BLOCK METHODS FOR CHANNEL IDENTIFICATION AND SOURCE SEPARATION

Pierre COMON

I3S Laboratory, Algorithmes-Euclide-B, 2000 route des Lucioles BP 121, F-06903 Sophia-Antipolis cedex, France

comon@unice.fr www.i3s.unice.fr/~comon

ABSTRACT On-line adaptive algorithms are not effective enough in tracking fast varying channels in blind and semiblind modes. Block methods, long disregarded because of their numerical complexity, now hold appeal. In fact, the performance limitation now comes either from channel non-stationarity or from the absence of long training sequences, or both, but essentially no longer from the computational load. In addition, block methods are well adapted to burst-mode transmissions (TDMA systems).

Some block algorithms are presented in this paper, aiming at identifying communication channels blindly. These algorithms provide analytical solutions (i.e. non iterative) in order to be free of convergence problems. They exploit either the knowledge of the input alphabet, or the constant modulus property. The tools involved in the blind Source Separation (flat fading channels) and Channel Identification (frequency selective channels) problems are reviewed. The underdetermined case (number of users exceeding the available diversity) is of particular interest.

This assessment is not a survey of existing techniques, but a partial review of some original recent algorithms, often leading to closed-form solutions, and applicable in the presence of limited diversity.

IEEE Symp. Adapt. Syst. Sig. Proc. Comm. Contr., pp. 87–92, Lake Louise, Alberta, Canada, Oct. 2000

1. INTRODUCTION

In order to increase the performance of telecommunication systems, one tries to take advantage of the diversity, with the help of smart arrays. In practice, this consists of building several distinct observations, say K, either by using actual spatially distant sensors (spatial diversity), or by exploiting other forms of diversity induced by the polarization or by the excess bandwidth.

Thus, after a preprocessing that is beyond the scope of this report, we have at our disposal a K−dimensional

1This work has been supported in part by the Rnrt project

“Paestum”.

observation vector, y(n), for every unit of time n, satisfying the model below:

y(n) = L∑ j=0 H(j)x(n − j) + v(n), (1)

where x(n) the P −dimensional random vector containing the sources (users), assumed to be mutually statistically independent, H(j) the K × P matrix taps of the channel impulse response, and v(n) an additive noise independent from x(n), standing for background noise and modeling errors.

When the spatio-temporal array response H(n) is not known, or imprecisely known (loss of calibration), then it needs to be identified before the source vector process x(n) can be reliably estimated. Note that there are direct equalization algorithms, for instance prediction-based [1] or subspace-based [34], which permit the estimation of the sources without prior identification. The former are very sensitive to a misdetection of the channel order, whereas the latter are less so; see [10] for Cramér-Rao bounds. But the point is that the performance is acceptable only if the diversity, K, is sufficiently large compared to the number of sources, P . In contrast, it will be assumed throughout that K ≤ P . This paper focuses on analytical solutions, that is, algorithms able to provide a closed-form expression of H. Block methods indeed become more and more attractive since computer power no longer appears to be an impediment. On the other hand, adaptive algorithms also benefit from of a block update, by gaining in convergence speed and complexity [29].

Some algorithms are based on second-order (circular or non-circular) statistics only. Others resort to High-Order Statistics (HOS), and perform tensor decompositions. Among the advantages of HOS-based algorithms, is their ability to identify under-determined mixtures (i.e. K < P ). This will be discussed in sections 2.4 and 3.3.

Devising algorithms of channel identification depends on the availability of a training sequence. In other words, is part of the source process x(n) known or not? If so, channel identification can be carried out through semi-blind techniques. In the context of telecommunications, this leads to increased performances in symbol error rate [16] [24], but decreases the throughput. Determining the best compromise remains an open question. This paper, however, is restricted to discussion of blind approaches.

2. BLIND SOURCE SEPARATION

Of particular interest are flat fading channels. In fact, the search for an analytical solution seems less complicated at first glance, since model (1) becomes static and reduces to:

y(n) = H x(n) + v(n) (2)

where H is a K × P matrix. The classic blind source separation problem [11] does not assume spectral diversity, so that in model (2), time n can be considered as a mere realization index. The goal is to identify the channel matrix H, and possibly extract the sources x(n), from the sole observation of y(n).

This problem is known to have a unique solution (up to scale and permutation factors) provided that at most one source is circular Gaussian, and K ≥ P [11]. However, closed-form solutions stricto sensu have been found only for P = 2, based on the use of fourthorder cumulants, even if efficient iterative algorithms are now available for P > 2 [28] [7] [11] [6]. Nevertheless, there could be analytical solutions, which may require minor additional assumptions, as will be subsequently discussed.

2.1. Notation

Kronecker products. Given a d−dimensional vector u, one defines the d^2−dimensional vector u^⊗ = u ⊗ u^∗, as the vector containing all the products between components of u and its complex conjugate. One also defines the vector u^{⊘q} of size (^d_q ), composed of all distinct cross products of degree q, appropriately weighted; the weight of every monomial is assigned the value of the square root of the number of ways to build it. As a consequence, the Hermitian norm is preserved: ||⊗^q_{i=1}u|| = ||u^{⊘q}||. For instance, u^{⊘2} has d(d+1)/2 entries: d squares and d(d − 1)/2 cross products weighted by √ 2. Next, given a p × r matrix U, define the vector vec{U} of size pr, obtained by stacking the columns of U one below the other. For instance, we have vec{u u^H} = u^⊗. Conversely, define the inverse operator Unvec{} such that Unvec{vec{U}} = U. Tensors. A tensor of order q is a table with q indices, enjoying the multilinearity property [33], as will be precised in section 2.4. It is symmetric if the order of indices does not matter. For example, matrices are tensors of order 2.

Symmetric arrays. Symmetric matrices of size p×p have p(p + 1)/2 degrees of freedom. It is thus necessary to store only p(p + 1)/2 entries; therefore, define the operators vecs{} and Unvecs{} accordingly. We have, for instance, vecs{u u^T} = u^⊘. More generally, a symmetric tensor T of order q and dimension p can be stored in a vector of size (^p_q ); let vecs{T} denote this vector, and Unvecs_q{·} the corresponding inverse operator. With these notations, Unvecs_q{u^{⊘q}} is a tensor of rank 1.

Definitions of rank. A q−th order tensor has a rank equal to 1 simply if it is the outer product of q vectors. We define the array rank [30] of a symmetric tensor T (or just rank in short) as the minimal number of rank-one tensors necessary to add in order to yield T. Note that other terminologies such as tensor rank [17] or polynomial width [36] are also encountered.

Other definitions of rank have been proposed [30, 2, 20], and are related to matrix ranks, but are not relevant in our framework.

2.2. Constant modulus sources

Van der Veen was the first to propose an analytical algorithm to separate CM sources [39]. The principle of his algorithm is best understood through the Noiseless Case. Assume the observations have been spatially prewhitened, so that the data matrix is of size P × N and full rank.

One attempts to extract each source with a linear filter f as: s(n) = f^Ty(n). Thus the constraint of unit modulus can be written as:

f^Ty(n)y(n)^H f = 1, ∀n. (3)

With the notation introduced in section 2.1, this yields f^{⊗T}y(n)^⊗ = 1, for all time samples n, 1 ≤ n ≤ N . Stacking all these equations one above the other, we get a N × P formally linear system: Y^⊗f^⊗ = 1. It can be shown that, in the absence of noise, and if N ≥ P^2, the null space of Y^⊗ is of dimension P − 1. Among the infinite number of solutions to this system, only P have the structure requested by vectors of the form f^⊗. In order to calculate them, simply construct the null space equation Nf^⊗ = 0, where N is a given N −1×P^2 matrix. Let {u^{(1)}, . . . u^{(P )}} be a basis of ker{N}. Then any of the P extractors f^⊗_j is a linear combination of the u^{(p)}’s, and vice-versa. Rearranging the system of equations leads eventually to u^{(p)} = ∑_P j=1 λ^{(p)}_j f^⊗_j , or, in closed form, by applying the operator Unvec{·} :

U^{(p)} = FΛ^{(p)}F^H (4)

In conclusion, the problem amounts to jointly diagonalize P matrices, which recalls the Jade algorithm proposed in [7]; the difference here is that F is not constrained to be unitary. The numerical algorithm proposed in [39] is iterative, and is inspired from the QZ iteration usually dedicated to the diagonalization of matrix pencils. Another analytical solution to this type of problem, applicable to CM sources, has been introduced in [26] for tensors, and is described in the next section.

2.3. Discrete sources

In [38], the above algorithm has been specialized to real data, that is, to BPSK sources. This algorithm cannot handle complex constellations. Here, we shall examine a related procedure for q−PSK modulations, where the support of the distribution reduces to q masses, c_j.

In the present case, we impose the constraint [f^Ty(n)]^q = 1, so that:

y(n)^{⊘q T}f^{⊘q} = 1. (5)

For q = 2, this is still different from equation (3) because of the absence of complex conjugates, and because of the smaller vector dimension.

By stacking equations (5) for 1 ≤ n ≤ N , one obtains a formally linear system Y^{⊘q}f^{⊘q} = 1. Matrix Y^{⊘q} is generically of rank P − 1 if P sources are present [26]; there are thus again infinitely many solutions. Denote f^{⊘q}_{min} the minimum norm solution, and {u^{(p)}} a basis of the null space. Then extractors take the form: f^{⊘q} = f^{⊘q}_{min}+ ∑_{P −1} p=1 λ_pu^{(p)}. The coefficients λ_p are determined by imposing the structure on f^{⊘q}. Unlike the algorithm described in section 2.2, here one uses the property that Unvecs_q{f^{⊘q}} must have a rank 1. An analytical solution is proposed in [26].

In the presence of noise, one can attempt to satisfy equations (5) in the LS sense. Actually, since source distributions are known, a Bayesian approach is possible. With this goal, it has been proved in [25] that the Maximum A Posteriori (MAP) criterion is asymptotically equivalent to the Mean Square Error (MSE) ∑ n ∏ j |f^Ty(n) − c_j|^2, which is itself equal to ∑ n |f^{⊘qT}y(n)^{⊘q} − 1|^2.

2.4. Non circular sources, under-determined mixtures

Mixtures in which the number of sources, P exceeds the available diversity, K, are referred to as underdetermined; some authors also refer to over-complete representations [32].

Why resorting to tensors? Reasons for using higher order arrays are usually three-fold. First, the sole use of second order statistics is often seen as insufficient; the orthogonality constraint between the columns of H may indeed not be in accordance with the actual structure of the data. Second, data are often arranged in many-way arrays, for instance three-way [17] [3]; the reduction to a 2-way array represents a loss of information. Third, the number of factors that can be identified is limited to the rank of the data matrix, itself bound by the smallest dimension. Yet, there may very well be more factors than the smallest dimension. Clearly, as we have seen in the previous sections, the first two arguments do not always hold. On the contrary, the latter alone suffices to justify that we resort to high order tensors [17] [12].

Cumulants. Define the following fourth order cumulant tensors of observations: G_{ijkℓ} = Cum{y_i, y_j, y_k, y_ℓ} G̃_{ijkℓ} = Cum{y_i, y_j , y_k^∗, y_ℓ^∗}. Then, taking the fourth order cumulants of both sides of (2) leads to the multilinear relations, up to a noise term: G_{ijkℓ} = P∑ p=1 γ(p) H_{ip} H_{jp} H_{kp} H_{ℓp} (6)

G̃_{ijkℓ} = P∑ p=1 γ̃(p) H_{ip} H_{jp} H_{kp}^∗ H_{ℓp}^∗, (7) where γ(p) = Cum{x_p, x_p, x_p, x_p} and γ̃(p) = Cum{x_p, x_p, x_p^∗, x_p^∗}. Clearly, equations (6) and (7) show that the observation cumulant tensors are a sum of P rank-one tensors, whose latent vector corresponds to a column of the mixing matrix, H.

Formally, this results recalls the eigen-decomposition of symmetric and Hermitian matrices. But the key difference lies in the fact that the rank of a tensor can exceed its dimension [12], as will be soon discussed. State of the art. Bergman [2] has been probably the first to notice that the concept of rank is difficult to extend from matrices to higher order arrays. Caroll [8] provided the first canonical decomposition algorithm of a three-way array, later referred to as Candecomp model. Kruskal [30] conducted several years later a detailed analysis of uniqueness, and relates several definitions of rank. The algorithm Candelinc [9] was devised by Caroll and others in the eighties; it allows to compute a canonical decomposition subject to a priori linear constraints. Leurgans [31] derived sufficient identifiability conditions for the 3-way array decomposition; as opposed to Kruskal, his proof is constructive and yields a numerical algorithm running several matrix SVD’s. A solid account on decompositions of 3-way arrays can also be found in DeLathauwer’s PhD thesis [17].

As shown in (8), symmetric arrays of order q and dimension K can be associated bijectively to homogeneous polynomials of degree q in K variables. Based on this remark, decomposing a symmetric array is equivalent to decomposing a homogeneous polynomial into a sum of linear forms raised to the q−th power [15]. The advantage, compared to Candecomp, is that the symmetry is not broken. As a consequence, the problem can then be connected to early works in invariant theory [35] and multilinear algebra [22]. The first results go back to the beginning of the century with the works of Sylvester and Wakeford [41]. Also related are the works of Rota [23] on binary quantics, and those of Reznick on quantics of even degree [36].

Quantics and identifiability. The first results on identifiability stated that, in a neighborhood of a solution, imposing both Hermitian symmetry and rankone when decomposing G̃ ensure local identifiability [5]. This led to an iterative algorithm, consisting of alternate projections on both sets [5]. Other iterative algorithms have been proposed to identify the dominant rank-one tensor, for instance based on the power method principle [19] [17], or rank-one slices [26].

Recent results in identifiability are more general and accurate [12]. The set of symmetric arrays of order q and dimension K is a vector space of dimension (^{K+q−1}_q ). Now, every symmetric array G of order q and dimension K can be associated with a homogeneous polynomial p of degree q in K variables as follows:

p(x_1, · · · x_K ) = K∑ k_1..kq=1 G_{k1..kq} x_{k1} · · · x_{kq} (8)

A number of results are already known, especially concerning the rank of tensors (or the width of quantics [36]). More precisely, for 2 ≤ K ≤ 8, it has been shown that the generic value of the rank r is given by the following table [15]:

r K 2 3 4 5 6 7 8 3 2 4 5 8 10 12 15 q 4 3 6 10 15 22 30 42

The number of free parameters that remain to be fixed in order to ensure uniqueness (in the sense that a finite set of equivalent solutions can be obtained) is given by the dimension of the manifold of solutions [15]:

K 2 3 4 5 6 7 8 3 0 2 0 5 4 0 0 q 4 1 3 5 5 6 0 6

One can check out, for instance, that for K = 2, we have indeed 1 free parameter to fix when decomposing 4-way arrays, whereas there are a finite number of solutions in the case of 3-way arrays. This would encourage us to use third order tensors. Unfortunately, cumulants of order 3 are often null or very ill-conditioned. The difficulty in using fourth order cumulant tensors can be already seen to be the lack of uniqueness of the decomposition. The idea developed by Comon in the next section is to use jointly G and G̃, which both have non unique decompositions, but whose manifolds of solutions intersect in a finite set of points.

An identification algorithm. When K = 2 and P = 3, Comon proposed an identification algorithm based on Sylvester’s theorem [12], to apply to the polynomial associated with tensor G of order q = 4:

A binary quantic p(x, y) = ∑_q i=0 γ_i c(i) x^i y^{q−i} can be written as a sum of qth powers of r distinct linear forms: p(x, y) = r∑ j=1 λ_j (α_j x + β_j y)^q ,

if and only if (i) there exists a vector g of dimension r + 1, with components g_ℓ, such that

γ_0 γ_1 · · · γ_r . . . . γ_{d−r} · · · γ_{d−1} γ_q g = 0. (9)

and (ii) the polynomial q(x, y)^{def}= ∑_r ℓ=0 g_ℓ x^ℓ y^{r−ℓ} admits r distinct roots.

Sylvester’s theorem is not only proving the existence of the r forms, but also gives a means to calculate them. For odd values of q, we have thus a generic rank of r = q+1 2 , whereas for even values of q, r =^q_2 +1, generically. It is then clear that when q is even, there are at least two vectors satisfying (9), because the Hankel matrix is of size^q_2 × (^q_2 + 2). To be more concrete, take as example q = 4. The first Hankel matrix having more columns than rows is of size 2 × 4, and obviously has generically 2 vectors in its null space.

As a conclusion, when q = 4, there are generically two vectors g satisfying (9). This means that there are infinitely many decompositions of G, all lying on a manifold of dimension 1 in the complex space. As said above, the idea proposed in [12] is to use another array, namely G̃, to fix this indeterminacy.

DeLathauwer and Comon proposed in [18] a significant improvement of the above algorithm, decreasing its numerical complexity. Identification algorithms with 2 < K < P , or 3 < P and K < P , still remain to be devised.

Source extraction. As far as source extraction is concerned, Cao and Liu [4] derived in detail the separability conditions, and the related underlying statistical results. Comon and Grellier proposed an analytical extraction algorithm when sources are discrete [13].

3. CHANNEL IDENTIFICATION

3.1. Discrete sources

A large number of algorithms can be found in the literature to solve the blind identification problem. However, most of them are iterative, e.g. [40]. For instance, Yellin and Porat proposed a non iterative algorithm, which is fully deterministic [42]. In their approach, it is assumed that during the observation time, the source process x(n) takes several times the same value on whole blocks of length L. This allows the establishment of simple elimination procedures. One of the main difficulties is to test (and find) such blocks in the measured series, y(n).

3.2. Non circular sources

Another alternative is to exploit the non-circular source statistics, which are non-zero for discrete distributions. More precisely, if x is q−PSK, then it is circular at order q − 1, which means that its moments up to order q − 1 are zero, but E{x^q} ≠ 0.

This property has been used in [14] to blindly identify BPSK and MSK channels, with the help of secondorder non-circular moments. This results in a very particular polynomial system of degree 2 in several variables, which is solved entirely analytically. The semiblind context can also be approached in this way [24].

3.3. Under-determined mixtures

In [37], Tong showed that if the columns of H(0) are not pairwise collinear, and if the matrix [H(0)^T, · · · , H(L)^T]^T is full rank, then model (1) can be identified with the help of output fourth-order cumulants. This result is very significant, because it does not impose that K ≥ P , which opens the door to the discovery of new algorithms. Efficient numerical algorithms have apparently not yet been published, although the proof of [37] was constructive.

4. CONCLUDING REMARKS

In the case of static mixtures, there are basically two techniques. One leads to a joint approximate diagonalization of matrices, and the other to the decomposition of a tensor into a sum of rank-one tensors. The two techniques are usable and equivalent when the number of sources, P does not exceed the diversity, K. But when K < P , only the latter technique is valid, but also becomes much more difficult to implement.

Deterministic approaches seem very attractive for discrete sources, especially for q−PSK sources. A combination of tensor techniques and deterministic approaches can be envisaged.

For static as well as dynamic under-determined mixtures, the identification problem appears now solvable, but the source extraction (equalization) remains much more difficult, even if solved in some particular cases.

5. REFERENCES

[1] K. ABED-MERAIM, E. MOULINES, P. LOUBA- TON, “Prediction error method for second-order blind identification”, IEEE Trans. Sig. Proc., vol. 45, no. 3, pp. 694–705, Mar. 1997.

[2] G. M. BERGMAN, “Ranks of tensors and change of base field”, Jour. Algebra, vol. 11, pp. 613–621, 1969.

[3] R. BRO, N. SIDIROPOULOS, G. GIANNAKIS, “A fast least squares algorithm for separating trilinear mixtures”, in First Int. Work. Indep. Comp. Anal., Aussois, France, Jan. 1999, pp. 289–294.

[4] X. R. CAO, R. W. LIU, “General approach to blind source separation”, IEEE Trans. Sig. Proc., vol. 44, no. 3, pp. 562–570, Mar. 1996.

[5] J. F. CARDOSO, “A tetradic decomposition of fourth order tensors: application to the source separation problem”, in SVD and Signal Processing III, Elsevier, Ed., Leuven, Belgium, Aug. 22-25 1995, pp. 375–382.

[6] J. F. CARDOSO, “High-order contrasts for independent component analysis”, Neural Computation, pp. 157–192, Jan. 1998, To appear.

[7] J. F. CARDOSO, A. SOULOUMIAC, “Blind beamforming for non-Gaussian signals”, IEE Proceedings - Part F, vol. 140, no. 6, pp. 362–370, Dec. 1993, Special issue on Applications of High-Order Statistics.

[8] J. D. CAROLL, J. J. CHANG, “Analysis of individual differences in multidimensional scaling via n-way generalization of eckart-young decomposition”, Psychometrika, vol. 35, no. 3, pp. 283–319, Sept. 1970.

[9] J. D. CAROLL, S. PRUZANSKY, J. B. KRUSKAL, “Candelinc: A general approach to multidimensional analysis of many-way arrays with linear constraints on parameters”, Psychometrika, vol. 45, no. 1, pp. 3–24, Mar. 1980.

[10] E. De CARVALHO, Blind and Semi-Blind Channel Identification and Equalization for Mobile Communications, ENST Doctorate, 28 June 1999.

[11] P. COMON, “Independent Component Analysis, a new concept ?”, Signal Processing, Elsevier, vol. 36, no. 3, pp. 287–314, Apr. 1994, Special issue on Higher- Order Statistics.

[12] P. COMON, “Blind channel identification and extraction of more sources than sensors”, in SPIE Conf, San Diego, July 19-24 1998, pp. 2–13, Keynote address.

[13] P. COMON, O. GRELLIER, “Non linear inversion of underdetermined mixtures”, in ICA99, IEEE Workshop on Indep. Comp. Anal. and Blind Source Separation, Aussois, France, Jan 11–15 1999, pp. 461–465.

[14] P. COMON, O. GRELLIER, B. MOURRAIN, “Closed-form blind channel identification with MSK inputs”, in Asilomar Conference, Pacific Grove, California, November 1-4 1998, pp. 1569–1573.

[15] P. COMON, B. MOURRAIN, “Decomposition of quantics in sums of powers of linear forms”, Signal Processing, Elsevier, vol. 53, no. 2, pp. 93–107, Sept. 1996, special issue on High-Order Statistics.

[16] E. DeCARVALHO, D. T. M. SLOCK, “Cramer-Rao bounds for semi-blind, blind and training sequence based channel estimation”, in Proc. SPAWC 97 Conf., Paris, France, Apr. 1997, pp. 129–132.

[17] L. DeLATHAUWER, Signal Processing based on Multilinear Algebra, Doctorate, Katholieke Universiteit Leuven, Sept. 1997.

[18] L. DeLATHAUWER, P. COMON, B. DeMOOR, “ICA algorithms for 3 sources and 2 sensors”, in Sixth Sig. Proc. Workshop on Higher Order Statistics, Caesarea, Israel, June 14–16 1999, pp. 116–120.

[19] L. DeLATHAUWER, P. COMON et al., “Higherorder power method, application in Independent Component Analysis”, in NOLTA Conference, Las Vegas, 10–14 Dec 1995, vol. 1, pp. 91–96.

[20] L. DeLATHAUWER, B. DeMOOR, “From matrix to tensor: Multilinear algebra and signal processing”, in Mathematics in Sig. Proc., IMA Conf. Series, Warwick, Dec 17-19 1996, Oxford Univ Press.

[21] L. DeLATHAUWER, B. DeMOOR, J. VANDE- WALLE, “A singular value decomposition for higherorder tensors”, in Second ATHOS workshop, Sophia- Antipolis, France, Sept 20-21 1993.

[22] J. A. DIEUDONNÉ, J. B. CARREL, “Invariant theory, old and new”, in Computing Methods in Optimization Problems-2, San Remo, Italy, Sept 1968, 1970, pp. 1–80, Academic Press.

[23] R. EHRENBORG, G. C. ROTA, “Apolarity and canonical forms for homogeneous polynomials”, European Journal of Combinatorics, 1993.

[24] O. GRELLIER, P. COMON, Blind and Semi-blind Analytical Channel Identification, in preparation.

[25] O. GRELLIER, P. COMON, “Blind separation of discrete sources”, IEEE Signal Processing Letters, vol. 5, no. 8, pp. 212–214, Aug. 1998.

[26] O. GRELLIER, P. COMON, “Analytical blind discrete source separation”, in Eusipco, Tampere, Finland, 5-8 sept. 2000.

[27] V. S. GRIGORASCU, P. A. REGALIA, “Tensor displacement structures and polyspectral matching”, in Fast Reliable Algorithms for Matrices with Structure, T. Kailath, A. H. Sayed, Eds., chapter 9. SIAM Publ., Philadelphia, PA, 1998.

[28] S. HAYKIN, Unsupervised Adaptive Filtering, vol. 1, Wiley, 2000, series in Adaptive and Learning Systems for Communications, Signal Processing, and Control.

[29] K. HILAL, P. DUHAMEL, “A convergence study of the constant modulus algorithm leading to a normalized -CMA and a block normalized-CMA”, in Proc. European Signal Processing Conf. EUSIPCO, Brussels, Aug. 1992, pp. 135–138.

[30] J. B. KRUSKAL, “Three-way arrays: Rank and uniqueness of trilinear decompositions”, Linear Algebra and Applications, vol. 18, pp. 95–138, 1977.

[31] S. LEURGANS, R. T. ROSS et al., “A decomposition for three-way arrays”, SIAM Jour. Matrix Anal. Appl., vol. 14, no. 4, pp. 1064–1083, Oct. 1993.

[32] M. LEWICKI, T. J. SEJNOWSKI, “Learning nonlinear overcomplete representations for efficient coding”, in Advances in Neural Informatin Processing Systems, 1998, pp. 815–821.

[33] P. McCULLAGH, Tensor Methods in Statistics, Monographs on Statistics and Applied Probability. Chapman and Hall, 1987.

[34] E. MOULINES, P. DUHAMEL, J. F. CARDOSO et al., “Subspace methods for the blind identification of multichannel FIR filters”, IEEE Trans. Sig. Proc., vol. 43, no. 2, pp. 516–525, Feb. 1995.

[35] K. V. PARSHALL, “The one-hundred anniversary of the death of invariant theory”, The Mathematical Intelligencer, vol. 12, no. 4, pp. 10–16, 1990.

[36] B. REZNICK, “Sums of even powers of real linear forms”, Memoirs of the AMS, vol. 96, no. 463, Mar. 1992.

[37] L. TONG, “Identification of multichannel MA parameters using higher-order statistics”, Signal Processing, Elsevier, vol. 53, no. 2, pp. 195–209, Sept. 1996, special issue on High-Order Statistics.

[38] A. J. van der VEEN, “Analytical method for blind binary signal separation”, IEEE Trans. Sig. Proc., vol. 45, no. 4, pp. 1078–1082, Apr. 1997.

[39] A. J. van der VEEN, A. PAULRAJ, “An analytical constant modulus algorithm”, IEEE Trans. Sig. Proc., vol. 44, no. 5, pp. 1136–1155, May 1996.

[40] A. J. van der VEEN, S. TALWAR, A. PAULRAJ, “Blind estimation of multiple digital signals transmitted over FIR channels”, IEEE Sig. Proc. Letters, vol. 2, no. 5, pp. 99–102, May 1995.

[41] E. K. WAKEFORD, “Apolarity and canonical forms”, in Proceedings of the London Mathematical Society, 1918, pp. 403–410.

[42] D. YELLIN, B. PORAT, “Blind identification of FIR systems excited by discrete-alphabet inputs”, IEEE Trans. Sig. Proc., vol. 41, no. 3, pp. 1331–1339, 1993.