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1. Introduction

Many physical or engineering processes may be represented by
the hyperbolic partial differential equations (PDEs) of conserva-
tion laws in one space dimension, such as Saint-Venant equation
for open channels (de Halleux, Prieur, Coron, d’Andréa Novel, &
Bastin, 2003), Euler equation for gas pipes (Gugat, Dick, & Leuger-
ing, 2011), and Aw-Rascle equation for road traffic (Aw & Rascle,
2000). In such systems, the system matrices and the boundary
conditions can both be subject to abrupt changes in their structures
and parameters induced by the external causes or the internal
mechanism. For example, in the freeway transportation systems,
it can be the phase transition of traffic modes (Colombo, 2003), or
the random flux at the boundaries (Haut, Bastin, Coron, & d’Andréa
Novel, 2007). In such situations, it is more realistic to model the
dynamic behaviors of these processes with switched hyperbolic
systems.

Many results have been made for boundary stability of switched
hyperbolic systems. In Amin, Hante, and Bayen (2012), the
exponential stability is given under arbitrary switching using the
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propagation of solutions along the characteristics. In Prieur, Girard,
and Witrant (2014), using Lyapunov techniques some sufficient
conditions are obtained for the exponential stability uniformly.
Switching boundary control for semilinear hyperbolic balance
equations is considered in Hante, Leugering, and Seidman (2009).
In Lamare, Girard, and Prieur (2015), stabilizing switching con-
trollers are developed based on the steepest decent selection of the
Lyapunov function.

In this paper, we consider a class of switched hyperbolic sys-
tems, named the Markov jump linear hyperbolic (MJLH) systems,
in which mode switching is governed by a Markov chain and
all modes are linear hyperbolic conservation laws. The boundary
stabilization for hyperbolic systems (Coron, d’Andréa Novel, &
Bastin, 2007; Li, 1994) and the stochastic stability for the Markov
jump linear (MJL) systems of continuous-time (Costa, Fragoso, &
Todorov, 2013) or discrete-time cases (Boukas, 2005) have been
studied for many years independently. The main contribution of
this work is that the boundary stochastic stability for the MJLH
systems is firstly obtained by means of Lyapunov techniques. The
matrix inequality condition is based on the balance between the
boundary condition of the hyperbolic conservation laws and the
transition probability of the Markov process.

A second contribution of our work is the application to the
boundary control of freeway traffic. Due to the existence of a large
number of uncertainties, such as demand variability and capacity
decrease, the local freeway traffic may randomly lie in the free-
flow mode or in the congestion mode (Boel & Mihaylova, 2006;
Sumalee, Zhong, Pan, & Szeto, 2011). Then we develop a two-mode
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M]JLH model to represent the quasilinear Aw-Rascle equation and
design boundary feedback strategies by integrating the on-ramp
metering with the speed limiting control. Theoretical contributions
guarantee the stochastic exponential convergence of the MJLH
traffic flow model, even with different transition probabilities of
the Markov chain.

This paper is organized as follows. The class of MJLH systems
and the wellposedness of weak solutions are given in Section 2.
In Section 3, the main result on the sufficient conditions of the
exponentially mean-square stable are derived for MJLH systems.
Numerical computation of the conditions is discussed in Section 4.
Finally, in Section 5, as a matter of illustration, an application of
boundary feedback control of freeway traffic based on the MJLH
traffic flow model is presented.

Notation: R, R", R™*" are the sets of non-negative reals, n-order
vectors and matrices, respectively. The set of diagonal positive
matrices in R"*" is denoted by D'} . Given a matrix A, the transpose
matrix is denoted as AT, Amax(A), p(A) are the largest real parts of
all eigenvalues and the spectral radius of A. A < (<)B denotes
B — A is a positive definite (semi-definite) matrix. Given two real
values t; and t;, t; A t; denotes the minimal value between t; and
to. The Euclidean norm in R" is denoted by |-| and the associated
matrix norm is || - ||. Given a function g : [0,1] — R", its [*-
1

norm is gl = lg(x)|2dx. We call L?(0, 1) the space of

0
all measurable functions g(x) for which (g l;2(9 1) < o©.
2. Markov jump linear hyperbolic systems

Let (§2, F, Pr) be a complete probability space equipped with
a filtration {F;; t € R.} satisfying the usual hypotheses, that is,
a right-continuous filtration augmented by all null sets in the Pr-
completion of F.

We consider a homogeneous Markov process {o(t);t € R}
adapted to the filtration {F;;t € R.}, with right-continuous
trajectories and taking values on the set S = {1, 2, ..., N}, where
N is a positive integer number. The infinitesimal generator IT €
RN*N of Markov process o (t) is given by

Pr{o(t + At) = jlo(t) = i}

| mAt +o(At), if
11+ i At + O(At), if

i#]j
. (1)
where At > 0 is constant (it is seen as a small time increment)
and o(-) is a function satisfying limx;_.¢ D(AAtt) = 0. Here 7;; > 0, for
i # j, is the transition rate from mode i at time t to mode j at time
t + At, while

N
Z TTij.

=1

Let {ty; k = 0, 1,...} be the successive sojourn times between

jumps, then t, = Z;:o] 7, for k = 1,2, ..., be the waiting time

for the kth jump with t; = 0.

Stating in mode o(0) = i, the process sojourns there for a
duration of time that is exponentially distributed with parameter
—m;;. The process then jumps to mode j # i with probability —
and the sojourn time in mode j is exponentially distributed w1th
parameter —j;, and so on. We further assume that the Markov
process is irreducible. Under this condition, o(t) has a unique
stationary probability distribution y = [y; ... yx]", which can be
determined by solving the following linear equation y T[T = 0
subject to Z 17 =1landy > 0,forallj € S (Costaetal, 2013
Definition 2. 9)

Tij = —

We consider the following Markov jump linear hyperbolic
(MJLH for short) conservation laws of the form

at%_(xs t) + Aﬁ(t)ax‘s(x7 t) = 0! (2)

wheret € Ry, x € [0,1],& : [0,1] x Ry — R"is the system
state, and the Markov process o(t) : Ry — S is a stochastic
switching signal deciding the current operation mode. For alli € S,
the system matrix A; € R™" is a diagonal matrix with non-zero
diagonal entries such that

A; = diag{a, AL, .. ALY,

with)\]’: < O0forj e {1,...,
{m,-+1,...,n}. )

According to the sign of each characteristic velocity A},
j = {1,...,n},i e &, we introduce the notation £ (-) =
[&1(-), - ém,( N EL() = [Emza(). ..., &()]T, and thus § =
[€1, §+]T foralli € S.

For MJLH system (2), the boundary condition also is a stochastic
process, corresponding to the Markov chain o (t), written as

00,01 _ . [€70,0) 3)
790.0] 7 [e790.0 ]
where G; is a matrix in R"™", i € S. Let us introduce the matrices
G__ in R™>m Gl in R™M>(=m) G jn R=™)>*M and G' in
i i
R=mi)x(n=mi) gych that G; = [gl - g#
We consider the initial condltlon glven by

E(x,0)=8"(x), x e

for a given function £°(-) e L?(0, 1) and a initial operation mode
o(0) € s.

For each mode i € S, as respective hyperbolic equation (2)-(4)
holds a sojourn for a duration of time {ry; k = 0, 1, ...}, the exis-
tence and uniqueness of solution in the set C°([0, co), H'(0, 1)) N
C([0, 00), [2(0, 1)) with initial condition in L?(0, 1) is quite clas-
sical, see e.g. Bastin and Coron (2016, Theorem A.4). Recently,
the notion of solutions for an initial-boundary value problem of
switched hyperbolic systems has been developed within the usual
Lebesgue almost everywhere equivalence class, see e.g. Amin et al.
(2012), and Prieur et al. (2014, Proposition 3.1).

We now provide an existence and uniqueness result for the
solutions of the MJLH system (2)-(4).

m;} and 4] > O for the other j €

(0, 1), (4)

Proposition 1. The MJLH system (2)-(3) admits a unique solution
£ =&(, 1)t € Ry,suchthat E{|I&(-, t)ll;20.1)} < oo, for any initial
condition £° € [%(0, 1) and any initial operation mode o(0) € S,
where E {-} stands for the mathematical expectation.

Proof. Recall that almost every sample path of stochastic process
o(t),t > 0,isaright-continuous step function with a finite number
of jumps in any finite time interval. Then there exists a sequence
{te; k = 0,1, ...} of stopping times such that ty = 0, limy_ ooty =
oo,and o (t) = o(ty)onty <t < tyyq foranyk > 0.

We then build iteratively the solution between successive stop-
ping times. Let T € R, be arbitrary, we first consider the MJLH
system (2)—(3) on the time interval t € [0, t; A T] which becomes

& (X, t) + Ag(0)0xE(x, 1) = 0, (5)
for all x € (0, 1) with the boundary condition of the form
o(0) a(0)
(1, 1) §27(0,¢)
=G, o , 6
[i“’ 0.0 7 %00 ©

and the initial condition £° e L?(0, 1). For any initial mode o (0) €
S, by Bastin and Coron (2016, Theorem A.4), the initial-boundary



L. Zhang, C. Prieur / Automatica 86 (2017) 29-37 31

value problem (5)-(6) has a unique solution &(-,t) € L*(0, 1),

which satisfies

IEC, Ollz.1) < Ci ”SO(')”LZ(O,])’ (7
forallt € [0, t; A T] with C; > 0, then almost surely we have
E{IEC, &1 A Tllizg,1)} < o0

Setting £!(-) = &(-, 11 A T), we next consider the MJLH system
(2)-(3) on the time interval ¢t € [t; AT, t; A T], which becomes

0E(x, 1) + Ao(e))0x6(x, 1) = 0, (8)
for all x € (0, 1), with the corresponding boundary condition
71, 1) 70, 1)
=G , 9
[Si“”(o, ) IR O ©

and the redefined initial condition £! e [?(0, 1). Again apply-
ing Bastin and Coron (2016, Theorem A.4), for the initial-boundary
value problem (8)-(9) of the mode o (t1) € S,ast € [t; AT, t; AT],
there also exists a unique classical solution &(-, t) € L2(0, 1), which
satisfies

IEC, Ollz,1) < C2||§1(')||L2(0,1)a (10)

with C; > 0, then it holds E {[[£(-, & A T)ll;2(0.1)} < cc. Repeating
above procedure, we see that the MJLH system (2)-(3) has a unique
solution &(-, t) forany t € [0, T], and satisfies E {||£(-, T)ll 2¢0.1)} <
o0. Since time T is arbitrary, this concludes the proof of Proposi-
tionl. O

3. Stochastic stability of Markov jump linear hyperbolic sys-
tems

Stochastic stability is an important issue in the analysis of
stochastic systems. For the MJL systems, various definitions have
been introduced in Costaetal.(2013)and Fangand Loparo (2002).

We next start this section by defining the exponential mean-
square stability for MJLH systems.

Definition 1. System (2)-(4) is said to be exponentially mean-
square stable, if there exist v > 0 and C > 0, such that any solution
E(-, t) to (2)-(4) satisfies

E{l6C, O | = CeIE O (1)

for all t € R, any initial condition £°(-) € L*(0, 1) and any initial
operation mode o (0) € S.

A sufficient condition for the exponential mean-square stability
of MJLH systems is obtained using the Lyapunov function method.
To do that, let us consider the following candidate stochastic Lya-
punov function for the MJLH system (2)-(4)

V(& o / (x0T P(x, o(0)E(x, D), (12)

i) = P(x),i € S We define Pi(x) =
diag {e 2/“‘P *2"*"P+} x € [0, 1], where y; € R, P, € D™
and P € D(" mX(=M) are diagonal positive definite matrices
with correspondmg dimensions.

with P(x, o(

Definition 2. The infinitesimal generator of the solution process
(E(-, t), o(t)) of the MJLH system (2)-(4), acting on the Lyapunov
function V(&, o(t)) at the point (t, £(-,t),0(t) = i),i € S, is
defined by, forall t € R,
LV(E(, 1), G(t) =1i)

£ lim f[E{ (E(-, t + Af), o(t + A1)

At—0t At
§C,t),o(t) =1} = V(§(-, 1), o(t) = )] (13)

As the point t is clear in the context, we denote V(&,i) =
V(&, o(t) = i) for simplicity.

Lemma 1. Given the stochastic Lyapunov function (12) and the
MJLH system (2)-(4), the infinitesimal generator of Lyapunov function
defined in (13), satisfies

N
LV(E o(t)=i)= —_V(E.D)+ Y mV(E.J), (14)
j=1

where derivative 4V(&,1) stands for L V(&,
(t, &(-, t), o(t) = i) for any solution to (2)-(4).

i)0;& at the point

Proof. The weighting matrix P(x, o(t)) of the Lyapunov function
(12) is also a Markov process and is equipped with the transition
probabilities

Pr{P(-, o(t + At)) = P; ()I§(-, 1), o(t) =1}

— mAt+o(AL),  fi#] (15)
Pr{P(-, o(t + At)) = P()I&(-, t), o(t) = i}

=1+ mAt + o(At), ifi=j (16)

It follows from (1) and (2) that

Pri&(-, t + At) = £(-, t) — Ajox&(-, t)At + o( At)
(1), o(t) =i}
= myAt + o(At), ifi #j (17)
Pri&(-, t + At) = &(-, t) — Aj0c&(-, t)At + o( At)
(1), o(t) =i}
=1+ miAt +o(At), ifi =] (18)

Using the properties of the conditional expectation, we have

E{V(E(-, t + Ab), o(t + AD)EC, £), o (t) = i}
= [T+ mAt)V(E(, t + At), Q)
N
+ > [mALVEC t+ At), ) + o( At)
J=1j#
= V(E( t + Ab), 1)

+ ) [ AVEC, £+ AL, j) + o(Ab). (19)
j=1

Hence, in mode i € S, when the system state is changing from
E(-, t)to &(-, t + At), we have

V(E(-, t + AL), 1)

1
=/ ET(, t 4+ AOPE(, t + At)dx

— Ve 2Atfs AP(EC e
+ o(A
— Vi +At/ (A&7 (, OPCIEC 6
T ET(, OP(IAEC, Oldx -+ o(At)
— V(EC £). ) + At%V(é(-, £), i) + o( At). (20)
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From the definition of function £V (13), it follows that

1
lim —
At—0t+ At

N
V(- t + At), +Z7TUAt

j=1
[V(E(-, t + AL),j) —

lim i[V(g'(., t+ At), i) —

At—0+ At

N
+ ) mV(E.))
=1
] N
—V(E, )+ Y mV(E, j).
j=1

This concludes the proof of Lemma 1. O

V(EC, 1), 1)

The following Theorem 1 captures the idea that seeking a bal-
ance, between the boundary conditions of hyperbolic modes and
the transition probability of the Markov process, is essential for
the exponential mean-square stability of MJLH systems. Let | A;| =
diag{|A}[, ..., |AL]},i € S, and the matrices

G G I 0
e - —+ e m; ;
G;— |: 0 Inrn,:| ) GH— |:G1+ Gl++i| .

Theorem 1. Let us assume that there exist v > 0, u; € R,i € S,
and dlagonal positive definite matrices P, € Dm‘xm’ and P+ €
DM quch that Py(x) = diag {eZW‘P *z“lef}, defned
foreach x € [0, 1], satisfies the following matrix mequalities:

— 24| Ayl Pi(x +Znu (x) < —vP(x), 21
j=1
G{, AiP{(0)Giy — G AP(1)Gi— < 0. (22)

Then, there exists C > 0 such that (11) holds and the MJLH system
(2)-(4) is exponentially mean-square stable.

Proof. Let us consider the Lyapunov function candidate V(&, o (t))
given by (12) and assume that the diagonal positive matrix P;(x)
satisfies the inequalities (21) and (22), for each i € S. Given
any t € R, with the Markov process o(t) = i, computing
the time-derivative of V(S i) along the solutions to (2) yields
the following: $V(&, fo [ETP(x)0.& + 3£ TP(x)E]dx =

—fo [ETP(X)AjdcE + 8 ETA iPi(x)€]dx. Using an integration by
parts, and because 0 Pi(x)A; = —2uiPi(x)| A;|, we obtain

d

VD

1
= [T PwAE]! - / 20" | AfP(X)E
0
— £T(0, OP(0)AE(0, 1) — £ (1, OP(1)AZ(1, 1)
1
_2 / £l AP (g dx
0
— QA& i)+ B Vol D), (23)
with
dV1(E, 1) 2 £7(0, t)P(0)A£(0, t)
—&7(1, OP(1)AE(T, t),

CAZIDE —2/ £ il AilP()§ dx.

Under the boundary condition (3) for mode i, we have
i T T

g0 ([t 07 ,p
ean) \lo ¢ ] MO
- . . T

I 0 G G| ap
_GL, Gl :| - |: 0 In—mi:l Alpl(l)

(G (0, 1)
0 In m ) €11, 0)

atvl(‘é’ l) =

CTE0 0T o e
~ e, t)i| (Gi+AzP:(9)Gl+
4L

Combining the time-derivatives (23), (24) and inequality con-
ditions (21), (22) and Lemma 1, the infinitesimal generator of
V(&, o(t)) satisfies

LV(E,o(t)=1)= —

N
(s,i)+ZnUV<s,j)
i)+ Z”u .5

= 0:V1(§, 1) + 9 Va(§

/s (=20 Al X)-i-ijP] édx.

j=1

< —vV(§, i) (25)

Now, we can define a new Lyapunov function V(g,a(t)) as
V(E,o(t) = i) = e"'V(§,0(t) = i), foralli € S.From Lemma 1
and (25), we have

LV(E, o(t) = i) = LV(E, o(t) = i) + vV(E,i) < 0. (26)

Based on the definition of £V, for each o(t) =ie St >0,
integrating (26) from zero to t, we get

E{e"V(£. (1)} — V(£°(x). 5(0))
—E {[ LV(E, o(r))dtl <0. (27)
0

Therefore E {V(£(x, t), o(1))|£%, 0(0)} < V(£°,0(0))e™"" for any
initial condition £° e I%(0, 1) and any initial operation mode
0(0) € S. By remarking that there exist « > 0, 8 > 0 (depending
on w;, P and P, for all i € S), such that

alE(x Ol2 g ) < VIEX. 1), 0(8)) < BIEX. D% .

we obtain that, forall t € R,
E 6 0120 ) < EVIEE 2. 0(0)

2 —V
< BlIE 20 ne™"
which straightly implies

E{ (e 015, | = @' Be 160 1y (28)

Consequently, the MJLH system (2)-(4) is exponentially mean-
square stable in L?>-norm by choosing C = «~!B. This completes
the proof of Theorem 1. O

Remark 1. For the case of only one mode of operation in the MJLH
system (2)-(4), N = 1, that is no jumps in the Markov process,
condition (21) in Theorem 1 implies the parameter ©; > 0, and
furthermore condition (22) in Theorem 1 is consistent with the
dissipative boundary conditions for the linear hyperbolic systems
of conservation laws by Coron et al. (2007). O
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The condition (21) of Theorem 1 involves the spatial variable,
then the number of inequality constraints is infinite. The following
Corollary 1 presents a more easily checked matrix inequality con-
dition by testing the upper bound of the involved spatial variable
x € [0, 1]. To do that, denote P; = diag{P;”, P;"} and

li(x) = diag {e** Iy, e ¥ .}, (29)
which implies P;i(x) = P;l;(x), for all x € [0, 1].

Corollary 1. Let us assume there exist u; € R and diagonal positive

definite matrices P; € D" such that the following matrix inequalities

hold, foralli,j € S

N

(il — 2uai] AP, + 1Y~ meilpy < 0, (30)
j#

G;;_Aipici-# — G;EA,‘PI‘I,‘('I)GI'_ <0. (31)

Then the MJLH system (2)—(4) is exponentially mean-square stable.

Proof. The matrix inequality (30) implies that there exists a
common positive small number v > 0 (depends on matrices P;,
| Ail, and w;, 7j, i, j € S), such that
N
(iln — 20| Ail)P; + 1Y ™ ey < — v, (32)
J#
Multiplying I;(x) on both sides of (32), we obtain —2u;| A;|Pi(x) +
miPi(x) el Y N e ilPl(x) < —vPy(x). Since 7; > 0, and
e’il(x) > 1, we have Z}V:Lj;éiﬂijpj(x) = ezwZ}\I;éi”ijezlﬂjlpjli(x),
thus the condition (21) of Theorem 1 holds. This concludes the
proof of Corollary 1. O

Compared with the results of Theorem 1, the sufficient condi-
tions (30)—(31) of Corollary 1 remain nonlinear in the unknown
variables u; and P;, i € S. However, since parameter y; is a scalar
variable, one may use a line search algorithm to solve inequalities
(30) and (31) (see Section 4).

4. Numerical computation for stochastic stability conditions

In this section, a bounded real interval of the parameter u; is
obtained by a trade-off between the condition (21) and (22) of
Theorem 1. We define, for eachi € S,

T
M;T = Amax (7”|Ai|_l) s (33)
©e = —1In p(G). (34)

Proposition 2. For a given mode i € S, conditions (21) and (22) of
Theorem 1 are both satisfied, only if u7 < p; < pf.

Proof. For a given parameter u; € R, we first prove that p; > uy.
On the one hand, forallx € [0, 1], condition (21) may be developed
as (—pul Ail)TPi(X) + P(X)(—pil Ail) + YL mPi(x) < —vPi(x). By
letting x = 0, condition (21) includes a finite number of constraints
and describes the stochastic stability of the following continuous-
time M]JL system

Y(t) = —pil Aily(t). (35)
Let A; = —ui| Ail|, ® denotes the Kronecker product and & denotes
the Kronecker sum, i.e, A® B = A® I + B ® I, and just recalling
the result for the exponentially mean-square stable of MJLs (Fang
& Loparo, 2002), the following nN x n*N matrix I" is Hurwitz,

I =diag{A; ® Ay, ..., AN @A+ 1" @1,2. (36)

Note that m; > O foralli # j, i,j € &, then the matrix
A + %In is Hurwitz which requires the largest real part of all
eigenvalues being non-positive. Hence, requiring the parameter
ni > Xmax(%lAil_l) is necessary to satisfy the condition (21) of
Theorem 1.

On the other hand, condition (22) of Theorem 1 may be de-
scribed as

o
Q= [ i it =0, (37)
Q- Q

withQ'_ = (G} )T AP G, _+e¥i(C._)T|A7IPTGL_—|A7IPT,
Q = (GL_)TAﬁPf(TJLtr + ?2“‘(GL_Z)T|AIIP;G’_+. Q, =
Q) Q. = (CL) ATPTG, | + e™i(GL,) |A7|PFGL, —
e AP, where [A7| = diag{|A}],.... A, ]}, and AT =
diag{k’mm, AL

Then the matrix Q; in (37) can be rewritten as
Q = (e/'G) "diag {| A [P, e 2 AP} €l'G;
— diag {|A; |, e AP} (38)

It implies that the discrete-time system

Yk + 1) = e"Giy(k),

is marginally stable.

Hence, for the system matrix e*iG; of (39), we have ei p(G;) < 1.
Thus, the inequality u; < —In p(G;) is necessary to satisfy the
condition (22) of Theorem 1. This concludes the proof of Propo-
sition2. O

k=0,1,... (39)

Remark 2. Following the proof of Corollary 1, if the conditions (30)
and (31) of Corollary 1 are satisfied, then, by Proposition 2, it
holds p1; € (1T, u¥]. Therefore, when using a branch and bound
algorithm for finding the parameters u;,i € S, one can further limit
the search range of «; among the initial interval (u], ,ul-G]. O

5. Application to boundary control of freeway traffic
5.1. Aw-Rascle traffic flow model

The traffic dynamic in a freeway section of length L is gov-
erned by a quasi-linear hyperbolic system including two equations,
the so-called Aw-Rascle traffic flow model (Aw & Rascle, 2000).
That is

0o + dx(pv) =0
{Br(v +p(p)) + véx(v +p(p)) = 0 (40)

where p(x, t) is vehicle density, v(x, t) is average speed, x € [0, L],
t > 0, and the function p(p) means the traffic pressure which
is supposed to be increasing against density. In Zhang (2002),
pressure function p(p) is given as

p(p) = vy — V(p), (41)

where vr is the free (maximal) speed. Typically, using the Green-
shields fundamental diagram (Greenshields, 1935), define

V(p) = vy (1 - i) : (42)
Pm
where pp, is the maximal density. Thus, we get a linear pressure
function p(p) = ap witha = v—rf"
Letz = v,and w = v + ap, the Aw-Rascle equation (40) may
be rewritten in the characteristic Riemann coordinates as

& (x, ) + A(§)oxE(x, t) = 0, (43)

with the system matrix A(§) = diag{2z — w, z} and the state
£ = [z, w]". Eq. (43) is assumed to be strictly hyperbolic as the
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0 50 100 150 200
p(vehs/km)

Fig. 1. Relation of the speed and density. The experiment data have been recorded
on [80 freeway in Emeryville, CA, 4:00-4:30 pm, June 1, 2015, by PeMS (2004).

characteristic velocities A1 = 2z — w = v — ap, A, = z = v are
different and nonzero for all x € [0, L], t > O.

In (43), the sign of the first characteristic velocity A; > 0, (or
< 0), indicates the transfer direction of traffic information, such
as the average speed z (or v), from the freeway upstream to the
downstream, or inverse. It is natural as the feature to determine
the freeway traffic lies in the free-flow traffic mode or in the
congestion traffic mode (Kerner, 2009).

5.2. MJLH traffic flow model and linearization

Motivated by the development of stochastic traffic flow models
(Boel & Mihaylova, 2006; Zhang & Mao, 2015), we deduce the
quasi-linear hyperbolic equation (40) to a MJLH system.

Firstly, we choose two typical traffic states & = (o1, v1) and
& = (p2,v7) from the separated regions of the fundamental
diagram, with v; — ap; > 0 and v, — ap, < O, respectively, to
represent the characteristics of the free-flow and the congestion
modes, as shown in Fig. 1.

In Riemann coordinates, the system matrices of the MJLH sys-
tem (2) for free-flow or congestion modes are given respectively
by A1 = A(&1) = diag{2z1 — wy, z1}, A2 = A(&) = diag{2z, —
w1, Z}. We further assume the probabilistic conditions of mode
switching follows a Markov process o (t) under a prior determined
infinitesimal generator I7 € R?*? (Sumalee et al., 2011).

Hence, the MJLH traffic flow model becomes

8t$(xa t) + AG(t)axs(xv t) = 07 (44)

with o(t) € {1, 2}, in which o(t) = 1 means that the freeway traf-
fic lies in the free-flow mode, and o (t) = 2 means the congestion
mode.

A steady-state of freeway traffic is a constant traffic state
(p*, v*) which satisfies the flux conservation condition at the left
boundary

Pin +To = p*v*, (45)

where p;, and ry are constant flux of driving-in vehicles through
the mainline and the on-ramp of the freeway section, respectively.
Then, the associated steady-state £* = (z*, w*)" in Riemann
coordinates is given as z* = v* and w* = v* + ap*. We define
the deviations of traffic state (o(x, t), v(x, t)) with respect to the
steady-state (p*, v*)asp = p — p* and v = v — v*. The MJLH
system (44) around the steady-state £* is derived as

FE(X, £) + AgirydE(x, ) = 0, (46)

where the deviation ’5 = & — £* includes two entries 7 = z — z*
and w = w — w*.

0 L

Fig. 2. On-ramp metering and variable speed limit on a freeway section.

5.3. Boundary feedback control

We now are going to show how Corollary 1 may be applied
to analyze the stochastic stability of the MJLH model (44). The
boundary control applies the proportional feedback by combining
the on-ramp metering u(t) and the speed limit v(0, t), which are all
stored at the upstream boundary. Traffic measurements are den-
sity p(L, t) and average speed v(L, t) at the downstream boundary,
see Fig. 2.

Precisely, we introduce the boundary feedback control:

u(t) =ro — ky(p(L, t) = p*)
{U(O, t) =0 v* ’ ky(u(L, t) — v*)"’ (47)

where k, € R and k, € R are proportional gains to be designed.
In order to get the boundary conditions corresponding to the
Riemann invariant (46), two cases are discussed separately.

Case 1: Free-flow mode for the system matrix A;.
At the left boundary of the freeway section, i.e., x = 0, the
driving-in flux conservation equation holds

u(t) + pin = p(0, (0, ). (48)

After the linearization of boundary condition (48) with integrating
the feedback control law (47), we have the following boundary
condition:

~ *kUN
p(0,t)=p EU(L’ t)—

Rewrite condition (49) in Riemann coordinates as

k,

v*

L, t). (49)

~ ky
(0, ) = — L (L )
v
k, k -
n |:a,0*<v L kv} (L o). (50)
v* v*

Since v(0, t) = —k, (L, t), and v = Z, the boundary condition that
needs to be imposed for the free flow mode can be written as

Z0,0)] _ ~ [Z(L o)
[w(w)} =G, [G)(L, 1k (51)
—ky 0
withG1:|:a sk ko kn}
? vk ¥ v v*

Case 2: Congestion mode for the system matrix A,.
In this case, using the same feedback control (47), we have

L, t) = —%3(0, t). Similarly, in the Riemann coordinates, it

holds

~ ko ~ [ ap* k]

w(0,t)= ——w(L, t)+|[1— — z(0, t). (52)
v* L v* v*k,

Hence, the boundary condition that needs to be imposed for the
congestion mode is written as

Z(Le)| _ - [Z(0,0)]
[w(o,t)] =G [U)(L, ol (53)
1
) . 0
with GZ = ap* v kp kp

v* v¥ky v*
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By selecting the boundary feedback gains in (47) with |k,| <
v* and |k,| < 1, it holds p(G;) < 1 and p(G,) > 1. Then
the free-flow mode with the boundary condition matrix G; is
exponentially stable in L?-norm, and the congestion mode with
G, is unstable (Coron et al., 2007). MeanWhile, the overall MJLH
system (44) might be exponentially mean-square stable or not, in
[?-norm, under the Markov process o (t).

5.4. Simulations

The developed boundary feedback strategy (47) and the stabil-
ity conditions are now tested with numerical simulations based on
the MJLH system (46) presented above. To this end, we consider
a local freeway section whose road traffic parameters are given,
respectively, as p,, = 200 veh./h, vv = 160 km/h, a = 0.8,
Din = 6000 veh./h, r; = 2000 veh./h, and the total road length
is 1 km, i.e., x € [0, 1].

After clustering the historical traffic data, such as the speed-
density records in Fig. 1, we represent the free-flow and the con-
gestion modes with two typical traffic states (o1, v{) = (25, 120),
and (3, v2) = (75, 30), respectively. Then, the system matrices of
the MJLH system (44) are given, respectively, as

100 O -30 0
Al:[o 120] AZ:[O 30] (54)
We consider the steady-state (p*, v*) = (80, 100) which satisfies
the flux conservation condition (48), and choose the control gains
in(47)ask, = 20and k, = 0.9.The associated boundary condition

matrices Gy and G, with respect to the system matrices A; and A,
are calculated, respectively, as

c. [ —09 0 e, — [t 0
1=1-0.1240 —-02|° 77| 01378 -02|"
Firstly, we assume that the transition probability of two traffic

modes follows the generator IT; = ;] j7] Using (33)-(34) the

upper and lower bounds of parameters 1t and u, are computed
as w7 = —0.0042, u¢ = 0.1054, uj = —0.1167 and pS§ =
—0.1054, respectively. Solving conditions (30)—(31f of Corollary 1,

we obtain p; = 0.0971, up = —0.1072, P, = |*3% 5.

and P, = | )77 5101 |- To numerically compute the solutions

to the MJLH system (46), let us discretize them using a WENO
scheme (Jiang & Shu, 1996) in Matlab. The initial deviations from
the steady-state (p*, v*) are given as v(x, 0) = 4sin(0.57x) and
p(x, 0) = 55in(0.5x), which satisfies the compatibility conditions
and the initial mode is selected as o(0) = 1.

Fig. 3 depicts a path of Markov process with generator I7;.
Figs. 4 and 5 show the time-evolution of v and p. It is observed
that the traffic states clearly converge to their steady-state p* =
80 veh./km and vi = 100 km/h, respectively, as time increases,
as expected from Corollary 1. The simulation results illustrate an
interesting phenomenon that a fixed boundary control, just using
the traffic information from the downstream, might stabilize free-
way traffic even though some congestion (unstable) modes occur
occasionally.

In the other simulation, just only the Markov generator is

changed as I7T, = [_41 _14 . In this case, since uj = —0.0667

4.6235 0 J

and pu$ = —0.1054, we have j > uS. The conditions (30) and
(31) of Corollary 1 do not hold. Fig. 6 depicts a path of the Markov
process with generator I7,. We can find that the sojourn time of
the congestion mode has greatly increased. These factors finally
overturn the balance between the boundary conditions Gy, G,
and the transition probability IT,. Figs. 7 and 8 show the unstable
behaviors for a sample path of v(x, t) and p(x, t) under IT, using
the same initial condition.

Fig. 3. Simulation of a path of the Markov process with generator I7;.

Fig. 4. The evolution of v of the MJLH traffic flow model with generator I7;.

Fig. 5. The evolution of p of the MJLH traffic flow model with generator I7;.

Also with the generator IT,, after adjusting the proportional
gains in control (47) as k, = 10, k, = 0.95, we can get a new
set of the upper and lower bounds as uf = —0.0042, Mf =
0.0513, 47 = —0.0667 and x5 = —0.0513. In this case, condi-
tions (30)-(31) of Corollary 1 hold and we compute 111 = 0.0473,
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Fig. 6. Simulation of a path of the Markov process with generator IT5.

Fig. 7. The evolution of v of the MJLH traffic flow model with generator I7,.

Fig. 8. The evolution of p of the MJLH traffic flow model with generator IT,.

p2 = —0.0553, P, = [0'5561 0.0255] and P, = [4~1375 0.1(;44] .
Therefore, the MJLH traffic flow model (44) becomes exponentially
mean-square stable again under the new boundary feedback con-
trol (47). For simplicity, we omit the figures of this case.

6. Conclusion

We present a class of switched systems, namely the MJLH
system, in which the logical decision is Markov chain and sub-
systems are linear hyperbolic conservation laws. By means of a
stochastic Lyapunov function, exponentially mean-square stabil-
ity are derived depending on the balance between the boundary
conditions and the transition probability. Theoretical contribution
was applied to stabilize freeway traffic by integrating the on-ramp
metering with the speed limit in the distributed control action.
This work leaves many open questions. It is natural to extend the
theoretical results, such as Theorem 1 and Corollary 1 to more
general MJLH systems with time-varying velocities. Some effort
will also devoted to the study of more general MJLH systems
governed by an unobservable Markov chain.
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