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application to boundary feedback stabilization of gas transport model is used to illustrate the results.
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1. Introduction

The early interests in singular perturbation techniques arose
from the physical problems exhibiting both fast and slow dynam-
ics, such as DC-motors in Kokotovi¢, Khalil, and O’Reilly (1986)
where the inductance in the armature circuit plays the role of a
perturbation parameter or semiconducting diodes in Smith (1985)
where the Debye length is seen as a perturbation parameter. The
decomposition of a singularly perturbed system into lower order
subsystems, namely the reduced subsystem and the boundary-
layer subsystem, provides a powerful tool for stability analysis
(e.g. Habets (1974), Chow (1978), Grujic (1981) and Chow and
Kokotovi¢ (1981)). From late 1980s, singularly perturbed partial
differential equations (PDEs) have been considered in research
works. This kind of systems describes numerous phenomenon in
various fields in physics and engineering, such as fluid dynamics,
chemical-reactor, and aerodynamics (see Kadalbajoo and Patidar
(2003)).

In this paper, we consider a class of linear hyperbolic systems of
conservation laws with a small perturbation parameter. The princi-
pal motivation for this paper is the model of gas transport through
a constant cross section tube represented by Euler equations
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(see Winterbone (2000, Chapt. 2)). Two time scales for propaga-
tion speed exhibit in this model, which can thus be described by a
singularly perturbed hyperbolic system.

A first contribution of this paper concerns the stability analysis
between the full system and its two subsystems. The stability
analysis for hyperbolic systems of conservation laws has been
considered by many researchers. For instance, a stability criterion
for linear hyperbolic systems by characteristics method has been
given in Li (1994) and the stability condition considered in Hale
and Lunel (1993) relies on the frequency domain. In Coron, Bastin,
and d’Andréa-Novel (2008), a stability condition for the quasilinear
systems of conservation laws is introduced by Lyapunov method.
In this paper, the first proposition gives a sufficient stability
condition for both subsystems. Moreover a counterexample is used
to illustrate that the exponential stability of the two subsystems
does not guarantee the stability of the full system. This shows
a major difference with what is well known for linear finite
dimensional systems (e.g. Kokotovic et al. (1986, Chapt. 2)).

A second contribution of our work relates to a new Tikhonov
theorem for such singularly perturbed linear hyperbolic systems.
Tikhonov theorem describes the limiting behavior of solutions of
the perturbed system. It is a powerful tool for analysis of singu-
lar perturbation systems. This theorem has been studied in many
works for finite dimensional systems (Khalil, 1996, Chapt. 9; Ver-
hulst, 2007). The approximation of the full system by the reduced
subsystem on the finite interval is based on the exponential stabil-
ity of the boundary-layer subsystem. Furthermore, the approxima-
tion on the infinite interval is achieved by the exponential stability
of both subsystems. In the present paper the infinite dimensional
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case on the infinite interval is stated. We show that if the full sys-
tem is stable then its slow dynamics can be approximated by the
reduced subsystem. This method of approximation can lead to new
boundary control strategies for linear hyperbolic systems. For in-
stance, in Tang, Prieur, and Girard (2014) boundary control synthe-
sis has been studied based on the singular perturbation method.
More precisely, in this latter reference, the boundary condition for
the reduced subsystem is firstly chosen as zero, which makes the
slow dynamics converge to the equilibrium in finite time T. The
boundary condition for the full system is chosen so as to guarantee
stability. Then the full system reaches a neighborhood of the origin
of size proportional to the perturbation parameter at time T.

The paper is organized as follows. The linear singularly per-
turbed system of conservation laws under consideration is pre-
sented in Section 2. The reduced and boundary-layer subsystems
are computed in the same section. In Section 3, we link the expo-
nential stability of the full system with the stability of each sub-
system. Section 4 gives a Tikhonov theorem for linear hyperbolic
systems of conservation laws. In Section 5, an application to a gas
transport model is studied to illustrate the main results. Finally,
concluding remarks end the paper.

Notation. For a positive integer n, I, is the identity matrix in R™*".
Given a matrix A in R™", A~! and AT represent the inverse and
the transpose matrix of A respectively. For a symmetric matrix B
in R™" Auin(B) is the minimum eigenvalue of the matrix B. The
symbol « in partitioned symmetric matrix stands for the symmet-
ric block. | - | denotes the usual Euclidean norm in R" and || - || is
associated with the usual 2-norm of matrices in R™". || - ||;2 de-

notes the associated norm in L2(0, 1) space, defined by [|£]|2 =
1

(fol |§(x)|2dx)7 for all functions £ e L?(0, 1). Similarly, the as-

sociated norm in H2(0, 1) space is denoted by | - ||;2, defined for

all functions & € H2(0, 1), by llélls= = (J 16O + 18" +
1

[€" (%) |2dx) * . Given a real interval I and a normed space J, C°(1, )

denotes the set of continuous functions from I toJ. Let us adopt the
following notation introduced in Coron et al. (2008), for all matri-
ces G € R™",

p1(G) = inf{||AGA™"||, A € Doy},
where D, ; denotes the set of diagonal positive matrix in R™*".

2. Linear singularly perturbed hyperbolic systems of conserva-
tion laws

The linear singularly perturbed hyperbolic systems of conser-
vation laws under consideration are given by,

yt(x7 t) + Alyx(xa t) = Ov (]a)
€z¢(x,t) + Arzy(x,t) = 0, (1b)

where x € [0,1],t € [0,+00),y : [0,1] x [0, 400) — R",
z : [0,1] x [0, +00) — R™, Ay is a diagonal positive matrix in
R™™M A, is a diagonal positive matrix in R™*™, the perturbation
parameter € is a small positive value. Moreover we consider the
following boundary condition

yO,0)\ _ ~(y(1, 1)
(Z(O, t) =G 2(17 t) s te [0» +OO)7 (2)
where G = (g; (G;Z) is a constant matrix in R™T™x0+m with

the matrices G1q in Rnxn, G12 in Rnxm, Gy inR™" and Gyo in R™*m,
Given two functions y° : [0, 1] — R"and z° : [0, 1] — R™, the
initial conditions are

0
(Cod)=(5m). xeom o)

Remark 1. Let us recall the existence of the solutions to the Cauchy
problem (1)-(3). According to Section 2.1 in Coron (2007), for

all (ﬁg) e [%(0, 1), there exists a unique weak solution (ﬁ) S
C°([0, +00), L?(0, 1)) for the Cauchy problem (1)-(3).

By Proposition 2.1 in Coron et al. (2008), for every (i’g) €
H?(0, 1) satisfying the following compatibility conditions:

0\ _ (Y’
A200) ) _ Ay2(1)
<e—1A2z3(0)> =G <e—1A2z3(1)> ’ (4b)

the Cauchy problem (1)-(3) has a unique maximal classical
solution (ﬁ) € C°([0, +00), H2(0, 1)). ©

Remark 2. In Perrollaz and Rosier (2014), a 2 x 2 quasilinear
hyperbolic system is considered in C°([0, T] x [0, 1], R?) instead
of H2(0, 1), avoiding so strong compatibility conditions. However,
in the following of the present paper, the H? convergence of a
system is mandatory thus the compatibility conditions should be
considered. ©

Considering infinite dimensional systems described by partial
differential equations (PDEs), let us compute the reduced and the
boundary-layer subsystems for (1)-(3). Inspired by the approach
for finite dimensional systems described by ordinary differential
equations (ODEs) in Khalil (1996, Chapt. 9) and Saberi and Khalil
(1984), the two subsystems are formally calculated as follows.
Setting e = 0in (1) yields

ye(x, t) + Aryx(x, t) =0, (5a)
Zy(x,t) = 0. (5b)
Substituting (5b) into the second line of the boundary condition (2)
and assuming (I, — Gy;) invertible we obtain

2(.,t) = (In — G22) ™' Gy (1, 1), (6a)
¥(0,t) = (Gi1 + Gi2(m — G2) ™' Ga)y(1, 1). (6b)
The reduced subsystem is computed as follows:

Ye(x, t) + Ayc(x,t) =0, x€]0,1], t € [0, 400), (7)
with the boundary condition

y(0,t) = Gy(1,t), tel0,+400), (8)

where G, = Gy1+G12(Im —G22) ™' Go1, whereas the initial condition
is chosen as the same as for the full system

¥x,0 =5 ® =y"(®), xel0,1]. (9)
To compute the boundary-layer subsystem, let us first perform the
following change of variable

Z(x,t) = 2(x, t) — (In — G2) "' Gay(1, 1). (10)

This shifts the equilibrium of z to the origin. Let us use a new time
variable T = é In the 7 time scale, y(1, t) in (10) is considered as
a fixed parameter with respect to time. Then, the boundary-layer
subsystem is calculated as

Z: (X, 7) + Aazy(x,7) =0, x€[0,1], T € [0, +00), (11)
with the boundary condition
2(0,7) = Gpz(1,7), T €0, +00), (12)

whereas the initial condition is given by

Z(x,0) =2°(x) = 2°(%) — (Im — G22) " 'Go1y° (1), x €0, 1].(13)
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3. Stability of reduced and boundary-layer subsystems

In this section, our aim is to show how the stability of the full
system (1)-(3) is related to the stability of the reduced subsystem
(7)-(9) and the boundary-layer subsystem (11)-(13).

The following definition is adopted for the exponential stability
of the linear singularly perturbed system of conservation laws
(1)-(3) in L*-norm.

Definition 1. The linear singularly perturbed hyperbolic system of

conservation laws (1)-(3)is exponentially stable to the origin in L?-
0

norm if there exist y; > 0 and C; > 0, such that for every (Z(]) €

[2(0, 1), the solution to the system (1)-(3) satisfies
y(. t) ¥y’
z(., t) Z°

Similarly the exponential stability of system (1)-(3) in H?-norm is
defined as follows.

-yt
< Cle "1
12

, tel0,400).
12

Definition 2. The linear singular perturbed hyperbolic system of

conservation laws (1)-(3) is exponentially stable to the origin in

H?-norm if there exist y» > 0 and G, > 0, such that for every
0

(52'0) € H?(0, 1) satisfying the compatibility conditions (4), the

solution to the system (1)-(3) satisfies

y(.,t) ¥’
z(., t) z°
Similarly, we can define the exponential stability in L?>-norm and

H?-norm for the reduced and boundary-layer subsystems.
Let us recall the following result for linear hyperbolic systems:

—yot
< Ge 72
H2

, tel0,4o00).
H2

Theorem 1 (Coron et al., 2008; Diagne, Bastin, and Coron, 2012). If
p1(G) < 1 (resp. p1(G) < 1, p1(Gy) < 1), then the full system
(1)-(3) (resp. the reduced subsystem (7)-(9), the boundary-layer
subsystem (11)-(13)) is exponentially stable to the origin in L>*-norm
and H?-norm.

With the above theorem, we are ready to give a proposition which
is about the stability of the two subsystems.

Proposition 1. If p1(G) < 1, then the reduced subsystem (7)-(9)
and the boundary-layer subsystem (11)-(13) are exponentially stable
to the origin in L*-norm and H*>-norm.

Proof. Let us first prove the stability of the reduced subsystem
(7)-(9). Let p1(G) < @* < 1and A € Dy, + such that | AGA™!|
< a*.let Ay € Dy 4 and A, € Dy, 4, A be such that

(a0
A—(o A2>'

Consider Y € R™™ given by

- Y
Y = _ _ ,
<A2(1m — Gp) 'Gn 4] 1Y>
where Y is an arbitrary vector of R". It follows directly

AGA-1Y = (Al(Gn + G — 022)71621)A1_1Y>

Ay(ln — G)'Gn AT'Y
Since | AGA™!|| < «*, it follows from (14)
|AGATY| < Y],

hence

|A1(G11 + Gl — G22) 'Gan) AT Y] < @¥|Y].

The previous inequality holds, for all Y € R", therefore

141(Gi1 + Giallm — G2) "G AT < o < 1, (15)

which implies p;(G,) < 1. Therefore, due to Theorem 1, the re-
duced subsystem (7)-(9) is exponentially stable in L*>-norm and
H?-norm.

Next let us prove the stability of the boundary-layer subsystem
(11)-(13). Similarly, consider Z € R"™ given by

5 0
7=(2)
where Z is an arbitrary vector of R™. It follows directly

1= AGpASZ
AGATIZ = [ T1712702 .
(AZGZZAzlz

Since |[AGA™!|| < «*, it follows from (16)
Z b

|AGA™'Z| < a¥|Z|

hence
14262457 < a*|2).
The previous inequality holds, for all Z € R™, therefore

142G A5 | < o* <1, (17)

which implies p;(Gy;) < 1. Therefore, due to Theorem 1, the
boundary-layer subsystem (11)-(13) is exponentially stable in L*-
norm and H?-norm. This concludes the proof of Proposition 1. O

Counterexample: the stability criterion p1(G) < 1 is a sufficient
condition for stability of both subsystems. On the other hand, the
stability of the two subsystems does not guarantee the stability of
the full system. Let us consider the following counterexample. Let
A1 = A; = 1in (1) withn = m = 1. The boundary condition of
the full system in (2) is chosen as G;; = 2.5, G = —1,Gy; = 1,
Gy = 0.5.The boundary condition of the reduced subsystemin (8)
is computed as G, = 0.5.1t holds p;(G;) < 1.By Theorem 1 the re-
duced subsystem is exponentially stable in L?-norm and H?-norm.
The boundary condition of the boundary-layer subsystemin (12)is
Gy = 0.5. It holds p1(G32) < 1, due to Theorem 1, the boundary-
layer subsystem is exponentially stable in L2-norm and H2-norm.
Now let us check the stability condition p;(G) < 1, which is equiv-
alent to find a diagonal positive matrix A such that |AGA™!|| < 1
and it is in fact equivalent to GT A2G < A? (see Coron et al. (2008)
section 4). Let us consider a positive value v which is a little bit

larger than 1, there is no loss of generality to look for A = ((1) g)
such that

GTA%G < vA2. (18)

Straightforward computations show that there is no such matrix
A which satisfies the condition (18), thus p1(G) > 1. Note that,
Proposition 3.7 in Coron et al. (2008) implies that p;(G) < 1lisa
necessary and sufficient condition for stability of linear hyperbolic
systems with dimension 1 to 5. Since this example is a linear sin-
gularly perturbed system of two conservation laws, it is not expo-
nentially stable neither in L?>-norm nor in H2-norm, although the
reduced and boundary-layer subsystems are both exponentially
stable.

4. Approximation theorem for linear singularly perturbed
system of conservation laws

A Tikhonov theorem is given in this section. It presents how so-
lutions to the full system (1)-(3) can be approximated by solutions
to the reduced subsystem (7)-(9).
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Theorem 2. Consider the linear singularly perturbed system of con-
servation laws (1)-(3). Assuming the boundary condition matrix G
satisfies p1(G) < 1, then, for any initial condition y° € H?(0, 1)
satisfying the compatibility conditions y°(0) = G,y°(1), A1y%(0) =
Gy A1y2(1) with 3° = y°, and for any z° € 1%(0, 1), there exist pos-
itive values €*, C, C' and w such that for all 0 < € < €* and for all
t>0,

Iy(. 0) = J(. D% < eCe™"
x (nz" — (In — G2) 'GP D% + ||y°||§,2), (19)
o0
/ 120 8) — (I — Ga2) " Gorp(1, D[t < €C
0
x <||z° = (In = G2)'Gu¥° (D%, + ||y°||i,2>. (20)

Before stating the proof of Theorem 2, let us first perform the
following change of variables

nx, t) =y, t) —yx,t),
8(x,t) = z(x, t) — (Im — G2)~'Ga1¥(1, 1),

where 7 is the error between y in the full system and y in the
reduced subsystem, § is the error between z in the full system and
its equilibrium point (I, — G52) ~1G21y(1, t). In the new variables
(n, 8), the system is given by

Nt + A1nxy =0,
€8¢ + Azdy = €(lm — G2) ' G AaFix(1, ).
The boundary conditions are calculated as follows:
n(0,t) = y(0,t) —y(0, 1)
= G1y(1,t) + G2z(1, t) — G y(1,t)

(21a)
(21b)

+ G2 (Z(l, t) — (In — Gn) ™ 'Gauy(1, f))
= Gun(1,t) + G128(1, 1),
and
8(0,t) = 2(0,t) — (In — G) 'Guy(1, t)
= Guy(1,0) 4+ Gpz(1, £) — (Im — G22) ' Go1¥(1, 1)

+Gpz(1,t) + <<Im — Un — 622)71>621)7(1, f))

= Gun(1,t) + Gpd(1, t).

The boundary condition for system (21) is written as follows:

n0,0)\ _ ~(n(1,0)
<5(o, r)) =G (5(1, 0 ) (22)
Let us consider the following candidate Lyapunov function for

system (21)-(22)

1
Ve(n,8) = f e " (n"Qn + €8 P8)dx, (23)
0

with u > 0, Q a diagonal positive matrix in R"*" and P a diagonal
positive matrix in R™*™,
The time derivative of V. (, §) is estimated in Lemma 1.

Lemma 1. If the boundary condition satisfies p1(G) < 1, then there
exist a positive value u and diagonal positive matrices P and Q such
that for alle > 0 and « > 0, it holds

1
Ve(n, 8) < —u/ e "nTQAndx
0

Py — Gp) Gy A 1
3 (M— €k||P(In — G2)™ ' Gay 1||>/ e %8 TP A,8dx
)\min(PAZ) 0

n €llP(Im — G22) " 'Gar Al
K

(1, 0. (24)

Proof. Computing the time derivative of V,(n, §) along (21) and
performing an integration by parts yield (see Diagne, Bastin, and
Coron (2012))

Ve(1,8) = Ny + N2 + N3

with:
x=1 x=1
Ny = —[e"“‘nTQAm:| - [e"“‘(STPAZ(S] , (25)
x=0 x=0
1
N, = _“/ e (0" QA + 8P ALS)dx, (26)
0
1
N3 = 26/ eiMX(STP(Im — 622)71621/\1)—/}((1, t)dX. (27)
0

Using boundary condition (22), the first term N; follows
N = —[6_“nT(1)QA1n(1)

— (Gun(D) + G28(1)) QA1 (Grin(1) + G125(1))]

— | e 8T (1)PAL8(1)

— (Gan(1) + G8(1)) P A (Gan(1) + 5225(1))]- (28)
Developing and reorganizing (28), we obtain

N _<n(1))T (e—“QAl 0 )<n<1>>+(n(1)>T
1= 8(1) 0 e "PAy ) \8(1) 8(1)

8 (GLQAlcll + GZT]PA2621 GI]QA1GlZ + G;PAZGZZ)
* GpPA2Go + GHQ A Gy

. (;’8;) . (29)

since py(G) < 1, let A = (AO1 AOZ),such that [|AGA™|| =

o* < 1, there exists 0 < u < —2Ino™*. Choosing matrices Q and
PsuchthatQ = A2A;1, P = A2A], it follows

.
Ny < — (ggg) (€42 — o7 22) (gg;) <0. (30)

Due to Cauchy-Schwarz inequality, the third term N3 is
bounded by

1
N3 < 2€[P(n — Goz)~'Gor A | f 515 (1, 0)]dx.
0
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By Young’s inequality, for all « > 0, it holds
1
N3 < ex||P(Im — Gzz)_le/hH[ e (8|7 dx
0

P(I; — Gp) "Gy A 1 _
+€|| (Im 22)” Goy 1||/ 5 (1, 1) 2d. (31)
K 0

Combining (26), (30) and (31), we obtain

1
Ve, 8) < —pt / e T QAndx
0

Py — Ga2) " 'Goy A 1
B (M— €k ||P(Im — G2)™ "Gy 1||)/ e TP A, 3dx
)\min(PAZ) 0

n €lIP(Im — G22) ™ 'Ga1 A4 ]|
K

1
/ e |7.(1, )7dx.
0

This concludes the proof of Lemma 1. O

By Poincaré inequality |y,(1, t)| is bounded as follows:

1
(1, 0)] = / (xyxxm)dx
0
1
< / (|yxx|+|yx|+|y|>dx
0

< V3BT Ol (32)

In order to bound the term |y, (1, t)|, it is necessary to analyze the
stability of the reduced subsystem in H2-norm.

Since we choose the initial condition of the reduced subsys-
tem y° = y°, thus j° € H?(0, 1) and the compatibility conditions
7°(0) = G,¥°(1) and A1y°(0) = G, A;¥2(1) are satisfied. The esti-
mate of ||y(., t) ||1212 is given in the following Lemma 2.

Lemma 2. If p1(G) < 1, let w as in Lemma 1, there exists a posi-
tive value Cy such that for any initial condition y° € H?(0, 1) satis-
fying the compatibility conditions 3°(0) = G,j°(1) and A;32(0) =
Gr A1¥2(1), it holds for all t > 0,

17, 01172 < Coe™*AmintA0e Y502, (33)
Proof. The initial condition y° € H?(0, 1) and the compatibility
conditions imply that y(., t) € H?(0, 1) for all t > 0. Therefore

we consider the following candidate Lyapunov function for the
reduced subsystem (7)-(9)

1
Vi§) = / e (57 Q7 + 5 Qo + 7B (34)
0

where Q1, Q», Q5 are diagonal positive matrices in R"*". We rewrite

Vi(y) as
Vi(y) = Vio + Vi1 + Vi,
with

1
Vio = / e 5T Gy,
0
1 -
Vi =/ e "y, Qoyxdx,
0
l -
Vip = / e M5! QaPdx.
0

Computing the time derivative of Vi along (7) and performing an
integration by parts we have

1

. k=T A ==l Cux=TA =

Vio = —[e "y QA ]_, —M/ e 5T Qi Arydx. (35)
0

Using the boundary condition (8), it follows from (35)

Vip = —(e—“f(l)élmy(1) - (cry(l))TélAl(crym))

1
[ ey QA (36)
0
Developing and reorganizing (36) we get

Vip = =y (1) <€7“Q1A1 — GrTélAlcr)J_’(l)

1
- M/ e 5T Qi Arydx. (37)

0
Similar to the proof of Proposition 1, we show that |[AGA™!|| < 1

implies || A1G,A7'|| < 1whichis equivalent to A% — G A%G, > 0.
By selecting Q; = AfAl’l, it is deduced from (37)

1

Vo < = [ €5 QA (38)
0

Differentiating system (7) with respect to x yields

.)_/xt + Al_)_’xx = O’ (39)

differentiating (8) with respect to t and using (7), the boundary
condition is calculated as

Jx(0,0) = AT'G, A13x(1, ). (40)

Computing the time derivative of V1 along (39) and performing an
integration by parts we have

1
. —ux=T A - =1 Cux=T A -
W= —[e 7 @ad] S - [ e R GARd @)
0

Using the boundary condition (40), it follows from (41)
Vi = —(e*“yja)ézmym)

- (A;lcrAJX(l))TézAl(Aﬁcrmyx(l)))

1 -
—u / e 5] Q ArJdx. (42)
0
Developing and reorganizing (42) we get
Vir = =3, (DA, (e*“A;‘éz - G?Al—lézcr)myx(l)
1 —_
i [ e G (43)
0
Similarly, by selecting Q, = A; A?, it is deduced from (43)
. 1 -
Vi1 < —,u/ e MY Qo A1 Fdx. (44)
0

Differentiating system (39) with respect to x yields

}_’xxt + Al}_’xxx =0, (45)

differentiating (40) with respect to t and using (39), the boundary
condition is calculated as

Jw(0,8) = AT?G A3y(1, 0). (46)
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Computing the time derivative of V1, along (45) and performing an
integration by parts we have

1
Vip = —[e7"y TQ3A1Yxx] —Mf T 0 Q3 AV X, (47)
0

Using the boundary condition (46), it follows from (47)

Vip = —(e*“ij(ndsmyxx(l)
— (AT?Gr A3 (1)) T Q3 A1 (AT2G A yxx(1)>>

1
i [ TG A s (48)
0
Developing and reorganizing (48) we get
Vip = _ij(nAf(e—“A;z@A;l
— GIA;@A?@)A%(D

1
i [ PTG AT (49)
By selecting Q3 = A2A2 A4, it is deduced from (49)

1
Vig < — / eiltxj’jx@/h}_’xxdx (50)
0
Combining (38), (44) and (50), 2 (y) follows
Vi) < —ihmin(ADV1 (). (51)
Therefore, there exists a positive value Cy such that
17 0117, < Coe™HminA) 502,
This concludes the proof of Lemma 2. O

We are ready to state the proof of Theorem 2.

Proof. Combining (24) in Lemma 1, (32) and (33
yields

) in Lemma 2

1
Ve(n, 8) < —u/ e T QAndx
0

P(y — Gp) " 'Goy A 1
B (M _ €k|[P(In 22)” Goy 1||>/ e8P A, 3dx
)Lmin(PAZ) 0

3eCOP(Im — G2) G Adll 5 _
+ m p e M»mm(Aﬂf”yO”iz.

HUhmin(PA3)

B ChOOSin K= —FT—"""""FF"",
y & 26lPUn—Ga2)1Ga1 Ayl

up
——V.(n,4s
2 (1, 8)
" 6€%CollP(Im — G22) ™ 'Gar A1 |?
MAmin(PA2)

x e~ Whmin(ADE| 50|12 (53)

we get

Ve(n,8) <

where 8 = min()»mm(/\l), )»min(/\z))-

With Amin(41) > £, it follows from (53)

p
Ve(n.8) < e~ TV (", 8
6€2CollP(Im — G22) "G A1lI> _up
+ e

5 15011
WP Amin(P A2) (Amin(Al) - 5)

H2* (54)

Since V. (7, §) is lower and upper bounded by

e dmin(@17117, + €€ Ain (PY 18117

< Ve(n, )
< QllnlZ + €lIPII81IZ, (55)
it follows that
el
InC, Ol% < ———Ve(n,d)
P dnin(Q)
e —BBr, 0 40
< e 2 Ve(n,48)
Amin(Q)
6€2CollP(Im — G22) " 'Go1 A4 I 67%5”3—/0”2 )
H2
12min(PA2) (A1) = §)
e (eﬂzﬁt(llQll In°N% +elP| ||50||22>
)Lmin(Q) L L

6€2CollP(Im — G22) ™' Gar A1 I W‘t”—on )
H2
o iaP 1) (hin(A) — £)

due toy° = y°, i.e. n° = 0, therefore

)
InC, 017 < €Coe™ 2 (182,
6€2CoCallP(Im — G22) ' Gar A1 I — 1By

NP (P A (A1) — £

15°1

where (, is a given positive value. This proves (19).
Since the first term on the right hand side in (52) is negative,

i i — HAmin(PA2)
using again K = 2e1PUm—Gaz) - 1Gp ALl we get

. no_
Ve, 8) < =S hmin(PA)[I8C, DI
6€2CollP(Im — G22) ™' Gar A1 I?
MAmin(PA2)

x e Hmin(ADE o2, (56)

Performing a time integration of both sides of (56) and using
lim;, o Ve(n, §) = 0, yield

w o o0
0= Ve, 8%) <~ e AP ) f 150, )%t
0

6€%CollP(Im — G22) ™ 'Go1 A1 I?
/J“)Lmin(PAZ)

e
X / e~ Hrmin(ADt gp (57)
0

0,2
1y 1152

Reorganizing (57), we obtain

foo 18, Ollhdt < — 25 <V< °,5)
. < n,
o © Whmin(PA2) \ €

6€2Col|P(In — G22) ™' Ga1 Aq 12 5012 )
,Uvz)\min(PAZ))‘-min(Al)

Therefore with (55) and n° = 0, it follows

o0
f [8C., D)% dt < €Cunll8°N17 + €*CuallF°lI2,
0

where Cy; and Cp, are positive constants. (20) is proved. This
concludes the proof of Theorem 2. O
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Corollary 1. There exists C” > 0 such that if z° is the equilibrium
point, that is z° = (I, — G22) " 1G213°(1), then for any 3° € H*(0, 1)
satisfying the compatibility conditions y°(0) = G,y°(1), A1¥2(0) =
G: A1¥2(1) and for t > O, the following estimate holds,

12(. ) = (I — Ga2) ™Gy (1, DI, < €C"e™(|7°]17;. (58)

Proof. The proof of this corollary is similar to that of Theorem 2.
Due to (54) and (55), since n° = 0 and §° = 0, therefore
I8¢, D17
6CoChlIP(Im — G22) 'Gor A1l _ 8y 012
€ ne 1 12,
Nz)\min(PAZ) ()\min(Al) - 5)

where C, > 0. This concludes the proof of Corollary 1. O

5. Application to a gas transport model

5.1. System description

In this section, we consider a gas transport model, which is
an example of linear singularly perturbed hyperbolic system of
conservation laws, to illustrate the results in Sections 3 and 4.

The gas dynamics through a constant cross section tube, where
all the friction losses and heat transfers are neglected, are usually
modeled by the following Euler equations as considered in Castillo,
Witrant, and Dugard (2012) and Winterbone (2000):

W, + AW, = 0, (59)
1
) u u 0 —
w1thW:<p>.A: o u 51
p azp 0 u
and

e u = u(x, t) stands for the gas velocity at location x in [0, 1] (we
assume that the length of the tube equals 1) and at time t,

e p = p(x, t) represents the gas density,
o p = p(x, t) is the gas pressure,
e ais sound speed in ideal gas.

System (59) admits a steady-state (u*, p*, p*). The deviations of
the state (u, p, p) with respect to the steady-state are defined as

U=u—u",
@zp—f,
p=p—p.
The linearization of system (59) at this equilibrium is given by
W, + A*W, = 0, (60)
. 1
R i u 0 —
with W = (/:)),A* = ,0* u* ’%
p a*Zp* 0 u*
Let us rewrite the above system in Riemann coordinates
St + AS, =0, (61)
with
u* 0 0
A=[0 u*—d* 0 ,
0 0 u* +a*
and
0o 1 1\
* *
s=[1 -2 2| w (62)
a* a*
0 a*p* a*o*

Performing the change of spatial variable, S;(1 — x, t) = S;(x, t),
we may assume without loss of generality that the matrix A > 0.
Assuming the propagation speed of gas is much slower than the

sound speed, i.e. u < a, let us define a small positive value ¢ = Z—:

and a new time scale = u*t. Then (61) can be approximated by a
linear singularly perturbed hyperbolic system of conservation laws

1 0 0
S] 1 S1
(sg) +1° ¢ ‘1) (sg) —o, (63)
S3/ ¢ 0 0 11A\Ss/,
€

where S; stands for the slow dynamics and S, S3 stand for the fast
dynamics.

5.2. Boundary conditions

The plant is equipped with two fans located at each end of the
tube, the rotation speed of each fan is seen as control action. The
gas mass density at the output and the gas pressure at both ends of
the tube are assumed to be measured. Precisely, we consider here
the following boundary conditions for system (59):

1. The first boundary condition describes the operation of the
inflow fan (see the fan specification map in Witrant and Johansson
(2008)). It controls the input flow:

u(0, D = grco(H)(P(0, £) — pin), (64)
where « is the constant cross section of the tube, g is a constant

coefficient, co(f) denotes the rotation speed which is a control
input, and p;, is a constant pressure before the inflow fan.

2.The second boundary condition is given by the outflow fan which
is used to control the output flow:

u(1, D = grc1 () (Pour — p(1, 1)), (65)
the control input is noted c;(f) and pyy is a constant pressure
behind the outflow fan.

3. The third boundary condition is a physical constraint, noting that
the change of gas density through the input fan is small because
the pressure at the boundary x = 0 is near atmospheric pressure,
(see Castillo et al. (2012)):

p(0,1) = p/, (66)

where p’ is a constant value.

After the linearization of the above three boundary conditions, we
have the following boundary conditions for system (60):

(0, Da = gr[Co(O)(p* — pin) + c5p(0, D], (67)
u(1, D = gr[&1(6) (pour — p*) — ¢;P(1, D], (68)
p(0,) =0, (69)

where cj, cj are the constant control actions at the equilibrium
W*, p*, p*). G (D) = co(t) — cgand &1()) = c1(E) —¢f.

For a suitable choice of the control inputs ¢y (t) and ¢, (t), and for
constant values g1, 823 # 1, 832 # 1in R, the following boundary
conditions for system (63) are equivalent to (67)—(69).

5,(0,7) = %5;(1, P, (70)
S5(0, ) = 21S1(1, ©) + 82353(1, 0), (71)
S3(0, F) = g3285(1, 1). (72)

More precisely from (62) and (72), under the condition g3, — 1 # 0,
(0, t) is computed as follows:

= 1+g83
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and substituting (73) into (67), the control action at the boundary

x=0is
a(l4+g3) %
gra*p*(gz—1) 0
*

co(t) = ¢5 + (0, ). (74)

Din

Similarly, due to (62), (68) and (71), under the condition 1 — g3 #

0, the control action at the boundary x = 1 is given by
a(a*(1+823)—2p*g1)

~ gra*? p*(1—g23) T, -
a@ =+ —7 = p(1. D)
Pout — D

20831
& (1-823)
Dout — p
Since the outputs of (59) are the gas pressure at both ends of the
tube and the gas mass density at the output, the control actions
Co(t) in (74) and c¢(t) in (75) are the feedback laws.

The boundary condition needed to be imposed in system (63) is
written as

+ p(1, D). (75)

$1(0, ©) S1(1,0)
$500,0) | =G| S5(1,0) |, (76)
S3(0, ) S3(1, )
where
*
‘1 i
0 P ( - £32) 0
G= a . 77
221 0 23 77
0 g32 0

To ensure p1(G) < 1, it is sufficient that ||G|| < 1 which corre-
sponds to A = I3. Straightforward calculations show that ||G|| < 1
holds if and only if g»1, 223 and g3, can be selected as

g221 +g223 <1,

P2 (1 — gp)?

2 —|—g322 < 1.

Adopting the computations of the two subsystems in Section 2, the
reduced subsystem for (63) and (76) is given by

~§1E + §1x =0, (78)
with the boundary condition

51(0,1) = G:5:(1, D), (79)
where G, = P*g1(1-g37)

a*(1-g23832) o
The boundary-layer subsystem is given by

AN
<s) * <s> =0 (80)

with the boundary condition

$5(0,7)\ S,(1, %)
<§3(o, %)) =6 <§3<1, %)) ’ &0
where Gy, = (ggz gff) and 7 = f/e.

5.3. Numerical solutions

To numerically compute the solutions of the full system (63)
and of the reduced subsystem (78), let us discretize them using
a two-step variant of the Lax-Wendroff method which is pre-
sented in Shampine (2005b) and the solver on Matlab in Shampine
(2005a). More precisely, we divide the space domain [0, 1] into 100
intervals of identical length, and choose 3 as final time. We select
a time-step dt = 0.9edx that satisfies the CFL condition for the

Solution of §;

S

Fig. 1. Time evolution of the solution S; of the reduced subsystem (78) with
G, = 0.003.

stability and select the following initial functions,
S? =89 = cos(4mx) — 1,

Sy = sin(57x),

SY = —sin(57x),

such that the compatibility conditions are satisfied.
Let us choose g1 = 0.1,g23 = 0,83, = 0.2,a* = 340, p* = 1.2,

u* = 0.5 ¢ = ;‘—: the boundary condition matrix G in (77) is
written as
0 0.003 0
G=10.1 0 0]. (82)
0 02 0

The boundary condition of the reduced subsystem (79) is G, =

0.003. Considering A = I, it is computed || AGA™!|| < 1.The con-

dition p1(G) < 1 holds, thus Proposition 1 and Theorem 2 apply.
In the following figures and tables, n, §; and &, denote:

n=>5 —5i,

821

8 =S— 75 (1,0),
T2 — 823832 !
Sy =S, — 22182 5.1 ).
1 — 22383

Fig. 1 shows the time evolution of the solution S; of the reduced
subsystem (78) with G, = 0.003.1It is observed that S, converges to
the origin as time increases, as expected from Proposition 1. Time
evolution of n, which is the error between the slow dynamics of
the full system (63) with the boundary condition (82) and the re-
duced subsystem (78) with G, = 0.003, is shown in Fig. 2. It is
found that the value of the difference is small and close to 0 as
time increases. Figs. 3 and 4 represent the time evolutions of §;
and &, which are the differences between S}, S; and their equilib-
rium points - g” 51 (1,1), 5 g”g” 51 (1, t) respectively. The dif-
ferences decrease to 0as tlme mcreases

In the following tables, we choose u* = {1.5,1,0.5} and ¢ =

¥ Table 1 gives the estimates of ||(., t = 0.3) || for different val-
ues of e. Itindicates that the difference between the slow dynamics
of the full system (63) with (82) and the reduced subsystem (78)
with G, = 0.003 is near zero, and it decreases as € decreases. The
estimates of fO 16111% dt and of fo 1821%,dt are shown in Table 2.
It is observed that lhen € decreases, the values of the difference
decrease and are close to zero, as expected from Theorem 2.

Let us define ¢, which is the difference between the slow dynam-
ics of (63) and of (61) with the same boundary conditions matrix
(82). Table 3 shows the value of ||¢(.,t = 0.3)||% for different e.
It is observed that ¢ is small and close to zero. Tﬁls motivates the
approximation of (61) by (63).
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Value of

Fig. 2. Time evolution of n which is the difference between the slow dynamics of
the full system (63) with (82) and the reduced subsystem (78) with G, = 0.003.

Value of §;

8

Fig. 3. Time evolution of §; which is the difference between S} and its equilibrium

£1 ¢ 7
1-823832 511D

Value of 8,

Fig.4. Time evolution of §, which is the difference between S; and its equilibrium

821832 7
1-g23832 511D,

6. Conclusion

This work has dealt with a linear singularly perturbed hyper-
bolic system of conservation laws. The reduced subsystem and the
boundary-layer subsystem have been formally computed by set-
ting the perturbation parameter to zero. In Proposition 1, assum-
ing p1(G) < 1 (which implies that the full system is stable), it
has been first shown that both subsystems are stable. Moreover,
a counterexample has been given to illustrate that the stability of
the two subsystems is not enough to guarantee the stability of the
full system.

In Theorem 2 it has been shown that, under the stability con-
dition p;1(G) < 1, the solution to the full system can be approx-
imated by that to the reduced subsystem. This theorem has been

Table 1
Estimates of square of L>-norm of 1 for different values of €.
e=1 0.004 0.003 0.001
InC.t=03)I% 9.6 x 10~ 43 x 1071 1.1x 10711
Table 2
Estimates of time integral of square of L>-norms of 8, and 8, for different values of €.
e=1 0.004 0.003 0.001
Iy 18113 de 52x10°° 23x10°° 5.8 x 1077
o 182112, de 1.5 x 107 6.5x 1077 1.6 x 1077
Table 3
Estimates of square of L2-norm of « for different €.
e=1 0.004 0.003 0.001
e t =0.3)]1% 1.9x 107 3.7 x 10716 2.3 x 10717

applied to a gas transport setup which can be modeled by a singu-
larly perturbed hyperbolic system by employing the fact that the
propagation speed of gas is much slower than the sound speed.
This work leaves many open questions. It is natural to extend
this work to systems of balance laws. Another interesting point is
to consider some other physical applications, like open channels
as considered in Dos Santos and Prieur (2008). The nonlinear case
in Coron et al. (2008) will be also considered in the future works.
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