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Seismic multiple reflection

Hydrophone Towed streamer

Solid blue: primaries; dashed red: multiple reflection disturbances.
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(Multiple + noise) removal strategies

multiples noise

(1) p()
/ Measurements
Y/ NN

System —— 2 = () 4 500 4 )
Source \ (vne{0,...,N—1})
y(n
primary

Which strategy for restoring the prlmary 51gnal y" corrupted by the
unknown multiples s, plus noise b

» Methodology for » Variational approach
primary /multiple adaptive » Proximal methods to solve the
separation based on resulting optimization

approximate templates problem
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Multi-model

» ] models r}”)

are
» Imperfect in time, amplitude and frequency

» Assumption: models linked to 5" throughout time varying
filters (FIR)

J-17'+P-1
Z 7(” (” 12
j
j=0 p=p’
where
AOR : . ,
> b impulse reponse of the filter corresponding to

model j and time 1 (P; tap coefficients)
> p'G{—PJ‘—i—l, ey 0}
> New definition: P = 3"/} P,
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Problem reformulation

z =R h y b
~— v+ \y/, +v
observed signal filter primary ~ Doise
where
=NV 1lpi _Rh— [0 s(N=1)7 T
> 5= Y Rf=Rh =[O, ... 5NV

» R= [R0-~-R]_1],R]' isa
_ _ _ T
> h— [hg...hﬁl]
> E}(’” - {flj@(pf) il](0>(p/ +Pj—1) -
— _ T
AR AR B ]
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Estimation of y

Assumption: y is a realization of a random vector Y, whose
probability density is given by:

(7 €RY)  fir(y) o exp(—¢p(Fy))

F € RX*N: linear operator.
 is chosen separable:

(Vx = (mh<k<k €RY)  0(x) = er(m)

where, forallk € {1,...,K}, ¢r: R — |—00, +00].
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Estimation : filter h and noise b

» Assumption: h is a realization of a random vector H, whose
probability density can be expressed as:
(vh € BYP) fiy(h) ox exp(—p(h)
H is independent of Y.

» Assumption: b is a realization of a random vector B, of
probability density:

(Vb eRY)  fu(b) ocexp(—t(b))
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Estimation : filter h and noise b

» Assumption: h is a realization of a random vector H, whose
probability density can be expressed as:
(vh € BYP) fiy(h) ox exp(—p(h)
H is independent of Y.

» Assumption: b is a realization of a random vector B, of
probability density:

(Vb eRY)  fu(b) ocexp(—t(b))

MAP estimation of (y, h)

minimize z—Rh—y) + o(F + p(h
yERN heRNP (_,_y)/ w (h)
: linked to noise 4 priori on the signal  a priori on the filters




(MULTIPLE JISE)

00000008000

Problem to be solved
MAP estimation of (y, h)

minimize z—Rh — + (F + p(h
fdiig y) (Fy) (h)
: linked to noise 4 priori on the signal  a priori on the filters

» Proposed: Use a constrained minimization problem

Problem to be solved

;gﬁmN%ﬂ%% ¥(z — Rh —y) + ip(Fy) + c(h)
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About convex set D

Problem to be solved

inimi — Rh — .p(F h
;gg;}ﬁ]%}%d)(z y) + wo(Fy) + tc(h)

LD(X)—{O ifxe D

+o0o otherwise.

» F € REN: analysis frame operator
» (K |1e{1,....,L}} Cc{1,...,K}

» D=D; x---x D, with
Dy = {(xi)kex, | 2 ke, pe(xk) < i}, where
vie{l,...,L}, B €]0,400],and ¢; : R — [0, +o0[is a
lower-semicontinuous convex function.
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About convex set C

Problem to be solved

—~Rh - F h
g@lﬁ@gw(z Yy) + wo(Fy) + wc(h)

C=CinG NGy

»clz{heR”N: p(h) = 3/ pjlhy) < T}

i—1

> pilly) = 2, = SN S ™ ()2
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About convex set C

Problem to be solved

—~Rh - F h
g@lﬁ@gw(z Yy) + wo(Fy) + wc(h)

C=CinG NGy
> O = {he RN ph) =S5 gl < 7}
> o) = Il = SNy S I ()P
> i) = Iyl = Sy S0 I ()
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About convex set C

Problem to be solved

—~Rh - F h
g@lﬁ@gw(z Yy) + wo(Fy) + wc(h)

C=CinG NGy

v

Ci={heR™ : p(h) = X/ o) < 7}

v

pilly) = 12, = SN2 S ) (p)
pilly) = Iilley = SN0 S0 0 )

v

v

Pi—1 n 1/2
i) = Iyl = 0= (S0 I () )
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Hard constraints on the filters C,, C;

Problem to be solved

JEReRs ¥ R y) ol e

C=CiNnGCnNGCs
Assumption: slow variations of the filters along time.
. 1
VG.mp) I () =B ()] < ey
For computational issues, i € C; N C3 where

Cr = {h | Vp, Vi € {o, o EJ - 1} ‘h(Z”“)(p) — p@n (p)’ < sp}

= {niwwme {1 [T L e i) <o)



(MULTIPLE OISE) REMO

@00

Proximity operator

Definition

Let ¢ be a lower semi-continuous convex function. For all x €
RY, prox,, is the unique minimizer of

y = o)+ 3llx —yl?

Examples:
C a non-empty closed convex subset of RN.

L 1 5
prox, (x) = minimize ic W) + 5 llx =yl

o . . 2
= minimize ||X —
imize | -y

TIc(x): onto C
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Proximity operator

Definition

Let ¢ be a lower semi-continuous convex function. For all x €
RY, prox,, is the unique minimizer of

Y=

Examples:
C a non-empty closed convex subset of RN.

L 1 5
prox, (x) = minimize ic W) + 5 llx =yl

o . . 2
= minimize ||X —
imize | -y

TIc(x): onto C
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Proximity operator

Definition
Let ¢ be a lower semi-continuous convex function. For all x €

RV, prox,, is the unique minimizer of

y—
Examples:
pI‘OX)\Hp
(Vx € R)
1
a) prox, 2(x) = T peo S p=1
2 e
Wiener” filter 7 - = \ X
b) prox, | (x) = sign(x) max (|x| — A, 0)

shrinkage operator



Proposed algorithm

Problem to be solved

minimize ¥ (B{D + wo(Fy) + e(h)

yERN heRNP

» U RNHNP LR [i{] + 1b(z — Rh — y) is convex and

differentiable with p-Lipschitzian gradient (u €]0, +00[) i.e.
(¥(,0) € RENAND) 90 () — V()] < ol — o],

> (Vi e N), /1 € [e, 15¢] where

1
_ /IE|2
B =p+\/|IF|l +3ande€}0,ﬁ+1[

~+ Use the M+LFBF algorithm [Combettes and Pesquet, 2012]
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Algorithm M+LFBF [Combettes and Pesquet, 2012]

Set yl% ¢ RV hl0 ¢ RNP ol0) ¢ RK 0] ¢ RNP
fori=0,1,... do
Gradient computation

sl [i [ ol

—|Y Yy v
)= [20] - (e () - [%21)
Projection computation
Sg] — ol _|_7[i]1:y[i]7 [z] [z] 7[i] ((7[1‘})7 [I])
tl = ylil 4 ARl w[ll t[l AT (1) =16

Averaging

qgl.l [] 1Al FSM ol — il _ Séi] + qgi]
qg] H _|_,Y[1] [] yli+] — il tg] +qg]
Update

[i+1] li] (1]
Y _ |y s
[h[i+1]:| = |:h[z]:| —VH (V‘I’ < tlz

(1
end for

)

F* wgi]
ol

1
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Algorithm M+LFBF [Combettes and Pesquet, 2012]

Set yl% ¢ RV hl0 ¢ RNP ol0) ¢ RK 0] ¢ RNP
fori=0,1,... do

Ll [ . Frol

S = |V Al v
)= [ao] o (e (3]) - [38)
Projection computation
Sg] = ol 4 Ayl [z] [z] — AT ((y1) [I])
t[ZZ] = ylil 4 AR, w[l] t[’ [1]HC((,Y[1]) 1t7])

Averaging

qgl.l [] 1Al FSM ol — il _ Séi] + qgi]
qg] H _|_,Y[1] [] yli+] — il tg] +qg]
Update

[i+1] li] (1]
Y _ |y 5
[h[iﬂ]} - [h[z]} — Al (V\II < tlz

(1
end for

)

F* wgi]
ol

1
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Algorithm M+LFBF [Combettes and Pesquet, 2012]
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— Y Yy v
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Algorithm M+LFBF [Combettes and Pesquet, 2012]

Set yl% ¢ RV hl0 ¢ RNP ol0) ¢ RK 0] ¢ RNP
fori=0,1,... do
Gradient computation

sl [i [ ol

—|Y Yy v
)= [20] - (e () - [%21)
Projection computation
Sg] — ol _|_7[i]1:y[i]7 [z] [z] 7[i] ((7[1‘})7 [I])
tl = ylil 4 ARl w[ll t[l AT (1) =16

Averaging
qgl.l [] 1Al FSM ol — il _ Séi] + qgi]
qg] H _|_,Y[1] [] yli+] — il tg] +qg]
[i+1] A s 0[]
y }‘H M( wD
i+1] | — -7 + i
[h[z ] hl wg]

end for
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Synthetic data

Primary: y
-size 512 x 512
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000

Synthetic data

Primary: y
- size 512 x 512
Multiples

N Observed image: z
A - Noise: o = 0.08
7 \ -SNR=1.13dB

-SSIM =0.16
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000

Synthetic data

Primary: y
- size 512 x 512
Multiples

Observed image: z
- Noise: o = 0.08
-SNR=1.13dB
-SSIM =0.16

Reconstructed image by

[Ventosa et al., 2012]
-SNR =2.38 dB
-SSIM =0.13




(MULTIPLE + NOISE) REMOVAL

000

Synthetic data

Primary: y
- size 512 x 512

Observed image: z
- Noise: o = 0.08
-SNR=1.13dB
-SSIM =0.16

Reconstructed image by

[Ventosa et al., 2012]
-SNR =2.38 dB
-SSIM =0.13

Our method
-SNR =17.00 dB

-SSIM = 0.74

18 /36
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o 0.04 [ 0.08 [ 0.16

| v—z £1(x107%) | 3.88 | 6.89 | 13.09
| [Ventosa etal,2012] [ £1(x10%) | 5.38 [ 7.87 | 13.36 |

OR-basis | #1(x107%) [ 1.53 | 227 | 3.34

pj =4 | SIframe™ [ ¢;(x107%) | 1.19 | 1.69 | 2.42

M-band | £(x10 %) | 1.07 | 141 | 1.96

OR-basis | 41(x107%) [ 1.66 | 233 | 3.37

pi =4 | SIframe™ [ ¢(x107%) | 123 | 1.70 | 2.39

M-band | 4;(x1077) | 1.14 | 1.47 | 2.00

OR-basis | #1(x107%) [ 1.51 | 225 | 3.32

pj =412 | SIframe™ | ¢;(x107%) | 1.10 | 1.58 | 2.32

M-band | 4(x10°%) [ 095 | 1.31 | 1.87

Comparison of the estimated primaries with the 2D proposed
version*) in using three different 2D wavelet transforms, over three
noise levels, and three a priori functions p; € {f2, 41, {12}, with
[Ventosa et al., 2012]
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Real data

\ Seismic data with
50 1 a partially appearing primary
N - size 400 x 400

100
150
200

250
3001

350f

400 : ‘ ‘
100 200 300 400
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Real data
50

Seismic data with
a partially appearing primary
- size 400 x 400

1007
cropped of recorded
seismic data: z

150+ Primary | - size 256 x 256

2001

250 ‘

50 100 150 200 250
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Real data

50
: Seismic data with
ARl a partially appearing primary

- size 400 x 400

1007
cropped of recorded
seismic data: z

150t - size 256 x 256
Reconstructed image by
[Ventosa et al., 2012]

2001

250

50 100 150 200 250
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Real data

50
Primary
100
150t
2001
250 ‘ : : :
50 100 150 200

250

Seismic data with
a partially appearing primary
- size 400 x 400

cropped of recorded
seismic data: z

- size 256 x 256

Reconstructed image by

[Ventosa et al., 2012]

Our method



(MULTIPLE

EXATZNODWN
YOELKSFDI
OXPHBZD
NLTAVR

OHSUE
MCF

Z U

MR TV EUEHNG CXOZoOD
DLVATBKUERS N

EXATZHDWN
YOELKSFDI
OXPHB2ZD
NLTAVR

OHSUE
MCF

Z U

10110

a0

8110

7110

6110

510

4110

a0

210

o

21/36



(MULTIPLE OISE) REMO

Degradation model

h (kernel)
b (noise)
Direct model Measurements
x N _>® — y=hxx+0b
(signal) hxx

Which strategy for restoring signal x corrupted by a unknown kernel 7,
plus noise b?

> Majorize-Minimize approach » Smooth approximation of the
» Block Coordinate Variable 41 /¢, function ~~ Efficient for
Metric Forward-Backward sparse blind deconvolution

algorithm problems
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An enlarged portion from the 25 to 30 meter locations on the bench
(http:/ /www.kgs.ku.edu/Geophysics/OFR/2004/OFR04_41/)



http://www.kgs.ku.edu/Geophysics/OFR/2004/OFR04_41/
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Seismic blind deconvolution

Synthetic seismogram
v ‘
Geological Acoustic Reflection - _
section impedanca  coefficients ! [ ;)
: |

5
Reflection seismograms showing primary reflection only
[Al-Sadi, 1980]
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Smoothed /1 /¢, sparsity measures

Common assumption: x has a sparse representation
Question: Which sparsity measure should be used?
Theoretically: ¢ measure [Donoho et al., 1995]

Usually: ¢; measure

We propose a smoothed ¢; /¢, sparsity measures

- (4455)

where (o, 3,7) €]0, +00[°, and

> ha(x) =Y, (\/m_ a)

> b (X) =/
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Smoothed /1 /¢, sparsity measures

Common assumption: x has a sparse representation
Question: Which sparsity measure should be used?
Theoretically: ¢y measure [Donoho et al., 1995]

Usually: /; measure

We propose a smoothed ¢; /> sparsity measures

Blind 1ma.ge recoYery Image blind deconvolution
(Alternating proximal

. [Krishnan, 2011]
algorithm)

oul B SOOT algorithm
[Bolte et al., 2010] \ f [Repetti et al., 2015]

Blind video restoration 02 New convergence proof
[Abboud et al., 2014]
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Observation model

y = h * X + b
~— <~

observed signal original blur  reflectivity ~ noise

where,

» y € RN observed signal

» ¥ € RN unknown sparse original seismic signal (reflectivity)

v

h € RS unknown original blur kernel

» b ¢ RN additive noise: realization of a zero-mean white Gaussian
noise with variance o2

25/ 36
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Optimization problem

(X,h) € Argmin (G(x,h) = F(x,h) + R(x, h))

(x,h) ERN+S
where
» F:RN*S 5 Ris , and has a L-Lipschitz gradient on
domR.

» R:RN*S ] — 00, 4+00] is proper, lower semicontinuous.

» G is coercive, i.e. lim|;_, 1o G(z) = +00, and is



Majorize-Minimize Algorithm

z € Argmin R(z) + F(z) MM Algorithm

2ERN+S (Vk e N)  z1q = Argmin R(z) + Q(z, z)
ZERN+S
L
Q(z,z) : quadratic majorant of the F(z) + R(z)

function F atZ i.e.
Q(z,z) = FZ) +(z—2) "VE@)+
~e-DTAD(E-2)

where, Vz € RN*S, F(z) < Q(z,2)
and F(z) = Q%) .




Majorize-Minimize Algorithm

MM Algorithm
Argmin R(z) + Q(z, z)

ZERN+S

z € Argmin R(z) + F(z)

ZERNH+S

(VkeN)  zgy1 =

L

Quadratic majorant

Q(z,z) : quadratic majorant of the
function F at z i.e.

Q(z,z) = FZ) +(z—2) "VE@)+
2&-DTr-D)

where, Vz € RN*S, F(z) < Q(z,2)
and F(z) = Q%)




Majorize-Minimize Algorithm

MM Algorithm
Argmin R(z) + Q(z, z)

ZERN+S

z € Argmin R(z) + F(z)

ZERNH+S

(VkeN)  zgy1 =

L

Quadratic majorant

Q(z,z) : quadratic majorant of the .
function F at z i.e. \

F(z) + R(z)

Q(z,2) =F@)+(z—2) ' VF@)+

1 -
SE-DTAG -

e

where, Vz € RN*S, F(z) < Q(z,2)
and F(z) = Q%)

Zk z




Majorize-Minimize Algorithm

MM Algorithm
Argmin R(z) + Q(z, z¢)

ZERN+S

z € Argmin R(z) + F(z)

ZERNH+S

LetzZ € RN*5. The proximity operator of R relative to the metric
induced by a SPD matrix A € RETN)*(5+N) jg defined by

~ o 1 AT ~
prox, ;(z) = mzlgérNr}rlsze R(z) + E(z —-2) A(z—2)




Proposed criterion

o_ o . G 7h :F ,h R ,h

F(x,h) = p(x,h) + Ap(x)

regularization term

v

p(x.h) = 3|h*x —yl?
R(x, 1) = Rq(x) + Ra(h)
R1(3) = o (5) with (i o) €10, 400

Ra(h) = tc ()
with C = {h € [hyjn, max] | 1n]] < 8}, for (Mumin, Hanax, 6) €0, +o0o[?

v

v

v



Quadratic majorants

For every (x,h) € RN x R, let
9
Al(x, h) = <L1(h) —+ 87’]2) IN —+

Ax(x,h) = Lo(x) Ts,

where

Ap,.(x) = Diag (((X”Z l az)_l/2)1<n<1\f> ’

and Ly (h) (resp. Ly(x)) is a Lipschitz constant for Vp(-, 1) (resp.
Vap(x,-)). Then, Aj(x,h) (resp. Ax(x, 1)) satisfies the majoration
condition for F(-, /) at x (resp. F(x, -) at h).
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SOOT algorithm

Forevery k € N, let J, € N*, I, € N* and let (7x )O<]<]k_1 and

(vh )0<,< ,.—1 be positive sequences. Initialize with 2 € domR; and
€ domR,.

Iterations:
Fork=0,1,...
k0 — xk7 W0 = I’lk,

Forj:07-~-a k_l
T = ki — BT AL (b BR) =T F (R Y,

kj+1 _ i
x = ProX  ri- 1A1(xk/hk)R1( ),

Fori=0,...,Iy -1
hkz Wi k’iAz(xk+1 hki)—lv 1:( k+1 hk,i)

B+l prOX( Ik V=LA (xk+1 ki) (hkl)
hk+1 = hk I,
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SOOT algorithm

Forevery k € N, let J, € N*, I, € N* and let (7x )O<]<]k_1 and

(% )0<l< 1,1 be positive sequences. Initialize with x’ € dom R; and
h° € domR,.
Iterations:

Fork=0,1,...
k0 — xk7 W0 = I’lk,
Forj=0,...,i—1
’k’k,j = xk7j — k’]Al(xk’j,hk)ilvlF(xk%hk)a
xk7]+1 — pI'OX( k/) LA (3% %), Ry (xk,]) )
Fori=0,...,I; —1
hkl Wi k.iA ( k+1 hki)—lv F( k+1 hk,i)
hk i+1 pI'OX( 71;1) 1A, (xF+1 k) Ry (hkl)
hk+1 _ hk Ik
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SOOT algorithm

Forevery k € N, let J, € N*, I, € N* and let (7x )O<]<]k_1 and

(vh )0<,< ,.—1 be positive sequences. Initialize with 2 € domR; and
€ domR,.

Iterations:
Fork=0,1,...
k0 — xk7 W0 = I’lk,

For]':(),.--,]k—l
T = ki — BT AL (b BR) =T F (R Y,

kj+1 _ i
x = ProX  ri- 1A1(xk/hk)R1( ),

hkz hkz _ k’iAz(xk+17hki)_1V 1:( k+1 hk,i)7

B+l prOX( Ik V=LA (xk+1 ki) (hkl)
hk+1 = hk I,
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Convergence results

m )

Let (x*)ren and (7¥)ien be sequences generated by SOOT Algorithm.

1. There exists (v,7) €]0,+o0o[* such that, for all k € N,

(V]G{O,,]kfl}) )
i€ {o,... . I —1})

2. Set (7,7) €]0,+oc[? forallk e N,j € {0,...,Jy — 1} and u
i€ {0,...,Ik—1},

3. Ry, R; are the functions.

~ (x5, BF)ren converges to a critical point (%, E) of G.
~ (G(Xk,]’lk)>

~

xen 18 @ nonincreasing sequence converging to G(x, h).
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Results (1D)

Reflectivity (N = 784)
Observed signal

—
3

3

-+

100 200 300 400 500 600 700
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Results (1D)

Reflectivity (N = 784)

Observed signal

Blur (S = 41)

- Original

- [Krishnan, 2011]: SNR = 19.12 dB
Time = 41 s.

- SOOT: SNR = 20.98 dB
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(MULTIPLE + NOISE) REMOVA

w )

| Noise level (o) [ 0.01 [ 0.02 ] 0.03 |

Observation error G(x107%) | 7.14 | 7.35 [ 7.68
6(x10°%) | 2.85 | 3.44 | 4.09

. 0(x107%) [ 123 [ 1.66 | 1.84

S [Krishnan, 20111 == 96= 1379 [ 2.60 | 5.30
& B(x10-2) [ 1.09 | 1.63 | 1.83

SOOT algorithm

)
)
)
)
)
6(x107°) | 342 | 430 | 4.85
)
)
)
)

. £(x107%) [ 1.88 | 251 [ 3.21

N [Krishnan, 20111 = & 36= 1742 [ 1.96 | 253
. (<109 | 1.62 | 2.26 | 2.93

SOOT algorithm = 36— 551777 [ 231

[Krishnan, 2011] 106 61 56

Time (s.)

SOOT algorithm 56 22 18

Comparison between [Krishnan, 2011] and SOOT algorithm for X and
h estimates (Intel(R) Xeon(R) CPU E5-2609 v2@2.5GHz using Matlab 8).
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Image blind deconvolution

Original image
- size 300 x 300

Observed image
-SNR =13.90 dB
-SSIM = 0.92

Reconstructed image by

[Krishnan, 2011]
-SNR =15.19 dB
- SSIM = 0.94

- Time = 2 min.

SOOT

-SNR =16.06 dB
-SSIM = 0.94

- Time =7 s.
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Image blind deconvolution

Observed image
- size 512 x 512
-SNR =19.66 dB
-SSIM = 0.93

Reconstructed image by

[Krishnan, 2011]
-SNR =20.96 dB
- SSIM = 0.95

- Time = 7 min.

SOOT
-SNR =22.80 dB
- SSIM = 0.97

- Time =45s.
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Contributions:

>

>

vV v vy

A generic methodology to impose sparsity and regularity
properties through constrained adaptive filtering in a transformed
domain.

Versatility of the proposed optimization framework which
permits different strategies for sparse modeling, and adaptation
constraints.

Smooth parametric approximations to the ¢; /¢, norm ratio.
Convergence results both on iterates and function values.
Blocks updated according to a flexible quasi-cyclic rule.

Acceleration of the convergence thanks to the choice of matrices
(Aje(xe)) o based on MM principle.

» Application to sparse blind deconvolution.

> Results demonstrated on seismic reflectivity, acoustic source

Sof
S

localization, biological /medical image retoration.

tware:
SOOT-Blind deconvolution: (http://lc.cx/soot )


http://www.mathworks.com/matlabcentral/fileexchange/50481-soot-l1-l2-norm-ratio-sparse-blind-deconvolution
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