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1. Introduction

Stabilization of open-loop unstable partial differential equa-
tions (PDEs) in the presence of delays has attracted much at-
tention in the recent years. A first class of problems deals with
the feedback stabilization of PDEs in the presence of a state-
delay (Fridman & Orlov, 2009; Hashimoto & Krstic, 2016; Kang &
Fridman, 2017a, 2017b, 2018; Lhachemi & Shorten, 2019, 2020;
Solomon & Fridman, 2015). In this paper, we are concerned with
a second class of problem, namely: the feedback stabilization of
PDEs in the presence of a delay in the control input (Guzman,
Marx, & Cerpa, 2019; Krstic, 2009; Lhachemi & Prieur, 2021; Lha-
chemi, Prieur, & Shorten, 2019a; Lhachemi, Prieur, & Trélat, 2021;
Lhachemi, Shorten, & Prieur, 2019b, 2020; Nicaise & Pignotti,
2008; Nicaise & Valein, 2007; Nicaise, Valein, & Fridman, 2009;
Prieur & Trélat, 2018; Qi, Krstic, & Wang, 2019). One of the very
first contributions in this field was reported in Krstic (2009). In
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this work, the problem of boundary feedback stabilization of an
unstable reaction-diffusion equation under a constant input delay
was tackled via a backstepping transformation. More recently,
the same problem was investigated in Prieur and Trélat (2018)
by adopting a different control design approach. Inspired by the
early work (Russell, 1978) and the later developments reported
in Coron and Trélat (2004, 2006), the authors synthesized a
predictor feedback on a finite-dimensional model capturing the
unstable modes of the original infinite-dimensional system. The
stability property of the resulting closed-loop infinite-dimensional
system was obtained via the study of a Lyapunov function. It was
shown in Guzman et al. (2019) that this approach is not limited
to reaction-diffusion systems but can also be applied to the
boundary feedback stabilization of a linear Kuramoto-Sivashinsky
equation under a constant input delay. This approach was gener-
alized to the boundary stabilization of a class of diagonal infinite-
dimensional systems in Lhachemi and Prieur (2021), Lhachemi
et al. (2019b) for constant input delays and then in Lhachemi et al.
(20193, 2020) for fast time-varying input delays.

Most of the approaches reported in the literature deal with
boundary control inputs only. Very few reported works are con-
cerned with the in-domain stabilization of PDEs in the presence
of a long delay in the control input. In this domain, the re-
cent work (Qi et al., 2019) tackles the in-domain stabilization
of an unstable reaction-diffusion equation with Dirichlet bound-
ary conditions and a constant delay in the in-domain control
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input. The reported control design strategy takes advantage of a
backstepping transformation and involves technical challenges in
the stability analysis due to the occurrence of kernel functions
presenting singularities.

From a practical perspective, it is worth noting that input
delays are generally uncertain and possibly time-varying. In this
context, the study of the robustness of the proposed control
strategies with respect to delay mismatches is of paramount
importance. The case of a distributed actuation scheme is even
more complex since spatially-varying delays can arise due to net-
work and transport effects that may vary among different spatial
regions. A first example of this situation occurs in the context of
biological systems and population dynamics (Schley & Gourley,
1999). In such a situation, delays effects are ubiquitous due to re-
action or maturation times induced either by natural processes or
exogenous inputs acting in a feedback loop. An example of the lat-
ter can be found in the context of epidemic dynamics (Wang et al.,
2020) in which control inputs take the form of either medical
prescriptions (medicines, vaccination), social distancing measures
or physical restrictions (confinement, partial limitation of people
fluxes). In this setting, spatially-varying delays appear in the
application of the measures due to the combination of incubation
periods (Guan et al.,, 2020) and specific regional characteristics.
A second example occurs in the context of thermonuclear fusion
with Tokamaks (Mavkov, Witrant, & Prieur, 2017). The objective
of these devices is to control the plasma in a torus in order
to, ultimately, achieve controlled thermonuclear fusion. In this
setting, one of the control design objectives is to regulate the
temperature of the plasma’s electrons described by a diffusion
equation. The distributed control input takes the form of the total
electron heating power density and is actually implemented by
a set of neutral-beam injection and radio frequency antennas;
see in particular (Mavkov et al,, 2017, Eq. (2)) that is a diffusion
equation with one distributed control input. It is reported in Ar-
gomedo, Witrant, and Prieur (2014) that, due to network effects,
delays of around 100 ms are introduced in the feedback loop.
Uncertain time- and spatially-varying delay occur due to network
effects and the multiplicity of the devices used to generate the
heating power density. A last example occurs in the context of the
stabilization of fronts in a reaction-diffusion system with possible
application to chemical reactors (Smagina, Nekhamkina, & Shein-
tuch, 2002). However, to the best of our knowledge, the design
and/or robustness analysis of control strategies with respect to
possibly spatially-varying delays is still an open problem. The
present study is a first step into that research direction.

This paper is concerned with the feedback stabilization of an
unstable reaction-diffusion equation with Robin boundary condi-
tions in the presence of an uncertain time- and spatially-varying
delay in the distributed control input. Motivated by Prieur and
Trélat (2018), the proposed control strategy relies on a constant-
delay predictor feedback synthesized on a finite-dimensional
truncated model capturing the unstable modes of the original
infinite-dimensional system. In essence, this approach is similar
to the one reported in Lhachemi et al. (2019a) with application
to the boundary control of a class of diagonal abstract boundary
control systems. However, we point out that the spatially-varying
nature of the delay in the control input brings new challenges
that do not allow the replication of the proof of stability reported
in Lhachemi et al. (2019a). This is because while time and space
variables where fully uncoupled in Lhachemi et al. (2019a), the
spatially-varying nature of the delay considered in this present
work introduces a strong coupling between time and space vari-
ables. Consequently, a dedicated stability analysis is required.
Inspired by the early work (Karafyllis & Krstic, 2013) dealing
with the robustness of constant-delay predictor feedback w.r.t.
uncertain and time-varying input delays for finite-dimensional
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systems (see also (Lhachemi et al., 2020) in the context of input-
to-state stabilization), this analysis is carried out in this paper
via a small gain argument. We show that the constant-delay
predictor feedback achieves the exponential stabilization of the
closed-loop infinite-dimensional system provided that the devi-
ations of the uncertain time- and spatially-varying delay around
its nominal value are small enough. The derived proof applies to
any distributed parameter system associated with an unbounded
operator that (1) generates a Cp-semigroup on a weighted space
of square integrable functions on a compact interval; and (2) is
self-adjoint with compact resolvent. This includes, e.g., the linear
Kuramoto-Sivashinsky equation studied in Guzman et al. (2019).

The remainder of this paper is organized as follows. The prob-
lem setting and the proposed control strategy are reported in
Section 2. Then, the stability analysis is carried out in Section 3.
The numerical illustration of the obtained results is reported in
Section 4. Finally, concluding remarks are provided in Section 5.

Notation. The sets of non-negative integers, real, and non-
negative real numbers are denoted by N, R, and R, respectively.
The set of n-dimensional vectors over R is denoted by R" and is
endowed with the Euclidean norm |jx|| = +/x*x. The set of n x m
matrices over R is denoted by R™™ and is endowed with the
induced norm denoted by || - |. For any t, > 0, we say that
¢ € CUR;R) is a transition signal over [0, ty] if 0 < ¢ < 1,
Pli—oo.01 = 0, and @1 o) = 1.

2. Problem setting and control design strategy
2.1. Problem setting

2.1.1. Abstract system

We consider the real state-space H = Li(O, 1) for some 0 <
p € C%[0, 1]; R), i.e. the space of square integrable functions
over (0, 1) endowed with the weighted' inner product (f, g) =
fol p(&)f(&)g(& &, The associated norm is denoted by || - ||+. We
recall that this structure defines a separable real Hilbert space. Let
A : D(A) C H — H be the generator of a Cy-semigroup T(t). We
further assume that A is self-adjoint with compact resolvent. In
this context the following result is standard, see e.g. Brezis (2010,
Chap. 6) and Curtain and Zwart (2012, Sec A.4.2). The eigenvalues
(An)n>1 of A are all real with finite multiplicity, can be sorted such
that they form a non-increasing sequence with A, — —oo when
n — 400, and the associated eigenvectors (e,)n>1 can be selected
to form a Hilbert basis of H.

Our starting point is the abstract system:

dx
a(t):AX(r)—i-v(t) (1a)
X(0) =X, (1b)

for t > 0. Here X(t) € # is the state-vector and Xy, € # is the
initial condition. We assume that the distributed feedback control
u(t) € H is related to v(t) € H by

[v(6))(§) = [u(t — D(t, £)I(§)

with D € (R, x [0, 1]; R) a time- and spatially-varying delay
that satisfies |D — Dg| < § where Dy > 0 and § € (0, Dy) are
known given constants. Constant Dy > 0 is referred to as the
nominal value of the delay D while § > 0 stands for its max-
imal amplitude of variation around Dgy. The system is assumed
uncontrolled for negative times, i.e., [u(t)](§) = 0 for t < 0 and
& € (0, 1). The objective is to design the feedback control u, taking
the form of a state-feedback of the system trajectory X, such that
the closed-loop system is exponentially stable.

1 The introduction of the weighting function p is motivated by the study of
the reaction-diffusion equation described in Section 2.1.2.
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2.1.2. Example 1: reaction—diffusion equation

The abstract formulation as previously described is motivated
by the study of the in-domain feedback stabilization of the fol-
lowing reaction-diffusion equation with Robin boundary condi-
tions:

we(t, §)= L(P}’g)s(ﬁ &)+ @y(t, §) (2a)
p(§) p(§)
+u(t —D(t,§),§)
cos(61)y(t, 0) — sin(6;)ys(t,0) =0 (2b)
cos(62)y(t, 1) + sin(6, )ye(t,1) =0 (2¢)
¥(0, &) = yo(§), (2d)

fort > 0 and £ e (0, 1). Here we have p,q e c°([0, 1]; R),
p e cl([0,1];R), p,p > 0, and 6;, 6, € [0, 27). In this setting, u :
[-Dg — &, +00) x (0, 1) — R, with u(t, -) = 0 for t < 0, is the in-
domain control input. This input is subject to the uncertain time-
and spatially-varying continuous input delay D : R, x [0, 1] - R
with |[D —Dg| < & where Dy > 0 and § € (0, Dy) are given
constants. Finally, yo : (0, 1) — R stands for the initial condition.

The reaction-diffusion system (2) can be written in the ab-
stract form (1) by using the real state-space H = Lf)(O, 1). In this
case, we have the operator Af = %(pf’)/ + %f € H defined on
the domain D(A) = {f € H?(0, 1) : cos(#;)f(0) — sin(6;)f'(0) =
0, cos(6,)f(1)+sin(6,)f'(1) = 0}, the state-vector X(t) = y(t, ) €
‘H, the distributed function v(t) = u(t—D(t, -), -) € H with control
input u(t, -) € H, and the initial condition Xy = y, € H. Recalling
that A generates a Cp-semigroup T(t) on H and that A is self-
adjoint with compact resolvent (see, e.g., Renardy & Rogers, 2006,
Sec. 8.6 and Delattre, Dochain, & Winkin, 2003), the context of the
abstract form (1) applies to this system.

Remark 1. The stabilization of (2) in the case of constant func-
tions p, p, q, a constant and known delay D, and for Dirichlet
boundary conditions (f; = 6, = 0), has been investigated in Qi
et al. (2019) via a backstepping design.

2.1.3. Example 2: linear Kuramoto-Sivashinsky equation

Another example of a PDE system fitting within the abstract
form (1) is the linear Kuramoto-Sivashinsky equation studied
in Guzman et al. (2019):

Ve(t, &) + Yezee(t, &) + Ayee(t, &) = u(t — D(t, &), §) (3a)
y(t,0) = y(t, 1) = ye(t,0) = ye(t, 1) =0 (3b)
¥(0,8) =yo(&), (3c)

fort > 0 and & € (0,1). Here we have 1 > 0. As in the
previous setting, u is the in-domain control input, D is a time-
and spatially-varying delay, and yj is the initial condition.

The linear Kuramoto-Sivashinsky equation (3) can be written
as (1) by introducing the real state-space H = [%(0, 1), the
operator Af = —f"”” — Af” € H defined on the domain D(A) =
H*(0, 1) N HZ(0, 1), the state-vector X(t) = y(t,-) € #H, the
distributed function v(t) = u(t — D(t,-),-) € H with control
input u(t,-) € #, and the initial condition Xy = yg € #. The
fact that A is self-adjoint, has compact resolvent, and generates
a Cp-semigroup, is reported, e.g., in Cerpa, Guzman, and Mercado
(2017).

2.2. Control design strategy

Assuming that the control input u is such that® v € CORL; H),
the mild solution X € C°(R,; #) of (1) is uniquely defined by (see

2 This regularity will be assessed in Section 3.1 based on the forthcoming
control strategy.
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e.g. Curtain and Zwart (2012, Def. 3.1.4 and Lem. 3.1.5))

t
X(t) = T(t)Xo + / T(t — s)v(s) ds. (4)
0

We introduce x,(t) = (X(t), e,) the coefficients of projection
of X(t) onto the Hilbert basis (en)n,>1. Then we have X(t) =
3 o1 Xa(t)en and [X(0)12, = 3o, [%a(t)]? for all ¢ > 0. Since
Ae, = Aneq, we have that T(t)e, = e*'e,. Thus, we obtain from
(4) that

t
xn(t) = e*x,(0) + / =5 (y(s), ep) ds.
0
As v is continuous, this shows that x, € C'(Ry; R) and satisfies
the ODE

Xn(t) = Anxn(t) + (v(t), en)

for all t > 0. Considering Dy > 0 a nominal value of the delay D
as described in Section 2.1.1, we define a nominal delayed control
input vo(t) = u(t — Dg). We also introduce the coefficients of
projection vn(t) = (v(t), ep) and voa(t) = (vo(t), en), and the
residual term A,(t) = vp(t) — von(t) = (v(t) — vo(t), en). Then
we have

Xn(t) = Anxp(t) + vo,n(t) + An(t) (5)

for all t > 0.
Let N > 1and y > 0 be such that , < —y foralln >N+ 1.
We consider the following structure for the control input:

N
[W(tI(E) =) wlt)ewl®) 6)
k=1
with wy(t) € R to be defined. In particular, we have
N
[w(O)1E) = Z wi(t — D(t, §))ex(), (7a)
k=
Nl
[vo(O)I(€) = Z wi(t — Do)ex(§). (7b)
k=1
Then we obtain from (5) that
Xn(t) = AnXn(t) + wa(t — Do) + An(t) (8)
for 1 <n <N, while
Xn(£) = AnXp(£) + vy(t) (9)
forn>N+1.

Remark 2. As it can be seen from (7a), the spatially-varying
nature of the input delay introduces a strong coupling between
the time and space variables. A decoupling is obtained only in the
case of a delay that is uniform throughout the spatial domain,
i.e, D(t,&) = Dy(t). In that case, (7a) reduces to [v(t)](§) =
ZL] wi(t — Dy(t))er(&). This implies the following simplifica-
tions: v, (t) = wy(t —Dy(t)) and A,(t) = wp(t —Dy(t))—wy(t —Dg)
for 1 <n < N while vy(t)=0forn >N+ 1.

Introducing
X(t) = [xi(t) w(t)] eRY,
w(t) = [wi(t) ... wy(®)] eRrY,
A =[a(0) ... an(0)]" eRrY,
A = diag(hq, ..., Ay) € RVXN,

we obtain that
X(t) = Ax(t) + w(t — Do) + A(t) (10)

for all t > 0. From (6), we have |[u(t)|l = [Jw(t)].
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The control design strategy consists of the design of a
constant-delay predictor feedback in the nominal configuration
D(t, &) = Dg for which (10) reduces to x(t) = Ax(t) + w(t —
Do). Thus, the control scheme takes the form of the classical
constant-delay predictor feedback:

w(t) = e(t)K {x(t) +/

et=Po=944(s) ds}, (11)
—Dp

where K € RV*N s a feedback gain such that Aq = A + e Po4K
is Hurwitz and ¢ € C°(R; R) is a transition signal® over [0, t,] for
some arbitrarily given t; > 0. In particular, we have w(t) = 0
and hence u(t) = 0 for t < 0. The existence and uniqueness
of a function w that is solution of the implicit equation (11) has
been investigated in Bresch-Pietri, Prieur, and Trélat (2018). See
the proof of Lemma 9 for details.

The objective of the remainder of this paper is to show the
following robustness result: the constant-delay predictor feed-
back (11) achieves the exponential stabilization of (1) with com-
mand input (6) for small enough deviations of the time- and
spatially-varying delay D(t, £) around its nominal value D.

Remark 3. For a given desired closed-loop matrix Aq € RNV,
the corresponding feedback gain K € RV*N is given by K =
eDoA(Ad — A)

Remark 4. The transition signal ¢ appearing in (11) is used
to ensure a continuous transition from open-loop (t < 0) to
closed-loop (t > 0). In particular, recalling that [v(t)](§) =
[u(t—D(t, £))](&€), this transition signal prevents the occurrence of
jumps in the distributed signal v(t) at times t > 0 for which the
function t +— t —D(t, &) crosses 0 while avoiding the introduction
of compatibility conditions restricting the set of admissible initial
conditions Xy € H. This continuous behavior will be used in the
well-posedness assessment; see the proof of Lemma 9 for details.

2.3. Statement of the main result
The main result of this paper is stated below.

Theorem 5. Let the real state-space H = Lf}(O, 1) for some
0 < p € %0, 1];R). Let A : D(A) C H — H be a self-adjoint
operator with compact resolvent and which is the generator of a Cy-
semigroup. Let an integer N > 1 be such that Ay < 0. Let Dg > 0
be a given nominal delay. Let K € RN*N be a feedback gain such
that Aq = A + e 204K is Hurwitz. Let M > 1 and o > 0 be such
that ||e’at|| < Me=°" for all t > 0. We denote by K the kth line of
the feedback gain K. Let § € (0, Do) be such that

max(M, eHAcI”‘S
o

N
N D UKl {(e"al® — 1)+ g8e”} < 1. (12)
k=1

Let ¢ € C°(R; R) be a transition signal over [0, ty] for some given
to > 0. Then there exist constants x,C > 0 such that, for any
initial condition Xy € # and any delay D € C°(R,. x [0, 1]; R) with
D — Do| < 8, the mild solution X € c%(R,; H) of the closed-loop
system composed of (1), (6), and (11) satisfies

IX(E)2¢ + Nlu(t)ll2 < Ce ™[ Xolln
forallt > 0.

Remark 6. As the left-hand side of (12) is equal to zero when
evaluated at § = 0, the existence of § > 0 such that (12) holds is

3 See notation section.
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ensured by a continuity argument. This shows that the constant-
delay predictor feedback synthesized based on the nominal value
Dy of the time- and spatially-varying delay D(t, &) ensures the
exponential stability of the resulting closed-loop system for de-
lays with deviations § around the nominal value Dy that are
small enough. In this context, (12) stands for an explicit sufficient
condition on the admissible values of § > 0.

Remark 7. The first part of the proof of Theorem 5 consists
of the study of the robustness of the constant-delay predictor
feedback with respect to delay mismatches in the context of the
finite-dimensional system (10). Note that similar problems were
investigated in Bekiaris-Liberis and Krstic (2013), Karafyllis and
Krstic (2013), Krstic (2008), Lhachemi et al. (2019a), Li, Zhou,
and Lin (2014) and Selivanov and Fridman (2016) either in the
case of constant or time-varying input delays. However, due to
the spatially varying nature of the delay considered in this work,
the above results do not apply because of the occurrence of the
A(t) termin (10). Hence, a dedicated stability analysis, taking into
account the spatially-varying nature of the delay, is required.

Remark 8. The stability result stated by Theorem 5 holds in
[2-norm. In the particular case of the reaction-diffusion equation

Ye(t, &) = yee(t, &) + c(&)y(t, &) +u(t — D(t, £), §)

with Dirichlet boundary conditions y(t,0) = y(t,1) = 0 and
where ¢ € L[*°(0, 1), the classical solutions (obtained, e.g., for
yo € H?(0, 1)NH,(0, 1), D € CY(Ry x [0, 1]; R), and ¢ € C'(R; R))
of the closed-loop system are exponentially stable in H'-norm.
This result essentially relies on the identity:

1
T RECCLTED DEA Rt

n>1

which holds for any f € H2(0, 1)NH,(0, 1); see Prieur and Trélat
(2018, Eq. 42) for a detailed proof. Based on the stability result of
Theorem 5 and using a similar approach to the one reported in
Section 3.3 to estimate ZH>N+] [Anllxn(£)]?, the claimed stability
estimate in H'-norm follows.

3. Proof of the main result

This section is devoted to the proof of the main result of this
paper, namely: Theorem 5.

3.1. Well-posedness

We first assess the well-posedness of the closed-loop system
dynamics.

Lemma 9. For any initial condition Xy € H and any delay
D e CO%R, x [0,1]; R) with |D —Dy| < 8 < Dy, there exists
a unique mild solution X € C°(Ry; M) of the closed-loop system
composed of (1), (6), and (11). Moreover, the control input satisfies
u e C%[—Dg — 8, +00); H) as well as v € CO(R,; H) with w €
C%([—Do — 8, +00); RN).

Proof. Let Xy € % and D € c®(R, x[0, 1]; R) with [D — Dg| < § <
Do. We show by induction that, for any k > 1, the mild solution
X € c%([0, k(Dy—8)]; ) given by (4) is well and uniquely defined
with u € ¢%([—Dg — 8, k(Do — 8)]; H) and v € €°([0, k(Do — 8)]; H)
where w € C%([—Dg — 8, k(Dg — 8)]; RV) is the unique solution of
(11) over the time interval [—Dy — &, k(Do — 8)].

Initialization. For 0 < t < Dg — §, we have that t — D(t, &) <
t — (Do — 8) < 0 hence v(t) = 0. Then we have X(t) = T(t
forall 0 < t < Dy — &, yielding X e c%[0,Dy — 81; H).
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In particular x € ¢°([0,Dy — §]; RV) and the control input w
solution of the fixed-point equation (11) is well and uniquely
defined (see Bresch-Pietri et al., 2018 for details), and we have
w e C%[=Dg — 8, Dy — 8]; RN). Finally, we infer from (6) that
ue CO([—DO —8,Dg — 48]; H)

Induction. Assume that the property holds true for a given integer
k > 1.For0 <t < (k+ 1)Dy — 8), we have that t —
D(t, &) <t —(Dg — 8) < k(Dg — 8). Thus v over the time interval
[0, (k4 1)(Dg — 8)] only depends on the known control input u for
times in the interval [—Dy — &, k(Do — §)]. We need to show that
v € C9([0, (k+1)(Dg—8)]; H). First, as wy, is continuous on [—Dg —
8, k(Do — 8)] and D is continuous on Ry x [0, 1], we obtain that
wy(t —D(t, -)) € L*°(0, 1) for any t € [0, (k+ 1)(Dg — 8)]. Then we
obtain from (7a) that v(t) € Lf)(O, 1) forany t € [0, (k+1)(Do—3)].
Now we note from (7a) that, for any 7, t € [0, (k + 1)(Dg — 8)],

N
() = v(®)lla < D Iwilt = D(x, -)) — wilt — D(t, -)}exll»

k=1
with

I{wi(t — D(t, )) — wi(t — D(¢, -)}exll3,

1
= / p(E)lwi(T — D(z, §)) — wi(t — D(t, §))*ex(£) d&
0

— 0
T—>t

by the Lebesgue dominated convergence theorem (Folland, 2013).
We have shown that v e c%([0, (k + 1)(Dg — 8)]; #). Thus,
using (4), the mild solution X € ¢°([0, k(Dy — 8)]; #) is uniquely
extended as a function X e ¢°([0, (k4 1)(Dg—4)]; #). In particular
x € ([0, (k + 1)(Dy — 8)]; RV) and the control input w solution
of the fixed-point equation (11) is well and uniquely defined
(see Bresch-Pietri et al., 2018 for details), and we have w €
c%([—Dg — &, (k+ 1)(Dy — 8)]; RN). Finally, we infer from (6) that
u e c%[—Do — 8, (k + 1)(Do — 8)]; #). This completes the proof
by induction. O

We have shown the existence and uniqueness of the mild
solution X € C°(R,;#) for the closed-loop system associated
with any initial condition Xy € # and any delay D € C’(R; x
[0, 1]; R) with |[D — Dy| < 8 < Dg. Moreover, as v € CO(R; H),
then the spectral reduction reported in Section 2 holds true. Now,
the proof of the stability result stated in Theorem 5 is completed
in three steps. First, a small gain argument is used to assess the
stability of the truncated model (10). Second, the stability of the
residual infinite-dimensional dynamics (9) is investigated. Finally,
we will be in position to prove the stability of the closed-loop
infinite-dimensional system.

3.2. Stability analysis of the closed-loop truncated model

The stability analysis takes the form of a small gain argument.
This approach is inspired by the seminal work (Karafyllis & Krstic,
2013) dealing with the robustness of constant-delay predictor
feedback w.r.t. uncertain and time-varying input delays.

Step 1: use of the Artstein transformation. We first introduce
the change of variable (Artstein, 1982):
t
Z(t) = x(t) + / et=Po=)4y(s) ds. (13)
t—Dg

In particular we have from (11) that w =
CY(R,; RN) satisfying

2(t) = Az(t) 4+ e PoAw(t) + A(t) (14)
for all t > 0, and thus

2(t) = Aaz(t) + A1) (15)

9Kz with z €
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for all t > t,.

Step 2: estimation of sup,(, ,p, s, €| A(s)ll. We infer that, for
allt > 0,

| An(0)]

N 1
< Z/ p(E)|wi(t — Dt £)) — wi(t — Do)llex(& ) len(£)] dé
k=170

N

< Z sup

< [wi(t — ) — wi(t — Do) (16)
7 telDg—8.Dg+6]

k=

where it has been used that, by Cauchy-Schwarz inequality,

1
Jo PE)le(&)llen(€)IdE < llexllllenlls = 1. Now, as wy = ¢Kiz
with ¢(s) = 1 for s > ty, we have for all t > tg + Dy + § that

N
A0 < Y Kl sup [zt — T) — z(t — Do)
k=1

r€[Dg—8,Dg+5]
hence

lA(®) <Co  sup
re[Dg—8,Dg+5]

llz(t — =) — z(t — Do) (17)

for all t > to + Do + 8 with Co = /N 3p_, IKk|l.

As A is Hurwitz, we consider constants M > 1and o > 0
such that [le’at|| < Me~* for all t > 0. Integrating (15), we obtain
forallt > tg+ Do+ 6 and t € [Dg — 8, Dg + 6] that

t—1

2(t — 1) = Pzt — Do)+ M=) A(s) ds

t—Dg

from which we obtain that
lz(t — 7) — z(t — Do)l

t—7
< ||eAc1(Do—Z) —I|||z(t = Do)l + ‘ / eAcl(f—r—S)A(s)ds
t

_DO

t—1
< (@0~ 1)late = Do)l + My | [ eI s
t

_DO

where M; = max(M, el4l®), For any « € (0, o), to be specified
later, we have

t—t
/ e~ A(s)] ds
t

—Dg
t—t

/ e(a—K)s ds
t—Dg

Moreover, one has

< e—a(t—r)

sup e A)I-
se[t—(Dg+38),t—(Dp—38)]

t—t e—K([—Do)
e—o‘(t—r) / e(a—lc)s ds| < |elc('r—D0) _ ea(I—DO)
t—Dg O —K
0d
< ode ¢+(t=D0).
0 —K

where the last estimate is a consequence of the mean value
theorem. Combining the three latter estimates, we infer that, for
all ¢ > t0+D0+8,

sup  lz(t — 7) — z(t — Do)l
1€[Dg—8,Dg+5]

< (eMald _ 1)|1z(t — Do)l
8
Meﬂdf*l)o)

sup eIl AG)I.

o —K se[t—(Dg+38),t—(Dg—38)]
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Thus, we infer from (17) that, for all t > tg + Do + &,

sup  eCA@s)]l (18)
se[to+Do+46.,t]
<G(8) sup  eClz(s)I+Ca(8)  sup  eCA(®s)]|

se[tg+8,t—Dg] s€[tg,t—(Dp—4)]

MsCoo5e” oDy

where C1(8) = Coe“Po(el#l® — 1) and Gy(8) = =22

Step 3: estimation of sup,;, ., €“°[|z(s)||. We now integrate (15)
over [to, t] for t > to. Recalling that 0 < x < o, this yields

t
lz(t)ll < Me™®“")|z(to)|| + M / eI A7)l dr
to

< Me ") 1z(to) || + e " sup e[ A®s)]|

g —K seltg,t]
hence
M;s .
sup e“llA(S)l  (19)

- seltp,t]

sup €°)|z(s)[| < Mse0||z(to)|l +
se(tp,t] o

for all t > tp.

Step 4: exponential stability of z(t). Combining estimates ((18)-
(19)), we deduce that

sup e[ A@)Il
se[to+Do+4,t]

< G(8)llz(to)ll + n(8) sup e[ A(s)ll

seltg,t]

(20)
for all t > to+ Do+ 8 with C3((S) = Mse"foc1(8) and
M;Cq(8
n(8) = %() + Ga(8)
M;Coe<Do
_ MsCoe™ {(eMal® — 1) 4 557} .
O — K

From the small gain assumption (12), a continuity argument at
« = 0 shows the existence of* ¥ € (0, min(o, y/2))such that 0 <
n(8) < 1. We fix such a ¥ € (0, min(o, y/2)) for the remainder of
the proof. Noting that the supremums appearing in (20) are finite,
we infer from this estimate that, for all t > ty + Dg + 8,

sup e Al
s€[to+Dg+46.,t]
G3(9)

=< 1—777(5) el A)Il

n(é)
llz(to)| + ———  sup
1—n(8) seltg,to+Do+31
From (19) and using the estimate supsg, e [A(S)| <
SUPse(tg to+Do+6] € 1 A + SUPse(ry Do+, € I1A(S)II, we have for
allt > tg+ Do + 6

sup e*l|z(s)]
se[tp,t]

< C4(8)llz(to)l + Cs(8)  sup e[ A®s)|
se(tp,tg+Do+6]
i _ C3(8) _ M,
with Cy(8) = Mgle“"—i-m} and Gy(8) = M

1(3) — Ms ic i
{1 —+ 17,7(5)} = GGy This yields, for all t > ty + Do + 4,

lz(6)ll < Ca(8)e™" [1z(to)| (21)
+Gs(8)e™  sup <A
seltg,to+Do+4]

We now evaluate, in function of the initial condition z(0) = x(0),
the two terms on the right hand side of (21). We recall that
w = @Kz. On one hand we have for t < Dy — § that t — D(t, &) <
t—(Dg—68) <0andt— Dy < 0. From (7), we obtain v(t) =

4 e recall that y > 0 has been selected such that 4, < —y foralln > N+1.
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vo(t) = 0 and A(t) = (v(t) — vo(t), en) = 0, hence A(t) = 0. On
the other hand, we have from (16) that, for t > Dy — 6,

N
[An(E)] <2 sup [wi(s)|
1 SElt—=(Do+8).t—(Dg—3)]
N
<2) [kl sup lz(s)1l.
k=1 se[0,max(t—(Dg—§),0)]

where we have used that wi(s) = 0 for s < 0 and |w(s)] <
Kkl Iz(s)|| for s > 0. In both cases, we obtain that, for all t > 0,

1AM = 2Co sup llz(s)Il. (22)
s€[0,max(t—(Dg—4),0)]

We now show by induction that, for any k > 1, there exists
ai > 0 such that ||z(t)|| < al|x(0)|| for all 0 < t < k(Do — 8).

Initialization. For 0 < t < Dy — 8§, we have z(t) = Az(t) +
e Pody(t) = (A + o(t)e Po4K)z(t) hence ||z(t)|| < Cgllz(t)|| with
Gs = | All + lle”™“K]. In particular we have ||z(t)]| < [X(0)] +
Ce fot lz(s)|| ds. The application of Grénwall’s inequality (Curtain
& Zwart, 2012, Lem. A.6.7) yields ||z(t)|| < a1]|x(0)| for all O
t < Dy — 8 with aq = 1+ e6(Do=9),

IA

Induction. Assume that |z(t)] <

k(Do — 8). Recalling that z(t) = Az(t) + e Podw(t) + A(t)
(A + o(t)e PoAK)z(t) + A(t), we obtain from (22) that, for all
0=<t=(k+1)(Do —3),

()l < Gellz(E)ll + 2Co sup
se€[0,max(t—(Dg—§),0)]

= Gllz()1l + 2Cook[|IX(0)]l.

The use of Gronwall’s inequality shows the existence of oy > 1
such that ||z(t)]| < ar+11x(0)| for all 0 < t < (k+ 1)(Dg — $). This
completes the proof by induction.

Consequently, we have the existence of a constant « > 1,
independent of Xy, such that [|z(¢)]| < «||Ix(0)]| forall 0 <t < to+
Do + 6. Moreover, we obtain from (22) that || A(t)|| < 2Coa||x(0)]|
forall0 <t <ty+ Do+ 4.

We can now conclude on the exponential stability of z. On one
hand, we have for all 0 <t <ty + Dg + § that

lz(t)] < a[|X(0)]| < are 0 FPOFIe=|Ix(0)].
On the other hand, we obtain from (21) that, for all t > to+Dg+34,
I1Z(E)]l < @{Ca(8) + 2CoCs(8)e 0 HPotD)e* |Ix(0)]|.

Combining the two latter estimates, we obtain the existence of a
constant C; > 0 such that ||z(t)|| < C;e *!||x(0)]|| for all t > 0.

< oklx(0)|| for al 0 < t <

llz(s)I

Step 5: exponential stability of the system in its original coor-
dinates. Recalling that w = @Kz with 0 < ¢ < 1, we infer that

u(®)ll = llw(®)ll < GIIK[le™ " Ix(0)I] (23)

for all t > 0. Finally, we obtain from (13) that, for all t > 0,
t
Ix(OIl < llz()]| + / el Dol [lw(s)]| ds (24)

t—Dg

< Gge *'||x(0)]|

with Gg = (1 + ||K|le**+1410% /)¢, Thus we have shown the
exponential stability of the system trajectories, as well as the ex-
ponential decay of the control input, for the closed-loop truncated
model (10).

3.3. Stability analysis of the residual infinite-dimensional dynamics
We now investigate the stability of the residual infinite-

dimensional dynamics (9). We consider in this subsection inte-
gers n > N + 1 for which we recall that A, < —y < 0. We also
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D(t,£)

\ SOV
AN W //WM//
IR

13 Time (s)

Fig. 1. Time and spatial evolution of the input delay D(t, &).

recall that ¥ > 0 has been selected such that 0 < 2k < y. Now,
integrating (9), we infer that x,(t) = e*"fx,,(O)—i-fOt er(=y,(r)dr
for all t > 0. Thus we have

2

t
()1 < 26727 |xa(0)1? + 2 {/ e 7 uy(2)) dr}
0

2 t
< 2e72x%,(0)* + " / e 7y, (7)P dr
0

where the latter estimate is obtained by using Cauchy-Schwarz
inequality. Summing the latter estimate for n > N + 1, we deduce
that

D It

n>N+1

2 <2070 Y x(0) (25)

n>N+1

2 t
+—/ e 7| y(1))|2, de
Y Jo

for all t > 0. We now need to evaluate the term |v(t)| 5. From
(7a), we have

o SZ\// )lwi(t — D(t, £)ei(€)] de.

Noting from (23) that

lwi(t — D(t, £))| < [lw(t — D(t, £))l
=< p lw(z)ll

< su
te[t—(Dg+3),t—(Dg—3)]
< GlIK [|e“Pote=t |1 x(0)]],

where we used that w(t) = 0 for t < 0, we obtain from the two
latter estimates that, for all t > 0,

[v(t)llz < NG |IK [|e“PotOe™*E|Ix(0)]],

were we have used that e, € # is a unit vector. Since 0 < 2k < y,
we have the following estimate:

t t
/ e—y(t—r)e—ZKr dr = e—yt/ e(y—2x)1: dr < 1 6_2“-
0 0 Yy — 2k

Using the two latter estimates into (25), we infer that

3 (O <270 Y x(0) + e x0)|2 (26)

n=N+1 n=N+1

IN2C2 K |[2¢2(P0+)

for all t > 0, where Cg > 0 is given by C92 = =70

3.4. Conclusion of the proof of the main result

Combining estimates (24) and (26), we thus infer that, for all
t >0,

IXEOI3, = IO+ > (%)

n>N+1

2 —2 t 2
= Cioe " IXoll5,
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0 o 5 10 15

4 Time (s)
(a) State y(t,£)

0.5
10

15 0
Time (s) 13

(b) Delayed control v(t, &) = u(t — D(t,£),&)

Time (s)
(c) Control input w(t)

Fig. 2. Time evolution of the closed-loop system.

where Cyo > 0 is given by C%, = max(2, C§ + CZ). Recalling that
the command input u satisfies the estimate (23), this completes
the proof of the main result.

4. Numerical example

We illustrate the result of Theorem 5 based on the reaction-
diffusion system described by (2) in the case p = 1, p = 0.015,
qg = 0.35, 6, = /3, and 6, = 7/10. The open-loop system is
unstable with A; &~ 0.317 and A, ~ 0.116 while all other modes
are stable with A3 ~ —0.342. Thus we set N = 2. We consider
the nominal value of the delay Dy = 1 s. We impose the location
—0.3 for the two poles of the closed-loop truncated dynamics. In
this case, the small gain condition (12) is satisfied for § = 0.237,
allowing to apply the stability result stated in Theorem 5.

For simulation purposes, we consider the time- and spatially-
varying distributed input delay D(t, &) = 0.77 + 0.23]|2& — 1|
{1+sin([3/2+&]t +[11&€ —3])} fort > 0 and & € [0, 1]; see
Fig. 1. In particular, we have that |D — Dy| < 0.23 < 4. The initial
condition is selected as yp(§) = (1—2&)/2+20&(1—&)(&§ —3/5).
We set the transition time as tp = 0.2 s with ¢ linearly increasing
from 0 to 1 on [0, t;]. The numerical scheme consists of the
modal approximation of the reaction-diffusion equation by its
20 dominant modes. The solution of the implicit equation (11),
used to implement the feedback law (6), is computed based the
approximation of the integral appearing in (11) by a Riemann
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sum. The corresponding simulation results are depicted in Fig. 2.
They are compliant with the predictions of Theorem 5.

5. Conclusion

This paper discussed the problem of in-domain stabilization
of a class of infinite-dimensional systems, which operate on a
weighted space of square integrable functions over a compact
interval, in the presence of an uncertain time- and spatially-
varying delay in the distributed actuation. This class includes, for
example, reaction-diffusion PDEs. The spatially-varying nature of
the delay induces new challenges because it introduces a strong
coupling between the space and time variables compared to only
time-varying delays configurations. We solved this control design
problem by synthesizing a constant-delay predictor feedback on a
finite-dimensional truncated model capturing the unstable modes
of the original plant. Invoking a small gain argument, we showed
that the resulting closed-loop system is exponentially stable pro-
vided the fact that the deviations of the delay around its nominal
value are small enough. As small gain conditions are, in general,
conservative, future works will be devoted to the derivation of
relaxed stability conditions.
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