z2 − 95.2097z0 z12
73.7725z0 z22 + 10.4748z12 z2 + 29.7747z1 z22

− 58.3379z0 z1 z2 .
The method of [1] treats homogeneous components separately, and produces a decomposition of rank 8. However,
the theory in [10], [11] suggests that the maximal rank of
the polynomial decomposition is 6 (for real decomposition)
and 5 (for complex decomposition).
We ran Algorithm 4 with additional knowledge of bound
on the maximal rank 5, since Algorithm 4 produces complex decompositions. The algorithm gives a complex rank-5

all possible completions (i.e., S0 contains all known elements, and Si and pi parametrize the elements to be
completed). For a given r, we minimize the cost function
min

P ∈Rm×r , L∈Rr×n

kP L − ΠS (P L)k2F ,

where ΠS : Rm×n → Rm×n is the orthogonal projection
on the space of structured matrices {S (p) | p ∈ Rnp }. Thus
we deal with minimization of the distance from the set of
low-rank matrices to the space of structured matrices. (Also,
the described method can be considered as a special case of
the method in [27].)
There exist other methods for matrix completion. A probably earliest algorithm of matrix completion [28], [29], is
based on Cadzow-like iterations, and alternately projects on
the sets of low-rank matrices and the space of matrices with
given entries. The Cadzow-like algorithm is attractive due
to simplicity of its steps, which allow fast implementation.
Another alternative proposed recently is to minimize the
nuclear norm instead of the rank [30]. We should note,
however, that the so-called first-order methods for the nuclear
norm heuristic are very similar to the Cadzow-like methods.
Note 13: All the methods described above do not guarantee convergence to a solution of the original rank minimization problem.
V. CONCLUDING REMARKS
We have considered a problem of decomposing a polynomial as a sum of univariate polynomials of linear forms.
We proposed numerical algorithms, which are extensions of
existing algorithms for Waring decomposition. In the case of
bivariate polynomials, the algorithm is an extension of the
Sylvester algorithm.
The developed ideas can be also applied for the approximation problems. This would lead to a structured low-rank
approximation (rather than just matrix completion). Although
it is known that the best low-rank tensor approximation may
not exist, the best structured low-rank approximation always
exists (for a linear structure). However, in the structured lowrank approximation approach, the best approximation may be
in the form of a generalized affine decomposition (and not
a Waring/polynomial decomposition).

The problem that we considered was motivated by a polynomial decomposition in identification of parallel Wiener
systems. A more challenging problem is simultaneous decomposition of several coupled polynomials, which appears in identification of the more flexible parallel WienerHammerstein models [31] and nonlinear state-space models
[32]. As is, the methods of this paper are not applicable to
these cases, due to additional constraints on polynomials. It
is an interesting open question whether these cases can be
treated in the framework of this paper.
There are also many open theoretical questions on the
polynomial decomposition considered in this paper, such as
uniqueness and generic number of terms. There are a few
works on simultaneous Waring decompositions, for example
[33], but mostly homogeneous polynomials of the same
degree were considered.
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