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1. Introduction

A class of distributed parameter systems including the shal-
low water equations as an important application is considered in
this paper. There exists a large literature dealing with nonlinear
equations, as those developing the analysis of characteristic curves
or Lyapunov methods, see Bastin and Coron (2016) for a recent
textbook on this subject. In the present paper, the system is de-
scribed by a linear hyperbolic partial differential equation (PDE)
which is assumed to be nonhomogeneous with a control acting
on the boundary. This control problem arises in many different
contexts such as gas transport (Gugat, Dick, & Leugering, 2011),
traffic control (Garavello & Piccoli, 2006) or flow dynamics in open-
channels (Diagne, Bastin, & Coron, 2012). For these kinds of infi-
nite dimensional systems, many different techniques are available,
such as an analysis of the time evolution of the characteristic
curves (as done in e.g., Li, 1994; Prieur, Winkin, & Bastin, 2008),
Lyapunov methods (see e.g. Dick, Gugat, & Leugering, 2010; Dos
Santos, Bastin, Coron, & d’Andréa Novel, 2008) and abstract theory
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for linear systems (as considered in Curtain & Zwart, 1995; Phillips,
1959; Tucsnak & Weiss, 2009). In this paper, we will develop some
semigroup techniques for a control problem of a system of balance
laws with an application to the dynamics of flow and sediments
in an open channel, as considered in Diagne, Diagne, Tang, and
Krstic (2017) where an exponentially stabilizing output feedback
controller is computed, using a backstepping design. With respect
to this recent reference, a fully different method is suggested, since
we first solve a general boundary control problem, and then apply
its solution to the particular linear hyperbolic system obtained
by linearizing the Saint-Venant-Exner equation around a given
equilibrium.

First the control problem is shown to be well-posed as a bound-
ary control system in the sense of the book (Tucsnak & Weiss,
2009). In particular, it is shown that the dynamics operator is the
infinitesimal generator of a strongly continuous (Cy) semigroup of
bounded linear operators, which is (exponentially) stable and that
the unbounded control operator defining the boundary control
action is admissible for this semigroup. Next the stability analysis is
performed exploiting some sufficient conditions dealing with the
source term of the hyperbolic PDE and with matrix inequalities
combining the velocities matrix and the boundary conditions. The
advantage of these conditions resides in the fact that they can
be rewritten in a numerically tractable form allowing an opti-
mization of the unknown variables. More precisely checking the
assumptions of the main result is shown to be equivalent to solving
Linear Matrix Inequalities (LMI’s) which are numerically tractable
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conditions (see Remark 1 just before the first main result, namely
Theorem 1). Moreover the obtained sufficient condition is linked
with classical Lyapunov function based sufficient conditions for
stability analysis and boundary stabilization (as done in particular
in Diagne et al. (2012)).

The obtained sufficient exponential stability condition is used
to design output feedback boundary controllers for hyperbolic
systems of balance laws. Other techniques are available for the
design of boundary controllers, as the backstepping techniques
(see Vazquez and Krstic, in press and references therein). The
design method is shown to be numerically tractable and it is
applied on the linearization of the Saint-Venant-Exner equation at
an equilibrium. Using numerical values that are already considered
in the literature (Dos Santos & Prieur, 2008; Hudson & Sweby,
2003; Prieur & Mazenc, 2012) in a physical sense, we show how
to solve our numerically tractable conditions and how to compute
a stabilizing output feedback boundary controller. A numerical
simulation is also performed to illustrate the obtained exponential
stability by means of time-evolution of the three components of
the state.

The paper is organized as follows. In Section 2 the model is
introduced and some preliminary computations are performed.
Section 3 contains the main results on the well-posedness of the
control problem and on a sufficient condition for the stability of the
open-loop system. Section 4 contains an application in hydraulics.
The results are illustrated and some simulations are performed.
Section 5 collects concluding remarks and points out some possible
research lines.

2. Description and analysis of the model

Let us consider a distributed parameter system that is described
by the following linear partial differential equation (PDE) model:

%‘t_'_ASX:MS? xe(ovl)vtzov (1)

where A is a constant diagonal matrix in R"*" of the following form

A= [Ao+ 79‘_],Where Ay = diag(A)L, € R™™and A_ =

diag(—A)L,,,; € RO™>(1=m are positive definite, i.e. ; > O for
i=1,...,mand); < Ofori =m+1, ..., n,whereM isaconstant
matrix in R™" and

£_(x.t)

stands for the state. This model is complemented by the boundary
condition:

0] = [Elo ]+ weo. ®

where K is a constant matrix in R™*" of the following form K =

3 go]"”hefe Ko € R™™ and K; € R™~™*™ and N is a full

rank matrix in R™? of the following form N = [N/ N, |7, where
p < n, Ny € R™P N; € R™™x*P and u(t) e RP is the control at
time t > 0, to be designed.

With a view to studying the well-posedness of system (1)-(3),
let us introduce the following operator:

LE = — A& + ME

where ’ stands for the space derivative. Consider also the complex
Hilbert spaces Z = H'((0,1); C"*) and X = L?((0, 1); C"). Recall
that Z < X with continuous embedding. Observe that L is a
bounded linear operator from Z to X, i.e. L € £(Z, X). In addition,
consider the time-invariant operator G € £(Z, C") given by, for all
§ ez,

@] [
GS_[Q(U} K[{(O)}

§=§(x1)= [&(x, t):| where £, € R™and £_ € R"™ (2)

and the Hilbert subspace X; of Z which is defined by

B B RO
X1 :=kerG = {E €Z: |:g+(1)] =K [s+(0)“ '

Finally, in the analysis below, we will also need the restriction of
the operator L to Xy, denoted by A:

A= L|X1 . (4)
Observe that A € £(X4, X).

Preliminary remark: The stationary solution of the PDE (1) with
initial condition £(0), i.e. the solution of the ordinary differential
equation

—Aﬁ—}—Mé:O,xe[O,l] (5)
dx

is given by £(x) = exp(A~'Mx) £(0), for all x in [0, 1]. With this
computation in mind, we may rewrite the boundary condition (3).
To be more specific, given ¢ = [Et]m C", the boundary condition

)< [)- g

is satisfied if and only if

[S+(0) }

(exp(A~"M) §(0))-

[0 ko] [(exp(A™'M)&0))4] _ ey
Ki 0 ||&£(0) I e

or equivalently

I, —K,
[{—Kl ] - exp(A‘llw)} sOr=c

In order that the initial state £(0) be uniquely determined by
the latter equation, i.e. in order to convert the two-point boundary
value problem (5)-(6) into a Cauchy problem, the following aux-
iliary result is useful, resulting from a direct application of Schur
complement:

Lemma 1. The matrix

I —Ky .. .
_ is invertible 7
[[—Kl ] - exp(/ 1M)] @
if and only if so is the matrix
[—Ki In-m] - exp(A~'M) - B("] (8)
m

3. Well-posedness and stabilization
3.1. Well-posedness

As an intermediary step towards the well-posedness property,
let us consider the following auxiliary boundary condition:

S-F(O’t) _ é-}—(lvt) N T
|:$(17 t)] =K |:$(Ov t)j| + Nu(t), (9)
where the matrix N := [N V] € R™" and the submatrix V e

R™(=m) is chosen such that N is nonsingular and where ii(t) € R"
is an auxiliary input. The well-posedness of the control problem is
solved in the next proposition.

Proposition 1. If the matrix given by (8) is invertible, then the
system described by the PDE (1) with the boundary condition (9) is
a boundary control system, in the sense of Tucsnak and Weiss (2009,
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Chap. 10), which is described by the pair of operators (L, &), where
G = N‘16,~or equivalently by the abstract differential equation
& =LEwWithGE = 1.

Proof. First observe that without loss of generality N is the identity
matrix, whence G = G. Now recall that L € £(Z, X) and observe
that G € £(Z, C"). Moreover these operators satisfy the properties
characterizing a boundary control system (see Tucsnak and Weiss
(2009, Definition 10.1.1) where the constant B is set to zero).
Indeed:

(a) By Lemma 1, thanks to invertibility of the matrix in (8), for
every c in C" the equation G§ = c admits a (unique) solutioné € Z.
It follows that G is onto.

(b) It follows also from condition (7) that the operator L re-
stricted to X; = ker G is onto, since for every f € X, the equation
LE =f, & € X; isequivalent to an ordinary differential equation
having a solution & which is uniquely determined by £(0) and f.

(c) Moreover ker L N ker G = {0} (this follows from the
arguments used in the previous item with f = 0).

(d) Finally, X; = ker G is dense in X, since it contains a dense
subspace of X = L%((0, 1); C"), namely Hj((0, 1); C"). O

To get that the PDE (1) with the boundary condition (3) is well-
posed, recalling the definition (4) of 4, it remains to check that the
control operator defined in the boundary condition (3) defines an
operator B which is an admissible control operator (following the
terminology of Tucsnak and Weiss (2009, Definition 10.1.1)). To do
that, let us first compute B*. For all z in Z and for all ¥ in D(B*), it
holds (Lz, ¥) — (z, A*W¥) = (Gz, NB*W¥). Thus

(z(0) — Kz(1), NB*¥)
= (—AZ + Mz, W) — (z, AW + MT &)
= —(AZ W) — (z, AW') + (Mz, ¥) — (z, MT &)
= —(Az(1), ¥ (1)) + (Az(0), ¥(0))
= (Kz(1), K A¥(0)) + (z(0), A¥(0))

by using an integration by parts, and by using that ¥ in D(A*) (and
thus A¥(1) = KT A¥(0)).

Therefore (z(0) — Kz(0), A¥(0)) = (z(0) — Kz(0), NB*¥) and
thus B*¥ = NT A¥(0).

The control operator B : U — X_; is defined by, for all &
in U, BE = §,ANE where §, is the Dirac function at x = 0.
B is an admissible control operator following Tucsnak and Weiss
(2009, Definition 4.2.1), since with M = 0, this control operator
is admissible (see e.g. Tucsnak and Weiss (2009, Example 4.2.7)
for the scalar case), and a bounded perturbation M # 0 does not
render B not admissible.

Therefore the PDE (1) with the boundary condition (3) is well-
posed and with Tucsnak and Weiss (2009, Prop. 10.1.8), we get

Proposition 2. If the matrix given by (8) is invertible then, for
every T > 0,£(0)inZ and u € H'((0,T); U) which satisfies
the compatibility condition GE(0) = Nu(0), the PDE (1) with the
boundary condition (3) has a unique solution &£ and & € C([0, T]; Z)N
c'([o, T1; X).

3.2. Stability analysis

In the sequel, it will be assumed that the following two condi-
tions hold and it will be shown that they ensure the stability of the
boundary control system introduced in Proposition 1 above. Each
of these conditions is twofold, involving a "primal” condition on
(the parameters defining) the operator A and a ”dual” condition on
the adjoint operator A*. It turns out that the two parts of each of
these conditions are actually equivalent: see Remark 1c.

Assumption 1. There exists a diagonal positive definite matrix P
in R™" such that

PM +M*P <0, (10)

where M* := M T denotes the Hermitian conjugate of the matrix
M, and equivalently there exists a diagonal positive definite matrix
Q in R™" such that

QM* +MQ < 0. (11)

Assumption 2. The matrices A and K are such that

[aAIP)2 K (1AIPY 72| <1 (12)
and
(@14 Pralar) ) B] | <1, Y

where P is a diagonal positive definite matrix which satisfies
inequality (10), Q is a diagonal positive definite matrix which
satisfies inequality (11), ||.|| denotes the matrix norm induced by
the usual euclidean vector norm, | M| denotes the absolute value
of the matrix M, i.e. its entries are the absolute values of those of

M and, in particular, |A| = [AO+ AO_ .

Remark 1. (a) Conditions (12) and (13) are trivially satisfied
whenever the boundary feedback gain matrix K is the null matrix.
However this choice is clearly not always feasible in applications:
this is the case notably for the application that is studied in Sec-
tion 4.

(b)In Assumption 1, the existence of a diagonal positive definite
matrix P satisfying inequality (10) is guaranteed whenever the
matrix M is Lyapunov stable with entries having the same sign.
This is the case for the application that is studied in Section 4. In
addition, the matrix Q satisfying inequality (11) can be selected to
be Q = P~'. However (many) other choices are possible. See also
Section 4.

(c) Conditions (10) and (12) are equivalent to the following one:

p(K) = inf [(|AID)/*K (JAID)"V?|| <1, (14)
DeD

where D is the set of all diagonal positive definite matrices D
such that DM + M*D < 0. This condition is exactly the same
as the one that is used in Diagne et al. (2012, Theorem 2, p.111)
and that is obtained by means of a Lyapunov function. Similarly,
conditions (11) and (13) are equivalent to

p(K) =

‘ (15|A|f1)’”21<(D|A|f1)”2 [zm 8"] H (15)

<1,

inf
DeD

where Dis the set of all diagonal positive definite matrices D such
that DM* +MD < 0.

Conditions (14) and (15) can be seen as sub-optimization prob-
lems, that can be solved numerically for D and D, with a given fixed
gain K, by using algorithmic methods for the resolution of LMIs (as
introduced e.g. in Boyd, El Ghaoui, Feron, and Balakrishnan, 1994;
Scherer and Weiland, 2000). As shown in the proof of the next
theorem, these conditions can be stated under the form of LMI's.
More precisely, condition (12) is equivalent to

KIA|T'WK* < |A|”'W (16)
where W = P!, and condition (13) is equivalent to

KQIA|T'K* < QA7 | (17)
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From the previous discussion, one may conclude that the ex-
istence of a diagonal positive definite matrix P such that condi-
tions (10) and (16) hold is equivalent to the existence of a diagonal
positive definite matrix Q such that conditions (11) and (17) hold.
In other words, Assumptions 1 and 2 are equivalent to any of the
following assumptions.

Assumption 3. There exists a diagonal positive definite matrix P
such that (10) and (16) hold.

Assumption 4. There exists a diagonal positive definite matrix Q
such that (11) and (17) hold.

Note that computing diagonal positive definite matrices P and
Q, such that Assumptions 3 or 4 hold, are two convex conditions in
the unknown variables P and Q which can be solved e.g. on Matlab
using YALMIP (Lofberg, 2004). This convex problem in solved when
designing a stabilizing feedback in Section 4.3.

Theorem 1. [f the matrix in (8) is invertible and under Assumption 3
(or equivalently under Assumption 4), the operator A generates an
exponentially stable Co-semigroup T(t) of bounded linear operators on
X, and there exists v > 0 such that, forallt > 0, ||T(t)|| < exp(—vt).

Before proving Theorem 1, let us connect this result with Russell
(1978) as done in the following remark.

Remark 2. Combining Assumption 1 and condition (14) yields a
set of assumptions that is implied by Russell (1978, Assumption
3.8, Page 664) when restricting to space-invariant operators. Thus
Theorem 1 can be seen as a generalization of Russell (1978, Theo-
rem 3.9, Page 665). By item (c) of Remark 1, Assumptions 1 and 2
are equivalent to the conditions of Bastin and Coron (2016, Propo-
sition 5.2). Therefore we recover the stability conditions of A using
a completely different approach (namely a dissipativity approach
versus a Lyapunov function approach in Bastin and Coron (2016)),
which generalizes the conditions of Russell (1978, Section 3). .

Proof. The proof of Theorem 1 is split into 4 steps.

(1) Closedness of the operator A.

First observe that, by the proof of Proposition 1, the linear
operator A, whose domain is X; = ker G, is densely defined on
X, onto and invertible with a bounded linear inverse A~!, which is
given for every f € X by

A-If = exp(A~"Mx)| ™ —Ko B
J =l M 2Ky o] - exp(a ™M)
(18)

0 I
[1(1) —Kﬂ(m] 10

where

I(x)=/Xexp(A‘lM(x—z))A‘lf(z)dz, (19)
0

i.e. 0 is in the resolvent set p(A) of A. It follows by Tucsnak and
Weiss (2009, Remark 2.2.4, p. 24), or more specifically by Curtain
and Zwart (1995, Theorem A.3.46, p. 596), that the operator A is
closed.

(2) Adjoint A* of the operator A

The adjoint A* is given for all ¢ in its domain

o - Y (0)] _ V(1)
D(AY) = {I/f €Z:K |A||:w_(1):| _|A|[w_(0)“, (20)
by

A = AY + M*y. (21)

Indeed, it suffices to observe that the usual pairing identity
(A*yr, z) = (¥, Az) holds for all z € D(A) and for all ¥ € D(A*).
To check this, let us consider the operator A* given by (21) on
its domain (20) and observe that, for all z € D(A) and for all
¥ € D(A*),

1 1
AY.z) = / Y Azdx + / (M*yr)*zdx
0 0
1 1
= / YAz dx — / YA _z_dx
0 0
1
+/ Y*Mzdx
0
! 1
= _/ YiAZ dx+ YAz,
0
1
+/ Y*A_Z dx — 1//1A,z,|:)
0

1
+ / Y*Mzdx (22)
0

where an integration by part has been performed in the first two
integrals. Now, using the definitions of D(A*) and K, we get, for all
¥ € D(A*),

0 KTy ()] _ [Avv(1)
K; o || A-v-(1) A_y_(0)]°

which is equivalent to

K;A—w—(l) _ A+1/f+(1) (23)
KjA v (0)]  [A-v-(0)]°

Combining the boundary conditions (23) with (22) and the defini-
tions of A and its domain D(A) yields the following identity, for all
z € D(A) and for all ¥ € D(A*):

(A, z) = (Y. Az) + ¥1(1)Asz4(1)
— Y7(0)41Koz_(0) — ¥ (1)A12,(1)
+3(0)44Koz_(0)
= (Y, Az).

Thus the adjoint of A is given by (20) and (21).

In addition, let us now check that it follows from Assumptions 1
and 2, i.e. from the inequalities (10), (11), (12) and (13), that

(i) there exists v; > 0, such that, for all z in X;, 9(Az, Pz) <
-1 |z|)2(, hence the operator A is dissipative, and

(ii) the operator A* is also dissipative, such that there exists
v, > 0 satisfying, for all iy in D(A*), R(A*Y, Q) < —vz|¢|)2(.

(3) Dissipativity of the operator A

In order to check the fact (i), note that, for all z in X3,

1 1
M(Az, Pz) = ‘}t/ —(Az/)*Pzdx—i—ER/ (Mz)*Pzdx
0 0

IA

1
R / —z"™ APzdx
0
where (11) from Assumption 1 has been used. Observe that, thanks
to the fact that the matrices A and P are diagonal, AP = PA and
4 (z* APz) = 22 APz.1t follows that

1
N(Az, Pz) < —- 2" APz,
2

IA

1
) (23 (1)ALPyz, (1) — 2" (1) A_P_z_(1)
— 2% (0)A; P, z,(0) + z* (0)A_P_z_(0)) .

By using the definition of D(A), we obtain that, for all z in D(A),
7z,+(0) = Koz_(0)and z_(1) = K;z,(1). By plugging these boundary
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conditions in the second and third terms of the right-hand side of
the inequality above, we get

N(Az, Pz)

1
=-3 (2 (1) APz, (1)
—2_(0)*K§ AP Koz_(0) + z* (0)A_P_z_(0))

— 22 ()KF A_P_Kyz4(1)

and thus %(Az, Pz) < 1v*Ev with v’ = [z;(1),z_(0)] and the
matrix

P —A Py +K;A_P_K; O
~ |0 K;ALP Ko — A_P_

Now note that (12) in Assumption 2 is equivalent to the LMI
K|A|7'PTK* < |A7 P! (24)
and using the definition of K and the coordinate decomposition (2),
it is also equivalent to

KfA_P_Ky < AP,
K;A(P Ky < A_P_.

Therefore, under (12) in Assumption 2, reinterpreted as (24), there
exists a positive value v; such that, for all z in D(A), f{Az, Pz) <
—v1(Jz (D> + 1z_(0)]?) and, by the boundedness of the trace
operator from Z to R with norm equal to 1, it follows that, for all
z in D(A), W({Az, Pz) < —1y |z|,2< . Moreover, since P is symmetric
positive definite, there exists v; > 0 such that, for all z in D(A),
N(Az,z) < V1M{Az, Pz). Thus, with a suitable ; > 0, for all z in
D(A),

N(Az,z) < —D1lzl} . (25)

In other words, A is a dissipative operator.
(4) Dissipativity of the operator A*
To check the fact (ii), let us compute, for all ¥ in D(A*),

1 1
RNAY, QY) = 5R/ (AW/)*QWdXJr?ﬁ/ (M*y ) Qv
0 0
1
< SQ/ Y*AQdx
0

where (10) from Assumption 1 has been used. Note that,
thanks to the commutativity property AQ = QA, there holds
Ly AQY) = 2y AQY and thus

1
WAV, QY) < 5 ¥ AQY ],
1
< 5 (PHALQuY (1) = v (DA-Q Y- (1)
— Yt (0)A+ Q44 (0) + ¥ (0)A_Q_y_(0))

1
= 5 (P2(MAKQ ALK Ay (1)
—¥2(NA_Q-y—(1) — ¥1(0)A1Q4¥1(0)
+¥1(0)A1KoQ AZ'KG AL, (0))
where (23) has been used in the first and the last terms. Therefore
RA Y, Q) < %w*Fw (26)
withw T = [,(0), ¥_(1)] and the matrix

. A KoQ AT AL — A4Q, O
o AKQATIK AL —A_Q |

Now note that (13) in Assumption 2 is equivalent to
_1\—1/2 11210 I
Al K(Q|a
(@) kear) [} o]

0 I NN1/2 . 1172
[ ] @arye@iary ™ <o,
and, by using the commutativity of A and Q, it is also equivalent to

@A) kalal K (Al <1y

Finally by pre- and post-multiplying the last inequality by
(Q|ADY?, one gets the LMI: |[A|KQ|A|"'K*|A] < Q]|A|, ie., by
using the definition of K and the coordinate decomposition (2),

A KoQ ATKAL < ALQy
A_K1QiAT'KT A < A_Q_.

Therefore, under (13) in Assumption 2, reinterpreted as (26), the
following inequality holds, for all ¥ in D(A*): R(A*Y, Qy¥) <
—va(|¥(0)*> + |_(1)[%), for some positive constant v,, and, by
the continuity of the trace operator from Z to R, it follows that,
for all ¥ in D(A*), W(A*Y,Qy¥) < —v2|1p|)2( . Moreover, since Q
is symmetric positive definite, there exists v, > 0 such that, for
all ¥ in D(A*), R{A* Y, ) < D;M(A*Yr, Q). Thus, with a suitable
Dy > 0, for all ¥ in D(A*),

RA Y, Y) < Doy} . (27)

Then one can conclude that A* is a dissipative operator.

In view of the facts (i) and (ii), applying Lumer-Phillips The-
orem, the operator A is the infinitesimal generator of an Cy-
semigroup T(t)on X. Moreover, by (25) and (27), applying (Curtain
& Zwart, 1995, Corollary 2.2.3, p. 33), there exists v > 0 satisfying,
forallt > 0, ||T(t)|| < exp(—vt). O

Corollary 1. Under the conditions of Theorem 1, the operator A has
a pure point spectrum o(A) = o,(A) that is included in the closed
left half-plane C,,,— = {s € C : %' s < wp} contained in the open
left half-plane, where the spectral bound wy := supN o(A) < Ois
the growth constant of the Co-semigroup generated by A. Moreover,
any complex number A is an eigenvalue of A iff it is a solution of the
characteristic equation:

o —Ko B
x() = det [[—Kl o] - exp(A~ (M — u))] =0

Proof. It suffices to observe that any complex number 2 is in the
resolvent set p(A) of the operator A iff the matrix

I —Ky
[—Ki In-m] - exp(A~'(M — AI))

isinvertible. In addition, in this case, the resolvent operator is given
by

(A—AD)7f = exp(A~{(M — Alx)
In Ko !
[=Ki In—m] - exp(A~'(M — AI))

0
[1(1, A)- — Kql(1, ,\)J —1(x,2)

where
I(x,A) = /X exp(A~ (M — AD(x — 2)) A f(z)dz , (29)
0

and is therefore compact. The pure point spectrum property fol-

lows by Curtain and Zwart (1995, Lemma A.4.19, p. 616).
Moreover, observe that, for every A = s + w, where w > wy,

(A — A1 is in the Hardy space %*(£(X)). Recall also that A is
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the generator of an exponentially stable Co-semigroup, hence, by
Curtain and Zwart (1995, Theorem 5.1.6, p. 223), A satisfies the
spectrum determined growth assumption with wg < 0. O

3.3. Design of a stabilizing controller

Theorem 1 is instrumental to design stabilizing output feedback
laws. To be more precise define the output observations as the
following part of the state, forall t > 0,

y(t) = [$+(]7 t)a %‘7(07 t)]T .

Then the next corollary follows readily from Proposition 2 and
Theorem 1:

Corollary 2. For any matrix O = [Og, O1] in CP*" such that Im Og C
Ker Ny and Im O; C Ker Ny, define the following output feedback
controller by, for allt > 0,

u(t) = Oy(t).

Ifthe matrix in (8) is invertible, and under Assumptions 1and 2, where
the matrix K has been replaced by K + NO in (8), (12) and (13), there
exist a positive value v such that it holds, for allt > 0,

IE®)Nx < exp(—vt)lIE(0)lIx
along the solutions to (1) with the boundary condition (3).

4. Application in hydraulics
4.1. Nonlinear and linearized dynamics

In this section, we are using a system of balance laws by taking
into account the potential distributed loss/increase of energy, of
momentum... Several examples may come in mind such as the
Euler equations. Here we consider the shallow water equations
describing the dynamics of the water level, of the water flow and
of the sediment inside of a channel. The effect of the friction and of
the slope modifies the dynamics and makes a system of balance
laws (instead of a system of conservation laws without friction
and slope). In this paper we focus on space-invariant equilibrium
of Saint-Venant-Exner model. For further results on non-constant
stationary state of the Saint-Venant-Exner model, see Gugat and
Leugering (2009).

More specifically, following Graf (1984) and Hudson and Sweby
(2003) (see also Diagne et al., 2012; Diagne et al., 2017; Prieur and
Mazenc, 2012), a linearization around a space invariant equilib-
rium could be performed to obtain the following model in Riemann
coordinates

&+ Afy = M§ (30)

where £ = (&, &, &), A(x) = diag(Aq, A2, A3), and, for all
xe[0,1],t >0,

o1 Oy O3
Mx)= (a1 o2 a3, (31)
o1 Oy O3

with ), = (3V* — 2Ax)0, for suitable 6, € R, k = 1, 2, 3.
It is proved in Hudson and Sweby (2003) that, for all k = 1, 2,
3, oy < 0 (and thus the matrix in (31) is stable, and a possible
diagonal definite positive matrix P such that M'P + PM < 0 is
P = diag(—a, —a2, —a3)). Therefore Assumption 1 holds.

Moreover in the same references, assuming positive flow, it is
noted the three eigenvalues of A satisfy

0<)\]<)\.2,)\‘3<0, (32)

Our approach could be adapted to the case of a negative flow.

4.2. Boundary conditions

The boundary conditions of (30) are defined by hydraulic con-
trol devices such as pumps and valves. Here it is assumed that the
water levels are measured at both ends of the open channel, and
that the control action can be directly prescribed by the control de-
vices. More precisely, in the Riemann coordinates, we consider the
following set of boundary conditions, given three tuning parame-
ters k13, k31, k3» to be defined (they are tuning control variables)

£1(0,1) §(1,1)
(Sz(O, f)) =K (52(17 f)) (33)
$3(15 t) 53(07 t)

where

0 0 ’(13
K={0 0 nks)|,
k31 ’(32 0

and 7 is a nonlinear function, depending on the equilibrium under
consideration, see Prieur and Mazenc (2012) for an expression. See
the same reference to check that these controllers depend only on
the outputs that are observed.

4.3. Design of a stabilizing feedback

Following the notations of Section 2, we let m = 2,n = 3,
Ko = (k13 n(k13))" and Ky = (k31 k32). In the boundary conditions,
we do not consider any control actions (thus the control operator is
admissible), but we now aim at computing the tuning gains k13, k31
and ks, so that Corollary 2 applies, yielding a boundary controller
such that the closed-loop system is exponentially convergent.

To do that, let us consider the following numerical values A1 =
7.72 x 1074, 2, = 13 and A3 = —10 with the equilibrium
considered in Dos Santos and Prieur (2008), Hudson and Sweby
(2003) and Prieur and Mazenc (2012).

We may check that by letting ki3 = 0.05, k31 = 0 and k3, =
—0.8,P = diag(—m, —0l, —Ol3), and Q= diag(azag, o103, Ol]Olz)
it holds

det[(—K; 1)exp(A~'M)(Ko 1)] # 0, (34)

and Eqgs. (12) and (13) hold where |A| = diag()1, A2, |A3]). More-
overitholdsPM+MTP < 0and MQ +QMT < 0. Thus, the matrix
given by (8) is invertible and Assumptions 1 and 2 hold. Therefore
Corollary 2 applies with O = 0.

Other choices are possible for P and Q, as already discussed in
Remark 1. As an example, we may let Q = P~!, and check that
PM +MTP <0assoonasMQ +QMT < 0.

Let us illustrate the asymptotic stability by means of numerical
simulations.! The time evolutions of the first, second and third
components of the solution to (30) and (33) starting from the initial
conditions £(x, t = 0) = (cos(4mx)—1, cos(2wrx)—1, — cos(4mx)+
1) for all x in (0, 1) are shown in Figs. 1-3 where it is checked that
the solution converges to the origin. The boundary conditions (33)
with the tuned gains k13, k31 and ks, are given in Fig. 4.

Note that, due to the very small value of |1 | with respect to the
absolute values of the other velocities |A,| and |A3], it is checked
that the first component converges to the origin more slowly than
the other components. Compare Fig. 1 with Figs. 2 and 3 where a
different scale for the time t is used. This is consistent with the
theory of singularly perturbed hyperbolic systems as studied in
Tang, Prieur, and Girard (2015).

1 The simulation codes can be downloaded from http://www.gipsa-lab.fr/
~christophe.prieur/Codes/automatical7.zip.
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Fig. 3. Time evolution of the third component of the &-solution.

5. Conclusion

Hyperbolic systems described by balance laws have been con-
sidered in this paper. A boundary control problem has been studied
using semigroup theory. The main results suggest a new sufficient
condition for the well-posedness of the boundary control problem
and for the stability of the closed-loop system. The sufficient con-
ditions are written in terms of matrix inequalities that are related
to by-now classical Lyapunov theory for hyperbolic systems as de-
veloped in e.g., Dos Santos et al. (2008) and Dick et al. (2010). As an
illustration of the main results, the Saint-Venant-Exner equation
describing the dynamics of the flow and of the sediments inside
of an open-channel were considered. Some simulations have been
performed to approximate the time evolution of the solutions.

This study leaves many open questions open. In particular,
the linear-quadratic (LQ) optimal control problem is a natural

Boundary conditions

— &(0,8) |

_ fg(o,t) 1

e 53(1at) ]

1 L L L L L L L L L

0 01 02 03 04 05 06 07 08 09 1
t

Fig. 4. Time evolution of the boundary conditions (33) when applying the tuned
gains ki3, k31 and k3.

extension of this work, using the framework of Weiss and Weiss
(1997). It could be fruitful to adapt the techniques of Tucsnak
and Weiss (2009) to derive the Riccati equation and to design an
LQ optimal control. An analogous (but different) control problem
has been already solved in Aksikas, Fuxman, Forbes, and Winkin
(2009) and Aksikas, Winkin, and Dochain (2008), where a linear-
quadratic optimal control is computed for a class of first-order
hyperbolic nonlinear partial differential equations. See also Dehaye
and Winkin (2016) where approximate boundary observation is
used to compute an LQ optimal controller. Finally it could be
interesting to study the effect of the disturbances in the Saint-
Venant-Exner equation on the closed-loop system performance.
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