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Motivation

5 advices from Richard Murray
(CSS Award Speech, 2017)

e be increasingly multilingual
e spread the gospel
e embrace diversity

e master the TCA cycle

e get out the box / \
Applic < Compu
ation tation
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Control Barrier Function 101

Control system:

= f(x) +g(x)u r €R"
u € R™
Safeset: S cR”

Safety as forward invariance:

r(0)e S = x(t)e S, Vi >0

Safe set constructed super-level set:

S={xeX:h(x)>0}

Goal: synthesize u so that #(z(t)) stays nonnegative



Control Barrier Function 101

Control Lyapunov functions (CLFs) Control barrier functions (CBFs)

k|lz||© < V(z) < ko||z||¢ S={xe X :h(x)>0}
V(.cc,u) < =MV (x) h(CU;U) > —ah(z)
Approach equilibrium exponentially Approach safe set boundary

with some minimum rate with some maximum rate



Control Barrier Function 101

Control how fast the safe set boundary is approached

h(z,u) > —ah(z) h(z,u) = Vh(x)(f(z) + g(x)u)
a >0 h
Theorem: o)
— 0\

controllers u = k(z)

that satisfy Wz, k(z)) > —ah(z)

ensure safety: z(0)e€S = z(t)e S, Vt>0 o
Control synthesis via optimization: h 2 —ah

o . . 2
ke (v) = argmin [[u — kn(2)] — Analytical solution (single input):

T kqp(z) = max {kn(x), _ Vih(x)f(r)+ ah(x) }

t v Vh
[ controller ]—1>[ safety filter ]——[ system ]__.., (x)g (m )

! ! Vh(z)g(z) > 0

s.t. h(z,u) > —ah(z)




Control Barrier Function 101

Control how fast the safe set boundary is approached

h(z,u) > —ah(z) h(z,u) = Vh(x)(f(z) + g(x)u)
a >0 h
Theorem: o)
— 0\

controllers u = k(z)

that satisfy Wz, k(z)) > —ah(z)

ensure safety: z(0)e€S = z(t)e S, Vt>0 o
Control synthesis via optimization: h 2 —ah

o . . 2
ke (v) = argmin [[u — kn(2)] — Analytical solution (single input):

. kqp(z) = min {k’n(m‘)’ _ Vih(zx)f(r)+ ah(x) }

t U Vh
[ controller ]—1>[ safety filter ]——[ system ]__.., (aj )g (x )

! ! Vh(z)g(z) < 0

s.t. h(z,u) > —ah(z)




Control Barrier Function 101

-0.4 C =L h(x)=0
06 — -kn EW(X) >0

o |===kor [ In(x) <0
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CBF Applied to Vehicle Control

Dynamical model: @ v, @& Vi, i v,
D=uv, —v ///////ﬁ////////ﬂ??????
U =u L &= f(t,x) + g(x)u | D >
vr, = ar,(t) Connected Cruise Control

Safety measure:
h(.’lﬁ) =D — Dsf —Tv

Safety critical control:

h(t,z,u) > —ah(x)

o

u<a(FD-Da-v)+ pon -0

w=a( 2(D-Da)=0) + Lo~ 0)

N

V(D)




Connected Cruise Control Experiments
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Connected Cruise Control Ex%
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CBF Applied to Truck Control

Dynamical model:

DIUL—’U-
v =u - &= f(tz) + g(x)u
’I'JL:OLL(t) |

Safety measure:
h(.’lﬁ) =D — Dsf —Tv

Safety critical control:

h(t,z,u) > —ah(x)

o

u<a(FD-Da-v)+ pon -0

w=a( 2(D-Da)=0) + Lo~ 0)

N

V(D)

ﬁ /\
v
_F D @ U,ay
'%<7.
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Connected Cruise Control













Delays and Disturbances Destroy

Safety

Exp il Platform

Dynamical model:

D:?JL—”U ]
v =u L = f(t,x) + g(x)u
?')L:aL(t) |

Why did the experiment fail?

Disturbances:

Truck’s dynamics are uncertain
(engine, transmission, brakes, tires...)

Delay:
Truck is massive, with large response time




Delays and Disturbances Destroy

Safety
1111/Fe

IL.Platform

Dynamical model:

D:UL—’U '
b=u(t—7)+dt) b &= () +gl@)(ut—7)+d0)
@L:CLL(t) ] _ ;

Why did the experiment fail?

Disturbances:

Truck’s dynamics are uncertain
(engine, transmission, brakes, tires...)

Delay:
Truck is massive, with large response time




Content

Disturbances/Environment
Input-to-state safe control barrier functions (ISSf-CBF)
Tunable Input-to-state safe control barrier functions (TISSf-CBF)

Time delays
Input delay — Predictors

Application of safety filters in the real world
Moving from test track to the real world



Input-to-State Safety

&= f(z)+g(x)(u+d)
ldl]oc <0

h(z,u) > —ah(z) + 777

a >0

Theorem:
h(z,u) > —ah(z)+o||Vh(z)g(z)|

+ formulae linking o, a,¢,~




Input-to-State Safety h

Theorem: /
h(z,u) > —ah(x)+o|Vh(z)g(z)|? / I ; > }Rn
r[\é’& Safa Ret ’{// )
/ ~ > -
If k(2) safe without disturbance: e

k(x) = k($)+a(Vh(x)g($))T
Ss={re X : 12(3:)4—’)/(51 >0}

Otherwise use QP: hs (2)

kop(z) = aremin ||u — ky(2)|?
_QP( ) = argmin | @l — Analytical solution (single input):
s.t. h(z,u) > —ah(x)+o||Vh(z)g(x)|]” D F() bl
Fap(e) = ma { ko(a), ~ DL L AU )|

Vh(x)g(x) >0



Input-to-State Safety h

Theorem: g
h(z,u) > —ah(z)+0|Vh(z)g(z)|? e A\ :
, . f S }\I{
IR e Ber | 2"
/ -~ - S — et
If k(2) safe without disturbance: e

k(z) = k(m)+a(Vh(x)g($)) !

Ss={re X : iz(:c)%—’y(él >0}
Otherwise use QP: hs (2)

k () = argmin ||u — kn(l’)“Q : - . :
QF uEU —> Analytical solution (single input):

s.t. h(:c,u) > —ah(z)+o||Vh(z)g(z)| Vh(z)f(z) + ah(x)
 Vh(x)g(=)

For () = min {  (+), +oVh(a)g(a) |

Vh(x)g(x) <0
Keeps the truck safe but it keeps very large distance all the time!



Tunable Input-to-State Safety n

Key idea: ;
o = olh@)) f L= ==
afte
Theorem: r/\@s\ \__ ¢t
The above construction still works y Sant

If o(r) is strictly monotonically decreasing

Example:

Ss={re X : i@(:t:)#—’y(é, h(:c)l >0}

o(r) = oge "

h(;\(ras)



TISSf-CBF Applied to Truck Control

Dynamical model:

fé A
v
D 7 %_r: D . @ v
=V, — 0 —
—— omame

U= u L &= f(t,x) + g(x)u VAV SV oY v oY o o G A A G & G &Y G AV A S & A &V &
Connected Cruise Control

’I'JL = ai, (t) |

Safety measure:
h(.’lﬁ) =D — Dsf —Tv

Safety critical control:
}.l(t,xa U) > —Oéh(.ﬁc)—l—a(h(aj)) ||Vh($)g($)||2 G(?“) _ Ooe_’\r

—t

1
us (?(D — Dgt) — ’U) =+ ?(’UL — ’U)—Taoe)‘(DDsz”)

1 1
u = oa( —(D — Dg) —fu) + ?(UL — v)—Toge MNP Dst=Tv)

T

N

V(D)










TISSf-CBF Applied to Truck Control




Safety with Time Delay

T # 0.9




Input Delay

— =

Predictor feedback for delay compensation:
z(t) = f(z(t) + g(z(t))u(t — 7)

-6
0

o N
(1) =x(t+7) =2(t) + / (f(gg(g)) —I—g(x(@))u(@ B T))d@ t 5]
t
input
A history | predictor |

! state : o) o i%(t)
- x(m}\\/)u’;%f/ﬁ,//:/\ ,

E to ) input : ?.L’(t)\/i feedback
I |

-7 0 t—T t t+7 time
Theorem:
controllers u = k(zp)

that satisfy h(zp, k(xp)) > —ah(zp)

ensure Safety; x(0) e S, V0 e [0, 7] = x(t)e S, Vt >0
30



Predictors Recover Safety Guarantees

Dynamical model:

7777 77T T T T T T T

D =wv,—v Connected Cruise Control

0 =u(t —T) - &= f(tx) +g(@)ult —7)
’I'JL = aL(t) |
Safety measure: E 90
Q
h(.ﬂl?) =D — Dsf —Tv
Safety critical control: 2%
h(ty, Ty, u) > —ah(zp) . _un.flsafeI I
L no pre—/,(,"
1 1 5 10 pdictor 27
= Of( T(Dp — Dst) —Up) + T(UL’p — ’Up) \-«;/ 1€ OI',
V(Dyp) T OO

intent of preceding vehicle




Prediction Errors Contribute to Disturbances

Dynamical model:

D:UL—U

v=wu(t —7)+d(t) b = f(t,z)+g(x)(ult—7)+d(t))

’I'JL = ai, (t)
Safety measure:
h(.il?) =D — Dsf —Tv

Safety critical control:

h(tp, Tp,u) > —ah(zy)

7777 77T T T T T T T

Connected Cruise Control

I
unsafe

2= a(V(Dp) = vp) + =

1O pre- 7
(61— vp) = u+d 'dlCtOI‘,//

”




Robust Safety Critical Control is Achieved

Dynamical model:
D =V, — v
o =u(t — 1)+ d(t)

’I'JL = ai, (t)

Disturbance (unmodelled 1% order lag):

L alt) + ult — ).

t) = ¢

- &= f(tx) + g(@)(ult —7) + d(t))

d(t) =a(t) —u(t — 1) 20
Safety critical control: —
£ 10
h(tp,xp,u) > _@h(xp)+a(h(xp))||Vh(39p)9($p)||2 S
0

u=a(V(Dy) ~vp) +

N ~A(Dp—Dy—Tv
= (UL,p — vp)—Tope (Pp=Rer—Tep)

7777 77T T T T T T T

Connected Cruise Control

)
~
B
=
t (s) 10
unsafe
no pre-
-dictor #p
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Real-world Experiments

(a) (b) ()

h¢,v, v}
CCC |«
e " Desi
CCC esired V2X e
Y Y pedal : T B4
v [UPCC| Safety | U Road slope | Feedforward | commands|Drive-by-wire | Powertrain _
O % ~ > 3| Vehicle
filter compensation maps system Fnles
A A A "
adar
UAGO ) Gear
LOW LEVEL CONTROLLER
ACC

HIGH LEVEL h', vy

CONTROLLER

v = min{upcc,vacc, uccc }



Safe Controller Integration For

a Connected Automated Truck (CAT)

UNIVERSITY OF

MICHIGAN
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Because Traffic has a Memor

.
- /
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- g |
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Cheers}



Input Dela



State Delay

i(t) = f(z(t) )t — 7)) +g(2(t)z(t — 7))u(t)

h(z(t) xz(t —7)) >0

_ Dy

- 4
_D21r
A= 4

Qi oy V.K,p

hydraulic systems

tire dynamics



State Delay

#(t) = F(a(t)falt = 1)) + g (a(t) 2t — 7))u(t
h(z(t)|x(t—7)) >0

Infinite dimensional state space
. (0)=xz(t+0), 0€[-7,0]
x €B = C([—T, 0],Rn)

Functional differential equation
2(t) = Flze) + G(x)u(t)

Control Safety Functional
8:{$t€BH($t)ZO}




Control Barrier Functionals
Nondelayed case Delayed case

2(t) = f(x(t)) + g(2(t))u(?) 2(t) = F(z¢) + G(2e)ull)

reR" r, € B=C(|—,0],R")

f:R" = R" F:B—R"

g: R™ — Rxm G:B— R™™
Safe set: Safe set:

S={xeR":h(z) >0} 8§ ={x, € B:H(xy) >0}
Theorem: k() Theorem: , — k(z,, i)

Wz, u) > —ah(z) H (2, &, u) > —aH(2)
Control synthesis: Control synthesis:

o . 2 . .
k(w) = argmin - lu — uq] K(wr, i) = argmin |u — ua
s.t.  h(z,u) > —ah(z) st. H(we, o,u) > —aH ()

How to calculate #H =?



Control Barrier Functionals
Theorem

Hwe, i) = [0 don(ee, 0) - i(0)

Nonlinear functional of z,
and linear functional of z,

Example oy
H(xy) = h(zvt(()), 3(3,5(—7'),/ p(9) k(z(9)) dl(})
headpoint point delay distributed delay

/ \ \

Ty, igou) = Voh() -(F(xe) + Glau) + Vih(.) -do(—7) + /_ o Vah()p(9) Vi (w,(9)) -i0(0) A

wo (¢ ) wi () wq (z¢,9)




Closed Loop Safe System

(t) = Fla) + G2 )u(t)

No delay in safety condition Delay in safety condition
h(x(t)) >0 hz(t),z(t—7)) >0
8:{mt€ﬂ?>:20} Sz{xtEE%:zO}
Control law: Control law:
uw=K(z) = k(z(t),z(t — 7)) u = K(mt@ = k(z(t),z(t — T),)
Functional differential equation: Neutral Functional differential equation:

o(t) = F(ay) + Gz K(24) t(t) = F(xy) + G(x) K(yg, T)



H{zs) =1 — 22(t)

()
0 | I}/

z(t — 1)

H(ze) =1 — %(a:z(t) + z2%(t — 'r))

0 2 4 6 8
©
0 2 4 § 8
(h)
0 2 4 6 8
time, ¢
8
0
" -1
-1 0 1

H(z) =1-21 [° 22(0)dv

.(C)/MW\

--- 7 averaged

0 2 4 6 8

B
0 2 4 6 8
(i).
0 2 4 6 8
time, ¢
— safe set
--- switching surface
intervention

no intervention




Many Ecosystems are at the Verge of Safety

oz T AT

on Our Planet



Population Dynamics
delayed predator-prey model

[y(t)] _ [ ry(t) — ay?(t) — py(t)z(t)
2(t) bpy(t — 7)z2(t — 1) — dz(t) — m2>(t)

H/—/ N - /
(1) f(z(t)z(t—7))
y prey population
1 0.4 .
oty 2z predator population
predator 0.35 |
=05}
s 0.3 r prey growth rate
; | | | 025 | a self-regulation rate
0 50 100 150 8 p predation rate
time 202} .
oL 3 b conversion rate
e d predator mortality
= OF 0.1 m predators competition
S
01l | 0.05 | . _
L L J , 7 maturation time
0 |
0 o0 . 100 150 0 0.2 0.4 0.6 0.8 1
time
prey




Population Dynamics
delayed predator-prey model

[y(t)] _ [ ry(t) — ay*(t) — py(t)(t) ] + H u(t)

2(t) bpy(t — 7)z2(t — 1) — dz(t) — m2>(t) 1
—— N ~— s
#(t) f(z(t),2(t—T)) 9

y prey population
1 0-4 T T .
prey no controf z predator population
predator 0.35 i iWith CO].’ltijl
Sosl\ [\ [\ VT | |
= 03 | r prey growth rate
N AN VAN VAN O/ S 05l a self-regulation rate
0 ORI il g | p predation rate
time =02 .
o 3 | b conversion rate
0157 d predator mortality
< 0 0.1 m predators competition
S
il | 0.05 | . _
‘ ‘ , , | T maturation time
0 L .
0 50 . 100 150 0 0.2 0.4 0.6 0.8 1
time
prey
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