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Augmented controller design for reference tracking & obstacle avoidance

Setting: Standard unicycle model

|:I?1 :| [ 'ucps((i)) :| |:P1 :| [ » :| !
b2 = v sin s T = P , U= 2ol ==
s w f v

with state = € R3 and input u € [-2,2]? C R?

Obstacle avoidance and reference tracking:

o reference trajectory, e closed-loop solution, e obstacle

P. Braun (ANU)

Closed-loop snapshots:

p1

Obstacle avoidance controller design

Recovery Mode
lgl=1, a=p
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Discussion on the avoidance neighborhood

Assumption:

@ Obstacle is contained in the green circle with fixed
center and fixed radius

Closed loop input w and v:

P. Braun (ANU) Obstacle avoidance controller design

2/9



Discussion on the avoidance neighborhood

Assumption:

@ Obstacle is contained in the green circle with fixed

center and fixed radius
Construction of the (double) shell:

2]

@ Shell orientation depends on robot orientation (¢)
@ Shell size depends on the velocity v of the robot

@ Second shell: hysteresis region (and to avoid Zeno

behavior)

Closed loop input w and v:

P. Braun (ANU)

Obstacle avoidance controller design

p1
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Discussion on the avoidance neighborhood

Assumption: ; )
@ Obstacle is contained in the green circle with fixed
center and fixed radius 2o0r —= . a0
Construction of the (double) shell: -1 e
@ Shell orientation depends on robot orientation (¢) 2 0 2 4 2 0 2
p1 P
@ Shell size depends on the velocity v of the robot ] ; l
@ Second shell: hysteresis region (and to avoid Zeno . .
behavior) s &0
Properties by design: A A
@ Reduced angle between surface of avoidance 2 0 2 4 2 0 2
neighborhood and robot orientation m , n
@ Continuous velocity input
15 b . ]
Closed loop input w and v: & 1 @
2 - . . . . . . . . . _ "r/"// ‘\\\\‘»\
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Constructive controller design: The avoidance neighborhood

Definitions and assumptions:
@ Center of the obstacle ¢ € R?

@ Shifted center ¢q = cq (¢, ¢):
cai=c—alw)R©) [§],  a€{F1},  R@) =[5 hD]
£ = £(vs) > 0 depends on the magnitude of the reference velocity vis

@ By design |c — ¢q| = £(vts)

P. Braun (ANU) Obstacle avoidance controller design
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Constructive controller design: The avoidance neighborhood

Definitions and assumptions:

@ Center of the obstacle ¢ € R2 2 /,;,’f”
@ Shifted center cq = cq(¢, £): [

eq =~ gl(v) R(6) [ 1] rRo = [0 ] e

£ = £(vs) > 0 depends on the magnitude of the reference velocity vis /

q € {£1},

P. Braun (ANU)

Obstacle avoidance controller design

0.5 “’\ *CH1 \}:\
@ By design |c — ¢q| = £(vts) B A
0 — - -
@ Penalize distance of the robot (p) to ¢4 through barrier function 0 0 pl 15
B = Lip—¢q?, c{+1 15
o(®) = 2lp —edl 9 € () né(p) >0 | 1l (p) >
5¢(p) <0 | 88(p) >0
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Constructive controller design: The avoidance neighborhood

Definitions and assumptions:

@ Center of the obstacle ¢ € R? 2 PN
@ Shifted center ¢, = ¢4 (¢, £): 15 {’ et )
cai=c—alw)R©) [§],  a€{F1},  R@) =[5 hD] N
£ = £(vs) > 0 depends on the magnitude of the reference velocity vis 05 ceq1 ‘
@ By design |c — cq| = £(vts) :
0 — N T
. . . . 0 0.5 1 1.5 2
@ Penalize distance of the robot (p) to ¢4 through barrier function ”
By(z) i= Lip — cql? +1 15
@ =zl gc il @) >0 | nl(p) >0
@ Define inner and outer shell S (¢) C S2(¢) through 0 < r < s and 2 <o | s¢wp) >0
S¢() == {peR?|By(z) < L(¢+s)? Vqge {£1}}. < /
nm ne (p) <0
5¢(p) <0 | 62(p) >0
0s 05 1 1.5
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Constructive controller design: The avoidance neighborhood

Definitions and assumptions:

@ Center of the obstacle ¢ € R? 2 PN
@ Shifted center cq = c4(¢, £): 15 {’: ceg
cai=c—alw)R©) [§],  a€{F1},  R@) =[5 hD] s sy
£ = £(vs) > 0 depends on the magnitude of the reference velocity vts 05 i ceq1 i \“
@ By design |c — ¢q| = £(vis) k '/
0 — N~ T
. . . . 0 0.5 1 1.5 2
@ Penalize distance of the robot (p) to ¢4 through barrier function ”
By(z) i= Lip — cql? +1 15
@ =zl gc il @) >0 | nl(p) >0
@ Define inner and outer shell S (¢) C S2(¢) through 0 < r < s and 2 <o | s¢wp) >0
S¢() == {peR?|By(z) < L(¢+s)? Vqge {£1}}. <
, , b sh 2 \T"‘”/
@ For afixed ¢ € R, define the functions n¢, §¢ : R — R, nf(p) z 7)) <0
ne(p) = [01]R($) T (p — c) = —sin(¢)(p1 — c1) + cos(¢) (p2 — c2) <o |6t >0
0.5
§2(p) = [10]R(#) " (p—c) = cos(d)(p1 — c1) +sin(¢)(p2 — c2) 05 1 15
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Constructive controller design: The role of the barrier function

Increase condition:
@ 1 p(0) ¢ S2(0), (0) € R, then
(VBg(z(t)),z(t))y >0  forsuitable g € {1},

implies that ~ p(t) ¢ SP(€) V t € Rxo.

P. Braun (ANU)

Obstacle avoidance controller design
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Constructive controller design: The role of the barrier function

2

Increase condition:
@ 1 p(0) ¢ S2(0), (0) € R, then 18
(VBg(z(t)),z(t))y >0  forsuitable g € {1}, 2
implies that ~ p(t) ¢ SP(€) V t € Rxo. 05
0

@ Assume that £ = ¢ € R~ is constant. Then,

(VBq(x), &) = (v — qlw)é¢(p)  for q € {£1}, 15
(i.e., if v(t) — gfw(t) = 0 then |p(t) — cq| is constant).

& A
I <0 | 82(p) >0
0.5
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Constructive controller design: The role of the barrier function

Increase condition:
@ 1 p(0) ¢ S2(0), (0) € R, then
(VBg(z(t)),z(t))y >0  forsuitable g € {1},

implies that ~ p(t) ¢ SP(€) V t € Rxo.

@ Assume that £ = ¢ € R~ is constant. Then,
(VBy(x),2) = (v —qlw)sg(p)  for g € {£1},

(i.e., if v(t) — gfw(t) = 0 then |p(t) — cq| is constant).

@ Depending on the quadrant (i.e., the sign of 5¢ (p)) obstacle avoidance depends & 1

on the sign of

v — qlw

P. Braun (ANU) Obstacle avoidance controller design
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Constructive controller design: Intuitive controller design

@ Assumption: & = f(z,u), wv(t)>0 and £=7¢c Rsq constant.
Then,

(VBq(2), f(z,u)) = (v — qlw)s¢(p) ~ forg e {£1}

P. Braun (ANU) Obstacle avoidance controller design
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Constructive controller design: Intuitive controller design

@ Assumption: & = f(z,u), wv(t)>0 and £=7¢c Rsq constant.
Then,

(VBq(2), f(z,u)) = (v — qlw)s¢(p) ~ forg e {£1}

@ Tracking mode: If p € R2\8f(£(vts)) then, use tracking controller

ues(z) = [ois (@), wes(2)] T, vis() € [0,7],  wis(2) € [~@, @),

P. Braun (ANU) Obstacle avoidance controller design
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Constructive controller design: Intuitive controller design

@ Assumption: & = f(z,u), wv(t)>0 and
Then,

¢ =17 € R-q constant.

(VBq(2), f(z,u)) = (v — qlw)s¢(p) ~ forg e {£1}

@ Tracking mode: If p € Rz\Sf(Z(vts)) then, use tracking controller

ugs (z) = [ves (@), wes (@)] T, vs(x) € [T, 7], ws(x) € [—wm, @],
@ Emergency mode: If p € S2 (¢(vis(£))) keep € = £(vis(£)) constant and define

Uom = { Vav _:| where  wvay 1= sat? (vis), L—— min{z‘;,@zﬁ}

qUav /¢
until p ¢ {p € S2(€)| 62 (p) < 0} is satisfied.

(Note that (VBq(z), f(z,uem)) = 0 by construction.)

P. Braun (ANU)

Obstacle avoidance controller design
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Constructive controller design: Intuitive controller design

@ Assumption: & = f(z,u), wv(t)>0 and £=7¢c Rsq constant.
Then,

(VBq(2), f(z,u)) = (v — qlw)s¢(p) ~ forg e {£1}

@ Tracking mode: If p € RZ\Sf(Z(vts)) then, use tracking controller
ues(z) = [ois (@), wes(2)] T, vis() € [0,7],  wis(2) € [~@, @),
@ Emergency mode: If p € S2 (¢(vis(£))) keep € = £(vis(£)) constant and define

v 5 _ e o
Uem = {qv:\,v/l{| where v,y := sat” (vis), By := min{o, fw}

until p ¢ {p € S2(€)| 62 (p) < 0} is satisfied.
(Note that (VBq(z), f(z,uem)) = 0 by construction.)

@ Recovery mode: If p € {p € S2(2)| 52 (p) > 0}, then
— Vay i 0
e = gty U ¥ 57D

(Note that (VBy(x), f(x,ure)) > 0 by construction.)

P. Braun (ANU) Obstacle avoidance controller design
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Constructive controller design: A switched/hybrid control law

P. Braun (ANU)

7 (p) >0
82(p) <0

I8 <0
0.5

a1
nm

0.5

Obstacle avoidance controller design

SP(6) C SL(0)
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Constructive controller design: A switched/hybrid control law

Introduce discrete state variables « = [q,, 8] T € {£1}®

gt s(nf(p))] <« obstacle left/right
kT=|at |€| 5(32(p)) | ¢ obstacle ahead/behind

s(vis) <+ forward/backward

ne(p) >0 | nZ(p) >0
82(p) <0 | 62(p) >0

32 <0
0.5

a1
n%

0.5

P. Braun (ANU) Obstacle avoidance controller design

Set valued sign function
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Constructive controller design: A switched/hybrid control law

Introduce discrete state variables « = [q,, 8] T € {£1}®

gt s(nf(p))] <« obstacle left/right
kT=|at |€| 5(32(p)) | ¢ obstacle ahead/behind

s(vis) <+ forward/backward

Additionally enforce ,6%5,‘? () =n¢(P)w+v >0

0.5

7 (p) >0
52 (p) <0

82 <0

0.5
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Constructive controller design: A switched/hybrid control law

Introduce discrete state variables « = [q,, 8] T € {£1}®

gt s(nf(p))] <« obstacle left/right
kT=|at |€| 5(32(p)) | ¢ obstacle ahead/behind
s(vts) <« forward/backward

Additionally enforce 8252 (p) = 1 (p)w +v > 0

Controller design based on: (g, o, 8 € {£1} fixed)
u* = argmin %(v — Blus)? + g(w — wys)?
u€[—v,v] X [—w,w]

s.t. (v — glw)a >0, (n?(p)w+v)8>0

0.5

7 (p) >0
52 (p) <0

82 <0

0.5
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Constructive controller design: A switched/hybrid control law

Introduce discrete state variables « = [q,, 8] T € {£1}®

gt s(nf(p))] <« obstacle left/right
kT=|at |€| 5(32(p)) | ¢ obstacle ahead/behind
s(vts) <« forward/backward

Additionally enforce 8252 (p) = 1 (p)w +v > 0

Controller design based on: (g, o, 8 € {£1} fixed)
u* = argmin %(v — Blus)? + g(w — wys)?
u€[—v,v] X [—w,w]

s.t. (v — glw)a >0, (n?(p)w+v)8>0

Suboptimal solution in 2 steps:
For v consider
Vay = argmin %(v — Bluts))?
vE[—,)
s.t. (v+wl) >0, (v—wl) <0 Bv>0,
Optimal solution:

vay = sat™ (Blugs|), Tw 1= min{v, we},

0.5

7 (p) >0
82 (p) <0

32 <0

0.5
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Constructive controller design: A switched/hybrid control law

Introduce discrete state variables « = [q,, 8] T € {£1}®

e s(n (p)
S B R RO

s(vts)

< obstacle left/right
<« obstacle ahead/behind
«+ forward/backward

Additionally enforce 8252 (p) = 1 (p)w +v > 0

Controller design based on: (g, o, 8 € {£1} fixed)

* 10— Blues))? + E(w — wis)?

ur = argmin

u€[—v,v] X [—w,w]
s.t. (v —qlw)a >0, (n(p)w+ )8 >0
Suboptimal solution in 2 steps:
For v consider

v = g 30 Pl
s.t. (v+wl) >0, (v—wl) <0 Bv>0,
Optimal solution:
Vay = sat”® (Bluts|), T = min{v, wl},

P. Braun (ANU)

For w consider

Way = argmin
we[—w,w]

s.t. (Vav —

Suboptimal solution:

0.5

1
2

qul)a > 0,

s (w— wts)2

Bng (p)w > —|vayl,

I Bqlvavl/¥, ifge{£1}, a=-p,
a satlVavl/C(wy), ifqe{xl1}, a=2
1) >0 [ né(p) >0
52’(73) <0 5?(;,) >0 Set valued sign function
_ [sign(r), r#0
\T‘/ S(T)_{{_l’l}’ r=0
¢
ne (p) < ne(p) <0 é &
Sr () C S ¢
I <0 |62 >0 (@) csi
05 1 15

Obstacle avoidance controller design
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A hybrid system formulation

Augmented state:

a::[plvp?’(b]-r’ F’::[q’a76]T

xX
€= [ 2 } € Z:=R3 X [lmin, bmax] X {0, 21} x {£1}2
K
Hybrid dynamics:
, { & } { f@, (& uts)) }
E=| 17 | = 0 , £€EC:=E\D,
k 0
2+
+_ | 7t z
“M]G[G@ch»]’ cep

Flow sets and jump sets:

C:=E2\D, D := Dty U Dem U Dre
{¢€E: gl =1,p € RA\SL (D)},

Dem :={£ €E:q=0,p € SP(l(vis))}
{¢€E: gl =1,a02(p) < 0,08 = -1}

P. Braun (ANU)

Definition of the feedback law: u = (&, uts)

Uts if g=0,
P Vavy if lal =1,
'Y(fauts) = " 6‘]|'Uav|/Z ’ aff =—1
T it g =1
re Sat‘vav‘/[(wts) ’ alB =1
Discrete time controller selection:
G(& ws) = U 9i(&; uts)
i€{tr,em,re}:(€D;
2 gz(l;; Vts) 7
= — | s(ne(p)) _ |4
Gtr al’ Jem —S(Uts) y Jre : 8|’
B s(vts) B

ge(@,ves) :=min{lp —c o[ =7l ves)}s

Obstacle avoidance controller design
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Numerical simulations: Examples with varying initial condition

P. Braun (ANU) Obstacle avoidance controller design
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Next steps

Under which conditions can avoidance AND tracking be guaranteed
~» Focus on the tracking controller

Moving obstacles

P. Braun (ANU) Obstacle avoidance controller design



Next steps

Under which conditions can avoidance AND tracking be guaranteed
~» Focus on the tracking controller

Moving obstacles

Extended unicycle model:

P1 v cos(¢) p1
P2 vsin(6) -
¢ = w ) T = (]b
0 ay v
w Ay w

@ How to define an appropriate barrier function?
~ Continuous velocity v and angular velocity w

P. Braun (ANU) Obstacle avoidance controller design
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The tracking controller

Reference signal u,.¢ and reference system:

Tyef = f(xrefv uref)

Error variables:

&1

=X — Tref
Rotated error variables:

Prot = R(¢) "B, frot = ¢
The tracking controller:

Wiy = |: Vtr :| _ [ _klﬁl,ref + Vref COS(‘];rot)
tr — - . it ~
Wtr _kqb Sln((z)rot) - k2vrefp2,rot + Wret

Saturated tracking controller:

wm [ = ) |

P. Braun (ANU) Obstacle avoidance controller design
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Constructive controller design: Multiparametric programming

A minimally invasive avoidance control law:
Consider

u* = argmin %(v —us)? + g(w — wys)?
Uu€E[—v,0] X [—w,w]
s.t. (v — qlw)5? (p) > 0,
where
@ u* = [v*,w*]T depends on
(2, q,uts) € R x {£1} x R2.
@ Tracking controller: uts = [vts,wts]T
@ Weighting factor £ € R>q

P. Braun (ANU) Obstacle avoidance controller design
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Constructive controller design: Multiparametric programming

A minimally invasive avoidance control law:

Consider
ur = argmin %(q} —vs)? + g(w — wig)?
UE[—D,0] X [—w,w]
s.t. (v — qlw)§? (p) > 0,
where
@ u* = [v*,w*]T depends on
(z,q,uts) € R x {£1} x R2.

@ Tracking controller: uts = [vts,wts]T
@ Weighting factor £ € R>q

Note that:
@ Multiparamtric optimization problem depending on
(2, q, uts)
@ Feasibilty: v=w=0 Vv

@ Objective function: strongly convex; Feasible domain:
convex and compact ~ u* is unique for all (z, g, uts).

P. Braun (ANU) Obstacle avoidance controller design 12/9



Constructive controller design: Multiparametric programming

A minimally invasive avoidance control law: ® .
) For o = sign(6¢ (p)) € {0, £1}, consider
Consider

u;,a = argmin %(v - vts)Q + E(w — wts)2

* 2

u* = argmin %(v —us)? + g(w — wts)2 w€[—1,0] X [—w,D]

Uu€E[—v,0] X [—w,w] _
) _ s.t. av — (agl)w >0
s.t. (v — qlw)d? (p) > 0,

@ Quadratic multiparametric program for «, g fixed,

wh:re T depends on (ves, ws) € [—9, D] X [—w,w], (can be solved offline)
ur = |v*,w . L ) -
(2, ¢, uts) € B3 % ?ﬂ:l} <« R2. @ (To obtain an explicit solution the optimization problem

) needs to be solved six times: o € {0, +1}, ¢ € {£1})
@ Tracking controller: uts = [vts,wts]T

@ Weighting factor £ € R>o

Note that:
@ Multiparamtric optimization problem depending on
(2, q, uts)
@ Feasibilty: v=w=0 Vv

@ Objective function: strongly convex; Feasible domain:
convex and compact ~ u* is unique for all (z, g, uts).

P. Braun (ANU) Obstacle avoidance controller design
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Constructive controller design: Multiparametric programming

A minimally invasive avoidance control law:

Consider

*

u* = argmin %(U —us)? + g(w — wis)?

Uu€E[—v,0] X [—w,w]
s.t. (v — qlw)d? (p) > 0,
where

@ u* = [v*,w*]T depends on
(w,q,uts) € R3 x {£1} x R2.

@ Tracking controller: uts = [’Uts,wts]—r
@ Weighting factor £ € R>o

Note that:
@ Multiparamtric optimization problem depending on
(%, q, uts)
@ Feasibilty: v=w=0 Vv

@ Objective function: strongly convex; Feasible domain:
convex and compact ~ u* is unique for all (z, g, uts).

For a = sign(5(p)) € {0, £1}, consider

*

Ug o = argmin l(v - vts)Q + E(w — wts)2

u€[—0,0] X [—w,w] 2 2
s.t. av — (agf)w >0
@ Quadratic multiparametric program for «, g fixed,
(vts, wts) € [—5, 8] X [—w, ], (can be solved offline)
@ (To obtain an explicit solution the optimization problem
needs to be solved six times: o € {0, +1}, ¢ € {£1})
Then
@ Forfixed ¢ € {£1}, a € {0, %1}, £ > 0, the feedback
law uy = uy . (z,uts) is @ piecewise linear.
@ Moreover, uy . (, uts) is continuous at any point
(z, uts) satisfying 62 (p) # 0.
However

@ Even though 67 (p) # 0 defines a set of measure zero,
this set may be critical in the controller design

P. Braun (ANU)
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