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ABSTRACT inverted [5]. On the other hand, Blind Identification (BI) of
Linear Mixtures of independent random variables (the the mixture matrix can be performed without extracting the
so-called sources) are sometimes referred to as Under-sources (at least in a first stage), as in [2] [5] [9] [17] [1].
Determined Mixtures (UDM) when the number of sources More precisely, the methods proposed in [2] [5] [9] [12]
exceeds the dimension of the observation space. The algoonly use the data FO statistics, whereas in [17] or [7], the
rithms proposed are able to identify algebraically a UDM information contained in the second c.f. of observations is
using the second characteristic function of the observatio ~ €xploited. We extend this kind of approach by using ad-
With 0n|y two sensors, the first a|gorithm 0n|y needs a SVD. ditional equations, which makes the solution more stable.
With a larger number of sensors, the second algorithm ex- Contrary to cumulant based approaches such as [1] or [5],
ecutes an ALS. The joint use of statistics of different arder for a given number of sensors, the number of sources is the-
is possible, and a LS solution can be computed. oretically not limited, which constitutes the main motiaat

in using the c.f.

1. INTRODUCTION
2. ASSUMPTIONS AND NOTATION
This paper is devoted tdnderdeterminediinear Mixtures
(UDM), that is, mixtures of independent random sources In accordance with the remarks made in introduction, we
where the number of sources, always exceeds the num- assume the observation model below:
ber of sensorsP. In other words, underdetermined mix- _ 4 1
tures do not enjoy sparsity properties such as disjointsour r=Ast+tw @)

specira, or sources non perman_entl_y present (this Property,here Vector, Matrix, or Tensor variables are distinguishe
is often exploited in Speech.appllcauon_s [15.])' - from scalars by bold faces; ands are random vectors of
Moreover, we are only interested in Blind Identifica- size P and N respectively,A is a P x N full rank ma-

t|:3n, ?nd ?Ott '(;‘ Sk(])urctﬁ Extract?on.fThese th probletms are{gix, andw accounts for modeling errors and additive noise.
closely related when the nUmber of Sources does not eXCeee o m noyw on, jts presence is just ignored in the remaining,

t_he num_berof Sensors. In_fact, th_e I|_near m|>_<ture can_then beexcept when running computer experiments. The enries
linearly inverted, and looking for its inverse is an equérdl

. - of vectors are assumed to be non Gaussian and statisticall
problem [4] [3] [13]. Techniques that have been utilized N y

i this f ” h d ord hiteni independent.
In this framework, such as second order pre-whitening, or - £ simplicity, we shall restrict our attention in this pa-
deflation, are not applicable for UDM.

i X . . . per to real variables and mixture. As pointed out in [7], the
Identifiability of linear mixtures received on a single

X distributi h ind immersion of the complex framework in a real framework
Sensor requires source clistributions to have an indecol 'posoflargersize introduces some additional constraintschvhi
able characteristic function (c.f.) [16] [14]; for instanmn

digital o BPSK ind bl make the problem more difficult, but at the same time al-
Igital communications, SOUrces are INdecomposablfg,, 5 petter stability of the solution. Most of the reasoning

but QPSK are not. This condition can be deflated for un- developed in this paper applies to the complex case, up to
derdetermined mixtures received on 2 sensors [18] [7]. In some complication in the notation.

contrast for over-determined mixtures, the only patheclogi ; .
cal distributions are Gaussian [11] [8] [14]. In the sequel, We also assume the following hypotheses:
it is assumed that an under-determined mixture is available H1 the columns ofA are pairwise linearly independent.
on more than one sensor, Viz<c P < N. In addition, it is o )
not assumed that spectral or multi-spectral differences ca 2 source distributions are unknown and non Gaussian
be exploited as in [12] for instance, and the time dimension
is merely ignored.

Blind source extraction from underdetermined mixtures H4 the moments of the sources are unknown, but finite
is a difficult problem since these mixtures cannot be linearl up to some order larger thavi

H3 the numberV of sources is known



UnderH1, H2, andH3, A can be shown to be essentially
unique [14, pp.311-313].

Two practical algorithms are subsequently described.
The first is a significant improvement of the approach de-
scribed in [17] and [7], and the second turns out to have
similarities with a work of Yeredor [19], developed for di-
agonalizing a set of square matrices by an invertible trans-
form, i.e. applicable only for,(T") < P; however, the

algorithm described here also works for square tensors of

rankr,(T') > P. Both are based on the core functional
equation below, which is a direct consequence of source in-
dependence:

N P
Uo(u) = Z wn(z Apnp) 2)
n=1 p=1
where ¥, (u) denotes the second c.f. af defined as

U, (u) = log E{exp(u'x)}, and whera),, (v) denotes the
second c.f. of source,: ¥, (v) = logE{exp(vs,)}. This
core equation can be used in an open neighborkfbofthe
origin, where¥ . does not vanish.

3. ALGORITHM ALGECAF: AN ALGEBRAIC
SOLUTION

It is easy to verify that any two derivatives of (2) can be
combined in order to cancel thah term of the sum. More
precisely, for any triplet of indices, define the differexhti
operator:
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In other Words,Dn_,iyj\I/(u) does not depend an,,, for any
values of(i, 7). Thus, by applying such an operafgrtimes
for differentn’s and for arbitrary pairsi,, j,, ), one eventu-
ally gets zero. In order to be able to estimateit is inter-
esting to fix the paifi, j), which leads to:

=0,YVu € Q)
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whereg[i, 7] are known functions of the (yet unknown) en-
tries of A. In order to obtain the exact relation between vec-
tor q[i, j] and rows; andj of A, it suffices to plug equation
(2) into (3), which yields:
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Whereq/),(lN) denotes theVth derivative ofi,,. Since this
holds true for any € €2, one can deduce that

N
> awli, jlAN AL, vn (5)
k=0

This shows that theV ratios A;,,/A;, can be obtained as
the N roots in the projective spaced.including infinity) of
a polynomial of degre&/, onceq has been obtained.

Now, imposing (3) to be satisfied on a grid &f values
{u[l],...,u[K]} € Q, one can build the over-determined
linear systemH[N]q = 0, where H[N] is the matrix of
Nth order derivatives given below:

MNMygpul]) Vg (ul]) N g (u[1])
ouly ouy ~ou; oulN
Mg uf2) 9Ny (uf2]) N g (u[2))
Mg (ulK]) Vg (u[K]) N g (u[K])
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BecauseA can be estimated only up to a scale factor,
it is entirely identified by this procedure if it contains gnl
two rows (P = 2). If there are more tha® sensors, this al-
gorithm can be adapted to the price of an importantincrease
in complexity, as shown in [7].

Our contribution here is different: we show that one can
improve on the stability of this solution by adding extrane-
ous equations. In fact, expression (3) is still null if wedak
further derivatives:

(6)

For instance, foir = 0, P = 2, andN = 3, this yields the
two fourth-order cumulant equations used in [5].

An even more interesting results is that (3) and (6) in-
volve the same unknowd),, so that they can be combined
to build a single larger over-determined system. Indeed, de
note H[N +1,0] andH[N +1, 1] the twoK x N matrices
built from (6) when? € {i,j}. Thengqli,j] satisfies the
following linear system:

HIN]

H[N +1,0]
HIN +1,1]

q[’b,j] =0

Example: To make it clear, in order to identify 2x 3
mixture, one wishes to estimate a vectpof dimension
N + 1 = 4. To do this, one can either build a linear sys-
tem with 3rd order derivatives taken at (at least) 3 diffeéren
points of(2, or the two types of 4th order derivatives taken
at (at least) 2 different points 6. But one can also build
a system combining both, including then both 3rd and 4th
order derivatives, possibly taken at a single poinfafthe
linear system needs in fact at led@ét= 3 rows in order to
have a null space of dimension at most 1).

4. ALGORITHM ALESCAF: AN ALTERNATE LS
SOLUTION

As already pointed out, the AICF algorithm is very attrac-
tive for the Blind Identification of x N mixtures, but more



! - (‘Jrgersanz/f‘ofr \n_firf]_i(esal‘nplelsiz_e :u’(n7u[k]) = E{:B”%ew-ruw]}' Th_ren Sample moments
S Order 3 oy fo 1000 symbts | p(n,ulk]) = LS alm]merlmI K} are computed,
Order 3 and 4 for 1000 symbols . . — - .

= Order 6 only for infnite sample size yielding eventually estimates of entries &f. (herex™

+- Order 6 and 7 for infinite sample size |4 n

stands foll,z,").

8 The number of sensors is taken to Be= 2, and the
number of sources ranges fraW = 3 to N = 6. Sources
are BPSK, that is, they take their values{ir1, 1} with
. equal probabilities. Two types of results are reportedstFir
the influence of the noise alone is analyzed. For this pur-
pose, a block of data of lengthV is generated with ex-
1 actly all possible combinations ¢f-1, 1}; in this manner,

\ sources are always seen as perfectly independent. Indepen-
[
<\ Kk ——— e ——H———

Average gap

dent realizations of a Gaussian noise are added, with \ariou

. noise level (SNR). Gaps averaged over 21 trials are reported

) S| in figure 1 with the label “infinite sample size”. Second,

I 40 50 60 other experiments are reported where source blocks are also
randomly generated; therefore sources are seen as statisti

Fig. 1. Gap between estimated and actual mixing matrix for Cf%‘”y independent only f‘?r large block I,(’e_ngt_hs. As reported

(P,N) = (2,6), with algorithms ALGECAF with use of with the curves Iabeled_ 1000 sz'amples in figure 1, one can

6th and 7th derivatives, and®, N) = (2, 3) with use of 3rd observe a plateau for high SNR's.

and 4th derivatives. Average gap values over 21 indepen-

dent trials are plotted. 6. CONCLUDING REMARKS

Our contribution was three-fold: (i) we have demonstrated
) ) ) that it was possible to derive an algebraic solution to the
complicated to implement faP > 2. Therefore, thereisa 9. ' Blind Identification problem by simultaneously using
great interest in looking for other ways of exploiting the c.  gerivatives of different orders, and that it improves tre st
From (2), one can easily obtain that bility of the solution, (ii) we have made the connection with
520, (w) N cumulant-based approaches, and proved that improvement
«(u) 2 (i) also applies to the joint use of cumulants of different or
Quidu; Z Ain Ajn Y] )(Z Apnip) () ders, larger than or equal £9; (iii) we showed that an ALS
P algorithm of RRAFAC type could be utilized to identify a
Again, one can take this equation &hpointsu[k] on a grid P x N mixture, and that only seco.nd—order derivatives of
of ©2. With obvious notations, the result can be arranged in the ¢.f. are necessary, although higher orders can also be
compact form as used. _ o
Future works include: (a) the proof of identifiability
Tkl =AAK|AT, 1<k<K (8) when using only derivatives of given orders of the c.f;
(b) improvement of the convergence of ALS algorithms,
We describe in appendix two ALS algorithms able to com- slow for topological reasons (likely because of a lack of
pute A and diagonal matrice4 [k] from symmetric matri-  closure [6]); (c) in order to account for a possibly differ-
cesT[k]. This procedure constitutes algorithm ALESCAF ent variance ion estimates of moments of different orders, a
(Alternate Least Squares Identification based on the Cha-weighting can be rather easily introduced, and may improve

n=1

racteristic Function). on asymptotic performance.
Now in some cases, in particular in the presence of
strong additive Gaussian noise of unknown covariance, it 2 APPENDI X

may be attractive to use only statistics of order greatar tha

2. It turns out that this is also possible with quite minor Asymmetric ALESCAF Given a set of (possibly rectan-

modifications, as reported in [6]. Matrices[k| then de- ular) matrice<I'[k] (typically tensor slabs), the algorithm
pend on théth column of A, but this is ignored, hence the gims)at minimizir[1g] (typically ) g

suboptimality of the algorithm.

Y=Y |IT[k] - BAKC'|] )
5. COMPUTER RESULTS ;

Estimates of matriced |] are computed in the follo-  with respect to matriceB andC, where matrices\ [k] are
wing manner. First, all derivatives of . (u) of required diagonal. In the present framework however, even if matri-
order are formally expressed as a function of momentscesT'[k] are all square symmetric, it might still be of interest
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