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This paper is concerned with the output feedback boundary stabilization of general 1-D reaction
diffusion PDEs in the presence of an arbitrarily large input delay. We consider the cases of Dirich-
let/Neumann/Robin boundary conditions for the both boundary control and boundary condition.
The boundary measurement takes the form of an either Dirichlet or Neumann trace. The adopted
control strategy is composed of a finite-dimensional observer estimating the first modes of the
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Boundary control enough. The reported proof of this result requires to perform both control design and stability analysis

using simultaneously the (non-homogeneous) original version of the PDE and one of its equivalent

homogeneous representations.
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1. Introduction

Since time delays are ubiquitous in practical applications,
feedback control of finite-dimensional systems in the presence
of input delays has been extensively studied (Artstein, 1982;
Richard, 2003). The extension of this topic to Partial Differential
Equations (PDEs) has attracted much attention in the recent years
(Hashimoto & Krstic, 2016; Nicaise, Valein, & Fridman, 2009;
Wang & Sun, 2018).

This paper is concerned with the feedback stabilization of
reaction—diffusion PDEs in the presence of an arbitrarily long
input delay. One of the very first contributions on this topic was
reported in Krstic (2009b) using a backstepping control design
technique (see also (Krstic, 2009a) for the related problem of
sensor dynamics governed by diffusion PDEs). More recently,
the possibility to combine classical spectral reduction methods
(Coron & Trélat, 2004, 2006; Russell, 1978) (which are based on
the fact that the associated eigenfunctions form a Riesz basis)

" The work of C. Prieur has been partially supported by MIAI@Grenoble
Alpes (ANR-19-P3IA-0003). The material in this paper was not presented at any
conference. This paper was recommended for publication in revised form by
Associate Editor Nikolaos Bekiaris-Liberis under the direction of Editor Miroslav
Krstic.

* Corresponding author.

E-mail addresses: hugo.lhachemi@centralesupelec.fr (H. Lhachemi),
christophe.prieur@gipsa-lab.fr (C. Prieur).

https://doi.org/10.1016/j.automatica.2021.110115
0005-1098/© 2021 Elsevier Ltd. All rights reserved.

and the design of a classical predictor feedback (Artstein, 1982;
Bekiaris-Liberis & Krstic, 2012; Karafyllis & Krsti¢, 2017) on a
finite-dimensional truncated model of the original PDE was re-
ported in Prieur and Trélat (2019) in the case of a state-feedback.
Extensions of this approach in various directions, also in the
context of state-feedback, were reported in Lhachemi and Prieur
(2021a), Lhachemi, Prieur, and Shorten (2021), Lhachemi, Prieur,
and Trélat (2021). One of the main advantages of spectral reduc-
tion methods for parabolic PDEs is that they allow the design
of a finite-dimensional state-feedback, making them particularly
relevant for practical applications. However, sole state-feedback
control of PDEs is generally inapplicable in practice because the
distributed nature of the state makes it essentially impossible to
measure. Hence the design of an observer is generally required.
Since the plant is a PDE, the observer itself generally takes the
form of a PDE synthesized using a backstepping procedure (Krstic
& Smyshlyaev, 2008). Hence the partial state-feedback can be
coupled with the observer to ensure the stability of the closed-
loop plant; see e.g. Katz, Fridman, and Selivanov (2020) where
sufficient LMI conditions are derived with robustness aspects
w.r.t. small enough delays. In order to avoid the pitfall of late
lumping approximations required for the implementation of ob-
servers with infinite dimensional dynamics, a number of works
have been devoted to the design of finite-dimensional observer-
based control strategies for parabolic PDEs (Balas, 1988; Curtain,
1982; Griine & Meurer, 2021; Harkort & Deutscher, 2011; Katz &
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Fridman, 2020a; Lhachemi & Prieur, 2021b, 2021c, 2021d, 2022;
Sakawa, 1983; Sano, 2012). In this work, we take advantage
of the control architecture initially reported in Sakawa (1983)
augmented with the LMI-based procedure introduced in Katz and
Fridman (2020a). More precisely, we leverage the enhanced pro-
cedure reported in Lhachemi and Prieur (2022) that extends for
general reaction-diffusion PDEs the LMI-based approach reported
in Katz and Fridman (2020a) to Dirichlet and/or Neumann bound-
ary control and measurement (see also Katz & Fridman, 2020b
with a different approach but limited to Dirichlet measurements).

We address the finite-dimensional observer-based output
feedback boundary stabilization of general 1-D reaction diffusion
PDEs in the presence of an arbitrarily large input delay. A solution
to this control design problem was reported first in Katz and
Fridman (2021) by combining a finite-dimensional observer and
a predictor (used to compensate the input delay) in the very
specific setting of a reaction-diffusion equation with Neumann
boundary control, a bounded output operator, and with stability
of the closed-loop system assessed in L> norm for arbitrarily large
value of the input delay. However, the approach developed in
Katz and Fridman (2021) and which solely relies on the original
(non-homogeneous) representation of the PDE is strongly tailored
for the above-mentioned setting and is hardly extendable to other
types of boundary conditions (Dirichlet/Robin), to unbounded
measurement operators (Dirichlet/Neumann), and to system tra-
jectories evaluated in H' norm. This is because, introducing
(Bn)n>1 the coefficients of projection of the boundary control
operator into the Hilbert basis formed by the eigenstructures of
the underlying Sturm-Liouville operator, the Neumann setting
is such that 8, = O(1) while the Dirichlet/Robin configurations
give in general no better than 8, = 0(/A,) where A, are the
eigenvalues of the problem that grow in n?. This difference of
asymptotic behavior has a major impact on the control design
procedure since the proof reported in Katz and Fridman (2021),
which is limited to the case of a bounded measurement operator
with trajectories evaluated in L? norm, heavily relies on the con-
vergence of the series Y 82/, that is only granted for Neumann
boundary control. This issue becomes even more stringent in
the case of an unbounded measurement operator and for system
trajectories evaluated in H! norm, as it will be further detailed in
Remark 3 of this paper after the introduction of the model of the
system and its modal decomposition.

In this paper, we completely solve the control design prob-
lem of output feedback stabilization of general 1-D reaction-
diffusion PDEs in the presence of an arbitrarily large input delay,
with Dirichlet/Neumann/Robin boundary control/condition, and
with a boundary measurement selected as an either Dirichlet
or Neumann trace. The employed control architecture combines
a finite-dimensional observer and a predictor. In the case of a
Dirichlet (resp. Neumann) measurement, we assess the expo-
nential stability of the closed-loop system in L?> and H' norms
(resp. H' norm) for arbitrarily large value of the input delay
provided the dimension of the observer is selected large enough.
This is achieved by leveraging an adequate scaling procedure
(Lhachemi & Prieur, 2022) and by considering simultaneously
both the original (non-homogeneous) representation of the PDE
and one of its homogeneous versions obtained using a change of
variable for control design and Lyapunov stability analysis.

The paper is organized as follows. Notations and properties of
Sturm-Liouville operators are presented in Section 2. The prob-
lem setting is presented in Section 3 followed by a preliminary
spectral reduction of the problem. The case of a Dirichlet mea-
surement is studied in Section 4 while the case of a Neumann
measurement is analyzed in Section 5. A numerical example is
provided in Section 6. Finally, concluding remarks are formulated
in Section 7.
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2. Notation and properties
2.1. Notation

Spaces R" are endowed with the Euclidean norm || - ||. The
corresponding induced norms of matrices are also denoted by ||-||.
For any two vectors X and Y of arbitrary dimensions, col(X,Y)
stands for the vector [XT,YT]T. The space of square integrable
functions on (0, 1) is denoted by (0, 1) and is endowed with the
usual inner product (f,g) = fol f(x)g(x)dx and with associated
norm denoted by || - || ;2. For an integer m > 1, H™(0, 1) denotes
the m-order Sobolev space and is equipped with its usual norm
|| - llgm. For a symmetric matrix P € R™", P > 0 (resp. P > 0)
means that P is positive semi-definite (resp. positive definite).

2.2. Properties of Sturm-Liouville operators

Let 61,60, € [0,7/2], p € c!([0,1]) and q € c°([0, 1]) with
p > 0 and g > 0. Let the Sturm-Liouville operator A : D(A) C
12(0, 1) — L*(0, 1) be defined by Af = —(pf’Y +qf on the domain
D(A) = {f € H*(0, 1) : ¢5,f(0) —56,f'(0) = cu,f (1) +54,f'(1) = 0}
where ¢, = cos6; and sy, = sin6;. The eigenvalues A;, n > 1,
of A are simple, non negative (due to 64,6, € [0,7/2] and
g > 0), and form an increasing sequence with A, — 400 as
n — 4o0. The corresponding unit eigenvectors ¢, € L?(0, 1) form
a Hilbert basis. The domain of the operator A is also characterized
by D(A) = {f € 1%(0,1) : Xy Il {f, ¢n) I> < +o00). Let
P«, D*, ¢* € R be such that 0 < p, < p(x) <p*and 0 < q(x) < q*
for all x € [0, 1], then it holds 0 < 7w2(n—1)%p, < A, < w2n’p* +
q* for all n > 1 (Orlov, 2017). Moreover if p € ¢([0, 1]), we have
(see, e.g., Orlov, 2017) that ¢,(¢§) = O(1) and ¢, (&) = 0(\/2n)
as n — +4oo for any given & € [0, 1]. Assuming further that
g > 0, an integration by parts and the continuous embedding
H'(0,1) C L*(0, 1) show the existence of constants C;, C; > 0
such that

CFIZ < D an (. d0)? = (AF.F) < GIf I3 (1
n>1

for any f € D(A). The latter inequalities and the Riesz-spectral
nature of A imply that the series expansion f = Y _, (. ¢n) ¢
holds in H2(0, 1) norm for any f € D(A). Due to the contin-
uous embedding H'(0, 1) C L*(0, 1), we obtain that f(0) =
2ot (@) ¢n(0) and f/(0) = 3., (f, #n) $,(0). We finally
define, for any integer N > 1, Ryf = anNH f, &n) On-

3. Problem setting and preliminary spectral reduction
3.1. Problem setting

We consider in this paper the input delayed reaction-diffusion
system described by

z(t, x) = (p(X)zx(t, X))y — q(x)z(t, X) (2a)
Cp,2(t,0) — 59,2,(t,0) =0 (2b)
Co,2(t, 1) + 54,24(t, 1) = u(t — h) (2¢)
z(0, x) = zp(x) (2d)
for t > 0 and x € (0, 1) where 64,6, € [0,7/2], p € c*([0, 1])

with p > 0, § € ¢°([0, 1]), and the input delay h > 0. Here z(t, -)
is the state of the PDE at time t, u(t — h) is the delayed version
of the command u(t), and z, is the initial condition. We assume
throughout the paper that u(r) =0 for < 0.
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Remark 1. Even if we restrict the presentation to parameters
61, 6, € [0, 7 /2], which correspond to the most meaningful con-
figurations from a practical perspective, developments reported
in this paper readily extend to the case 6;, 6, € [0, ) provided q
in (5) is selected sufficiently large positive so that (1) still holds,
implying in particular A, > O for all n > 1. In this case, one
merely needs to modify the change of variable formula (6) by the
following one: w(t, x) = z(t, x)— u(t) where o > 1is fixed
so that ¢y, + asy, # 0.

X
o, —0—0[562

The system output y(t) € R is selected as the either left

Dirichlet trace (in this case 6, € (0, 7 /2])

yp(t) = z(t, 0) (3)
or left Neumann trace (in this case 6; € [0, 7 /2))

In(t) = z\(t, 0). (4)

Without loss of generality, let g € ¢°([0, 1]) and q. € R be such
that

qx) = q(x) = qc, q(x) > 0. (5)

This allows to consider the Sturm-Liouville operator .4 and its
related properties as described in Section 2.2. In particular, since
q > 0, the eigenvalues A, of A are such that 1, > 0. Note however
that the actual modes of the reaction-diffusion PDE (2) are given
by —An, + qc, hence a finite number of them may be unstable.

3.2, Spectral reduction

In order to obtain an equivalent homogeneous representation
of (2), we define the change of variable

2

w(t,x) = z(t, x) — u(t — h). (6)

Co, + 256,

Introducing v = i1, we infer that

u(t) = v(t) (7a)
we(t, X) = (P)ux(t, X))y — G (t. x) (7b)
+ a(x)u(t — h) + b(x)v(t — h) (7¢)

w(t, 0) — sp, wx(t,0) =0 (7d)
w(t, 1) + sg,wx(t, 1) =0 (7e)
w(0, X) = wo(x) (7f)
where a(x) = - (2p(x) + 2xp/(x) = X*q(0), bx) = — e

and wo(x) = zo(x) — W u(—h) = zo(x). Let the coefficients of

projection be defined by z,(t) = (z(t, -), ¢n), wa(t) = (w(t, -), Pn),
a, = (a, ¢n), and b, = (b, ¢). In particular we have from (6) that

wn(t) = zy(t) + bpu(t —h), n=1. (8)

Using standard arguments, see e.g. Lhachemi and Shorten (2020),
Mironchenko, Prieur, and Wirth (2020) for details, the projection
of (7) into the Hilbert basis (¢n)n>1 gives

u(t) = v(t) (9a)
Wn(t) = (=An + qc)wn(t) + aqu(t — h) + byv(t — h) (9b)

with w(t, -) = anl wn(t)¢, in L2 norm for mild solutions and in
H? norm for classical solutions (see the end of Section 2.2). Using
(8) into the latter identity, the projection of (2) reads

Zn(t) = (—An + qc)zn(t) + Bau(t — h) (10)
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with 8, = a5 + (—An + QC)bn = p(1){— C€2¢;/1(1) + 592¢n( )} =
O(+v/An). Here we have z(t,-) = )", Zu(t)¢, in L? norm. Finally,
when dealing with cla551cal solutlons the Dirichlet measurement
yp(t) given by (3) can be expressed as the series expansion:

D walt)pn(0 (11)

n>1

yp(t) = z(t,0) = w(t, 0) =

while for the Neumann measurement yy(t) given by (4) we have:

YN(E) = 2(t, 0) = wy(t, 0) = Y wa(t)p(0). (12)

n>1

Remark 2. Note that the series expansions (11)-(12) hold for the
coefficients of projection wy, i.e., for the PDE in w coordinates.
Such a series expansion does not hold for the coefficients of
projection z,, i.e., for the PDE in z coordinates.

Remark 3. The use of a predictor feedback to achieve the
boundary stabilization of (2) in the case of Neumann actua-
tion and boundary condition (6; = 6, = m/2) was reported
first in I(atz and Frldman (2021) for a bounded output operator,
namely y(t fo z(t, x)dx with ¢ € 1?0, 1), and for system
trajectorles evaluated in [2 norm. In this very specific setting,
the authors managed to perform the both control design and
stability analysis on the sole representation (10), i.e., for the PDE
in original coordinates (2). This approach is strongly tailored for
the above-mentioned setting and is hardly extendable to other
types of boundary control (Dirichlet/Robin) and to unbounded
measurement operators (Dirichlet/Neumann). This is essentially
because the consideration of a Neumann actuation yields the
most favorable case 8, = p(1)¢,(1) = O(1) while any other
boundary actuation setting (Dirichlet/Robin) gives in general no
better than 8, = O(+/A,). However, one of the crucial points of
the [? stability analysis performed in Katz and Fridman (2021)
relies in the use of the estimate 2 Bnzau < Y (B2/An)u? +
a~ 13> X232, valid for any o > 0, where the convergence of
the first series on the RHS holds for the Neumann actuation
setting (8, = O(1)) and with a term _ A,z2 that can be handled,
provided its convergence, in the L2 Lyapunov stability analysis'.
This approach fails in the case of Dirichlet/Robin actuation set-
tings (8, = O(+/A,)). The situation is even more stringent when
trying to assess the stability of the system trajectories in H! norm
(possibly with unbounded output operators instead of a bounded
one) since this would led to a term of the form ) A,8nz, that
cannot be neither handled with the above approach. In this paper,
we completely solve the control design problem for the general
reaction diffusion (2) with Dirichlet/Neumann/Robin boundary
control/condition and with a measurement selected either as the
Dirichlet (3) or Neumann (4) trace. The proposed strategy consists
in designing the predictor feedback based on the representation
(10) in original coordinates (2) while the stability analysis is
performed based on (9) in homogeneous coordinates (7).

4. Case of a Dirichlet measurement

We consider in this section the input-delayed reaction-
diffusion system (2) for 6; € (0, 7 /2] with Dirichlet measurement

(3)-

1 Essentially because A, appearing in ) Anz? = Y A%z2 has a power o = 1
that is not larger than the one in the dynamics of the modes (10).
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4.1. Control strategy

Let § > 0 be the desired exponential decay rate for the closed-
loop system trajectories. Let Ny > 1 be such that —X,;, + g, <
—8 < Oforalln > Ny + 1. Let N > Ny + 1 be arbitrarily
given and that will be specified later. Consider first the following
observer dynamics used to estimate the N first modes of the plant
in z-coordinates:

Wn(t) = Zy(t) + byu(t — h) (13a)

Za(t) = (=2 +qc)zn( )+ Bati(t — h) (13b)
—1, Zw —yp(t)t, 1<n<Ny

Za(t) = (= +qc)zn( )4 Bat(t —h), No+1<n<N  (13c)

where [, € R are the observer gains.

Remark 4. Dynamics (13) constitutes an observer of the N first
modes z, of the PDE in (original) z coordinates. However, due
to Remark 2 and in view of (11), the estimation jp(t) of the
actual Dirichlet measurement yp(t) is expressed in function of
the estimation w, of the modes Wn of the PDE in homogeneous
coordinates w as yp(t Zk 1 Wi(t)¢i(0). Hence, even if (13)
estimates the modes zn in z coordinates, the correction of the
error of measurement is done based on the modes w, in w
coordinates.

Remark 5. The idea to split the observer dynamics into two parts,
one with active correction of the estimation error for the first
modes as in (13b) and one without correction of the estimation
error as in (13c), roots back to Sakawa (1983) in a delay-free con-
text with bounded input and output operators. Since then, such
an idea, sometimes referred to as the add of a “Residual Mode
Filter” and which was shown to be of paramount importance for
ensuring closed-loop stability (Balas, 1988) has been extended in
various directions (Balas, 1988; Griine & Meurer, 2021; Harkort
& Deutscher, 2011; Katz & Fridman, 2020a; Lhachemi & Prieur,
2021b, 2021c, 2021d, 2022; Sakawa, 1983; Sano, 2012).

Due to the input delay h > 0, we need to intronuce a
predictor component. To do so, let ZM = |2, Zng] A0 =
. T
diag(—A1 + G, ....—Any + qc). and By = [B1 ... ] -
We can now introduce the following Artstein transformation
(Artstein, 1982):

t
Z(t) = erhéNO(tH/

t—h

Mg y(7)dr. (14)

Then the control is defined as the predictor feedback (Karafyllis
& Krsti¢, 2017):

u(t) =KZy°(t), t=>0 (15)

where K € RN js the feedback gain.

Remark 6. The well-posedness of the closed-loop system com-
posed of the plant (7) in homogeneous coordinates w, the Dirich-
let measurement (3), and the controller (13)-(15) in terms of
classical solutions for initial condition zo € H?(0, 1) so that
Co,20(0) — 5p,25(0) = 0 and cy,20(1) + S0,25(1) = 0, with null
control in negative times (u(t) = 0 for t < 0) and zero initial
condition for the observer (z,(0) = 0), is a direct consequence
of Pazy (2012, Thm. 6.3.1 and 6.3.3) and the invertibility of
the Artstein transformation (Bresch-Pietri, Prieur, & Trélat, 2018)
using a classical induction argument. Having obtained classical
solutions based on the homogeneous representation (7), standard
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arguments (Curtain & Zwart, 2012, Sec. 3.3) using the change of
variable formula (6) give the existence of classical solutions for
the closed-loop system with the plant (2) expressed in original z
coordinates.

In preparation of the statement of the main result, we define

the matrices A; = diag(—Ang+1 + Ges---» —An + Gc) By =
M 1
[Bro+1/Ang 1 Bn/in]  Co = [¢:1(0) oo (0)], Cr =
#Ny+1(0) on(0) L=TI I T
[ o W=l el
Ao+ BoK  eMhCy 0 MG efoh
f_| 0 Ag—1C 0 —1& | . _| -1
B1K 0 A 0 0
0 0 0o A 0

= [A0+%01< eMMC, 0 eMMC, eMhL], and K =

E
[k 0 0 o]

Remark 7. Since A is diagonal, the Hautus test combined with
the boundary conditions involved in the definition of D(A) show
that the pairs (Ag, Bo) and (Ag, Cp) both satisfy the Kalman con-
dition. The same remark applies in the case of the Neumann
boundary measurement (4) studied in Section 5. Subsequently,
the feedback gain K from (15) and the observer gain L whose
coefficients [, appear in (13) are computed so that Ag + B¢K and
Ao—LCy are Hurwitz with eigenvalues that have a real part strictly
less than —§ < 0. To complete the control design procedure,
it merely remains to select adequately the dimension N of the
observer to ensure the stability of the closed-loop system with
exponential decay rate § > 0.

4.2. Main stability results

Theorem 8. Let 8; € (0,7 /2], 6; € [0, /2], p € ¢%([0, 1]) with
p > 0,and g € c°([0, 1]). Let g € c°([0, 1]) and q. € R be such that
(5) holds. Let § > 0 and Nog > 1 be such that —A, + q. < —§ for all
n>No+ 1 Let K € R™No gnd L € RN be such that Ay + BoK and
Ao — LCy are Hurwitz with eigenvalues that have a real part strictly
less than —§ < 0. Let h > 0 be given. For a given N > Ng + 1,
assume that there exist P > 0, Q1,Q; > 0, > 1,and B,y > 0
such that

©®1 <0, 6, =<0, R <0, R, =<0 (16)
where
.
o, = |F P+PF—T1—26P+Q1 PL] | ETo,E (17a)
£TP —-B
1
@2:2)/{—(1—>)»N+1+qc+8}+,3M¢ (17b)
Ri = —e Qi +ay | Ryall KK (17¢)
Ry = —e ?"Qy + ay | Ryb|%K K (17d)

with Q; = diag(Q,,0,0,0) and M, = Zn>N+1 “”"A(O"z < +oo.
Then there exists a constant M > O such that for any initial
condition zy € H?(0,1) so that €p,20(0) — $,25(0) = 0 and
Co,20(1) + sp,20(1) = 0, the trajectories of the closed-loop system
composed of the plant (2), the Dirichlet measurement (3), and the
controller (13)-(15) with null control in negative times (u(t) = 0 for

7 < 0) and zero initial condition for the observer (z,(0) = 0) satisfy
llz(t, )”511 + SUD ct—n,1) lu(t)l* + Zl::] Zy(t)? < Me_zst”ZO”,z{l for
all t > 0. Moreover, for any given h > 0, the constraints (16) are
always feasible for N selected large enough.



H. Lhachemi and C. Prieur

Proof. We first write a finite dimensional model capturing the N
first modes of the PDE and the dynamics (13)-(15) of the output
feedback controller. We define e, =z, —z, forall 1 <n < N.In
view of (13a)-(13b) and based on (8) and (11), we obtain that

N
Zn = (—hn + el + Bati(- — h) + I Y $ilO)ex + g (18)

k=1

for 1 < n < Ng where ¢(t) = anN+1 wn(t)¢n( ). Introducing

ENo = [61 eNO]T, the scaled error e, JAnen (see
Lhachemi and Prieur (2022)), and EN-No —= [€N0+1 eN] ,
we deduce that

ZNo = AgZMNo + Bou(- — h) + LGEN® + LGEN ™Mo 4 1z, (19)

Taking first the time derivative of (14) and then inserting (15) and
(19), we infer that

+ Mol (LCOENO 4+ LGENMNo 4 L{) .

Consider now (13c). Defining the scaled estimation Z, = Z,/A,

and ZVN Mo = [Zy 4 ZN]T, this latter dynamics can be
written as
ZNMNo = A ZNNo 4 Byu(- — h).

In order to eliminate the input delay, we consider the second
following Artstein transformation:

t
MEIB u(r)dr (21)
t—h

which implies, along with (15), that

Zy Moty = eMhZNNo(1) 4

Z’"N—No

NN _ g 2NN 4 oo, (22)

Combining (10) and (13b)-(13c), the error dynamics reads

ENo = (Ag — LCo)ENo — LGyEN Mo — [z, (23a)
EN-No — A, EN-No_ (23b)
Therefore, defining the vector
X = col (Z’;’O, ENo, ZY Mo, EN_NO) . (24)

we infer from (20) and (22)-(23) that

X =FX+L¢. (25)

Finally, defining X = col (X, ¢) and based on (15) and (20), we
also have

u=KX, wv=iu=KZ" Z,°=EX. (26)

We can now perform the stability analysis. Consider the func-
tional defined by V(t) = Vy(t) + V;(t) + V,(t) where

Vo(t) = X(0) PX(t) +y Y Apwn(t)? (27a)
n>N+1

t

Vi(t) = / e 22N ()T Q240 (v)de (27b)
(t=h)+
t . .

Vo(t) = / e 22N ()T Q240 (v) dr (27¢)
(t=h)+

with (t — h); = max(t — h,0). The computation of the time
derivative of V for t > h gives

. _ot|FTP+PF PL
VSXT[ TP O}X—i-Zy Y dal=ha + qw;
n>=N+1
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+2yz

n>N+1
+ 2 Quzy° h) QZy°(- — h)
+ (Z)0)TQZY —e h) " QZ,°(- — h).

Using Young inequality and invoking (15

—28h 5N
—e ZAO(.__
—28h5N
Z,°(-—

), we obtain that

2 )" Antpu(- — hyw,

n>N+l

< - Z »pwy + | Ryallu(- — by
n>N+1

1 . R
<= > 1w+ alRyalZZy°(- — h) K TKZ3(- — h)
n>N+1

for any o > 0 and, similarly,

2 )" dabpv(- — hw

n>N+1

1 A X
<= Y 2wl +ea|Rubl%Zy°(- — hTKTKZ(- — h).
n>N+1

Combining the latter estimates and using (26), we obtain
V428V

~ T N ~
SXT”F P+PI;—T1—P2(SP+Q1 POE:|+ETQ2E}X

+2y Y. kn{ (1—1>An+qc+8}

n>N+1
+ 2[2’0( — h)TRlzl:]O( _ h) +2};’0(. _ h)TR 2N0(. _ h),

Recalling that ¢ = )",y wa¢a(0) we have ¢ < Mg Y~ . 4 An
wﬁ. Hence, we obtain, for any g > 0,

V428V <XTOX + Z An Tyw
n>N+1

420 = ) TRZN( — h) + 2( — h)TRZN(- — ) (28)

where I = 2y {— (1= 1) Ay 4+ qc + 8} + BM,. For a > 1, we
have Iy < I'y;1 = O, for all n > N + 1. Thus we infer from (16)
that V + 28V < 0 for all t > h, implying that V(t) < e=2t=My(p)
for all t > h.

Computing now the time derivative of V for t € (0, h) for
which u(- — h) and v(- — h) are zero, and proceeding similarly
to the previous paragraph, we infer that V + 28V < XT©:X +
Zn>N+1)‘nF w with F/ =2y {- An+Qc+8}+,3M¢ <I, <6,
for n > N + 1. Hence we obtain that V + 28V < 0 on (0, h)
thus V(t) < e=2%V(0) for all 0 < t < h. Combining this estimate
with the result of the previous paragraph, we infer that V(t) <
e~23ty(0) for all t > 0. The claimed stability estimate now easily
follows from the definition of V, the estimates (1), the control law
(15), and the two Artstein transformations (14) and (21).

It remains to show that the constraints ®1, ®,, Ry, R, < 0 are
feasible when selecting N > Ny + 1 large enough. Regarding the
matrix F + 81, we note that (i) Ag + BoK + 81 and Ag — LCy + 81
are Hurwitz; (ii) |e®1TDf| < e~*of for all t > 0 with ko =
ANg+1 — gc — & > 0 is independent of N; and (iii) ||e*"LC;|| <
2" ILIIC I, LGyl < [LINCyll and [|B1K || < 1B4]|[IK || where
efoh K, and L are independent of the number of observed modes
N while ||C;]| = 0(1) and ||B1]| = 0(1) when N — +o00. Hence,
applying the Lemma reported in Appendix to the matrix F + 41,
we infer that the solution P > 0 to F' P 4 PF 4 28P = —I is such
that |P|| = O(1) as N — +o0. Note also that ||£]|| is a constant
independent of N while My = O(1) and ||E|| = O(1) as N — +oo0.
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We fix arbitrarily the value of & > 1 and we set 8 = +/N, y =
1/N, Qi = 2e®"ay |Ryall’,KTK, and Q; = 2e*"ay | Ryb||%K K.
Hence, using in particular Schur complement, we infer that (16)
holds for N > Ny + 1 selected large enough. O

Remark 9. Recall the definition of V(t) = Vy(t)+V;(t)+V>(t) with
Vi defined by (27). The term V; presents a first term that accounts
for the dynamics of the observer as well as the dynamics of the
N first modes of the (original) PDE in z coordinates. However, the
second term, which accounts for the residual modes n > N + 1,
is expressed in homogeneous w coordinates. This point is key in
the success of the stability assessment of the previous theorem.
The term V; is introduced as in Katz and Fridman (2021) in order
to compensate the term u(- — h) appearing in the time derivative
of wy, see (9). Moreover, since the modes n > N + 1 are captured
by w, in w coordinates, the time derivative of w, also implies
the occurrence of v =1t = Kff“. see again (9). This latter term is
handled in the stability analysis by the introduction of the term
Va.

While Theorem 8 assesses the stability of the closed-loop in
H! norm, the following theorem states a similar result but for
trajectories evaluated in L? norm.

Theorem 10. Let 6, € (0, /2], 6, € [0, /2], p € ([0, 1]) with
p > 0,and g € c°([0, 1]). Let q € ¢°([0, 1]) and g, € R be such that
(5) holds. Let § > 0 and Ny > 1 be such that —A, +q, < —4 for all
n> Ng+ 1 Let K € RN agnd L € R be such that Ay + BoK and
Ao — LCy are Hurwitz with eigenvalues that have a real part strictly
less than —§ < 0. Let h > 0 be given. For a given N > Ny + 1,
assume that there exist P > 0, Q;,Q2 = 0, and «, B8,y > 0 such
that

©1 <0, ©,<0, 63>0, R <0, RR=0 (29)

where @1, Ry, R, are defined by (17a), (17¢), and (17d), respectively,
while

1
©, =2y {—)»NH +q.+5+ a} + ,3M¢)»,3V/_:_ll
BM,
O3 =2y — 1/4¢
N+1

2
002 _ oo

with Q1 = diag(Q1,0,0,0) and My = 3, n.s e

Then there exists a constant M > 0 such that for any initial
condition zy € H?(0,1) so that Cp,20(0) — $9,25(0) = 0 and
Cp,20(1) + s9,2(1) = 0, the trajectories of the closed-loop system
composed of the plant (2), the Dirichlet measurement (3), and the
controller (13)-(15) with null control in negative times (u(t) = 0 for
7 < 0) and zero initial condition for the observer (z,(0) = 0) satisfy
llz(t, -)||f2 + SUP,pr_pg IU(T) + fo:l Za(t)? < Me‘z‘"llzollf2 for
all t > 0. Moreover, for any given h > 0, the constraints (29) are
always feasible for N selected large enough.

Proof. Consider the functional defined by V(t) = Vu(t) +
Vi(t) + Va(t) where Vo(t) = X(t)TPX(t) + ¥ Y.y wi While
Vy, V, are defined as in (27). Proceeding as in the proof of The-
orem 8 but replacing the estimate of ¢ by the following: ¢? <
My Y onis M w?, we infer that

V425V <XTOX+ Y Lw)
n>N+1

+ 20— B)TRZN( — h)+ Z80(. — h)TRZM(. — h)
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holds for t > h with I}, = 2y {—An+qc +8+ 1} + AMs"

For n > N 4+ 1 we note that )Lﬁ/‘l = )»,,/)»,11/4 < )\.n/)\,;\/f1 hence

Iy

IA

1
—O3hn + 2y {qc+8+a}

IA

1
—O3An41 + 2y {qC+3+;}=@2§0

where we used that ®3; > 0. Therefore, the assumptions imply
that V + 28V < 0 for t > h. Similarly to the proof of Theorem 8,
it can also be seen that V 4+ 28V < 0 for t € (0, h). Gathering
these two results together, we infer that V(t) < e=2%V(0) for all
t > 0, implying the claimed stability estimate.

Regarding the feasibility of the constraints (29) for N > Ny + 1
large enough, this can be achieved following the same procedure
as in the proof of Theorem 8 with o > 0 arbitrarily fixed, 8 =
N8 and y = 1/NV4, O

Remark 11. Let N > Np + 1 be a given number of modes to
be observed. When fixing the value of « > 1 (resp. « > 0), the
constraints (16) from Theorem 8 (resp. the constraints (29) from
Theorem 10) take the form of LMIs for which efficient solvers
exist. Moreover, as shown in the proof of the two theorems, the
resulting LMI constraints remain feasible (when fixing arbitrarily
the value of «) for N selected large enough.

5. Case of a Neumann measurement

We consider in this section the input-delayed reaction-
diffusion system (2) for 6; € [0, 7 /2) with Neumann measure-
ment (4).

5.1. Control strategy

Let 6 > 0 and Ny > 1 be such that —A, + g < —6& < 0 for all
n > No+ 1. Let N > Ny + 1 be arbitrarily given. Consider first the
following observer dynamics used to estimate the N first modes
of the plant in z-coordinates:

Wn(t) = Z,(t) + bu(t — h) (30a)
Za(t) = (=hn + q)2n(t) + Bati(t — ) (30b)
N
— 1§ D i(0)i(0) —yn(t) {, 1< n <N
k=1
Za(t) = (—hn + Q)2a(t) + Bats(t —h), No+1<n<N  (30c)

where I, € R are the observer gains. With the same notations
that the ones of the previous section and introducing the Artstein
transformation (14), the control input is defined as

u(t) =KZy°(t), t>0 (31)

where K € RN s the feedback gain.

Remark 12. The well-posedness of the closed-loop system in
terms of classical solutions for initial condition zo € H*(0, 1) so
that cg,zo(0) — S,2,(0) = 0 and cp,20(1) + s4,25(1) = 0, with
null control in negative times (u(tr) = 0 for t < 0) and zero
initial condition for the observer (z,(0) = 0), follows the same
arguments as Remark 6.

We finally introduce the same matrices as at the end of Sec-
tion 4.1 except that we replace the definitions of Cp, C; by Gy =
[4}(0) i, (01 and Ci = [§ 41(0)/Angs1 $1,(0)/
Anl.
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5.2. Main stability result

Theorem 13. Let 6, € [0, w/2), 6, € [0, /2], p € C*([0, 1]) with
p > 0,and g € c°([0, 1]). Let q € ¢°([0, 1]) and q. € R be such that
(5) holds. Let § > 0 and Nog > 1 be such that —A, +q. < —$ for all
n>No+ 1 Let K € RN gnd L € RNo be such that Ay + BoK and
Ao — LCy are Hurwitz with eigenvalues that have a real part strictly
less than —6 < 0. Let h > 0 be given. For a given N > Ny + 1,
assume that there exist P > 0, Q1, Q2 = 0, € € (0,1/2], « > 1, and
B, v > 0 such that

©1 <0, <0, 63>0, R %0, RR=x0 (32)
where @1, Ry, R, are defined by (17a), (17¢), and (17d), respectively,
while

1
0, =2y {— (1 - &) ANt1 4 Qe + 8} + BMy(eny 2T

65 =2y (1 B 1) _ BMy(€)

1/2—¢
o
ANt

~ / 2
with Q; = diag(Qs, 0,0, 0) and My(€) = Y noy ‘;"3}72‘2' < +oo.

Then there exists a constant M > O such that for any initial
condition zo € H?(0,1) so that Cp,20(0) — $9,25(0) = 0 and
Co,20(1) + s9,24(1) = 0, the trajectories of the closed-loop system
composed of the plant (2), the Neumann measurement (4), and the
controller (30)-(31) with null control in negative times (u(t) = 0 for
t < 0) and zero initial condition for the observer (Z,(0) = 0) satisfy
llz(t, )”,2_,1 + SUPe—n, u(t)* + ZL Zy(t)* < M3725t||zo||,2_11 for

all t > 0. Moreover, for any given h > 0, the constraints (32) are
always feasible for N selected large enough.

Proof. Proceeding as in the first part of the proof of Theorem 8
but with e, = Aye, and £(t) = ZH>N+] wn(t)¢;,(0), we infer that
(25) holds. -

Consider the functional defined by V(t) = Vy(t) + Vi(t) +
V,(t) where Vg, V1, V, are defined by (27). Proceeding as in the
proof of Theorem 8 but replacing the estimate of ¢ by: ¢? <
My(€) Y onsa A>T w2, we infer that

V428V <X TOX+ Y alw)
n>N+1
4 20— h)TRyZNO( — h) 4+ Z00(- — h)TRyZA(- — )
holds for t > h with I}, = 2y {—(1 — 1)k, + qc + 8} + BMy(e)

AT Forn > N 4+ 1 we note that A/*™ = x,/a* ¢ <
/A€ hence
I < —O30, + 2y {qc + 6}

< —O3An+1 +2y{qc+3} =60, <0

where we used that @3 > 0. Therefore, the assumptions imply
that V 428V < 0 for t > h. Similarly to the proof of Theorem 8§,
it can also be seen that V + 28V < 0 for t € (0, h). Gathering
these two results together, we infer that V(t) < e=2%V(0) for all
t > 0, implying the claimed stability estimate.

Regarding the feasibility of the constraints (32) for N > Ny + 1
large enough, this is achieved following the same procedure as in
the proof of Theorem 8 with « > 1 arbitrarily fixed, ¢ = 1/8,
B=N"Y8 andy = 1/N316, O

Remark 14. Similarly to Remark 11, LMIs can be derived from
the constraints 13 of Theorem 13 by fixing the values of ¢ > 1
and € € (0, 1/2]. Moreover, as shown in the proof of the theorem,
the subsequent LMI conditions with any fixed @ > 1 and when
setting ¢ = 1/8 remain feasible for a number of observed modes
N selected large enough.
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Remark 15. In the case of a Dirichlet measurement, it was
possible to propose a L? version of the stability result, namely
Theorem 10. However, the approach used in the proof of this
latter result fails when trying to study the trajectories in L?> norm
for a Neumann measurement. This is because, in this setting,

3/2+ :
£ =Y ons1 Wady(0) hence ¢% < My(€) Y, yoq /- T w? with
/ 2
My(€) = Y ont ‘fg‘/(flle where all the terms are finite provided
- n

€ € (0, 1/2]. However a term in A3/2+E cannot be asymptotically

dominated by a term in XA,. Hence the procedure of Theorem 10
for a Dirichlet measurement cannot be used anymore in the case
of a Neumann measurement.

6. Numerical illustration

We consider the parametersp=1,G= —5,6; =7/5,6, =0
(Dirichlet boundary control), and the input delay h = 1 s. In this
setting, the reaction-diffusion PDE described by (2) is open-loop
unstable. We set the feedback gain K = —0.6950. The observer
gain is set as L = 1.7695 in the case of the Dirichlet measurement
(3) while L = 1.2856 in the case of the Neumann measurement
(4). With § = 0.5 and for the Dirichlet measurement (3), the
constraints of Theorems 8 and 10 are feasible for N = 2 modes
estimated by the observer, ensuring the exponential stability of
the closed-loop system in H' and L* norms. Considering now the
case of the Neumann boundary measurement (4), the application
of the constraints of Theorem 13 is found feasible for N =
6 modes estimated by the observer, ensuring the exponential
stability of the closed-loop system in H! norm.

For numerical illustration, we consider the Dirichlet measure-
ment (3) along with the initial condition zg(x) = 10x*(x — 1).
The evolution of the closed-loop system is depicted in Fig. 1. We
observe the exponential decay of the both state of the PDE and
observation error in spite of the h = 1 s input delay. This is
compliant with the theoretical prediction of Theorems 8 and 10.

7. Conclusion

This paper solved the boundary stabilization problem of gen-
eral 1-D reaction-diffusion PDEs in the presence of an arbitrarily
large input delay. The approach is very general as it covers the
cases of Dirichlet/Neumann/Robin boundary control/condition
with Dirichlet/Neumann boundary measurement and for system
trajectories evaluated in H! norm (also in L?> norm for Dirichlet
measurement). The control strategy couples of finite-dimensional
observer that observes a finite number of modes of the PDE and
a predictor to compensate the arbitrarily long input delay. Future
research directions may be concerned with nonlinear PDEs and
non collocated boundary conditions.

Appendix. Useful lemma
The following lemma is borrowed from (Lhachemi & Prieur,
2022, Appendix) and is a generalization of a result presented in

Katz and Fridman (2020a).

Lemma 16. Let n,m,N > 1, M;; € R™" and My; € R™™M
Hurwitz, My, € R™™ MY, € RN M), € R™N MY, e RV,

M, MY, € RNV and
My M, 0 MY,
PN_| 0 Myp 0 My

My o MY o0
o o0 o0 M)

. N
We assume that tLlere exist constants Co, ko > 0 such that ||eMsst|| <
Coe™ 0! and ||eMat|| < Coe™o! forallt > O and al N > 1.
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(c) Delayed control input z(t,1) = u(t — h) with delay h = 1s

Fig. 1. Time evolution of the closed-loop system for Dirichlet measurement
yp(t) = z(t, 0) with delay h =1 s.

Moreover, we assume that there exists a constant C; > 0 such that
IMNI < Gy, IMY,Il < Cy, and IMY|| < C; for all N > 1. Then
there exists a constant C, > 0 such that, for any N > 1, there
exists a symmetric matrix PN € R™™+2N with PN > 0 such that
(FMYTPN + PNEN = _J and |PV|| < C,.
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