Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Volume 47 * Issue2 * February2013 ISSN 0005-1098

automatica

A Journal of IFAC The International
Federation of Automatic Control

IFAC

www.elsevier.com/flocatefautomatica

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Automatica 49 (2013) 577-584

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at SciVerse ScienceDirect

Automatica

automatica

Brief paper

Lyapunov-based hybrid loops for stability and performance of continuous-time

control systems™

Christophe Prieur®!, Sophie Tarbouriech "¢, Luca Zaccarian

b,c

2 Gipsa-lab, Grenoble Campus, 11 rue des Mathématiques, BP 46, 38402 Saint Martin d’Héres Cedex, France

b CNRS, LAAS, 7 avenue du colonel Roche, F-31400 Toulouse, France
¢ Univ de Toulouse, LAAS, F-31400 Toulouse, France

ARTICLE INFO ABSTRACT

Article history:

Received 11 November 2011
Received in revised form

27 June 2012

Accepted 19 September 2012
Available online 10 December 2012

We construct hybrid loops that augment continuous-time control systems. We consider a continuous-
time nonlinear plant in feedback with a (possibly non stabilizing) given nonlinear dynamic continuous-
time state feedback controller. The arising hybrid closed loops are guaranteed to follow the underlying
continuous-time closed-loop dynamics when flowing and to jump in suitable regions of the closed-loop
state space to guarantee that a positive definite function V of the closed-loop state and/or a positive

definite function V,, of the plant-only state is non-increasing along the hybrid trajectories. Sufficient
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conditions for the construction of these hybrid loops are given for the nonlinear case and then specialized
for the linear case with the use of quadratic functions. For the linear case we illustrate specific choices of
the functions V and V,, which allow for the reduction of the overshoot of a scalar output. The proposed
approaches are illustrated on linear and nonlinear examples.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

For a large class of nonlinear control systems which follow a
purely continuous dynamics, it may be useful to consider dynamic
controllers having a mixed discrete/continuous dynamics. This
leads to the class of hybrid control laws which has been
proven to relax certain limitations of continuous-time controllers.
Among other things, hybrid controllers are also instrumental to
improve the performance for nonlinear systems in the presence of
disturbances. See Prieur and Astolfi (2003) for the non-holonomic
integrator, and Sanfelice, Teel, Goebel, and Prieur (2006) for the
inverted pendulum to focus on applications only. Also for linear
plants, hybrid controllers can be fruitful. See Beker, Hollot, and
Chait (2001) for an example of a reset controller overcoming
intrinsic limitations of linear control schemes. See also Beker,
Hollot, and Chait (2004); NeSi¢, Zaccarian, and Teel (2008) where
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reset controllers are used to decrease the £, gain between
perturbations and the output. Consider also Aangenent, Witvoet,
Heemels, van deMolengraft, and Steinbuch (2010) where it is
shown that reset controllers may be useful to improve the .£; or #,
stability of linear systems. Finally, see Lazar and Heemels (2009) for
the design of predictive controllers for the input-to-state stability
of hybrid systems.
In this paper we consider a nonlinear plant:

kp :fp(xpa u)7 (1)

with x, in R, in feedback interconnection with a (not necessarily
stabilizing) dynamic controller:

kc =f_c(xc» Xp), u :EC(XC7 Xp)a (2)
with x. in R™. Then defining the closed-loop functions f, (x,, x.) =

fp (Xp, h, (Xc, xp)) and fe(xp, x.) = fc (X, Xp), the interconnection
between (1) and (2) can be described in a compact way as:

d
E(vaxc) = (fp(xp»xc),fc(xuxp))» (3)

where f, : R x R — R™ and f; : R™ x R — R", We
will assume that fp, f. and h, are such that fp and f; are continuous
functions satisfying f,(0, 0) = 0 and f.(0, 0) = 0.

The contribution of this paper is to design a suitable reset
rule, or jump law, for controller (2), and to design a partition of
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the state space R" (where n = n, + n.) in two subsets, called
flow and jump sets. The state x. of controller (2) endowed with
such additional logic, is then instantaneously reset according to
the jump law whenever the state belongs to the jump set. This
extended scheme, which is allowed to flow according to (3) only
if the state belongs to the flow set, defines a hybrid system.
More specifically, the proposed hybrid augmentation is designed to
guarantee the decrease of one or both of two scalar Lyapunov-like
functions, one of them V : R"™ x R™ — R, defined on the whole
state space, and the other one V, : R» — R defined only in
the plant state subspace. The functions V and V), can be selected to
capture some closed-loop stability and performance property (see
the developments in Section 3.2 where output overshoot reduction
is tackled). Functions V and V,, are linked to each other by a function
¢ : R™ — R such that for all (xp, x;) in R™ x R"

V(xp, ¢(xp)) < V(xp, Xc), (4)
and, in particular, by the relation

Vp(xp) = V(Xp, ¢(Xp)), VXP e R, (5)

Within the above scenario, we will design flow and jump sets and
jump rules such that the arising hybrid systems guarantee non-
increase of V or V), or both of them in two relevant cases:

(V) (addressed in Section 2.1) where the function V (-, -) is given
and satisfies suitable conditions guaranteeing the existence?
of ¢(-) from which V,,(-) can be derived according to (5);

(Vp) (addressed in Section 2.2) where V,(-) and ¢(-) are given
(their existence resembles an asymptotic controllability
assumption), from which V (-, -) satisfying (4) and (5) will be
constructed.

Section 3 deals with the special case where system (3) is linear.
In this case, quadratic versions of V and V, can be constructed
under reasonably weak properties required for the closed-loop
dynamics. The extension to the linear case allows to strengthen
the nonlinear results by exploiting the homogeneity property of
hybrid systems acting on cones and obeying linear flow and jump
rules. Finally, as a last contribution of this paper, we will show
how to design V,, in item (V,) to augment linear continuous-time
control systems with hybrid loops that reduce the overshoot of
a scalar plant output. In comparison to previous work, the aim
of this paper is to design hybrid strategies to guarantee some
asymptotic stability property by enforcing that suitable Lyapunov-
like functions are not increasing along the hybrid solutions.

The arising hybrid closed loop resembles the so-called impul-
sive systems, considered e.g. in Haddad, Chellaboina, and Kablar
(2001). However the objectives of Haddad et al. (2001) and of the
present paper are different. Indeed an inverse optimal control in-
volving a hybrid nonlinear-non-quadratic performance functional
is developed in Haddad et al. (2001), whereas here we provide a
design method of a hybrid loop (namely the jump map and the
jump/flow sets) to ensure asymptotic stability and non-increase of
suitable scalar functions. Our results are also linked to the event-
triggered control literature (see Anta & Tabuada, 2010) for stabil-
ity analysis of networked control systems, where it is necessary to
reduce the number of times when the state is measured by the con-
troller and the actuators are updated. The most important differ-
ence between the results mentioned above and our contribution is
that in those works the resetting value for the state is uniquely as-
sociated to the transmission of a measurement sample, whereas in
our results it depends on the Lyapunov-like functions that should

2 Here, to keep the discussion simple, it is assumed that V is contin-
uously differentiable and that there exists ¢(x,) € argmin, cgnc V (xp, Xc), which
implies (4).

not increase along solutions. Preliminary results in the direction
of the work of this paper have been presented, without proofs, in
Prieur, Tarbouriech, and Zaccarian (2010, 2011). Our preliminary
work also contains additional examples, not reported here due to
space constraints. The present paper provides an improved discus-
sion of the preliminary results, together with their proofs.

2. Main results: nonlinear case
2.1. Constructing V,, from V

In this section we consider the closed-loop nonlinear system (3)
and a function V of the closed-loop state to address item (V') of
Section 1. To this aim, we make the following assumption on the
function V.

Assumption 1. The function V R" — R is continuously
differentiable such that there exists a continuous differentiable
function ¢ : R — R" such that

(xp) € argminy cgnc V (X, Xc). (6)

Moreover, there exists a class X function « such that, for all x, in
R™, x, # 0,

(va(xp» ¢(Xp))»fp(xpv ¢(Xp))> < —C((V(Xp, ¢(Xp))) (7)

where V,V denotes the gradient of V with respect to its first
argument.

Remark 1. In Assumption 1 we do not impose that (3) is globally
asymptotically stable, because (7) requires the function V to
be decreasing only in the subset of the state space defined
by (X, x.) = (Xp, ¢(xp)). Nevertheless, if system (3) is globally
asymptotically stable, then there exist a function V : R" — Rxg
and a class X function « such that (VV (x), f(x)) < —a(V(x)) for
all x # 0, which implies (7). Moreover note that in Assumption 1,
it is not required that argmin, .V (X, X/) is a single valued map,
but only that a continuous differentiable selection of this map does

exist. For example, with V(x,, x.) = x5 4 x¢ — x’x?, we have
argmin, gV (xp, X)) = {X,, —X,} which is not a singleton even

though Assumption 1 can be satisfied, e.g., with ¢(x,) = x,. O

A natural way to stabilize the closed-loop system (3) is to flow
when one (or both) of V and V,, is strictly decreasing and to reset the
x.-component of the state to the value ¢ (x,) (where strict decrease
is guaranteed by (7)) when the function is not decreasing. This
leads to the following hybrid system?

x=f(x) ifxeF,
& x5 = (%, 0(xp)) ifx €],

where F C R"and] C R" are suitable closed subsets of the state

space such that F Uj = R" In particular, F andf are defined
by suitably combining the following two pairs of sets arising,
respectively, from the knowledge of V and V,:

F={xeR" (VV(),f(x) < —a(V(x)} 9)
J={xeR", (VV(X),f(x) = —a(V(x)}

E = {X € Rn, <va(xp)vfp(xp5 xc)) =< _&(Vp(xp))}
J= {X € Rn’ (va(xp)»fp(xwxc)) > _&(Vp(xp))}
where « is any class X function such that @(s) < «(s) foralls > 0

(this will be denoted next by the shortcut notation @ < «). We
state next our first main result whose proof is reported in Section 4.

(8)

(10)

3 For an introduction of the hybrid systems framework used in this paper, see,
e.g., the survey Goebel, Sanfelice, and Teel (2009) or the brief overview in Nesi¢,
Teel, and Zaccarian (2011, Section 2).
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Theorem 1. Consider the closed-loop system (3) and a function V €
C'. Assume that there exist functions ¢ and « satisfying Assumption 1.
Then for any class X function a satisfying @ < « the following holds.

1. If V is positive definite and radially unbounded, then the hybrid
system (8), (9) withF = F andj = ] is globally asymptotically
stable and V is non-increasing along solutions.

2. If V,, defined in (5), is positive definite and radially unbounded,
then the hybrid system (8), (10) withF = F andj = J is such that
the plant state x, converges to zero, and V,, is non-increasing along
solutions.

3. If V is positive definite and radially unbounded, then the hybrid
system (8)-(10) with F = F NF and] =J (J]J is globally asymp-
totically stable and both V and V,, are non-increasing along solu-
tions.

Remark 2. The three items of Theorem 1 address, respectively, the
three goals of guaranteeing suitable stability properties together
with non-increase of V, V, and both of them. In particular, the flow
and jump sets of the hybrid system (8) are defined in Theorem 1
from the knowledge of the Lyapunov-like function V. Note also that
the hybrid system (8), (10) with F=F andj = J characterized
at item 2 may be unstable. In other words, with this selection of
the flow and jump sets, the plant state converges to the origin,
although the state of the controller may diverge (which may
complicate the implementation of the associate controller). In the
linear case, this item will be strengthened under a detectability
assumption. 0O

2.2. Constructing V from V,

In this section we consider the closed-loop nonlinear system (3)
and a function V,, of the plant state to address item (V,,) of Section 1.
To this aim, we make the following assumption on the function V,,.

Assumption 2. The function V,, : R" — R is continuously dif-
ferentiable and radially unbounded and there exist a continuously
differentiable function ¢ : R — R™, and a class X function «
such that, for all x, in R™, x, # 0,

(VVp (), fo(xp, #(xp))) < —a(Vp(xp)). (11)

Note that, when the x,-equation of the closed-loop system (3) is
affine with respect to x,, this condition is related to the asymptotic
controllability to the origin (Artstein, 1983). In this case, a control
law ¢ can be computed from a Control Lyapunov Function V,, and
from the so-called universal formulas (see Freeman & Kokotovi¢,
1996; Lin & Sontag, 1991).

Assumption 2 is sufficient to construct a function V satisfying
Assumption 1 so that the design strategy of the previous section
can be employed. In particular, let M be any positive semidefinite
matrix? in R" x R™ and define V : R" x R"™ — R forall (%p, Xc)
inR™ x R™,

V(%) = Vp(xp) + (xc — d(xp)) M(xc — p(xp)). (12)
Note that V is continuously differentiable, and radially unbounded.
Moreover, if $(0) = 0and M > 0, then it is a positive definite
function because, for each xp, it is the sum of two positive definite
terms, the first one strictly positive when x, # 0 and the second
one strictly positive when x, = 0. The following theorem is a
straightforward application of Theorem 1 in light of the V}, and ¢
given in Assumption 2 and of the V in (12). Its proof is reported in
Section 4. An nonlinear example illustrating the potential behind
the nonlinear design of Theorem 1 has been reported in Prieur et al.
(2010) and is not reported here due to space constraints.

4 Note that the matrix M may be a function of x. This extra degree of freedom
could be used to perform convenient selections of V.

Theorem 2. Consider the closed-loop system (3) and a function V,, €

C1. Assume that there exist functions ¢ and « satisfying Assumption 2.
Given any positive semidefinite matrix M € R" x R", the corre-
sponding function V in (12), and any class X function a satisfying
a < «, the three items of Theorem 1 hold.

3. Main results: linear case
3.1. Corollaries and extension of Theorems 1 and 2

When focusing on linear dynamics, the two items (V)and (V) in
Section 1 are addressed here. Consider the following linear plant:

X, = Apx, + By, (13)

with x, € R™, in feedback interconnection with a (not necessarily
stabilizing) linear dynamic controller:

u = Cexc + Dexp, (14)

with x, € R"™. The closed loop is described by the following linear
system

Xe = AcXc + Bcxp,

c_ae.— |A Bp
X =Ax = |:Bc Ac] X, (15)
where x = (xl’,,xé)’ and Ap, By, Ac, and B, are matrices of

appropriate dimensions uniquely based on the matrices in (13)and
(14). In the linear case, it is reasonable to restrict V and V), to the
class of quadratic functions, ¢ to the class of linear stabilizers and
a and «a to the class of linear gains. Based on this, the closed-loop
P, P
function V can be selected as V(x) = x'Px where P = [P,p :c]
pc ¢
is a symmetric positive definite matrix. Then, since V.V (x,, X.) =
2(PI’,Cx,, + P.x.), from the positive definiteness of P, the critical
points of V are the points where V is minimal. Thus the unique
function ¢ : R™ — R satisfying (4) is given by, for all x, € R™,

P(xy) = —P;1P;,Cxp = Kyx,. (16)

Moreover, the function V, : R — R defined by (5) becomes,
forall x, € R,

/
_ Xp Py Py Xp
Vo) = [—Pclpl’,cxp] [* PC:| [—Pclplgcxp

= X,(P, — PP Py )Xy = X, Pyx,. (17)

Based on (16) and (17), we get that (7) holds as long as there
exists & > 0 such that

He(P,(A, + ByK,)) < —&P,. (18)

Thus, given V, if such a @ > 0 exists, then Assumption 1 is guar-

anteed. Consider now the sets in (9) and (10). Given any 0 <

a < a and with the definitions above, after some calculations they
become

F={xeR", X¥Nx < —ax'Px},

=, 19a
J ={x eR", XNx > —ax'Px}, (192)

F={xeR" ¥Nyx < —ﬁxg,l_’pxp},

r Xy 19b
J={xeR" x¥Nyx > —ocx;prp}, (19b)

PpAp ~+ PpcBc PpcAC + PpBp
PpeAp +PcBc PcAc + PycBp
With the above definitions, the following corollary particularizes
the results of Theorem 1 to the linear case.

where N = He and N,=He [Ppé*p Pp(fp]_

Corollary 1. Consider the closed-loop system (15) and a function

P, P
V(X) = ¥Px = X [P,p lfcc
pc

}x such that P, = P, — PpcP'P),
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satisfies (18) for some & > 0 and for K, = —P;‘PI;C. Then the hybrid
system

x=Ax ifxeF,
(%p, Xc)+ = (Xp, prp) if x Ej,

satisfies all the items of Theorem 1 with V,(x,) = x;,I_’,,xp and using
the sets in (19) with any 0 < @ <a.

(20)

Remark 3. Let us apply Corollary 1 to linear plants in closed loop
with reset controllers (see e.g. Beker et al., 2004; Nesic et al., 2008).
Consider the linear plant (13) with A, Hurwitz, C. = I, and D, = 0.
Recalling the notation in (15), when closing the loop with (14), we
getA, = Ap and B, = By, and thus A, is Hurwitz. To represent reset
controllers, let us consider K, = 0. Then there exist a symmetric
positive definite matrix P, in R"*"» and @ > 0such that(18)holds.
Applying Corollary 1 gives that for each symmetric positive definite
matrix P, in R"*" the hybrid system

x = Ax
(xp, x)T = (x,,0) ifx €],
where the flow and the jump sets are defined with N; =

PpAp  PypBp -
He [Pch poa |»and forany & < @, by

ifx € F, (21)

F={xeR", XNx < —ax'Px}
Ji={x e R", XNix > —ax'Px},

is globally asymptotically stable and the function V, defined by
Vi(x) = x'Px, for any x in R", and for P = diag(P,, P.), is non-
increasing. O

Let us now specialize Theorem 2 to the linear case. With (15),
Assumption 2 is satisfied whenever the pair (A, Bp) is stabilizable
and Vj,(x,) = x,Ppxp, with P, > 0, is a control Lyapunov function
for (Ap, Bp). As a matter of fact in that case there exist a static state
feedback matrix K, and a constant & > 0 such that Eq. (18) holds,
and then Eq. (11) will hold with ¢(x,) = Kpx,. In particular, given
Py, K, and @ can be computed using a Linear Matrix Inequality
(LMI) solver. Alternatively, under a stabilizability assumption, one
can always solve a generalized eigenvalue problem (GEVP) and find
an optimal pair (Pp, K,) maximizing &. Based on V}, and K),, consider
any symmetric positive definite matrix P, in R"*", The function
V:R™ x R" — R in(12) can be defined as

V(%) = Vp(Xp) + (xc — KpXp) Pe(Xe — Kpxp)
_ [P H Py —KGPe
—PcK, P,

Since P. > 0, this function is continuously differentiable, radially
unbounded and positive definite. Then the following corollary of
Theorem 2 can be stated.

] x = x'Px. (22)

Corollary 2. Assume that the pair (A,, Bp) is stabilizable and that
V(%) = x;,I_’pxp is a control Lyapunov function for this pair. Then
there exist & > 0 and K, satisfying (18). Moreover, given any
symmetric positive definite matrix P, in R"*" and the corresponding
function V defined in (22), for any selection of 0 < & < «, the reset
system (20) with the sets in (19) satisfies all the items of Theorem 1.

Remark 4. The global asymptotic stability (GAS) results estab-
lished atitems 1 and 3 of Theorem 1 can be strengthened to global
exponential stability (GES) in the case of Corollaries 1 and 2. In-
deed, the reset system (19), (20) corresponds to a linear dynamics
acting on conic flow and jump sets and, (NeSi¢ et al., 2011, Theo-
rem 7) can be applied to conclude that GAS implies GES. See also
the proof of Theorem 3 in Section 4 for a similar reasoning. O

As already pointed out in Remark 2, when selecting F=F

andj = J, as in item 2 of Theorem 1, there is no guarantee that
the state of the controller will converge to zero. This property is
instead guaranteed when using F = F NF and] =] JJ, asin
item 3 of Theorem 1. However, in light of Corollary 2, it would
be desirable to provide conditions under which using the sets at
item 2 of Theorem 1 is already sufficient to guarantee that the
controller states converge to zero too. The advantage of this is that
one would not need to bother with the selection of the matrix P,
of Corollary 2, because the sets F and J only depend on V,, and K,,.
In the linear case, it turns out to be sufficient that the controller
dynamics is detectable from the output matrix B,. Intuitively, this
requirement corresponds to asking that any nonzero controller
evolution will be detected by the plant states so that a LaSalle result
can be applied to show convergence. The result is formalized in the
next theorem whose proof is reported in Section 4.

Theorem 3. Consider any gain K, such that A, + ByK, is Hurwitz
and a pair l_’p, a satisfying (18). Consider any @ < & and the flow and
jump sets in (19b). If the pair (Bp, A.) is detectable, then the hybrid
system at item 2 of Theorem 1 is globally exponentially stable.

3.2. Performance-based designs

In this section, we rely on the results of Theorem 3 to propose a
suitable jump rule to be incorporated in a linear continuous-time
control system to reduce the plant output overshoot. See also the
design of a jump rule to maximize the decay rate in Prieur et al.
(2011).

In Beker et al. (2001) a reset controller was shown to improve
upon linear control in terms of overshoot reduction. If the plant
(13) is strictly proper from a certain output y, namely y = Gpx,,
a possible way to mathematically formalize the requirement of
overshoot reduction in terms of the Lyapunov functions introduced
here is to construct a quadratic function V,(x,) := xg,prp and
the stabilizing gain K, in such a way that, to a certain extent,
Vp(xp) = ly|?, where y is a given scalar output. Then achieving
non-increase of V, via the hybrid loops of this paper will induce
(almost) no overshoot, namely |y(t)| is (almost) non-increasing
along trajectories. Finding the above discussed pair (V,, K;) can be

done, for example, by writing the dynamics (13) in observability
canonical form, so that x, = [’;}] and solving the following LMI

eigenvalue problem:

min  p,, stQ, = [(%; (21;'] > 1

Q=Q5.rx.py.X
0<|kul X 0 > He(A,Q, + B,X) (23)
X' k|’ P P
1
Ofl:l?lx ]a Px <Q1, gy <1+ py,
Py

where ky > 0 is given. The optimal solution to (23) will lead
to the gain K, = XQ, ' and to P, = Q,' satisfying (18) with a
small enough & and such that |[K,| < |X||Qp*1| < kpu. Moreover,
the bounds given by the last three constraints can be shown to
imply that smaller values of p, will lead to a function V,(x,) =

x;Qp‘1xp closer to |y|%. This fact, together with desirable stability
properties of the hybrid closed loop, is established in the following
proposition whose proof is given in Section 4.

Proposition 1. Consider a sequence of solutions (Q¥. p. pX, X*)iex
to the optimization (23) such that ,of — 0as k — oc. Then, defining
Vi) = x) (Qé‘f1 Xp, we have for each x,, limy_.« V¥(x,) = |y|%,
namely as p}’f approaches zero, V!’j (xp) approaches | y|2.
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Moreover, given any pair (Qp, X) satisfying (23), let K, = XQI;1
and Pp = pr1. Then for a small enough selection of &, Eq. (18) is

satisfied. Then, given any selection of 0 < & < @, the reset sys-
tem (20) with the flow and jump sets in (19b), is such that:

1. the plant state x,, converges to zero, and the function V,(x,) is non-
increasing along solutions;

2. if the pair (B,, Ac) is detectable, then the hybrid closed loop is glob-
ally exponentially stable.

From the point of view of the overshoot reduction, the meaning
of the first statement of Proposition 1 is that smaller values of
Py (which are expected to be achievable as the bound xy on
|Kp| is increased) will guarantee that the function V,(x,) becomes
closer to the squared value |y|? of the output. One way to address
overshoot elimination is to guarantee that the function |y|? itself
is not increasing along solutions (indeed, as soon as y(t) = 0 for
some t, then y will remain zero). Since our hybrid scheme ensures
that V, does not increase along solutions, then the design in (23)
leads to an “almost” non overshooting closed loop as long as p, is
small enough. On the other hand, note that p, = 0 (namely, total
overshoot elimination) cannot be achieved because we require that
V,, be positive definite in our theory.

Example 1. We consider an example originally discussed in Beker
et al. (2004), involving a First Order Reset Element (FORE), whose
flow dynamics follow the continuous-time transfer function 5%1
and whose jump rule is to reset the state to zero whenever the
input and the output of the FORE have opposite signs. This FORE is
interconnected in negative unit feedback with a SISO plant whose
transfer function is # = 5(551&2). For this example, the control
system involving the FORE is shown in Beker et al. (2004) to
behave more desirably than the linear control system because it
has only about 40% overshoot as compared to the linear closed-
loop system, while retaining the rise time of the linear design
(this example was also discussed later in NeSié¢, Zaccarian, and
Teel (2005); Zaccarian, NeSi¢, and Teel (2011) where the £;gain
properties of the reset closed loop were characterized). Here
we show that when allowing for more general resets than just
the ones induced by the FORE, arbitrary small overshoot can be
achieved, while retaining the same rise time. To this aim, we use
the following state-space representation of the linear closed-loop

system: [%}H%] _ [—0.60_6 -1

78.4 0i4 11 ] Table 1 reports the values of

P,, K, and ,oy*1 for some selections of xy. Using the values in
Table 1, we run several simulations of the closed loop starting
from the initial conditions x,(0,0) = [—1 — 1], resembling
the step responses reported in Beker et al. (2004); NeSi¢ et al.
(2005); Zaccarian et al. (2011). In particular, we implement the
hybrid loops arising when using the values in the table within the
scheme proposed in Theorem 1. Note that since in this case the pair
(Bp, Ac) is observable, then according to the results of Theorem 3,
the trajectories are all convergent to zero. The resulting plant input
and output responses are shown in Fig. 1, where we also show the
linear response (thin solid) and the response obtained with the
FORE used in Beker et al. (2004); Ne3i¢ et al. (2005); Zaccarian et al.
(2011) (thin dashed).

The results in Fig. 1 are indicative of the potential of the pro-
posed approach. It should be pointed out that although we manage
to improve the overshoot reduction as compared to the FORE reset-
ting strategy proposed in Beker et al. (2004) (thin dashed curve),
this last strategy is more appealing from an implementation view-
point because it only requires a measurement of the plant out-
put. Conversely, the resetting strategy of the improved bold curves
of the figure are obtained using a full measurement of the plant
state. O

Table 1
Matrices Py, K, and ,oy’1 for some selections of k.
Km P, K o
[ 0.31315  —0.38064 [ 0.046750
0.1 | —0.38064  0.78906 ] _—0.087302] 0.48451
[ 0.10170  —0.088509 [0.055896
05 | —0.088509  0.99128 ] _—0.49023] 10.662
; [ 0.049336  —0.045986 [0.057423 1179
| —0.045986  0.99778 | —0.97424 :
5 [ 0.0097785  —0.0096376 [0.059499 103.25
| —0.0096376 0.99991 | —4.8307 -
0.5

Linear
— — —Beker et al. 2004
LKy = 0.1

Plant output

Plant input

Time

Fig. 1. Example 1: simulation results.
4. Proofs of the technical results

In Assumption 1 we introduce a continuously differentiable
function ¢ : R — R" satisfying (6). However, for the results
of this paper to hold, it is sufficient that ¢ is a H6lder continuous
function of order strictly larger than % satisfying (4). This regularity
assumption on ¢ is weaker than the one required in Assumption 1.
The following lemma (see also Pan, Ezal, Krener, & Kokotovic,
2001, Lemma 1) provides the essential technical properties of the
function V), (introduced in (5)) and the connection between the
gradient® of V, and that one of the function V (introduced in (4))
required to carry out the proofs in the rest of the section.

Lemma 1. Assume that there exists a function ¢ : R — R
with ¢(x) € argmin,V (x, z) which is locally Hélder continuous of
order strictly larger than % satisfying Assumption 1. Then, there exists
M : R™ xR"™ — R xR" such that, forallx = (x,, x.) inR™ xR",

VV,(xp) = VpV(x, ¢ (X)), (24)
V(Xpa Xc) = Vp(xp) + (XC - d’(xp))/M(xp’ Xc)(xc - ¢(Xp))7 (25)
(VV(g(®), f(gx)) = (VVp(Xp), fy(xp, d(xp))). (26)

5 In this section, V.V denotes the gradient of V along the x.-direction.
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Proof. Let us prove the equations of Lemma 1 successively. First
note that (6) implies

VeV (xp, ¢(xp)) = 0. (27)

Proof of (24). To simplify notation, we will use next, Vyn(xp, ¥p) =
Vo (xp +hyp) — Vp(xp) and ¢ (X, yp) = ¢ (X, +hyp) — @ (xp). Since
¢ is Holder continuous of order strictly larger than % there exists
a positive real number ¢ such that, for each x, in R"?, we can find

positive values ¢ and hy satisfying Wh("‘rl;ly")‘ = '“’("ﬁ%*(b(x” 1<
clh|®, for all |h] < ho, and for all y, € R™ such that |y,| = 1. By

using (27), we get, for each y, in R and h > 0,

Vph(va Yp) _ Vp(xp + hYD) - VP(xP)
h - h

1
= f VoV (xp + shyy, ¢(xp + hyp))dsy,
0

1
+ / VeV (xp, ¢(xp) + sdn(xp, yp))ds (M) .
0

h
But, with (27), we get:

VCV(Xpa ¢(Xp) + 5¢h("p»)’p))
192v
= S¢h(xps.Vp), </ Ix2 (va ¢(Xp) + Sl’(bh(xpa}’p))dt) .
0 c

This yields:

Vor (Xp, ¥p) !
% =(/ VoV (%, + shyp. ¢(x, + hy,))ds ) y,

’ ’ 1 1 aZV
L] e

+ stdn(xp, yp))dt ds <%> 7

which, taking the limit as h goes to 0, yields (24).

(28)

Proof of (25). Moreover, with (27), we get (25), with the notation
. 2
M(xp, X)) = jol fo] ‘:’37%’()(},, B (xp) + ts[xe — p(xp)])s dt ds.

Proof of (26). Using (27), we get that for all x in R",

(VV(g(x)). f (X))
= (VY (€(X). (X)) + (VeV (X)), fe(€(x)))
= (V,V (). f, X))
= (VoY (. (). fy(Xp. (x,))). (29)

Moreover, Eq. (24) gives, for all x, in R,

(VVp(xp), o (xp, 9(Xp)))
= (VpV(xp, 9(%p)), fo(xp, 9(Xp))). (30)

Combining (29) and (30), we get (26).
The following lemma follows directly from (25) and (26) of
Lemma 1 and from Assumption 1. Its proof is omitted. O

Lemma 2. Given a solution of (8), (9) with F=F andj =]
(respectively of (8), (10) with F=F andf = J) which jumps at some
time, after the jump the solution is either equal to zero (i.e. g(x) = 0)
or it has to flow.

Proof of Theorem 1. Item 1.Due to (9), when flowing, the function
V does not increase, and due to Lemma 2, after each jump, a
solution of (8), (9) with F=F andj = ] is equal to zero (i.e.
g(x) = 0),or has to flow, and thus, by definition of F, the function V

does not increase. This implies that the hybrid system (8), (9) with
F=F andj = ] is globally stable, and the function V does not
increase. To prove the attractivity of the system (8), (9) withF = F
andf = J, let us apply the LaSalle invariance property for hybrid
systems. Let us consider a solution of (8), (9) with F=F andj =],
which is included in a level set of the function V. Let us show that
this solution should be equal to 0. Due to Lemma 2, the solution
either cannot jump (since after a jump, the solution has to flow,
and thus the value of V has to decrease), or has to be at the origin.
Given a solution flowing for all time, it is a solution of the system
(3) in a level set of the function V. Since « is a function of class X,
then, due to (9), the solution cannot flow for all time and stay in
a level set of V. Then the solution has to be constant and equal to
the origin. Therefore, by Goebel et al. (2009, Theorem 23, page 64),
the system (8), (9) with F = F andj = | is globally asymptotically
stable.

Item 2. Due to (10), when flowing, the function V,, does not increase
along the solutions of (8), (10) with F=F and] = J. Moreover,
due to Lemma 2, after each jump, the solution is equal to zero
(i.e. g(x) = 0), or has to flow, and thus, with (7), the function V,
does not increase. This implies that the variable x, converges to
zero. Since after a jump, the solutions of (8), (10) with F = Fand
J = ] has to flow, it implies that, for each solution x, for all (t, j)
in dom x, we have %Vp(x(t,j)) < —a(Vp(x,(t, J))) except when a
jump occurs. Since during the jumps, the V, remains unchanged,
and since the number of jumps is at most countable, we get that
V,, converges to 0 when t — o0, and thus x, converges to 0 when
t — oo.

Item 3. This item follows from the previous two items. O

Proof of Theorem 2. From (12), the gradient of V is given for all
(Xp, Xc) € R™ x R™ by

W, A
va(xpv Xc) = T){p(xp) - Z(Xc - ¢(xp)) M@(xp)

VeV (xp, x) = 2(xc — ¢(Xp))/M-

Therefore, V.V(x.) = 0 whenever x. = ¢(x,), which, by the
positive semidefiniteness of M implies that Eq. (6) holds. Moreover,
by (26) of Lemma 1, it follows that (11) coincides with (7) and
Assumption 1 holds. Thus Theorem 1 applies and this concludes
the proof of Theorem 2. O

Proof of Theorem 3. Consider any gain K, such that A, 4 B,K, is
Hurwitz and a pair I_’p, « satisfying (18). Consider any symmetric
positive definite matrix P. in R"™*" and let P, = —K;PC, and
P, = P, + P,cP.'P).. Since P, is symmetric definite positive and
P. is symmetric, we get that P, is a symmetric definite matrix.
Moreover, by Schur complement, the matrix P = [II:/”C F;fcc] is
symmetric definite positive, condition (18) holds, and we may
apply Corollary 1. From item 2 of Theorem 1 we know that the
X, component of the solution converges to zero. As a first step of
the proof, we will use the detectability assumption and the LaSalle
invariance principle of Sanfelice, Goebel, and Teel (2007) to prove
next that also the x, component of the state converges to zero.
To analyze the convergence properties of the solutions x(-, -) =
*Xp(-, ), Xc (-, -)) : domx — ™" from any initial condition, we
consider two cases:

(i) assume that for some jump time (t, j) (namely a hybrid time
such that (t,j) € domx and (t,j + 1) € domx) we have
Xp(t,J) = 0.Thenx(t, j+1) = (x,(t, j), Kpx,(t, j)) = 0 namely
the solution x(-, -) converges to zero in finite time;
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(ii) instead, if for all jump times (t, j), we have x,(t, j) # 0, then
after each jump, the state necessarily belongs to the interior of
the flow set F. To see this, denote x(t, j + 1) by x** and x(t, j)
by x* (possibly using the subscripts “p” and “c”) and note that
from the assumption that @ < @, x, # 0and from (18) and
(19b), we get

* / = *
x4/ *+ Xp PPéP 0 XP
woimpet = | e (3 o)) [k
ey 17 [PA, O][1 7 .
= (xp) He ([Kp] [B;Pp o [K| )%

= (x)' He (PyA, + P,B,K;) x;
< —a(X)Ppxs < —a(x37) PxiT,

which, by the strict inequality at the last line, implies that x** is
in the interior of F. Therefore, from continuity of the solutions
satisfying the flow equation, after each jump the solution flows
for some time 7 (x*) before it reaches the boundary of the flow
set (possibly jumping again). Define now 7, = minyy, =1 T (xp),
which is a finite strictly positive scalar because the minimum
is carried out over a compact set. Then, after each jump, the
solution flows for at least 7, times. Indeed, consider a generic
jump to x** = (x;, pr;j) and note that, by homogeneity of
the dynamics (20), we can write x(7,j + 1) = |x§|z(r,j +1)
for all  such that (r,j + 1) € domx, where z(-,j + 1) is a
suitable solution defined for all such values of T and starting
atz(t,j+ 1) = ‘;ﬁ(x;, pr;). Then, by definition of t,;, and
since x; # 0 by assumption, the solution z(-, j + 1) flows for
at least t,,, times after (t, j + 1) and, consequently, so does the
solution x.

Consider now the LaSalle theorem (Sanfelice et al., 2007,
Corollary 4.4(b)) (see also Goebel et al., 2009, Thm S13) and ap-
ply it using the smooth function Vjs(x) = V,(x;). By construc-
tion (see (19b)), the function Vis(-) is non-increasing along
flows for all x in the flow set F. Moreover, since x, remains
constant along jumps, the function is also non-increasing along
jumps for all x in the jump set J. Since we proved that there is
a uniform lower bound t,, on the elapsed time between any
two jumps of the solutions under consideration, from (Sanfe-
lice et al., 2007, Corollary 4.4(b)), all such solutions converge to
the largest weakly invariant subset of the set where Vs(x) =
Vp(xp) = 0. Since V,(x,) = 0 implies x, = 0, from the de-
tectability condition on (Bp, A;) the largest weakly invariant
subset reduces to the origin and this completes the proof that
the x, component of the state converges to zero.

By the above reasoning, we concluded that the state x con-
verges to zero. Then, since the dynamics is linear and the flow and
jump sets are cones, we can apply (Goebel & Teel, 2010, Proposi-
tion 4.3) using w(x) = |x|, the standard dilation M(X) = A and d
= 1. From this proposition the global convergence property im-
plies global pre-asymptotic stability of the hybrid system which,
in turn, implies global asymptotic stability by the completeness of
all the maximal solutions. Finally, using once again the homogene-
ity property, the approach in NeSi¢ et al. (2011, Theorem 7) can be
applied to conclude that global asymptotic stability implies global
exponential stability. O

Proof of Proposition 1. We start by proving the first part of
the proposition. Consider any solution (Q,, py, ox,X) to the

optimization problem (23). From the matrix inversion formula,
P11
Pi
first inequality of (23), we have

denoting P, = [ ﬁ;;] and recalling the notation for Q, in the

-1
diyq, 1

Py = <Q1 - 7y> v Po=———,

dy qy — q1y’Q1 Gy

Piy = —P»Q; 'qvy-
Let us inspect these terms separately. From the first constraint in
(23), we have [Ql 1y ] > [(1) 8] > 0, which, by Schur com-

dy ay—1
1 impli W gand gy — 1—q,,0" 0
plements, implies Q; — o-1 > Oandgqy —1-— quQl qiy > 0.

These last two inequalities, together with g, > 1 and the last con-
straint of (23) imply respectively

qydyy < (@ — DQ < pyQ, (31)
0<qy,Q gy <gqy—1<py, (32)
From (31) we get
q1y4; 0 P
Q- “y>Q1——y1=(——y Q (33)
y dy dy

where we have used q, > 1(from the first constraint of (23)) in the
last step. By Schur complement applied to the fourth constraint of
(23) and also using the fifth constraint of (23) we have

1
Ql > px = —. (34)
y

Now consider a sequence of solutions (Qf, p¥, p¥, X¥)ien to (23)

such that ,oj’/‘ — 0, as given by the assumption of Theorem 1, and
consider the computations of this proof for this sequence. With

k
(32)wehave 1 < g < pf+1andthusq} — 1and% — Oask —

00. Combining (33) and (34) implies P{‘] — 0,as k — oo. Consider

now (32) and note that, by definition of P,, we have limy_, », P% =
22

limg_, oo q§ = 1 because from the first and the last constraints of

(23),1 < gy < 1+ py. Therefore limy_,» Py, = 1. Finally, since
P, > 0,P¥ — 0Oand P¥, — 1, we have PY, - 0ask — oco.Asa
consequence, PI’; — [8 (I)] and, due to the observability canonical
form of (13), V¥(x,) — |y|*ask — oo, for each x, in R™. This com-
pletes the proof of the first part of the proposition. As a next step,
we prove that using K, = XQ, ' and P, = Q,' where X and Q,”'
satisfy (23), Eq. (18) is satisfied for a small enough &. This trivially
follows from the strict inequality in the third constraint of (23).

Finally, items 1 and 2 in the last part of the proposition follow
from applying, respectively, item 2 of Theorems 1and 3. O

5. Conclusions

The design problem of a hybrid stabilizing loop on a continuous-
time control system has been considered. The arising closed-loop
system mixes discrete and continuous dynamics depending on
the value of a nonlinear function. This allows to guarantee the
stability and/or a decreasing property of some positive definite
function. Adding a hybrid loop can be also instrumental when
reducing the overshoot of a scalar output of a linear control system.
Some simulations highlighted the interest of the results. This
work lets some questions open. It might be of interest to better
quantify the overshoot improvement achieved by the algorithm of
Section 3.2 and possibly relate it to the rise time, as done in Beker
et al. (2001) for a specific example. Moreover, the case of output
feedback laws may be interesting to address. In this direction,
recent work (Fichera, Prieur, Tarbouriech, & Zaccarian, 2012a,b)
investigates output feedback extensions of the state feedback
approach presented here, by using a Luenberger observer and
implementing the hybrid loops in feedback from the observed
state.
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