INDEPENDENT COMPONENT ANALYSIS, A SURVEY OF SOME ALGEBRAIC METHODS.

Jean-François CARDOSO^{(1)} and Pierre COMON^{(2,3)}

(1) Telecom Paris, URA 820, Gdr TdSI, 46, rue Barrault, F-75634 Paris (2) I3S-CNRS, Sophia-Antipolis, F-06560 Valbonne (3) Thomson-Sintra, BP 157, F-06903 Sophia-Antipolis Cedex cardoso@sig.enst.fr comon@asm.thomson.fr

ABSTRACT

The source separation problem has been addressed in many ways during the last decade, and one of its instances gave birth to Independent Component Analysis (ICA). Iterative methods can be opposed to algebraic ones for the computation of the ICA, and seem to reveal very interesting research tracks. This paper attempts to give an outline of some of the works that have been carried out in the latter area, without pretending to survey exhaustively neither objectively the subject. Bibliographical pointers hopefully compensate for this drawback.

1. SEPARATION OF SOURCES

1.1. Data model The following linear statistical model (standard in narrow band array processing) is assumed throughout the paper:

x = As + b, (1)

where x and s are random vectors of size m (the number of sensors), and n (the number of sources), respectively. Vector b represents the disturbances in the form of an additive noise independent of the source vector, s. The goal is to identify the mixing matrix A, and/or the source vector, s, only from the corresponding output measurements, x. This problem has received the name of Independent Component Analysis (ICA), or (instantaneous) source separation.

For convenience, the j-th column of matrix A is denoted by aj , 1 ≤ j ≤ n, and the (i, j)-th entry by a^j_i , 1 ≤ i ≤ m. With this notation, eq. 1 also reads xi = n∑ j=1 a^j_i sj + bi.

We also normalize the problem by taking unit variance sources. This is always possible by an appropriate scaling of the columns of matrix A.

1.2. Some approaches to source separation Because of space, it is impossible to report on all the works that have been carried out on the subject; in fact, since the first works of Bar-Ness and Jutten, the problem has been widely studied (see [1] and references therein).

Works that have not been reported in [1] and that will not be discussed in the present paper include [2] [3], where the Maximum Likelihood approach is discussed, [4] where comparisons are carried out in real operational situations, and [5] [6] [7] where on-line implementations are proposed.

Other related but different problems not subsequently discussed are (i) signals separation (identification of a static model excited by wide-band colored processes) [8] [9], and multivariate blind deconvolution based on (ii) second-order [10] [7] or (iii) high-order statistics [11] [12] [13] [14].

Also note that the identification of multichannel nonmonic MA models [15] is linked to problem (iii) and involves the computation of one ICA [16].

2. HIGH-ORDER STATISTICS

2.1. Complex cumulants and their structure Cumulants are defined as the coefficients of the Taylor expansion of the second characteristic function. As a consequence, like moments, they do not always exist. It is assumed here that components of x and s admit finite moments up to order 4. In addition, we focus on cumulants of complex random variables. When all moments up to order r are finite, then so are cumulants up to the same order; in addition, both are related to each other [17]. For instance at order 4 and if x is jointly circular up to order 4, we have: μij^{def}= E{xix�_j } ; μikjl^{def}= E{xix�_j xkx�_l } (2) Cum(xi, x�_j , xk, x�_l ) = μikjl − μij μkl − μilμkj . (3) Now, there are two specific properties that cumulants enjoy and not moments: (P1) Any cumulant of order higher than 2 of a Gaussian variable is null, (P2) Any cumulant of a set of variables splitting into two statistically independent subsets is null.

Since sources are independent, a first consequence of (P2) is that the source cross-cumulants vanish. The autocumulants are denoted

σp^{def}= Cum(sp, s�_p) = 1 (4)

κp^{def}= Cum(sp, s�_p, sp, s�_p). (5)

Multi-linearity is also a fundamental property that moments and cumulants share [18]. Using this property together with (P2), then relation (1) yields:

Cum(xi, x�_j ) = ∑ p σp a^p_i a^p_j � + Cum(bi, b�_j )(6) Cum(xi, x�_j , xk, x�_l ) = ∑ p κp a^p_i a^p_j �a^p_ka^p_l �, (7)

wherethere is no noise contribution in eq. (7) since, from property (P1), this term cancels when the noise b is normally distributed.

2.2. The cumulant tensor and its range space Denote Qx the linear map M → Qx(M) which associates to any matrix M the matrix Qx(M) defined component-wise by [Qx(M)]^j_i^{def}= ∑ kl Cum(xi, x�_j , xk, x�_l )M^k_l . (8)

Using the above definitions of cumulants, it is readily verified that: Qx(M) = E{(x^H Mx) xx^H } − MRxM − RxTrace(MRx). (9) Linear map Qx is the 4th-order counterpart of the covariance operator Rx. In the case of source separation, eq. (7) implies that Qx(M) = AΛM A^H ΛM = Diag(. . . , κpa^H_p Map, . . .) (10) Thus the range of Qx is the set of all matrices in the form AΛA^H with Λ diagonal. Equivalently, this is:

Range(Qx)^{def}= Span(a1 a^H_1 , . . . , ana^H_n ) (11)

Range(Qx)^{def}= {M | M = ∑ p=1,n αpapa^H_p } (12)

= {M | M = AΛA^H, Λ diagonal} (13)

Thus, the range of Qx, termed the ‘4th-order signal subspace’ (FOSS) is a n-dimensional linear matrix space.

An orthonormal basis for the FOSS can be obtained from an eigen-decomposition of Qx. Actually, it exists a system of m^2 orthonormal ‘eigen-matrices’ F1, . . . , F_m2 of size m × m verifying

Trace(FiF^H_j ) = δ(i, j) 1 ≤ i, j ≤ m^2 (14) Qx(Fi) = μiFi μi ∈ R 1 ≤ i ≤ m^2 (15) Each Fi is an eigen-matrix and the real scalar μi is the corresponding eigen-value. In addition, the eigen-matrices can be chosen to be hermitian. See [19] for a (simple) proof of these facts which hold for any cumulant tensor.

In the case of source separation, where the cumulants have structure (7), we have seen that the range of Qx has a dimension equal to the number n of sources. Thus there are only n non-zero eigenvalues of Qx out of m^2 . We denote F1, . . . , Fn the eigen-matrices associated to these eigenvalues. They form an orthonormal basis of the FOSS, the range space of Qx :

FOSS = Range(Qx) = Span(F1, . . . , Fn). (16)

These subspace structures (11) and (16) are exploited below for the blind identification of A.

3. ORTHOGONAL DECOMPOSITIONS

In this section, we consider blind identification of the mixture based on ‘orthogonal structures’. A whitening matrix W is an n × m matrix such that W A is n × n unitary. The whitened observations are obtained by forming z = W x = W As + W b. Since W A is unitary, the whitened observations z form a unitary mixture corrupted by the additive noise vector W x. For a given whitening matrix W , we denote U the unitary matrix U = W A and we have

z = W x = Us + W b UU^H = I (17)

Whitening reduces the problem to inverting a unitary mixture which is definitely a simpler (and better conditioned) problem.

Second-order information (i.e. the covariance matrix of x) can be used to whiten the observations. A standard procedure to this end may be summarized by the following steps: i) Estimate Rx the covariance matrix of the observations. ii) Estimate the signal part of Rx i.e. the matrix Rx − Rb = AA^H. iii) Find W such that W (Rx − Rb)W^H = I. For step ii) to be feasible, some a priori information must be available about the noise distribution. A simple instance is when Rb = σ^2 I: the noise amplitude σ can be consistently estimated if m > n. An even simpler case is when the noise covariance matrix is known beforehand or negligible.

With a random vector z having the structure (17), let us evaluate Qz(M) for some n × n matrix M. According to (10), one has Qz(M) = UΛM U^H ΛM = Diag(. . . , κpu^H_p Mup, . . .) (18) where up denote the p-th column of matrix U. Thus matrix U diagonalizes Qz(M) and the columns of the unknown U can be identified to the eigen-vectors of Qz(M) for any matrix M. Actually, for the identification to be possible, the eigen-values of Qz(M) must be distinct. The simplest instance of this idea is to take M = I. In this case, relation (9) reduces to

Qz(I) = E{|z|^2zz^H } − R^2_z − RzTrace(Rz)

and identifiability is granted if the sources have different 4th-order cumulants. These simple algebraic techniques to identify the unitary matrix U have been investigated for instance in [20, 21].

3.1. Joint diagonalization and contrast functions

In this section, we describe how identification of the unitary matrix U by diagonalization can be made more efficient. The idea is to jointly and approximately diagonalize a set of matrices in the form Qz(M) for different values of M [22]. The joint approximate diagonalization by a unitary matrix V of an arbitrary set of s matrices N1, . . . , Ns may be defined as the minimization of the joint-diagonality criterion c(V ): C(V )^{def}= ∑ r=1,s |Diag(V^H NrV )|^2 (19)

where |diag(.)| is the norm of the vector build from the diagonal of the matrix argument. By involving several matrices Qz (M) into a unique criterion of joint diagonality, the statistical performance is expected to improve.

By jointly diagonalizing the n eigen-matrices F1, . . . , Fn of Qz, identifiability is granted regardless of the kurtosis of the sources (but at most one source with zero kurtosis is allowed). Further, the joint diagonality criterion (19) may be shown to be equal to :

C(V ) = ∑ i,k,l=1,n |Cum(ei, e�_i , ek, e�_l )|^2 (20)

where vector e is the ‘output’ of the unitary matrix V^H i.e. e = V^H z. When V = U, the output e is a copy of the source signals.

- - - - 6 s(t) y(t) x(t) z(t) e(t)

b(t) A m � n^Wn � m^V H n � n

An interesting point is the similarity between the joint diagonality criterion (20) and the ICA criterion developped in [1]:

C0(V )^{def}= ∑ i=1,n |Cum(ei, e�_i , ei, e�_i )|^2. (21)

4. TETRADIC STRUCTURES

Another interesting line of approach for blind identification of matrix A is to solve for it in eq. (7) : the point here is to use only 4th-order statistics and to give up the idea pre-whitening. There are two benefits to this approach.

First, 4th-order cumulants are “insensitive” to Gaussian noise while 2nd-order cumulants are not. Thus the “4thorder only” approach does not require to model the noise to design consistent estimates as long as the noise is normally distributed.

Second, the columns of A cannot be orthogonalized if there are more sources than sensors. Thus, giving up the idea of pre-whitening opens the possibility of identifying more sources than sensors. This possibility is explored in this section : we focus on the algebraic equation (7) where the 4th-order cumulant appear as a sum of n tetrads.

Note that the tetradic structure represented by eq. (7) is not difficult to solve when the equation holds exactly (it never does in practice due to modeling errors and finite sample effects) and when n ≤ m (no more source than sensors). A possible solution is along the following lines.

Let N1 and N2 be two elements of the FOSS i.e. two matrices in the range of Qx (for instance, N1 and N2 may be obtained as N1 = Qx(M1) and N2 = Qx(M2) where M1 and M2 are ‘randomly selected’ matrices). Then according to (10), one has N1 = AΛ1A^H and N2 = AΛ2A^H for some diagonal matrices Λ1 and Λ2. Matrix A is then easily computed from the generalized eigen-values of the pencil (AΛ1A^H, AΛ2A^H ).

The problem with this kind of approach is twofold. First, the behavior of the estimates is unpredictible when the cumulants are not exact but are estimated from a finite data set. Second, only a limited part of the 4th-order information is involved in the computation of the estimates. Indeed the previous example shows that Qx largely over-determines A since two arbitrary elements in the range space of Qz are enough to determine matrix A. Thus it seems advisable to base esimation of A on the whole (overdetermined) set of equations (7).

4.1. Tensor diagonalization In this section, discussion is limited to the real case. The problem can actually be addressed in a more general framework. Indeed, given a real super-symmetric^1 fourth-order tensor T , one would like to compute the following decomposition into “rank-one” tensors: Tijkl = r∑ p=1 λpa^p_i a^p_j a^p_k a^p_l (22)

forgetting about complex conjugation. The minimal value of integer r can be considered as the “rank” of T , and denoted ω(T ). Let

r1 = ( n + 3_4 ) ; r2 = ( n + 2_3 ) It turns out that the space of fourth-order symmetric tensors is of dimension r1 , but that the maximal reachable rank [23] is only r2 ; moreover, it can be proved that the rank is in general even much smaller [23]. For instance, with 5 sensors, the generic rank is 15, and with 7 sensors, it is 30. Clearly, the number of identifiable sources is (generically) bounded by these numbers.

One could imagine to call vectors a^p the eigen-vectors of T , and the scalars λp its eigen-values. Unfortunately, the decomposition is in general not unique, and except for m = 7, there are in general infinitely many solutions.

1 A 4th-order tensor is said to be super-symmetric if it remains invariant under all the possible permutations of its indices.

4.2. Subspace based identification In this section, we consider identification of (the columns of) A based on the tetradic structure and the notion of 4th-order signal subspace introduced in section (2.2.). A key point is that the FOSS itself determines the columns of A. Actually, a technique similar in spirit to MUSIC can be devised for blind identification. Define the “rank-one manifold” (ROM) as the set of all rank-one matrices. Matrices a1 a^H_1 , . . . , ana^H_n belong to the ROM by definition and they also span the FOSS.

Thus each of these matrices belong to the intersection FOSS ∩ ROM. Actually, it can be shown under mild conditions that any matrix belonging to the intersection FOSS ∩ ROM necessarily is in the form αapa^H_p for some scalar α and some index p in 1, . . . , n.

It follows that matrices a1 , . . . , an can be identified by searching for the (possibly approximate) intersetion between FOSS and ROM. This is indeed very reminiscent of the MUSIC algorithm for bearing estimation where one looks for the intersections between the (second-order) signal subspace and the array manifold.

In practice, only an estimate ofthe FOSS is available : the FOSS is typically represented by the set F̂1, . . . , F̂n of the n most significant eigen-matrices of the (estimated) linear map Q̂x, which is itself determined by the estimated 4thorder cumulants of x.

In [24], two iterative algorithms are described that search for the rank one matrices that are as close as possible to the “empirical FOSS”. i.e. the matrix space linearly spanned by matrices F̂1, . . . , F̂n. Another line of investigation is to develop algebraic methods that solve directly eq. (7) for all the colums of A simultaneously. Such an algorithm is described in [25] based on the whole set of cumulants. This algorithm assumes that the cumulant tensor exactly is a sum of n tetrads. The next subsection explains a possible way to deal with sample cumulants.

4.3. Structure forcing The problem of feeding sample statistics (estimated cumulants) to algorithms designed to process “true statistics” may be alleviated to some extent by the device of “signal enhancement”. In the case of source separation, it turns out that the tetradic structure can be forced upon the sample cumulants by using only two simple properties: rank and symmetry. This is described next.

Cumulants tensors are super-symmetric, indeed, and so is any tetrad aia�_i aka�_l or any sum of tetrads. Thus the 4th-order cumulant tensor of x is both supersymmetric and rank-n. The sample cumulant tensor is super-symmetric in general (for any reasonable estimate of the cumulants) but is not exactly rank-n because the finite sample effects do not allow all the cross cumulants to go to zero as they do when the data size tends to infinity.

Henceforth, in the context of source separation, “cumulant enhancement” consists in computing the rank-n supersymmetric tensor which is as close as possible to the sample cumulants. This operation can be implemented by alternate projections of the original (estimated) cumulant tensor onto the space of rank-n tensors (by truncating the SVD) and onto the space of super-symmetric tensors (by a simple symmetrization). The process of iterating alternate projections ultimately results in a tensor which is both rank-n and super-symmetric. The key point here is that, in the vicinity of tetradic tensors, rank-n super-symmmetric tensors necessarily are a sum of n tetrads. In other words, cumulant enhancement forces the tetradic structure. Consequently, all algebraic algorithms applied to enhanced cumulants will produce the same estimate.

In some sense, cumulant enhancement does the statistical part of the job. The remaining algebraic part of the processing is irrelevant to the quality of estimation. More details (and a more rigorous exposition) can be found in [26].

4.4. Other approaches To our knowledge, there are very few works in the open literature that have addressed the ICA problem with more sources than sensors. Beside the references previously mentioned in section 4., other works include only [27] [28].

5. CONCLUSION

One can distinguish between two families of approaches, depending on whether they require spatial second-order prewhitening or not. The use of prewhitening makes the task easier in several respects, but has the inconvenience to limit the number of identifiable sources to the number of sensors. By avoiding the use of second-order statistics, one allows to identify much more sources than sensors. However, if algorithms resorting to prewhitening have reached a quite acceptable reliability level, those based only on highorder statistics still belong to the prospective domain and need to be further improved. This statement shows that there are many open problems that deserve to be addressed in the near future.

REFERENCES

[1] P. COMON, “Independent Component Analysis, a new concept ?,” Signal Processing, Elsevier, vol. 36, pp. 287–314, Apr. 1994. Special issue on Higher-Order Statistics.

[2] J. L. LACOUME and F. HARROY, “Performances in blind source separation,” in IEEE-ATHOS Workshop on Higher-Order Statistics, (Begur, Spain), pp. 25–29, 12–14 June 1995.

[3] D. T. PHAM and P. GARRAT, “Separation of a mixture of independent sources through a maximum likelihood approach,” in Proc. European Signal Processing Conf. EUSIPCO, (Brussels), pp. 771–774, Aug 24 - 27 1992.

[4] P. CHEVALIER, “On the performance of higher order blind sources separation methods,” in IEEE-ATHOS Workshop on Higher-Order Statistics, (Begur, Spain), pp. 30–34, 12–14 June 1995.

[5] B. LAHELD and J. F. CARDOSO, “Adaptive source separation without prewhitening,” in Proc. EUSIPCO, (Edinburgh), pp. 183–186, Sept. 1994.

[6] E. MOREAU and O. MACCHI, “A one stage selfadaptive algorithm for source separation,” in Proc. ICASSP, (Adelaide, Australia.), 1994.

[7] N. DELFOSSE and P. LOUBATON, “Adaptive separation of independent sources: A deflation approach,” in IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP’94), vol.IV, (Adelaide, Australia), pp. 41–44, Apr. 1994.

[8] L. TONG, R. LIU, and V. C. SOON, “Indeterminacy and identifiability of blind identification,” IEEE Trans Circuits and Systems, vol. 38, pp. 499–509, May 1991.

[9] A. BELOUCHRANI, K. ABEDMERAIM, J. F. CAR- DOSO, and E. MOULINES, “Second-order blind separation of correlated sources,” in Proc. Int. Conf. Digital Signal Processing, (Cyprus), pp. 346–351, 1993.

[10] E. MOULINES, P. DUHAMEL, J. F. CARDOSO, and S. MAYRAGUE, “Subspace methods for the blind identification of multichannel FIR filters,” IEEE Trans. on SP, vol. 43, pp. 516–525, Feb. 1995.

[11] D. YELLIN and E. WEINSTEIN, “Criteria for multichannel signal separation,” IEEE Trans. on Signal Processing, vol. 42, pp. 2158–2168, Aug. 1994.

[12] Y. INOUYE and T. HABE, “Blind equalization of multichannel linear time-invariant systems,” The Institute of Electronics Information and Communication Engineers, vol. 24, pp. 9–16, May 1995.

[13] V. CAPDEVIELLE, C. SERVIERE, and J. L. LA- COUME, “Separation of wide band sources,” in IEEE- ATHOS Workshop on Higher-Order Statistics, (Begur, Spain), pp. 66–70, 12–14 June 1995.

[14] P. COMON, “Contrasts for multichannel blind deconvolution,” research report no 95-44, I3S-CNRS, 8 september 1995, submitted to IEEE SP Letters.

[15] A. SWAMI, G. GIANNAKIS, and S. SHAMSUNDER, “Multichannel ARMA processes,” IEEE Trans. on Signal Processing, vol. 42, pp. 898–913, Apr. 1994.

[16] P. COMON, “Tensor diagonalization, a useful tool in signal processing,” in IFAC-SYSID, 10th IFAC Symposium on System Identification (M. Blanke and T. Soderstrom, eds.), vol. 1, (Copenhagen, Denmark), pp. 77–82, July 4-6 1994. invited session.

[17] M. KENDALL and A. STUART, The Advanced Theory of Statistics, Distribution Theory, vol. 1. Griffin, 1977.

[18] P. McCULLAGH, Tensor Methods in Statistics. Monographs on Statistics and Applied Probability, Chapman and Hall, 1987.

[19] J.-F. CARDOSO, “Eigen-structure of the fourth-order cumulant tensor with application to the blind source separation problem,” in Proc. ICASSP, pp. 2655–2658, 1990.

[20] J.-F. CARDOSO, “Source separation using higher order moments,” in Proc. ICASSP, pp. 2109–2112, 1989.

[21] V. C. Soon, L. Tong, Y. F. Huang, and R. Liu, “An extended fourth order blind identification algorithm in spatially correlated noise,” in Proc. ICASSP, pp. 1365– 1368, 1990.

[22] J. F. CARDOSO and A. SOULOUMIAC, “Blind beamforming for non-Gaussian signals,” IEE Proceedings - Part F, vol. 140, pp. 362–370, Dec. 1993. Special issue on Applications of High-Order Statistics.

[23] P. COMON and B. MOURRAIN, “Decomposition of quantics in sums of powers of linear forms,” Signal Processing, Feb. 1995. submitted, special issue on High-Order Statistics, Giannakis and Swami editors.

[24] J. F. CARDOSO, “Iterative techniques for blind source separation using only fourth order cumulants,” in Proc. EUSIPCO, (Brussels, Belgium), 1992.

[25] J. F. CARDOSO, “Super-symmetric decomposition of the fourth-order cumulant tensor. Blind identification of more sources than sensors,” in Proc. ICASSP, (Toronto), pp. 3109–3112, 1991.

[26] J. F. CARDOSO, “Fourth-order cumulant structure forcing, Application to blind array processing,” in Proc. IEEE SP Workshop on SSAP, (Victoria), pp. 136–139, Oct. 1992.

[27] B. EMILE and P. COMON, “Estimation of time delays with less sensors than sources,” IEEE Trans. Signal Processing, 1995. submitted.

[28] L. TONG, “Identification of multichannel MA parameters using higher-order statistics,” Signal Processing, 1996. to appear.