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1. Introduction

Originally motivated by the work of Artstein (1982), linear
predictor feedback is an efficient tool for the feedback stabiliza-
tion of Linear Time-Invariant (LTI) systems with constant input
delay. In particular, predictor feedback can be used for controlling
plants that are open-loop unstable and in the presence of large in-
put delays. Many extensions have been reported (see, e.g., Krstic,
2009a and the references therein). These include the case of
time-varying delay linear predictor feedback (Krstic, 2010b); ro-
bustness with respect to disturbance signals (Cai, Bekiaris-Liberis,
& Krstic, 2018); truncated predictor (Zhou, Lin, & Duan, 2012);
predictor observers in the case of sensor delays (Krstic, 2009a);
predictors for nonlinear systems (Bekiaris-Liberis & Krstic, 2013b;
Krstic, 2010a); dependence of the delay on the state (Bekiaris-
Liberis & Krstic, 2013a); networked control (Selivanov & Fridman,
2016); and the boundary control of partial differential equa-
tions (Lhachemi & Prieur, 2019; Prieur & Trélat, 2019).

* This publication has emanated from research supported in part by a
research grant from Science Foundation Ireland (SFI) under grant number
16/RC/3872 and is co-funded under the European Regional Development Fund
and by I-Form industry partners. The material in this paper was not presented at
any conference. This paper was recommended for publication in revised form by
Associate Editor Nikolaos Bekiaris-Liberis under the direction of Editor Miroslav
Krstic.

* Corresponding author.

E-mail addresses: hugo.lhachemi@ucd.ie (H. Lhachemi),
christophe.prieur@gipsa-lab.fr (C. Prieur), robert.shorten@ucd.ie (R. Shorten).

https://doi.org/10.1016/j.automatica.2019.108551
0005-1098/© 2019 Elsevier Ltd. All rights reserved.

Most of the predictor feedback strategies reported in the lit-
erature assume a perfect knowledge in real-time of the input
delay. However, such an assumption might be difficult to fulfill
in practice. Consequently, there has been an increased interest
in the last decade for the study of the robustness of the pre-
dictor feedback with respect to delay mismatches. An example
of such a problem was investigated in Krstic (2008) where the
exponential stability of the closed-loop system was assessed for
unknown constant delays with small enough deviations from the
nominal value. The study of the impact of an unknown time-
varying delay, but with known nominal value which is used to
design the predictor feedback, on the system closed-loop stability
was reported in Bekiaris-Liberis and Krstic (2013b). In particular,
it was shown that the exponential stability of the closed-loop
system is guaranteed for sufficiently small variations of the delay
in both amplitude and rate of variation. Such an approach was
further investigated in Karafyllis and Krstic (2013) where a small
gain condition on the only amplitude of variation of the delay
around its nominal value was derived for ensuring the exponen-
tial stability of the closed-loop system. However, as underlined
in Li, Zhou, and Lin (2014), such a small gain condition might
be conservative as it involves norms of matrices which generally
grow quickly with their dimensions. In order to reduce such a
conservatism, it was proposed in Li et al. (2014) to resort to a
Lyapunov-Krasovskii functional approach in the case of constant
uncertain delays. By doing so, an LMI-based sufficient condi-
tion, was derived, for ensuring the asymptotic stability of the
closed-loop system with constant uncertain delays.
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The first contribution of this paper deals with the study of the
robustness of the constant-delay predictor feedback that has been
designed based on the nominal value of an uncertain and time-
varying input delay. By taking advantage of classical Lyapunov-
Krasovskii functionals (Fridman, 2014), we derive an LMI-based
sufficient condition on the amplitude of variation of the input
delay around its nominal value that ensures the exponential
stability of the closed-loop system. Such an approach was inves-
tigated first in Selivanov and Fridman (2016) in the context of
networked control. However, the LMI condition derived in this
paper differs from the one proposed in Selivanov and Fridman
(2016). Three examples are developed showing that, for these
case studies, the LMI condition proposed in this paper provides
less conservative results than the small gain condition reported
in Karafyllis and Krstic (2013) and the LMI condition extracted
from Selivanov and Fridman (2016).

The second contribution of this paper deals with the extension
of the above result to the feedback stabilization of a class of
diagonal infinite-dimensional boundary control systems (Curtain
& Zwart, 2012) in the presence of a time-varying delay in the
boundary control input. The control strategy consists in (1) the
use of a predictor feedback to stabilize a finite-dimensional sub-
system capturing the unstable modes of the infinite-dimensional
system; (2) ensuring that the control law designed on a finite-
dimensional truncated model successfully stabilizes the full
infinite-dimensional system. Such a control strategy, inspired
by Russell (1978) in the case of a delay-free feedback control,
was first reported in Prieur and Trélat (2019) for the exponential
stabilization of a reaction-diffusion equation with a constant
delay in the boundary control. Note that a different approach
for tackling the same feedback stabilization problem was re-
ported in Krstic (2009b) via the use of a backstepping boundary
controller. Ideas from Prieur and Trélat (2019) were extended
to the exponential stabilization of a class of diagonal infinite-
dimensional boundary control systems with constant delay in the
boundary control in Lhachemi and Prieur (2019). In this present
paper, we go beyond (Krstic, 2009b; Lhachemi & Prieur, 2019;
Prieur & Trélat, 2019) and assess the robustness of the control
strategy reported in Lhachemi and Prieur (2019) in the case
of an uncertain and time-varying input delay. Specifically, we
show that for time-varying delays presenting (1) a sufficiently
small amplitude of variation around its nominal value (with
sufficient condition provided by the LMI condition discussed
above); (2) a rate of variation that is bounded by an arbitrarily
large constant; the infinite-dimensional closed-loop system is
exponentially stable.

The remainder of this paper is organized as follows. The ro-
bustness of the predictor feedback with respect to uncertain and
time-varying delays is investigated in Section 2. The extension
of this result to the feedback stabilization of a class of diagonal
infinite-dimensional boundary control systems is presented in
Section 3. The obtained results are applied in Section 4. Finally,
concluding remarks are provided in Section 5.

Notation. The sets of non-negative integers, positive integers,
real, non-negative real, positive real, and complex numbers are
denoted by N, N*, R, Ry, R%, and C, respectively. The real and
imaginary parts of a complex number z are denoted by Rez and
Im z, respectively. The field K denotes either R or C. The set of
n-dimensional vectors over K is denoted by K" and is endowed
with the Euclidean norm ||x|| = +/x*x. The set of n x m matrices
over K is denoted by K™™ and is endowed with the induced
norm denoted by || - ||. For any symmetric matrix P € R™", P > 0
(resp. P > 0) means that P is positive definite (resp. positive
semi-definite). The set of symmetric positive definite matrices of
order n is denoted by S;}*. For any symmetric matrix P € R"™",

Am(P) and Ay (P) denote the smallest and largest eigenvalues of
P, respectively. For M = (m; ;) e C™™, we introduce

~ | ReM
R(M) £ |:lmM

where ReM £ (Rem; ;) € R™™ and ImM £ (Imm; ;) € R™™. For
any to > 0, we say that ¢ € c%(R; R) is a transition signal over
[0,8]if0 <9 <1, ¢pl_xo =0, and ?lig 100y = 1. In Section 3,
the notations and terminologies for infinite-dimensional systems
are retrieved from Curtain and Zwart (2012).

—ImM 2nx2m
Re M ] eRr

2. Delay-robustness of predictor feedback for LTI systems
2.1. Problem setting and existing result

The first part of this paper deals with the feedback stabiliza-
tion of the following LTI system with delay control:

x(t) = Ax(t) + Bu(t — D(t)), t=>0, (1)

with A € R™" and B € R™™ such that the pair (A, B) is
stabilizable. Vectors x(t) € R" and u(t) € R™ denote the state
and the control input, respectively. The command input is subject
to an uncertain time-varying delay D € C°(R,; R, ). We assume
that there exist Dy > 0 and 0 < § < Dg such that |[D(t) — Do| < 8
for all t > 0. In this context, the following constant-delay linear
predictive feedback, which is based on the knowledge of the
constant nominal value Dy, has been proposed in Bekiaris-Liberis
and Krstic (2013b):

u(t) =K {eDoAx(t) +f e(t_s)ABu(s)ds} (2)
t—Dg

for t > 0, where K € R™™ is a feedback gain such that Ay 2
A + BK is Hurwitz. The validity of such a control strategy was
assessed in Karafyllis and Krstic (2013) via a small gain argument.

Theorem 1 (Karafyllis & Krstic, 2013). Let Dy > 0 be given and let
A e R B e R™™, and K € R™" be such that Aq = A+ BK is
Hurwitz. Let § € (0, Dy) be such that

M [ePoABK || {elalld — gm0} < i, (3)

where M, u > 0 are constants satisfying ||eat| < Me " for all
t > 0. Then, there exist N,oc > 0 such that for all xo € R", ug €

CO([—Dy—8, 0]; R™) with ug(0) = K [eDoAxo + /%, e’SABuo(s)ds},

and D € C%(R4;Ry) with |D — Dy| < 8, the solution of (1)-(2)
associated with the initial conditions x(0) = xo and u(t) = uo(t) for
—Dg — § <t < 0 satisfies for all t > 0 the following estimate:

(Ol +  max
t—Dg—8<s<t

||u(S)||SN€“”{IIXo|I+ max ||u0(5)||}~
—Dg—8<s<0

As the left hand-side of (3) is equal to zero when § = 0, a
continuity argument shows that there always exists a § > 0 such
that (3) holds true. Therefore, Theorem 1 ensures the existence of
a sufficiently small amplitude of perturbation § > 0 of the delay
D(t) around its nominal value Dy such that the constant-delay
linear predictor feedback (2) ensures the exponential stability of
the closed-loop system with uncertain time-varying input delays.
However, due to the nature of the small gain-condition (3) that
involves the norm of matrices (which generally grow quickly as
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a function of the matrices dimensions n and m), the admissible
values of § might be conservative (see Li et al., 2014). In particular,
from the fact that M > 1and 0 < u < upm(Aq) £ — max{Re A :
A € spc(Aa)}, any § > 0 such that the small gain condition (3)
holds true satisfies the following estimate:

1 wun(Ad) >
log (1 + el ) (4)
Al [lePoABK ||

To reduce the conservatism, an LMI condition ensuring the expo-
nential stability of the closed-loop system was derived in Seliv-
anov and Fridman (2016) in the context of networked control.
The objective of this section it to propose the construction of
an alternative LMI for such a problem. Numerical comparisons
between the different methods (small gain and LMIs) will be
carried out in Sections 2.4 and 4.

5 &

2.2. Preliminary results

For h > 0, we denote by W the space of absolutely continuous
functions ¥ : [—h, 0] — R" with square-integrable derivative

endowed with the norm [|¢/[lw 2 \/ Iy (012 + [°, 19(6)]12d6
(see Kolmanovskii & Myshkis, 2012, Chap. 4, Sec. 1.3).

Lemma 1. Let M,N € R™", Dy > 0, and § € (0, Do) be given.
Assume that there exist « > 0, P1, Q € Sf™*, and P,, P; € R™" such
that (8, k) < 0 with

08, k)= (5)
2kPy+MTP,+P,M Py —P, +M'P; 8PN
Pi—P,+P/M —P; — PJ +25Q 8Py N
SNTP, SNTP; —8e~2DoQ

Then, there exists Co > 0 such that, for any D € c°(R.; R, ) with
D — Do| < 4, the trajectory x of:
x(t) = Mx(t) + N {x(t — D(t)) — x(t — Do)},
xX(t) = xo(t), te[-Do—3,0]

with initial condition xo € W (for h = Dy + §) satisfies ||x(t)|| <
Coe ™ || xollw for all t > 0.

t > 0;

Proof. For all t > 0, one has

t—D(t)

X(t) = Mx(t) + Nf x(t)dr. (6)
t—Dg

Inspired by classical Lyapunov-Krasovskii functional depending

on time derivative for systems with fast varying delays, see Frid-

man (2014, Sec. 3.2), we introduce V(t) = Vy(t) + V,(t) with

Vi(t) = x(t)TPix(t) and Vy(t) = f_*;:f_tf Ly €C70%(s)TQ(s)ds

do, where Py, Q € S;*. Then we have, for all t > 0,

V(t) = 2x(t) T Pix(t) + 28%(t) T QX(t) — 2k Vs(t) (7)
—Do+6
— f e*9%(t +0)TQx(t + 6)do.
—Do—8
The remaining of the proof is now an adaptation of Fridman

(2006, Proof of Thm 1). Introducing P = [Pl 0 ] where P,, P; €

P, P
R™" are “slack variables” (Fridman, 2014), we have
T X(t)
coy )| X(E) | T t-D(t)
t)TPix(t) = | P .
X(6) Pax(t) [x(t)] —x(t)+Mx(t)+N/ x(r)dt
t—Dg

x0)]" <o 17[xe)
z[x(t)] P |:M —1} [x(t)] (8)

t—D(t) T
+/rD0 [igg] pT [g}k(r)dr.

Now, from the fact that, for any a, b € R", 2a"b < |la|®> + ||b]|%
we obtain that

.
2 [igg] pT [ﬂ X(1)

. T
—> (ek(rt)Ql/Z [g] P [ﬁ%iﬂ) (eK(H)Ql/z)-‘(T))

T T
ol il (2] o]
+ > %) Qx(7).
With (7)-(8) we deduce that

V(t) + 2k V(t)
)
<22 [80] o[8[

oo [ 7 [0] 1[0, [x()
woen (0] er{v]e 5] i)
t—D(t)

+ 28x%(t)TQX(t) + / e %) Qx(r)de

t—Dg

t—Do+8
- / > 0%()T Qi(z)dt
t

—Dg—46

T T
<] o vseer [ [8] o) )

where it has been used the fact that the sum of the two integral
terms is always non positive, and with

-
apT|0 1 0 I kP; 0

II/P[M N Y P+2 0 80|

From ©(8, «) < 0, the direct application of the Schur complement

yields V(t)+2«V(t) < 0. The conclusion follows from the fact that

Am(POIX(E)I? < V() < max (am(P1), 282m(Q)) lIx(¢ + )1y for all
t>0. O

By a continuity argument, ©(§, 0) < 0 implies ©(§, ) < 0 for
some xk > 0. We deduce the following result.

Corollary 1. Let M,N € R™", Dy > 0, and § € (0, Dy) be given.
Assume that ©(5,0) < 0. Then the conclusions of Lemma 1 hold
true for some decay rate « > 0.

From Lemma 1, the feasibility of the LMI ®&(8, k) < 0 ensures
that M is Hurwitz. The following lemma states a form of converse
result.

Lemma 2. Let Dy > 0 and M, N € R™" with M Hurwitz be given.
Let P, € S;™* be the unique solution of M™P, +P,M = —I and let
0 ? k < 1/(4Am(Py)) be given. Introducing §* = §*(«x) > 0 defined
by

- (Do, min {1 — 4iin(P), ((M—l)TM—l)}) 7

272620 [NT [P, —(M~1)TP]|
the LMI ®(§, k) < 0 is feasible for all § € (0, §*).

1 With the convention §* = Dy in the case N = 0.



4 H. Lhachemi, C. Prieur and R. Shorten / Automatica 109 (2019) 108551

Proof. As M is Hurwitz, let P, € S,T* be the unique solution

of the Lyapunov equation M'P, + P,M = —I. We introduce
Py = 2P, € S, P; = —(M™1)TP, and Q = o € S;* with
a > 0. Then ©(§, k) < 0 becomes:
4¢Py — 1 0 8PN
0 —S3 + 2a8l 8PJN < 0. (9)
SNTP, SNTP, —ade%Po]

with S3 = P;+P] = (M~1)"M~! = 0. As «,§ > 0, the Schur
complement shows that (9) is equivalent to

.

4Py — 1 0 8 sepg [PN]| PN

[ 0 —S3+2a81]+ae PIN] [prn| <%
3

A sufficient condition ensursing that the above LMI is satisfied is
provided by —B + 2a8 + —B1 < 0, where By £ min {1 — 4k Ay
o
A K 2
(P2), Am(S3)} > 0 and By 2 e*Po NT [P, Ps]
deduce that § <

> 0. We
——— implies that ®(8, k) < 0, where
20 + Bi/a

a > 0 can be freely selected. In the case N = 0, we obtain
that 8; = 0 and thus, by letting « — 0T, §* = Dy. In the case
N # 0, we have 8; > 0. Indeed, by contradiction, 8; = 0 implies
NTP, = P,N = 0. Multiplying MTP, + P,M = —I from the left
side by NT and from the right side by N, we obtain that NTN = 0
yielding N = 0. To conclude the proof, it is sufficient to note that,
for any given a, b > 0, the function f(«) = ao + b/« is such that

f(a) > f(v/b/a) = 2+/ab for all @ > 0. O

2.3. Robustness of constant-delay predictor feedback with respect to
time-varying input delays

We can now introduce the main result of this section.

Theorem 2. Let A € R™", B € R™"™, and K € R™" be such that
Aq 2 A+BK is Hurwitz. Let ¢ be a transition signal® over [0, to] with
to > 0 and let Dy > O be a given nominal delay. Then, there exists
8 € (0, D) such that for any D € c°(R,; Ry ) with |D — Dg| < 6,
the closed-loop system given for t > 0 by

X(t) = AX(t) 4 Bu(t — D(t)),

Uli-py—s,00 = 0s
u(t) = @(t)KePo x(t)

t
+ @(t)K / el ~MBu(s)ds,
t—Dp

x(0) = xo

with initial condition xo € R" is exponentially stable in the sense
that there exist constants «, C; > 0, independent of xo and D, such
that ||x(t)|| + llu(t)]l < Cie™*Y||xgll. In particular, this conclusion
holds true (resp., with given decay rate k > 0) for any & € (0, Dg)
such that there exist Py, Q € S;™* and Py, P; € R™" for which the
LMI ®(§,0) < 0 (resp., ©(§, k) < 0) holds true with M = A, and
N = ePo”BK.

Proof. Let § € (0, Do) be such that ®(8, 0) < 0 is feasible (see
Lemma 2) and, by a continuity argument, let « > 0 be such
that ®(§, k) =< 0 is feasible. By the properties of the Artstein
transformation (Bresch-Pietri, Prieur, & Trélat, 2018), we have
x € CY(Ry;RM and u € ¢%([—Dg — 8, +00); R™). We introduce

2 See notation section.

z € CY(R,; R") defined for all t > 0 by (see Artstein, 1982):

2(t) = ePoAx(t) + / e MBu(s)ds. (10)

t—D,
As u = ¢Kz, we have (;or allt > 0,
z(t) = (A+ o(t)BK)z(t) (11)
+ ™" BK{[pz](t — D(t)) — [¢z](t — Do)}
In particular, we have for all t > t; £ ty + Do + 8 that
2(t) = Aaz(t) + eP*BK {z(t — D(t)) — z(t — Dy)} (12)

with Aq = A+BK Hurwitz and the continuously differentiable ini-
tial condition z|, ,,;. Applying Lemma 1, we obtain that ||z(¢)[| <
Coe ™ =|z(ty + )[lw for t > ty.

We introduce V(t) = |z(t)||?/2 for t > 0. The use of the
Young's inequality shows that there exist constants y, 2 > 0,
independent of xy and D, such that for all t > 0, V(t) < 4, V(t) +
yalo(t —D(6))PV(t —D(t))  + y2lg(t — Do)I*V(t — Do). We show
by induction that, for any n € N*, there exists a constant ¢, > 0,
independent of xo and D, such that V(t) < c2||x]|?/2 for all
t € [0, n(Do—4)]. In the case n = 1, we have for all t € [0, Do — 4],
o(t — D(t)) = ¢(t — Dg) = 0. Thus V(t) < y,V(t) and we
obtain that the property holds true with c; = e?1(Po=3)/2| P ||,
Assume that V(t) < c2|xo||?/2 for all t € [0, n(Dy — 8)]. Then,
for all t € [0,(n + 1)(Do — 8)], we have t — D(t) < n(Dp — §)
and t — Dy < n(Do — &), yielding V(t) < y1V(t) + y2ci %1% A
straightforward integration shows the existence of the claimed
Cny1 > 0.

Let np > 1 be such that no(Dp — §) > t;. This yields
SUPeqo,y1 1Z(E)l < CngllXoll. From (11), we infer the existence
of a constant ¢, > 0, independent of xo and D, such that
SUPtepo,¢1 1Z(E)l < Collxoll. From the definition of || - |lw, we

obtain that ||z(t; 4+ )llw < Gillxoll with & = /c2 + (Do + 8)3.

We deduce that ||z(t)] < 60e"“||x0|| for all ¢ > 0 with Gy =
e max(CoC1, cy) > 0. The conclusion follows from straightfor-
ward estimations of u = ¢Kz and (10). O

Remark 1. In Theorem 2, the initial control input is identically
zero, i.e., Up £ ul(_p,_s,0; = 0. This can be obtained in practice by
initially applying a zero control input. This avoids the necessity of
(1) regularity assumptions on ug; (2) the introduction of compat-
ibility conditions restricting the admissible initial conditions xg
(see Theorem 1); (3) the explicit knowledge of ug to initialize the
computation of the predictor feedback. Note that in the case of an
actuator exhibiting a dynamical behavior, the initial actuator state
is, in general, non zero. In this case, one could augment the state
of the plant with the dynamics of the actuator. In this setting, the
initial condition of the actuator is captured by x,.

2.4. Applications

Using the LMI solvers of MATLAB R2017b, we compare the
application of the results of: (T1) Theorem 1 from Karafyllis and
Krstic (2013); (T2) the LMI condition from Selivanov and Fridman
(2016, Thm 2); (T3) Theorem 2. The examples are extracted
from Li et al. (2014).

Example 1. With the matrices

A=[_O1 }] B=m, K=[-1 -3],

the closed-loop poles are located in —14j. For Dy = 1 s, we obtain
(T1) § = 0.0212 (6 = 0.0400); (T2) with « = 0.2, § = 0.0563;
(T3) with « = 0.2, § = 0.0780.
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Example 2. With the matrices

-2/3 -1 5/3 1 -1
A=| 0o -1 0|, B=|0 2|,
1/3 -1 2/3 -2 1
— [0.3572 04853 1.1281
=10.3925 —0.5660 0.4235 |°

the closed-loop poles are located in —14j and —2. For Dy = 1 s,
we obtain (T1) § = 0.0147 (6g = 0.0391); (T2) with k = 0.2,
8 = 0.0591; (T3) with k = 0.2, § = 0.0796.

3. Extension to the feedback stabilization of a class of diagonal
infinite-dimensional systems

We extend the results of Theorem 2 to the feedback stabi-
lization of a class of diagonal (infinite-dimensional) boundary
control systems exhibiting a finite number of unstable modes by
means of a boundary control input that is subject to an uncertain
and time-varying delay. In the sequel, (%, (-, -),) is a separable
K-Hilbert space.

3.1. Problem setting

Let Dy > 0 and § € (0, Dy) be given. We consider the abstract
boundary control system (Curtain & Zwart, 2012):

—(t) = AX(t), t>
de
BX(t) = i(t) 2 u(t — D(t)), t>0 (13)
X(0) = X,
with

e A:D(A) C H— H alinear (unbounded) operator;

e B:D(B) C H— K™ with D(A) C D(B) a linear boundary
operator;

o u:[—Dp—34, +00) — K" with ul;_p,_s o) = 0 the boundary
control;

e D:R, — [Dy —§, Dy + §] a time-varying delay.

It is assumed that (A, B) is a boundary control system:

(1) the disturbance-free operator .4,, defined on the domain
D(Ag) £ D(A)Nker(B) by Ag £ Alp(a,) is the generator of
a Cp-semigroup S on H;

(2) there exists a bounded operator B € £(K™, #), called a
lifting operator, such that R(B) C D(A), AB € L(K™, H),
and BB = Igm;

where ker(B) stands for the kernel of B and R(B) denotes the
range of B.

In the following developments, we assume that the boundary
control system exhibits a diagonal structure:

Assumption 1. The disturbance-free operator 4y is a Riesz
spectral operator (Curtain & Zwart, 2012), i.e.,, is a linear and
closed operator with simple eigenvalues X, and corresponding
eigenvectors ¢, € D(Ap), n € N*, that satisfy:

(1) {¢n, n € N*} is a Riesz basis (Christensen, 2016):

(a) spang ¢n = H;

neN*
(b) there exist constants mg, Mg € R? such that for all
N e N*and all a1, ..., ay €K,

N N
2
mg Y lanl” < | Y andhn
n=1 n=1

2 N
<MY o’ (14)
H n=1

(2) The closure of {X,, n € N*} is totally disconnected, i.e. for
any distinct a, b € {A,, n € N*}, [a, b] & {\;, n € N*}.

We also assume that the system presents a finite number of
unstable modes and that the set composed of the real part of the
stable modes does not accumulate at O:

Assumption 2. There exist No € N* and o € RY such that
Rei, < —a foralln > Ny + 1.

As {¢,, n € N*}is a Riesz basis, we can introduce its biorthog-

onal sequence {y,, n e N}, ie, (¢, Y1)y = &1 € {0,1}
with 6,y = 1 if and only if k = I Then, we have for all
x € H the following series expansion: x = an] (X, Yn) gy

¢n. As Ag is a Riesz-spectral operator, then v, is an eigenvector
of the adjoint operator A associated with the eigenvalue A,;.

3.2. Spectral decomposition and finite dimensional truncated model

Under the assumption that it € C?([0, +00); K™) and X, €
D(A) such that BXg = u(0) = u(0 — D(0)) = O (i.e, Xo €
D(Ap)), there exists a unique classical solution X € (R, ; D(A))N
CY(R,; ) of (13); see, e.g., Curtain and Zwart (2012, Th. 3.3.3).
Then,

X(t) = Z (X(t), Wn>7-t O = Z Ca(t)n,
neN* neN*

where c,(t) 2 (X(t), ¥n)4. We infer that ¢, € C'(Ry; K) and,
from (13), we have for all t > 0 the following spectral decompo-
sition (Lhachemi & Shorten, 2019):
Ca(t)
= (AX(t), Ym)yy
= (Ao {X(t) — Bi(t)} , ¥a),, + (ABUU(t), ¥n),,
= (X(t) — B(t), Agym),, + (ABU(t), ¥),,
= )\ncn(t) - )‘-n <Bﬁ(t)’ 1//n>7_£ + (ABﬁ(t), wn>7_£ s (15)
where it has been used that B {X(t) — Bi(t)} = u(t) — i(t) = 0,
showing that X(t) — Bu(t) € D(A) N ker(B) = D(Ay).

Let £ = (eq,ey,...,6ey) be the canonical basis of K™. Intro-
ducing by x £ —A, (Bek, ¥n)4, + (ABex, ¥n)4,, we obtain from (15)
that the following linear ODE holds true for all t > 0

Y(t) = An, Y(t) + By u(t — D(t)), (16)
where Ay, = diag(}1, ..
e KNoxm "and
ci(t) (X(O), Y1) n
vo=| : |=|
() (X(), ¥y ),

Under the following assumption, we obtain the existence of a
feedback gain K™MNo such that A, + By, K is Hurwitz.

NoxN
oy Ag) € KY0*N0, By = (b k)1<n<ng,1<k<m

e KMo, (17)

Assumption 3. (Ay,, By,) is stabilizable.

Then, we can employ the strategy presented in Section 2
to ensure the exponential feedback stabilization of the finite-
dimensional truncated dynamics (16). The objective is now to
assess that such a strategy ensures the stabilization of the full
infinite-dimensional system.

Remark 2. In general, even for problems originally defined over
the real field K = R, the spectral decomposition (16) might be
complex-valued due to the incursion into the complex plan to de-
fine the eigenstructures (A,, ¢,) of the system; typical examples
of such systems are strings and beams. Consequently, we need in
the sequel the following complex-version of Theorem 2.
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Corollary 2. In the context of Theorem 2 but with complex-valued
A B K, and xq, ie, A € C"", B € C™ K e C™" and
Xo € C", the conclusions of Theorem 2 hold true with M = R(A.)
and N = R(ePoABK). In this case, the matrices of (5) are such that
P1,Q €5 and P,, Py € R*™21,

Proof. For z(t) € C", we infer that (12) is equivalent to

Z(t) = R(AQ)Z(t)

+ R(e”*BK) {Z(t — D(t)) — Z(t — Do)}

with z(t) = [Rez ' Imz(t)T i € R?". Furthermore, as A is
assumed Hurwitz, so is R(Aq). Then, the conclusion follows from
the proof of Theorem 2. O

3.3. Dynamics of the closed-loop system

Let Dy, top > 0 and § € (0, Dg) be given. Let ¢ € C*(R;R)
be a transition signal over [0, t;] and D € C*(Ry; R) be a time-
varying delay such that [D —Dg] < 4. The dynamics of the
closed-loop system takes the form (see Lhachemi & Prieur, 2019
for the nominal case D(t) = Dy):

dx
E(t) = AX(t), (18a)
BX(t) = u(t) = u(t — D(t)), (18b)
u|[—D0—6,O] =0, (18¢)
u(t) = p(t)Ke® Moy (t) (18d)

t
+ w(t)l(/ el "o By u(s)ds,
t—Dg

X(0) =X, (18e)

for any t > 0 with Y given by (17). The gain K € K™ is selected
such that Ay £ Ay, + By, K is Hurwitz.

Lemma 3. Let (A, B) be an abstract boundary control system such
that Assumptions 1, 2, and 3 hold true. For any X, € D(Ap) and
D € C*(Ry; R) such that |D — Dy| < 8 < Dy, the closed-loop system
(18a)-(18e) admits a unique classical solution X € C°(R,.; D(A)) N
C'(R,; H). The associated control law u is the unique solution of the
implicit equation (18d) and is of class C*([—Dg — 8, +00); K™). It
can be written under the form u = ¢KZ with, for all t > 0,

t
Z(t) £ ePoMoy (t) + / el ~Mo By u(s)ds, (19)

t—Dg

which is such that Z € (R, ; KNo) with for all t > 0,

Z(t) = (An, + @(£)Br, K)Z(t) (20)
+ eP%o By K {[pZ(t — D(t)) — [¢Z](t — Do)}

The proof of Lemma 3 relies on the invertibility of the Artstein
transformation (Bresch-Pietri et al.,, 2018) and on the fact that,
for any t € [n(Dp — §8),(n + 1)(Dy — §)] with n € N, the
actual control input i(t) is such that u(t) = 0 for n = 0 and
depends only on the system state X (via Y) over the range of time
[0, n(Dg — 8)] when n > 1. Therefore, the existence of a classical
solution X for the closed-loop system (18a)-(18e) can be shown
by induction using classical results on boundary control systems
with boundary input of class ¢? (see, e.g., Curtain & Zwart, 2012,
Th. 3.3.3). Such a regularity of the control input follows first from
the fact that the control law u implicitly defined by (18d) via
the Artstein transformation is of class ¢° (see Bresch-Pietri et al.,
2018) and then from (19)-(20). A detailed proof in the case § = 0,
i.e, D(t) = Dy, can be found in Lhachemi and Prieur (2019,
Section IV.B) and, based on the above remarks, can be extended
in a straightforward manner to the configuration of Lemma 3.

3.4. Exponential stability of the closed-loop system

The exponential stability of the closed-loop system
(18a)-(18e) in the nominal case D(t) = Dy has been assessed
in Lhachemi and Prieur (2019). The contribution of this paper
relies on the following robustness assessment of the control
strategy with respect to uncertain and time-varying delays D(t).

Theorem 3. Let (A, B) be an abstract boundary control system
such that Assumptions 1, 2, and 3 hold true. There exist § € (0, Dg)
and n > 0 such that, for any given &, > 0, we have the existence of
a constant C, > 0 such that, for any Xy € D(Ag) and D € C*>(R,; R)
with |D — Do| < & and sup;cg, |D(t)| < &, the trajectory X and
the control input u of the closed-loop dynamics (18a)-(18e) satisfy
IX(E) 2 + Nu(t)ll < Cee™™||Xoll% for all t > 0. In particular, this
conclusion holds true for any § € (0, Do) such that ©(8,0) < 0 is
feasible with

e in the case K = R, M = Ay, + By,K, N = e™™oBy K,
P1,Q € S}*, and Py, P; € R™™;

o in the case K = C, M = R(Ay, + By,K), N = R(e”*0 By K),
Py, Q €5, and P, Py € R¥2,

Furthermore, if k > 0 is such that ©(5, ) < 0 is feasible, then the
decay rate n can be taken as any element of (0, k] if & > « or (0, «)
ifa <«.

Proof. Let § € (0,Dg) and ¥ > 0 be such that ®(5,«x) < 0 is
feasible (see Lemma 2). We introduce n € (0,«] if « > « or
n € (0, ) if « < k. Thus, we can select a ¢ € (0, 1) such that
ae 2 a(1—¢€) > n.Let §, > 0 be arbitrarily given. Let Xy € D(Ap)
and D € C?(Ry; R) such that |D — Do| < & and sup,.g, [D(t)| < &,
be given.

From Lemma 3, we denote by X € C%(R,; D(A4)) N CY(R4; H)
the unique classical solution of the closed-loop system
(18a)-(18e) and u € C*([—Dy — 8, +00); K™) the associated
control input. Thus (16) holds true for all t > 0. Furthermore, as
u = ¢KZ with Z given by (19) and ul[ py—s,01 = 0, we obtain from
Theorem 2 that |[Y(£)]l + llu(t)] < C1e “Jly(0 Il and [|Z(e)]] <
Coe™!|Y(0)| for all t > O with constants C;, C; > O indepen-
dent of Xy and D. From (14) and (17), we have that |Y(0)|| <
1Xo19¢/ /Mg This yields, along with 0 < n < «, ||[Y(t)]|+[lu(t)]| <
C1e™" | Xoll¢/ /Mg and [|Z(t)]| < Coe™[|Xoll2¢/ /Mg for all t > 0.

In order to assess the exponential stability of the full infinite-
dimensional system, we introduce for all t > 0,

— Bii(t), ya)|* = 0
k>Ng+1

which is such that V(t) < ||X(t) — Bﬁ(t)||,2H/(2mR) < 400 and
V e C'(Ry;R). The quantity V(t) is used to derive an upper
bound of || X(t)||« as follows. Noting that

— Bil(t), vu)|*

No
Z| ), Yl +Z|Bu
Zvor +Z|Bu

k>1

EAOk - ||B (0|12,
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we obtain that

V(t) = Z|

k>1

No
1
Bi(e), )| = 5 D |x(0) = Bi(o). v’
k=1
(14)

1 7 2 2 1 - 5
= TIVIR”X(f) - Bu(f)||7.¢ — YOl — ﬂ"Bu(t)HM

Using the triangular inequality, this yields for all t > 0,

~ 1
IX(EN5 = I1Bu(t)ll3 + \/ZMR (V(t) + IY(O)II* + mR||l3ll(f)||3,¢)-

Noting that t —D(t) > t —Dg—§, we have ||i(t)| = ||u(t—D(t))|| <
C,e"Pot8)e=n (X, |4 //Mg. As B is bounded and [|Y(t)|| < Cie™
IXoll4¢/+/Mr, the proof will be complete if we can show the
existence of C; >0, independent of Xy and D, such that V(t) <
C1e~2"Xol|%,. To do so, we compute for t > 0 the time derivative
of V as follows:

. dX .
V=Y Re{(dtm—sa(r), wk>H(X(r)—Ba(t>, wk)H},

k>Np+1

where ﬁ(t) = (1=D(t))i(t — D(t)). Using (15), Assumption 2, and
the Young Inequality (Y.L.), we obtain that

v(t)'Z 3 Re(u)|(X(6) — Bi(t), v, |

k>Ng+1
o 3 Re(aBite). w, — (sicon ) )
k>No+1
x [x(©) = Bao), val,, |
< —2aV(t)
+ Y (ABu V) ‘+‘<Bu(t Wk> D
k>No+1
x |(x(t) = Bi(t), yu),,|
2 20 V() (21)
1 - 2 i ’
#orz 2 (o, o+ o), ).

Forall t > Do+ 6 + to, as t — D(t) > to and thus ¢(t — D(t)) =1,
we have

m

ii(t) = u(t — D(t)) = KZ(t — D(t)) = >_ {KiZ(t — D(t))} e;

i=1
where K; stands for ith line of K. We deduce that

> |(asiice), i), |’

k>Np+1

<my > " |(ABei, yu) PIKiZ(t — D(0))?

i=1 k>1

m
(14) m
= (E ||AB€i||%,¢||Ki||2> (¢t — D(t))|I.
R\

Similarly, for all t > t; £ 2(Dgy + 8) + to,
u(t — D(t)) = KZ(t — D(t))
2 KAqZ(t — D(t))

+ KB, K{Z(t — 2D(t)) — Z(t — D(t) — Do)}

= Z {KiAaZ(t — D(t))) e

+ Z [ KB,k (2(c — 2D(0))

i=1

—2(t - D(t) - Do)} e
with BNO 2 gPong By,. We deduce that

. 2
i),
k>No+1
il (Z ||Bei||i||1<fAc1||2> 1Z(t — D(o))1?
i=1

28m [ —
+ = (Z B3, IIKiBu K 11
R \iz

x [|Z(t — 2D(t)) — Z(t — D(t) — Do)|1%,

where B 2 (14 §,). Thus, introducing the constants ki, k, > 0
defined by:

kl =

m
m
>~ {1ABeill3, [IKil1* + 2811Beill2, I KiAa 1%} .
26amR — { il 1 il i41c] }

Bm " 2 = 2
ko = - le IIBe; 12, | KiBn, K117,

we obtain that, for all t > t;, V(t) < —2a.V(t) + o(t) with
w(t) > 0 defined by:

o(t) = ki[1Z(t — D(t)|* + k2]|Z(t — 2D(t))

-2 2
< ke X015

—Z(t — D(t) — Do)l

where k3 = C2e?(Po+9)(k; 4 2k,e?"P0(e2™ 4 1)} /mg. Now, as V. is
of class ¢! over R, we obtain after integration that, for all t > ¢,

t
V(t) < e*ZaE(tftl)v(t])_i_efZaet/ 20161' (‘L’)Cl‘l,'

t
k3
2(ae — 1)

where it as been used that o, > 7.

It remains to evaluate V(t) for 0 < t < t;. From the expo-
nential estimate of Z(t), we have that ||Z(t)|| < CollXoll%/+/Mg
for all t > 0. From (20), we deduce the existence of a constant
¢; > 0, independent of Xy and D, such that ||IZ(t)|| < [IXollx
for all t > 0. Then, from (21), the facts that sup;cp, [D(£)] < &
and sup,cp |@(t)| < 400, and V(0) < ||X0||§{/(2mR), we obtain the
existence of a constant ¢3 > 0, independent of Xy and D, such that
V(t) < 63||X0||§{ for all t € [0, t1]. Consequently, we obtain that

- ~ 5 k
V(t) < Cre=2"||Xo |2, for all t > 0 with C; = C3e*"1 + 2(73)
o — 1
This completes the proof. O ‘

< e 2=ty () + e " Xo I3,

4. Illustrative example

We consider the following one-dimensional reaction-diffusion
equation on (0, L) with a delayed Dirichlet boundary control:

y[(t7 X) = ayXX(t! X) + Cy(tv X)7 (tv X) € ]R+ X (07 L)
Bﬁ (L)))] = u(t — D(t)), t>0

with a,c > 0, y(t,x) € R, and u(t) € R2 Introducmg the
R-Hilbert space # = [(0,L) with (f,g)y fo fgdx, it is
well-known that the above reaction- dlffusmn equatlon can be
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04 ' ' == =-Thm1-5
< e [22,Thm 2]
< 02r T TTTe—— —— Thm 2
O N S ————
0
0 1 2 3 4 5

Nominal delay DO

Fig. 1. Comparison of the estimate &g (4) derived from Theorem 1 with the
admissible values of § € (0, Dy) computed for x = 0.2 based on Selivanov and
Fridman (2016, Thm 2) and Theorem 2.

written under the form of the abstract boundary control system
(13) with X(t) = y(t,-) € H, Af = af” + ¢f on the domain
D(A) = H?(0,L), and the boundary operator Bf = (f(0), f(L))
on the domain D(B) = H'(0, L). An example of lifting operator
B associated with (A, B) is given for any (u;,u;) € R? by
{B(uq, us)}(x) = uy + (uy — uq)x/L with x € (0, L). It is well-
known that the disturbance-free operator Ag is a Riesz-spectral
operator that generates a Cy-semigroup with A, = ¢ — an’m?/I?
and ¢,(x) = Yn(x) = «/2/Lsin(nx/L), n > 1. Then, the boundary
control system (A, B) satisfies Assumptions 1 and 2. Furthermore,
straightforward computations show that b, ; = annw/2/L? and
by = (=1)""lanm,/2/I3. As the eigenvalues are simple and
bnx #0foralln > 1and k € {1, 2}, we obtain from the Kalman
condition that (Ay,, By,) is controllable, fulfilling Assumption 3.
Thus, one can compute a feedback gain K € K™MN such that
AN, + By,K is Hurwitz and then apply the result of Theorem 3
for ensuring the exponential stability of the closed-loop system.

For numerical computations, we set a = c = 0.5 and L = 2.
In this configuration, we have two unstable modes A; = 0.375
and A, = 0 while the two first stable modes are such that
A3 = —0.625 and A4, = —1.5. Setting Ny = 3, the feedback
gain K € R?*3 is computed to place the poles of the closed-loop
truncated model Ay = Ay, + By K at —0.75, —1, and —1.25.
Over the range Dy € (0,5], Fig. 1 depicts: (1) the estimate g
(4) on the admissible values of § > 0 given by Theorem 1 taken
from Karafyllis and Krstic (2013); (2) with decay rate x = 0.2,
the admissible values of § > 0 based on Selivanov and Fridman
(2016, Thm 2) and Theorem 2. For the studied example, the values
of § provided by Theorem 2 are significantly less conservative.

For numerical simulations, we set the nominal value of the
delay to Dy = 1 s. In this case, Theorem 3 ensures the exponential
stability of the closed-loop system with decay rate k = 0.2
for values of § up to § = 0.260. We set the initial condition
Xo(x) = —x(2L/3 — x)(L — x) and the time-varying delay D(t) =
1+ 0.25sin(37t + 7 /4) which is of class ¢? and is such that
ID(t) —Dg| < 0.25 < 0.260 and |D(t)] < 0.75m < +o0
for all t > 0. The transition time ty is taken as t = 0.5 s
while the transition signal |y is selected as the restriction
over [0, tp] of the unique quintic polynomial function f satisfying
f(0) = f'(0) = f"(0) = f'(to) = f"(tt) = 0 and f(to) = 1.
The employed numerical scheme relies on the discretization of
the reaction-diffusion equation using its first 10 modes. The time
domain evolution of the closed-loop system is depicted in Figs. 2—-
3. As expected from Theorem 3, both the system state and the
control input converge to zero.

5. Conclusion
This paper discussed first the use of predictor feedback for the

stabilization of finite-dimensional LTI systems in the presence of
an uncertain time-varying delay in the control input. By means

y(t,x)

5

Time (s)

Fig. 2. Time evolution of y(t) for the closed-loop system.

-
100 F\l'\«

In~
5OM —u,
0

u(t-D(b)

0 2 4 6 8 10
Time (s)

Fig. 3. Delayed command effort #i(t) = u(t — D(t)).

of a Lyapunov-Krasovskii functional, it has been derived an LMI-
based sufficient condition ensuring the exponential stability of
the closed-loop system for small enough variations of the time-
varying delay around its nominal value. Then, this result has
been extended to the feedback stabilization of a class of diagonal
infinite-dimensional boundary control systems.
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