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 a b s t r a c t

The present paper addresses the topic of boundary output feedback stabilization of parabolic-type 
equations, governed by linear differential operators which can be diagonalized by the introduction 
of adequate weighting functions (by means of the Sturm–Liouville method), and which evolve in 
bounded spatial domains that are subsets of Rd, d = 2, 3. Generalizing previous works for the 
boundary output feedback control of 1-D parabolic PDEs and for the state feedback control of multi-D 
parabolic PDEs, we report in this paper an output feedback boundary stabilizing control with internal 
Dirichlet measurements designed by means of a finite-dimensional observer. The reported control 
design procedure is shown to be systematic for 2-D and 3-D parabolic equations.

© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

There is now a large amount of literature dealing with bound-
ary control of dynamical infinite-dimensional systems. In partic-
ular, various techniques have been developed for the design of
control strategies for 1-D partial differential equations (PDEs). 
These include: Lyapunov methods (Bastin & Coron, 2016), back-
stepping design (Krstic & Smyshlyaev, 2008), linear quadratic 
control methods (Curtain & Zwart, 2020), characteristic analy-
sis (Bressan, 2000), among other approaches. Even if some of 
these approaches have been generalized to multi-D PDEs, such 
as LQR methods (see e.g., Van Keulen (1993)), constructive meth-
ods for multi-D PDEs are not so developed. Among the con-
tributions, one can find in Barbu (2013) the design of simple 
proportional-type boundary stabilizing controllers for multi-D 
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parabolic-type equations under a restrictive assumption concern-
ing the linear independence of the traces of the normal deriva-
tives of the eigenfunctions. Extensions of this approach while 
removing the aforementioned restrictive assumption have been 
reported in the recent textbook (Munteanu, 2019). Boundary 
control and observation of heat equations on multi-dimensional 
domains has also been solved in Feng, Lang, and Liu (2022) under 
the restrictive assumption that all the unstable modes are simple.

In this paper, we study the problem of output feedback stabi-
lization of 2-D and 3-D parabolic PDEs using spectral reduction 
methods. Spectral decomposition techniques consist first of the 
projection of the PDE into a finite-dimensional unstable system 
plus a residual stable infinite-dimensional system. In this frame-
work, the control strategy is designed on the unstable finite-
dimensional part of the plant. Although simple in their basic 
concepts, spectral-based control design methods are challenging 
because one must ensure that the control strategy does not 
introduce any spillover effect, that is: the control strategy orig-
inally designed on a finite-dimensional approximation of the 
PDE plant may actually fail to stabilize the infinite-dimensional 
system due to the interconnection of the controller with the 
infinite-dimensional residual dynamics (see, e.g., Balas (1978, 
1988)). Spectral reduction-based methods are very attractive in 
practice because they allow the design of finite-dimensional con-
trol strategies for parabolic PDEs. Their use for control design for 
infinite-dimensional dynamical systems goes back to the 60 s in 
the work of Russell (1978) and to the 80 s in the work Trig-
giani (1980). See also the works Badra and Takahashi (2014) 
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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and Badra and Takahashi (2011) where finite-dimensional pro-
jections are used for the stabilization by means of state-feedback 
laws. These methods are particularly relevant because they allow 
the computation of reduced order models, making numerical 
computations and practical implementations much easier to han-
dle compared to infinite-dimensional control and observation 
strategies (Koga & Krstic, 2020) (they avoid the necessity to 
perform late lumping approximations that generally conduct to 
the lose of the stability guarantees derived based on the origi-
nal infinite-dimension dynamics). For other related ideas devel-
oped in various directions, see e.g. Coron and Trélat (2004), Lha-
chemi and Shorten (2020), Orlov (2000) for the one-dimensional 
case and Barbu (2011), Munteanu (2019), Triggiani (2007), Xu, 
Schuster, Vazquez, and Krstic (2008) for the multi-dimensional 
case. In the case of output-feedback, a pioneer paper on finite-
dimensional observer-based stabilizing controllers is (Sakawa, 
1983) for the case where the both observation and control op-
erators are bounded. See also the recent paper (Feng et al., 2022) 
where a boundary finite-dimensional control is designed and an 
infinite-dimensional observer is suggested for a multi-D Laplace 
operator. Adopting spectral reduction-based representation of 
parabolic PDEs (Coron & Trélat, 2004; Russell, 1978) and lever-
aging on pioneer works (Sakawa, 1983; Triggiani, 1980) aug-
mented with Linear Matrix Inequalities (LMIs) procedures (Katz 
& Fridman, 2020), stabilization problems for 1-D parabolic PDEs 
have been solved in a systematic manner for various boundary 
control and boundary output (Lhachemi & Prieur, 2022c). Also 
note that the capability to handle systems of 1-D parabolic PDEs 
was demonstrated in Grüne and Meurer (2022) using small gain 
methods. In this paper, we further develop and generalize these 
methods to the case of multi-D parabolic PDEs.

The aim of this paper is to report a constructive control 
design procedure for the output feedback boundary stabiliza-
tion of multi-D parabolic PDEs that is systematic in the 2-D 
and 3-D cases. Extending procedures reported in Lhachemi and 
Prieur (2022c) for 1-D PDEs and combining this latter work 
with analyses on the eigenspaces inspired by Munteanu (2019), 
we succeed to design a finite-dimensional observer-based out-
put feedback control strategy for multi-D parabolic-type equa-
tions. More precisely, we consider in this work the following 
boundary-controlled parabolic-type equation evolving in O, an 
open, bounded and connected subset of Rd with d ∈ {2, 3}, 
with C3

−smooth boundary, denoted by ∂O. Then, the real-valued 
system is described by ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tz(x, t) +

d∑
i,j=1

aij(x)∂ijz(x, t) +

d∑
i=1

bi(x)∂iz(x, t)

+ c(x)z(x, t) = 0, t > 0, x ∈ O,
z(x, t) = u(x, t) = χ (x)v(x, t), x ∈ ∂O, t > 0,
z(x, 0) = zo(x), x ∈ O.

(1)

The control input to-be-designed is the function v. The function 
χ ∈ C2(∂O) is a fixed boundary weight function, with values in 
[0, 1], with support in a subset Γ1 ⊆ ∂O, and equal to 1 in an 
open non-empty subset Γ0 ⊆ Γ1. The assumed regularity of χ
will be used to ensure some regularity properties for the control 
input u.

The system output consists of M ≥ 1 in-domain measure-
ments: 
y(t) = (z(ξ1, t), z(ξ2, t), . . . , z(ξM , t)) , (2)

with ξi ∈ O that are mutually distinct. As we shall see, the 
number of measurements M to be selected will depend on the 
maximum multiplicity of the unstable eigenvalues of the plant 
to be stabilized by the control strategy. In this context, our 
only assumption in the present work is that the second order 
2

governing differential operator can be diagonalized in a suitable 
Riesz-basis (this will be described in details in Section 2 below). 
We emphasize the fact that the previous results in the literature 
cannot be applied to non-diagonal systems with eigenvalues that 
are not simple. Therefore, the present work is a first result into 
that direction.

The main contribution of this paper can be informally stated 
as follows (see Theorem  15 for a precise statement)

Contribution: In this work, our aim is to show that assuming 
that the governing linear operator of Eq.  (1) is in divergence form 
(as written in (4) below), there exists an explicit output feedback 
controller v (see (19) below with U provided by (32)) which ex-
ponentially stabilizes the reaction–diffusion Eq. (1) based on the 
pointwise internal measurement (2).

We provide below an example that fits within the above 
framework, except that O is a square in R2 hence the C3-smooth-
ness assumption for the boundary ∂O is not satisfied. However, 
this is compatible with the developments reported in this paper 
because the C3-smoothness assumption for ∂O is only requested 
to guarantee the H3-regularity of the eigenfunctions; see the 
discussion after Eq. (5). It appears that for the below example, 
the eigenfunctions do present this H3-regularity. Note that this 
choice for Example  1 is motivated by the fact that we know for 
a square domain the analytical expression of the eigenfunctions, 
allowing to explicitly carry on the numerical simulations reported 
at the end of this paper.

Example 1.  Consider the plant (1) with d = 2, O = (0, π ) ×

(0, π ), Γ1 = {x1 ∈ (0, π ), x2 = 0}. Let χ (·) be a smooth function 
with support included in Γ1 ⊂ ∂O, as in the discussion following 
system (1). Consider the equation{
∂tz(x, t) −∆z(x, t) − ϵ∇ · z(x, t) − az(x, t) = 0, t > 0, x ∈ O,
z(x, t) = χ (x)v(x, t), x ∈ ∂O, t > 0,
z(x, 0) = zo(x), x ∈ O.

for some ϵ > 0 and a ∈ R. Denote by Af = −∆f − ϵ∇ · f − af . It 
can be seen that A is non-diagonal. However, introducing µ(x) =

eϵx1+ϵx2 , which is positive and satisfies 1 ≤ µ(x) ≤ e2ϵπ , we can 
diagonalize A in the sense that

µAf = −

2∑
i=1

∂i(eϵx1+ϵx2∂if ) − aeϵx1+ϵx2 f .

The associated eigenfunctions are described by ϕi,j(x) =
2
π
e

−ϵx1−ϵx2
2

sin(ix1) sin(jx2), i, j ∈ N \ {0} , x ∈ O, with the correspond-
ing eigenvalues λi,j = i2 + j2 − a + ϵ2/2. Then, it is seen 
that the associated bi-orthogonal system is given by ψi,j(x) =

2
π
e
ϵx1+ϵx2

2 sin(ix1) sin(jx2), i, j ∈ N \ {0} , x ∈ O. Let us note that, 
at the boundary Γ1, we have

Tn(ϕi,j)(x1, 0) = −
2
π
j sin(ix1), x1 ∈ (0, π ).

Consider the particular case ϵ = 0.1 and a = 5.1. In this 
setting, the open-loop system is unstable with a total of three 
modes that are not exponentially stable: −λ1,1 = 3.095 and 
−λ1,2 = −λ2,1 = 0.095 with the corresponding three eigenfunc-
tions 2

π
e

−0.1x1−0.1x2
2 sin x1 sin x2, 2

π
e

−0.1x1−0.1x2
2 sin 2x1 sin x2 and 2

π

e
−0.1x1−0.1x2

2 sin x1 sin 2x2, respectively. Hence, the unstable part of 
the system is of dimension N0 = 3 with one unstable mode of 
multiplicity two. This leads to consider the case of two pointwise 
measurements, that is (2) with M = 2. Choosing the points 
of observation ξi = (ξi1, ξi2) ∈ (0, π )2, i = 1, 2, such that 
a certain observability condition holds true (namely, Eq. (29) 
below), Theorem  15 below can be applied to this example to 
provide a boundary output stabilizing controller.
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The outline of the paper is as follows. Various notations, as-

sumptions, and preliminary properties are summarized in Sec-
tion 2. Then, the proposed control strategy along with the main 
stability result, is reported in Section 3. Numerical simulation 
for Example 1 is developed in Section 4. Concluding remarks are 
formulated in Section 5.

2. Notation and preliminary properties

2.1. Notation and basic definitions

We denote by N∗
= N \ {0} the set of all positive integers. 

Spaces Rn are endowed with the Euclidean scalar product ⟨·, ·⟩n
and norm ∥ · ∥n. The associated induced norms of matrices are 
denoted by ∥ · ∥. L2(O) stands for the space of square Lebesgue 
integrable functions on O and is endowed with the inner product 
⟨f , g⟩ =

∫
O f (x)g(x)dx with associated norm denoted by ∥ · ∥L2 . 

For m ≥ 1, the m−order fractional Sobolev space is denoted by 
Hm(O) and is endowed with its usual norm denoted by ∥ · ∥Hm . 
We set H1

0 (O) for the completion of the space of infinitely differ-
entiable functions, which are nonzero only on a compact subset 
of O, with respect to the Sobolev norm ∥ · ∥H1 . For a symmetric 
matrix P ∈ Rn×n, P ⪰ 0 (resp. P ≻ 0) means that P is positive 
semi-definite (resp. positive definite). For a positive semi-definite 
matrix P , one can introduce its positive semi-definite square root 
matrix, that is a matrix, denoted by P 1

2 , such that

P
1
2 P

1
2 = P .

Let {ϕn}n∈N∗  be a sequence in a Hilbert space (H, ⟨·, ·⟩H , ∥ · ∥H ). 
It is called a Riesz basis if: (i) span {ϕn}n∈N∗ = H; and (ii) there 
exist constants 0 < c ≤ C < ∞ such that

c
∑
n≥1

|αn|
2

≤

∑
n≥1

αnϕn


2

H

≤ C
∑
n≥1

|αn|
2,

for all sequences of scalars {αn}n so that 
∑

n≥1 |αn|
2 < ∞.

For any given positive function µ in C(O), we introduce the 
weighted Lebesgue space

L2µ(O) =

{
f : O → R :

∫
O
µ(x)f 2(x)dx < ∞

}
.

If there exist constants 0 < µm, µM < ∞ such that 0 < µm ≤

µ(x) ≤ µM almost everywhere, then the two spaces L2(O) and 
L2µ(O) are both algebraically and topologically equivalent. This 
implies, in particular, that a Riesz basis in L2(O) is also a Riesz 
basis in L2µ(O) and vice versa.

2.2. Differential operator in divergence form

Let us denote by A : H2(O) → L2(O) the second order 
differential operator: 

Af =

d∑
i,j=1

aij(x)∂ijf +

d∑
i=1

bi(x)∂if + c(x)f . (3)

Assumption 2.  We assume that there exists a multiplier µ ∈

C2(O), with 0 < µm ≤ µ(x) ≤ µM for all x ∈ O for some constants 
0 < µm, µM < ∞, such that µA can be rewritten in divergence 
form: 

µAf = −

d∑
i=1

∂i(ãi(x)∂if ) + c̃(x)f (4)

with C1(O)-smooth coefficients ãi, c̃ , for which there exist con-
stants 0 < ãm < ãM and c̃m < c̃M such that 0 < ãm ≤ ãi(x) ≤ ãM
and c̃ ≤ c̃(x) ≤ c̃  for all x ∈ O and all 1 ≤ i ≤ d.
m M

3

Remark 3.  We emphasize that the form (4) can be seen as a gen-
eralization of Sturm–Liouville operators from the one-dimensional
case. For details, see e.g. Delattre, Dochain, and Winkin (2003). 
Similarly with the one-dimensional case, the spectrum of the 
operator µA consists of a countable set of eigenvalues with a 
corresponding countable set of eigenfunctions that form a Riesz 
basis (see below for details). However, output feedback control 
design is challenging in the multi-dimensional case. Compared to 
the one-dimensional case, the multi-dimensional case requires 
to reshape the form of the output feedback controller. This is 
essentially due to the fact that, in the multi-dimensional case, we 
may encountered unstable eigenvalues with multiplicity greater 
than one (note however that, for the studied class of systems, 
the multiplicity of the eigenvalues is always finite). This also 
requires the demonstration of a unique continuation property for 
the eigenfunctions, the definition of suitable lifting operators to 
embrace the geometry of the boundary, and the introduction of 
an adequate observer, among other modifications.

Previous assumption implies that −A0 := −A|H2(O)∩H1
0 (O) is 

the generator of a C0-analytic semigroup in L2(O). To show this, 
we apply the well-known Hille–Yosida theorem. First, D(A0) =

H2(O)∩H1
0 (O) is dense in L2(O). Then, for λ > 0, we consider the 

equation

(λ+ A0)f = g.

It follows, by scalarly multiplying this equation by µf  that
⟨g, µf ⟩ = ⟨(λ+ A0)f , µf ⟩

= λ ⟨µf , f ⟩ + ⟨µA0f , f ⟩

≥ (λµm + c̃m)∥f ∥2
L2(O) + ãm∥∇f ∥2

L2(O).

Hence, for λ large enough, we have λµm + c̃m > 0 and
(λµm + c̃m)∥f ∥2

L2(O) ≤ µM∥g∥L2(O)∥f ∥L2(O)

or, equivalently,

∥(λ+ A0)−1g∥L2(O) = ∥f ∥L2(O) ≤
µM

λµm + c̃m
∥g∥L2(O).

Thus, −A0 is the generator of a C0-analytic semigroup 
{
e−tA0 :

t ≥ 0} in L2(O).
Besides this, the above inequalities, together with the com-

pact embedding of H1
0 (O) in L2(O), implies the compactness of 

the resolvent of −A0. Therefore, −A0 has a countable set of 
eigenvalues, which accumulates at infinity, and for which the 
corresponding eigenfunctions form a Riesz basis in L2(O). More 
exactly, in view of the divergence form (4), we consider the 
following weighted eigenvalue problem (λ ∈ C):

−

d∑
i=1

∂i(ãi∂iϕ) + c̃ϕ = µλϕ, x ∈ O; ϕ = 0 on ∂O.

Owing to classical theory on spectral properties of elliptic self-
adjoint operators (see, e.g. Gilbarg and Trudinger (1977, Chapter 
8)) we know that the above problem has a countable set of 
solutions formed by an increasing sequence of real eigenvalues 
{λn}n∈N∗  which accumulate at infinity and with corresponding 
eigenfunctions {ϕn}n∈N∗  that form an orthonormal basis in L2µ(O). 
By the above discussions, we know that {ϕn}n∈N∗  forms a Riesz 
basis in L2(O) as well (but is not necessarily orthonormal). Let 
us define ψn := µϕn, n ≥ 1. Then {ϕn}n∈N∗  and {ψn}n∈N∗  are 
bi-orthonormal in L2(O), i.e.,⟨
ϕi, ψj

⟩
= δi,j, i, j ≥ 1,

where δi,j is the Kronecker symbol. In particular, there exist 
constants c1, c2 > 0 such that 
c1
∑

⟨f , ψn⟩
2

≤ ∥f ∥2
L2(O) ≤ c2

∑
⟨f , ψn⟩

2 , (5)

n≥1 n≥1
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for all f ∈ L2(O). Besides this, since the coefficients ãi, c̃ are 
C1

−smooth and the boundary is C3
−smooth, it follows by Gilbarg 

and Trudinger (1977, Theorem 8.13) that ϕn ∈ H3(O) for all 
n. Invoking the general Sobolev embeddings, we deduce that 
ϕn belongs to the Hölder space C0,α(O), for some α ∈ (0, 1). 
Therefore, it makes sense to consider point values of ϕn.

The following lemma, which is the key ingredient for the 
introduction of the Lyapunov functional in the proof of our main 
result stated in Theorem  15, provides a direct relation between 
the H1

0 -norm and the coefficients of projection onto the Riesz 
basis {φn}n∈N∗ .

Lemma 4.  Let us fix ν ≥ 0 so that c̃m +νµm > 0. Then, there exist 
constants c3, c4 > 0 such that 

c3∥f ∥2
H1
0 (O)

≤

∑
n≥1

(λn + ν) ⟨f , ψn⟩
2

≤ c4∥f ∥2
H1
0 (O)

, (6)

for all f ∈ H2(O) ∩ H1
0 (O).

Proof. Recall that, thanks to the Poincaré inequality, we have that 
∥∇ · ∥L2(O) is an equivalent norm in H1

0 (O). In particular, there 
exists a constant C > 0 such that
∥∇f ∥2

L2(O) ≥ C∥f ∥2
H1
0 (O)

, ∀f ∈ H1
0 (O).

Next, we observe for any f ∈ H2(O) ∩ H1
0 (O) the following:

⟨(A0 + ν)f , f ⟩L2µ(O) =

∫
O
µ
{
(A0f )f + νf 2

}
dx

= −

d∑
i=1

∫
O
∂i(ãi∂if )fdx +

∫
O
(c̃ + νµ)f 2dx

=

d∑
i=1

∫
O
ãi(∂if )2dx +

∫
O
(c̃ + νµ)f 2dx

where we have applied integration by parts. This shows that
⟨(A0 + ν)f , f ⟩L2µ(O) ≥ (c̃m + νµm)∥f ∥2

L2(O),

and so λn > −ν for all n ≥ 1; and that
Cãm∥f ∥2

H1
0 (O)

≤ ∥(A0 + ν)1/2f ∥2
L2µ(O)

≤ C1∥f ∥2
H1
0 (O)

where C1 = max(ãM , c̃M +νµM ). Then it can be seen from (5) that∑
n≥1

(λn + ν) ⟨f , ψn⟩
2

≤
1
c1

∥(A0 + ν)1/2f ∥2
L2(O)

≤
1

c1µm
∥(A0 + ν)1/2f ∥2

L2µ(O)

≤
C1

c1µm
∥f ∥2

H1
0 (O)

while∑
n≥1

(λn + ν) ⟨f , ψn⟩
2

≥
1
c2

∥(A0 + ν)1/2f ∥2
L2(O)

≥
1

c2µM
∥(A0 + ν)1/2f ∥2

L2µ(O)

≥
Cãm
c2µM

∥f ∥2
H1
0 (O)

.

This concludes the proof of Lemma  4. □
Due to Albert (1975), it is known that the set of eigenvalues 

accumulates only at infinity. This allows to fix N0 ∈ N∗ such that 
λj ≥ λN0+1 > 0 for all j ≥ N0 + 1. We also set the integer N ∈ N
large enough such that N ≥ N0 and λn ≥ 1, ∀n ≥ N + 1. A 
key element in the application of the control strategy reported in 
4

this paper relies on the asymptotic behavior of the eigenfunctions 
ϕn evaluated at the measurement locations ξi. This asymptotic 
behavior is assessed through the following lemma.

Lemma 5.  The following holds: ∑
n≥N+1

ϕ2
n (ξi)
λ2n

< ∞, ∀i ∈ {1, 2, . . . ,M}. (7)

Proof.  Considering O as a manifold with the Riemannian metric 
µdx, it follows that A0 is a self-adjoint operator in the Lebesgue 
L2 space associated to this manifold. Hence, one may argue as 
in Hörmander (1968) (or as in Sogge (2002) for the particular 
case of the Laplace operator) to deduce the existence of a constant 
C > 0 such that, for any λ ≥ 1, we have ∑
√
λj∈[λ,λ+1)

|ϕj(ξ )|2 ≤ Cλd−1, ∀ξ ∈ O. (8)

Let 0 < 1
5−d < β < 1, where we recall that d ∈ {2, 3}. We 

note that [1,∞) = ∪m≥1[mβ ,mβ
+ 1). Therefore, taking λ = mβ

in (8), we infer for any ξ ∈ O that

∑
n≥N+1

ϕ2
n (ξ )
λ2n

≤

∞∑
m=1

⎛⎝ ∑
j≥N+1,

√
λj∈[mβ ,mβ+1)

ϕ2
j (ξ )

λ2j

⎞⎠
≤

∞∑
m=1

1
m4β

⎛⎝ ∑
j≥N+1,

√
λj∈[mβ ,mβ+1)

ϕ2
j (ξ )

⎞⎠
≤ C

∞∑
m=1

1
m4β m

(d−1)β
= C

∞∑
m=1

1
m(5−d)β < ∞,

since β(5 − d) > 1. □

Remark 6.  It is worth being noted that for dimensions d ≥ 4 the 
quantities 

∑
n≥N+1

ϕ2n (ξi)
λ2n
, i ∈ {1, 2, . . . ,M}, might not be finite, in 

general. This is the key point that restricts the application of the 
proposed control strategy to multi-D equations with d ≥ 4. More 
exactly, invoking the Weyl’s law (see Strauss (2008, Chapter 11)), 
we know that λn is of order n

2
d . Hence, 

∑
n≥N+1

1
λ2n

 is comparable 
with 

∑
n≥N+1

1

n
4
d
 which diverges for d ≥ 4.

Let us denote by n = (n1, . . . , nd) the unit outward normal to 
the boundary of O. For later purpose, we need to show a unique 
continuation property of the eigenfunctions of the operator A0, 
as stated in the following lemma.

Lemma 7.  Let any ϕ ̸≡ 0 satisfying

−

d∑
i=1

∂i(ãi(x)∂iϕ) + c̃(x)ϕ − µ(x)λϕ = 0 in O

with ϕ = 0 on ∂O. Then, for each open non-empty subset Γ  of ∂O, ∑d
i=1 ni(·)ãi(·)∂iϕ(·) is not identically zero on Γ .

Proof.  This property holds true because the principal part of the 
differential operator is uniformly elliptic (which, usually, is called 
the elliptic continuation principle from the boundary).

Let us assume by contradiction that 
∑d

i=1 ni(·)ãi(·)∂iϕ(·) ≡

0 on Γ . This implies first that ∂nϕ :=
∑d

i=1 ni∂iϕ ≡ 0 on Γ . 
Indeed, since ϕ = 0 on ∂O, we have that ∇ϕ is normal to ∂O, 
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that is so ∇ϕ = (∂nϕ)n. Hence,

0 =

d∑
i=1

niãi∂iϕ =

d∑
i=1

n2
i ãi∂nϕ,

which, together with the fact that 
∑d

i=1 n
2
i ãi > ãm > 0, gives 

∂nϕ :=
∑d

i=1 ni∂iϕ ≡ 0 on Γ .
Choose now some x0 ∈ Γ . Pick coordinates x = (x′, xd) so that 

x0 = 0 and, for some r > 0,

O ∩ B(0, r) =
{
x ∈ B(0, r); xd > g(x′)

}
,

where g : Rd−1
→ R is a C∞

−function. We extend the domain 
near x0 by choosing ψ ∈ C∞

c (Rd−1) with ψ = 0 for ∥x′
∥d−1 ≥ r/2

and ψ = 1 for ∥x′
∥d−1 ≤ r/4, and by defining

O∗
= O ∪

{
x ∈ B(0, r); xd > g(x′) − εψ(x′)

}
.

Here ε > 0 is chosen sufficiently small so that{
(x′, xd); ∥x′

∥d−1 ≤ r/2, xd = g(x′) − εψ(x′)
}

is contained in B(0, r). Then, O∗ is a connected open set with 
smooth boundary.

Define the functions

ϕ∗(x) =

{
ϕ(x)  if x ∈ O,
0  if x ∈ O∗

\ O,

ã∗

i (x) =

{
ãi(x)  if x ∈ O,
0  if x ∈ O∗

\ O,

(c̃ − µλ)∗(x) =

{
(c̃ − µ(x)λ)(x)  if x ∈ O,
0  if x ∈ O∗

\ O.
Since ϕ∗ is of regularity H2 in both regions O and O∗

\O, and 
the trace on Γ  of ϕ∗ and the normal derivative ∂nϕ∗ are both 
equal to zero, it yields via Green’s formula that:∫

∗

O
∆ϕ∗ψdx =

∫
O
∆ϕ∗ψdx +

∫
O∗\O

∆ϕ∗ψdx

=

∫
O
ϕ∗∆ψdx +

∫
O∗\O

ϕ∗∆ψdx

=

∫
∗

O
ϕ∗∆ψdx,

for all ψ ∈ C∞

0 (O∗). Therefore, ϕ∗
∈ H2(O∗) and is solution to

−

d∑
i=1

∂i(ã∗

i (x)∂iϕ
∗(x)) + (c̃ − µλ)(x)∗ϕ∗(x) = 0 a.e. in O∗,

with ϕ∗
≡ 0 in some open ball contained in O∗

\O. Invoking the 
result in Garofalo and Lin (1987), we immediately get that ϕ ≡ 0
in O, which is in contradiction with the hypothesis. It concludes 
the proof of Lemma  7. □

We shall denote by

Tn(·) :=

d∑
i=1

niãi∂i(·)

the trace operator of generalized normal derivative. Let us note 
that, since ϕj ∈ H3(O), it follows that Tnϕj ∈ H

3
2 (∂O), for all 

j ∈ N∗. Then, with similar arguments as in Di Nezza, Palatucci, and 
Valdinoci (2012, Lemma 5.3) one can show that the truncation 
χTnϕj remains in H 3

2 (∂O).
With all these elements in hands, we are now in position 

to introduce the output feedback control strategy that exponen-
tially stabilizes the reaction–diffusion Eq. (1) based solely on the 
internal measurement (2). This is discussed in the next section.
5

3. Design of the control strategy

Let us denote A0 :=
(⟨

−Aϕi, ψj
⟩)

1≤i,j≤N0
. It is seen that A0 =

−diag(λ1, λ2, . . . , λN0 ). For dimension d ≥ 2, it is highly pos-
sible to have multiple eigenvalues. Note however that the first 
eigenvalue is always simple. Therefore, the number of scalar 
measurements M from the system output (2), as well as the 
structure of the control strategy, needs to be slightly adapted in 
function of the multiplicity of the unstable eigenvalues. To fix 
the ideas and to keep the presentation as concise as possible, 
we make the following choice for the spectrum structure (other 
possible choices can be treated in a similar manner as below 
without any supplementary effort): the second eigenvalue is of 
multiplicity equal two, while the rest of the first N0 eigenvalues 
are simple, i.e., we have

λ1 < λ2 = λ3 < λ4 < · · · < λN0 .

This configuration leads us to consider M = 2 scalar outputs, 
i.e., 

y(t) = (z(ξ1, t), z(ξ2, t))⊤. (9)

Remark 8.  Note that the other configurations, in terms of multi-
plicity of the different eigenvalues, can be handled in a similar 
way by setting the number of scalar measurements M as the 
maximum of multiplicity for the eigenvalues λ1, . . . , λN0 . This 
is possible because, invoking the results in Albert (1975), each 
eigenvalue has a finite multiplicity. It is worth being noted that 
the sequence of multiplicities might be unbounded in certain 
cases. However, since for control design we are only interested 
in the multiplicities of the first N0 eigenvalues, the number M
of pointwise measurements is always finite. Note also that, due 
to Albert (1975), the set of eigenvalues accumulates only at 
infinity.

3.1. Preliminary control design

Assuming γ > 0 large enough, we have that, for each v ∈

H
3
2 (∂O), there exists a unique solution, D ∈ H2(O), to the 

equation 

AD − 2
N0∑
i=1

λi ⟨D, ψi⟩ϕi + γD = 0 in O;

D = χv on ∂O.
(10)

This is indeed so, since, likewise in Di Nezza et al. (2012, Lemma 
5.3), one can show that, for v ∈ H

3
2 (∂O), we have that the 

truncation χv remains in H 3
2 (∂O). Then, with similar arguments 

as in Lions and Magenes (1972, p.188) (see also (Mikhailov, 1978, 
p.226)), one can easily arrive to the wanted conclusion.

This allows us to introduce the following continuous linear 
operator: 

Definition 9.  Let Dγ : H
3
2 (∂O) → H2(O) be defined by Dγ v := D

where, for any given v ∈ H
3
2 (∂O), D ∈ H2(O) is the unique 

solution to (10).

Lemma 10.  We have ⎛⎜⎜⎜⎝
⟨
Dγ v,ψ1

⟩⟨
Dγ v,ψ2

⟩
...⟨ ⟩

⎞⎟⎟⎟⎠ = −Λγ

⎛⎜⎜⎜⎝
⟨χv, Tnϕ1⟩L2(∂O)
⟨χv, Tnϕ2⟩L2(∂O)

...⟨ ⟩
⎞⎟⎟⎟⎠ , (11)
Dγ v,ψN0
χv, TnϕN0 L2(∂O)
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where 

Λγ = diag
(

1
γ − λ1

,
1

γ − λ2
, . . . ,

1
γ − λN0

)
, (12)

while ⟨
Dγ v,ψk

⟩
= −

1
γ + λk

⟨χv, Tnϕk⟩L2(∂O) , k ≥ N0 + 1. (13)

Proof.  Scalarly multiplying Eq. (10) by ψk = µϕk, k = 1, 2, . . . ,
N0, while taking advantage of the bi-orthogonality of the se-
quences {ϕi}i≥1 and {ψi}i≥1, we get ⟨
µADγ v, ϕk

⟩
− 2λk

⟨
Dγ v,ψk

⟩
+ γ

⟨
Dγ v,ψk

⟩
= 0. (14)

Let us compute 
⟨
µADγ v, ϕk

⟩
. Using the integration by parts for-

mula and invoking the boundary conditions of ϕj and Dγ v, we 
obtain that⟨
µADγ v, ϕk

⟩
=

⟨
−

d∑
i=1

∂i(ãi∂iDγ v) + c̃Dγ v, ϕk

⟩

=

d∑
i=1

⟨
Dγ v, niãi∂iϕk

⟩
L2(∂O)

+

⟨
Dγ v,−

d∑
i=1

∂i(ãi∂iϕk) + c̃ϕk

⟩
Consequently,⟨
µADγ v, ϕk

⟩
= ⟨χv, Tnϕk⟩L2(∂O) + λk

⟨
Dγ v,ψk

⟩
.

Substituting the above identity into Eq. (14), we infer that
(−λk + γ )

⟨
Dγ v,ψk

⟩
= − ⟨χv, Tnϕk⟩L2(∂O) ,

k ∈ {1, . . . ,N0}. This gives (11). Proceeding similarly, we infer 
that (13) holds. □

Next, we fix N0 positive constants 0 < γ1 < γ2 < · · · < γN0 , 
selected sufficiently large such that, for each k ∈ {1, 2, . . . ,N0}, 
Eq. (10) is well-posed for γ = γk. Following Definition  9, we 
denote for k ∈ {1, 2, . . . ,N0} by Dγk  the corresponding operators 
as defined by (10).

We now introduce the positive semi-definite Gram matrix B, 
defined by: 
B :=

(
⟨χTnϕk, Tnϕl⟩L2(∂O)

)
1≤k,l≤N0

(15)

and we set 
Bk := ΛγkBΛγk , k ∈ {1, 2, . . . ,N0}. (16)

Note that, for all k = 1, 2, . . . ,N0, Bk is positive semi-definite. We 
also define 

L(x) =
(
Tnϕ1(x), . . . , TnϕN0 (x)

)⊤ (17)

for all x ∈ ∂O. In the given hypotheses, B1 + B2 + · · · + BN0
is invertible (see Lemma  A in the Appendix for details), and we 
denote by A its inverse. Clearly seen, A is a positive definite 
matrix.

Next, introducing an auxiliary control input U : [0,∞) → RN0 , 
which will be specified later in Section 3.3, we define 
uk(x, t) :=

⟨
ΛγkAU(t),L(x)

⟩
N0
, x ∈ ∂O, t ≥ 0, (18)

for all k = 1, 2, . . . ,N0, and 
v(x, t) : = u1(x, t) + u2(x, t) + · · · + uN0 (x, t)

=

N0∑⟨
ΛγkAU(t),L(x)

⟩
N0
, x ∈ ∂O, t ≥ 0.

(19)
k=1

6

Then, we define the boundary control u appearing in the plant (1) 
as

u(x, t) = χ (x)v(x, t) = χ (x)
[
u1(x, t) + · · · + uN0 (x, t)

]
.

As it can be easily seen, u is supported in Γ1.

Remark 11.  Note that uk(·, ·), k = 1, . . . ,N0, is of separable 
variables form. More precisely, it can be written as

uk(x, t) =

N0∑
i=1

uk
i (t)Tnϕi(x).

Therefore, applying Dγ  (defined by Definition  9), we have

Dγ uk(t) =

N0∑
i=1

uk
i (t)Dγ Tnϕi.

As we already saw before, Tnϕi ∈ H
3
2 (∂O), thus, invoking the 

results in Lions and Magenes (1972), Dγ uk(t) is well-defined for 
each t ≥ 0 and belongs to H2(O). It follows by the general Sobolev 
embeddings that Dγ uk(t) belongs to the Hölder space C0,α(O), for 
some α ∈ (0, 1). Hence, it makes sense to consider pointwise 
evaluations of Dγ uk(t) as made below, for all t ≥ 0. Moreover, 
since u ∈ C(0,∞; H

3
2 (∂O)), we deduce that once we plug it into 

(1), the corresponding solution of (1) with zo ∈ H2(O) satisfies 
z(·, t) ∈ H2(O) for all t ≥ 0. Hence, it makes sense to consider 
point values of z(·, t) for all t ≥ 0. (For details see Mikhailov 
(1978, Theorem 4) combined with the arguments in Mikhailov 
(1978, p226).)

Lemma 12.  It holds, for all k = 1, . . . ,N0, ⎛⎜⎜⎜⎝
⟨
Dγkuk, ψ1

⟩⟨
Dγkuk, ψ2

⟩
...⟨

Dγkuk, ψN0

⟩
⎞⎟⎟⎟⎠ = −BkAU, (20)

Proof. Based on (11), we infer that( ⟨
Dγkuk, ψ1

⟩ ⟨
Dγkuk, ψ2

⟩
. . .

⟨
Dγkuk, ψN0

⟩ )⊤
= −Λγk

⎛⎜⎜⎜⎝
⟨χuk, Tnϕ1⟩L2(∂O)
⟨χuk, Tnϕ2⟩L2(∂O)

...⟨
χuk, TnϕN0

⟩
L2(∂O)

⎞⎟⎟⎟⎠ .
Taking into account (15) and (18), this yields⎛⎜⎜⎜⎝

⟨
Dγkuk, ψ1

⟩⟨
Dγkuk, ψ2

⟩
...⟨

Dγkuk, ψN0

⟩
⎞⎟⎟⎟⎠ = −ΛγkBΛγkAU

and so, owing to the definition of Bk given by (16), the claimed 
identity (20) is proved. □

3.2. Spectral reduction

Our objective is now to specify the auxiliary control input U
that appears in (18). To do so, we first need to carry on a spectral 
reduction of the system formed by the plant (1) along with the 
preliminary control input (19). This is done in this subsection.

Lemma 13.  Consider the following change of variable : 

w := z −

N0∑
Dγkuk (21)
k=1
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and define the coefficients of projection wn(t) = ⟨w(t, ·), ψn⟩ and 
zn(t) = ⟨z(t, ·), ψn⟩. Then, we have

d
dt

zn = −λnzn +

N0∑
k=1

(λn + γk)
⟨
Dγkuk, ψn

⟩
− 2

N0∑
k,i=1

λi
⟨
Dγkuk, ψi

⟩
δi,n (22)

for all n ≥ 1. Moreover, we have

d
dt
wn = − λnwn +

N0∑
k=1

γk
⟨
Dγkuk, ψn

⟩
−

N0∑
k=1

⟨
Dγk

d
dt

uk, ψn

⟩
(23)

for all n ≥ N0 + 1.

Proof.  We first equivalently rewrite (1) as an internal-type 
control problem. More precisely, invoking the change of variable 
(21), we have

d
dt
w =

d
dt

z −
d
dt

N0∑
k=1

Dγkuk

(1)
= −Az −

d
dt

N0∑
k=1

Dγkuk

= −A0w −

N0∑
k=1

ADγkuk −
d
dt

N0∑
k=1

Dγkuk

(10)
= −A0w − 2

N0∑
k,i=1

λi
⟨
Dγkuk, ψi

⟩
ϕi

+

N0∑
k=1

γkDγkuk −
d
dt

N0∑
k=1

Dγkuk, t > 0. (24)

Then, recalling that wn(t) = ⟨w(t, ·), ψn⟩ and zn(t) = ⟨z(t, ·), ψn⟩, 
the projection of (24) gives

d
dt
wn = − λnwn −

N0∑
k=1

⟨
Dγk

d
dt

uk, ψn

⟩

− 2
N0∑

k,i=1

λi
⟨
Dγkuk, ψi

⟩
δi,n +

N0∑
k=1

γk
⟨
Dγkuk, ψn

⟩
(25)

for all n ≥ 1. This gives (23) because δi,n = 0 for all 1 ≤ i ≤ N0
and n ≥ N0 + 1. Now, in view of the change of variable formula 
(21), we have 

wn = zn −

N0∑
k=1

⟨
Dγkuk, ψn

⟩
. (26)

Thus, combining (25)–(26), we infer that (22) holds. □
Our objective is now to write an ODE describing the dynamics 

of a finite number of modes of the system composed of the plant 
(1) and the control input (19). To do so, we define
ZN0 := (⟨z, ψ1⟩ ⟨z, ψ2⟩ . . .

⟨
z, ψN0

⟩
)⊤.

In view of Eq.  (22) and taking into account the relation (20), 
we deduce that
d
dt

ZN0 (t)

= A0ZN0 (t) +

N0∑
k=1

[−A0 + γkI]

⎛⎜⎜⎝
⟨
Dγkuk, ψ1

⟩⟨
Dγkuk, ψ2

⟩
. . .⟨ ⟩

⎞⎟⎟⎠

Dγkuk, ψN0

7

+

N0∑
k=1

2A0

⎛⎜⎜⎝
⟨
Dγkuk, ψ1

⟩⟨
Dγkuk, ψ2

⟩
. . .⟨

Dγkuk, ψN0

⟩
⎞⎟⎟⎠

= A0ZN0 (t) −

N0∑
k=1

[A0 + γkI] BkAU(t)

= A0ZN0 (t) +

(
−A0 −

N0∑
k=1

γkBkA

)
U(t). (27)

where we recall that A is the inverse of the sum B1 + · · · + BN0
and A0 = −diag(λ1, . . . , λN0 ). Introducing now a second integer 
N ≥ N0 + 1 to be specified later, we define
ZN−N0 := (

⟨
z, ψN0+1

⟩ ⟨
z, ψN0+2

⟩
. . . ⟨z, ψN⟩)⊤

along with A1 = −diag(λN0+1, . . . , λN ) and HN−N0 : RN0 → RN−N0

defined by

HN−N0 :=

(⟨
Tnϕi, χTnϕj

⟩
L2(∂O)

)
N0+1≤i≤N

1≤j≤N0

N0∑
k=1

ΛγkA.

Then, using again (22), we deduce that 
d
dt

ZN−N0 (t) = A1ZN−N0 (t) + HN−N0U(t), t > 0. (28)

Remark 14.  In the case of a state-feedback, the proposed 
control strategy reduces to the application of the input (19) 
while setting U = ZN0 . In that case (27) becomes d

dt Z
N0 (t) =

−
∑N0

k=1 γkBkAZN0 (t). It can be shown (see the proof of Theorem 
15 below) that γ1 < γ2 < · · · < γN0  can be selected large enough 
so that the matrix −

∑N0
k=1 γkBkA is Hurwitz. From there, one 

can conclude that the proposed state-feedback control strategy 
achieves the exponential stabilization of the plant (1). The case of 
an output feedback using the internal measurement (2) requires 
the introduction of an observer. This is the objective of the next 
subsection.

3.3. Observer design and definition of the auxiliary control input U

We are now in position to properly define in this subsection 
the auxiliary control input U that appears in (18). We select the 
measurement locations ξ1, ξ2 ∈ O from (9) such that 
|ϕi(ξ1)| + |ϕi(ξ2)| ̸= 0, ∀i ∈ {1, 4, 5, . . . ,N0}

 and det
⏐⏐⏐⏐ ϕ2(ξ1) ϕ3(ξ1)
ϕ2(ξ2) ϕ3(ξ2)

⏐⏐⏐⏐ ̸= 0.
(29)

Note that such a selection is always possible due to the fact that 
ϕi, i ∈ {1, 2, . . . ,N0}, cannot vanish on any open ball included in 
O and the fact that ϕ2, ϕ3 correspond to the same eigenvalue and 
are linearly independent.

Second, introducing ỹ(t) = (w(ξ1, t), w(ξ2, t))⊤, we deduce 
from the change of variable formula (21) that 

y(t) = ỹ(t) +

N0∑
k=1

(
Dγkuk(ξ1, t)
Dγkuk(ξ2, t)

)

=

∑
i≥1

(
ϕi(ξ1)
ϕi(ξ2)

)
wi(t) +

N0∑
k=1

(
Dγkuk(ξ1, t)
Dγkuk(ξ2, t)

)
.

(30)

Defining C0 =

(
ϕ1(ξ1) ϕ2(ξ1) . . . ϕN0 (ξ1)
ϕ1(ξ2) ϕ2(ξ2) . . . ϕN0 (ξ2)

)
 and C1 =(

ϕN0+1(ξ1) ϕN0+2(ξ1) . . . ϕN (ξ1)
)
, it immediately follows from 
ϕN0+1(ξ2) ϕN0+2(ξ2) . . . ϕN (ξ2)
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(29) that the pair (A0, C0) satisfies the Kalman condition. Hence, 
we can fix L ∈ MN0×2(R) such that A0 − LC0 is Hurwitz with 
arbitrary spectral abscissa.

In view of (26)–(28), we now define the following observer 
dynamics: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ŵn := ẑn −

N0∑
k=1

⟨
Dγkuk, ψn

⟩
, 1 ≤ n ≤ N

ẐN0 := (ẑ1 . . . ẑN0 )
⊤

ẐN−N0 := (ẑN0+1 . . . ẑN )⊤

d
dt

ẐN0 (t) = A0ẐN0 (t) +

(
−A0 −

N0∑
k=1

γkBkA

)
U(t)

− L

{
N∑
i=1

(
ϕi(ξ1)
ϕi(ξ2)

)
ŵi(t) +

N0∑
k=1

((
Dγkuk

)
(ξ1, t)(

Dγkuk
)
(ξ2, t)

)
− y(t)

}

d
dt Ẑ

N−N0 (t) = A1ẐN−N0 (t) + HN−N0U(t)

(31)

for t > 0. Recall here that y(t) is the measurement provided by 
(9). We can now complete the definition of the control strategy 
by setting the auxiliary control input U as1: 

U = ẐN0 . (32)

Overall, the control strategy is composed of (19), (31), and (32).

3.4. Main stabilization result

We can now state the main result of this work.

Theorem 15.  Assume that Assumption  2 holds. Let δ > 0 and 
N0 ≥ 1 be such that λn > δ for all n ≥ N0 +1. Assume that the first 
N0 eigenvalues of the operator A are simple except for the second 
and the third one which are equal. With corresponding measurement 
(9), pick ξ1, ξ2 ∈ O so that (29) holds true. Let L ∈ RN0  be such that 
A0−LC0 is Hurwitz with eigenvalues that have a real part strictly less 
than −δ. Then, γ1 < γ2 < · · · < γN0  can be selected large enough 
such that the matrix −

∑N0
k=1 γkBkA is Hurwitz with eigenvalues that 

have a real part strictly less than −δ. Furthermore, for N ≥ N0 + 1
selected to be large enough, there exists a constant C > 0 such that, 
for any initial condition zo ∈ H2(O), the trajectory of the closed-loop 
system composed of the plant (1), the internal measurement (2) and 
the controller (19) with U given by (31)-(32), satisfies 

∥z(·, t)∥H1(O) +

N∑
k=1

|ẑk(t)|

≤ Ce−δt

(
∥z0∥H1(O) +

N∑
k=1

|ẑk(0)|

)
, t ≥ 0.

(33)

Proof.  We first need to rewrite the dynamics of the closed-loop 
system formed by (19), (31), and (32) in a suitable format for the 
upcoming stability analysis. To do so, we first define the errors of 
observation as

EN0 := ZN0 − ẐN0 , ẼN−N0 := ΛN−N0 (ZN−N0 − ẐN−N0 )

1 This is consistent with Remark  14: since we cannot apply the state-feedback 
U = ZN0 , we replace the state of the N0 first modes of the plant by their 
estimates computed by the observer (31).
8

where ΛN−N0 = diag(λN0+1, . . . , λN ) while

ζ :=

∑
n≥N+1

(
ϕn(ξ1)
ϕn(ξ2)

)
wn, C̃1 := C1

(
ΛN−N0

)−1
.

Hence, we obtain from (19), (31), and (32) that 

d
dt

ẐN0 =

(
−

N0∑
k=1

γkBkA

)
ẐN0 + LC0EN0

+ LC̃1ẼN−N0 + Lζ , (34a)
d
dt

EN0 = (A0 − LC0)EN0 − LC̃1ẼN−N0 − Lζ , (34b)

d
dt

ẐN−N0 = A1ẐN−N0 + HN−N0 ẐN0 , (34c)

d
dt

ẼN−N0 = A1ẼN−N0 . (34d)

Introducing the finite-dimensional state vector X := (ẐN0 EN0

ẼN−N0 )⊤ along with the matrices 

F :=

⎛⎝−
∑N0

k=1 γkBkA LC0 LC̃1

0 A0 − LC0 −LC̃1
0 0 A1

⎞⎠ ,
L := (L⊤

− L⊤ 0)⊤,

(35)

we infer that the closed-loop system dynamics is described by 
d
dt

X =FX + Lζ (36a)

d
dt

ẐN−N0 =A1ẐN−N0 + HN−N0 ẐN0 (36b)

d
dt
wn = − λnwn +

N0∑
k=1

γk
⟨
Dγkuk, ψn

⟩
(36c)

−

N0∑
k=1

⟨
Dγk

d
dt

uk, ψn

⟩
, n ≥ N + 1

Let us now show that we can fix the real numbers 0 < γ1 <

γ2 < · · · < γN0 , large enough, such that the matrix −
∑N0

k=1 γkBkA
is Hurwitz with eigenvalues that have a real part strictly less than 
−δ < 0. To do so, let λ ∈ C and a non-zero vector Z ∈ CN0  be 
such that

−

N0∑
k=1

γkBkAZ = λZ .

Or, equivalently, by recalling that A is the inverse of the sum of 
Bks, we have

λZ = −

N0∑
k=1

γkBkAZ = −γ1Z +

N0∑
k=2

(γ1 − γk)BkAZ .

Next, recalling that A is positive definite and taking the inner of 
the above equality with Az, we get

ℜ(λ)∥A
1
2 Z∥

2
N0

= −γ1∥A
1
2 Z∥

2
N0

+

N0∑
k=2

(γ1 − γk) ⟨BkAZ, AZ⟩N0 .

This yields ℜ(λ) ≤ −γ1, because Bk is positive semi-definite and 
γk ≥ γ1. Here, A

1
2  is the square root matrix of the positive definite 

matrix A. The conclusion follows immediately by taking γ1 large 
enough. This, in particular, implies that the matrix F  defined by 
(35) is Hurwitz with eigenvalues that have a real part strictly less 
than −δ.
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We now carry out a Lyapunov stability analysis. In view of (6), 
let us introduce the Lyapunov function, for all (X, w) ∈ RN+N0 ×

H1(O)

V (X, w) = X⊤PX +

∑
n≥N+1

(λn + ν)w2
n . (37)

The computation of the time derivative of V  along the system 
trajectories (36) gives
V̇ = 2X⊤P(FX + Lζ )

+ 2
∑

n≥N+1

(λn + ν)

{
−λnwn +

N0∑
k=1

γk
⟨
Dγkuk, ψn

⟩
−

{ N0∑
k=1

⟨
Dγk

d
dt

uk, ψn

⟩}
wn

Therefore

V̇ = X̃⊤

(
F⊤P + PF PL

L⊤P 0

)
X̃ − 2

∑
n≥N+1

λn(λn + ν)w2
n

+ 2
∑

n≥N+1

(λn + ν)
N0∑
k=1

γk
⟨
Dγkuk, ψn

⟩
wn

− 2
∑

n≥N+1

(λn + ν)
N0∑
k=1

⟨
Dγk

d
dt

uk, ψn

⟩
wn

where X̃ := col(X, ζ ). Let us estimate the penultimate term. To 
do so, let us note that⟨
Dγkuk, ψn

⟩ (18)
= −

⟨
Dγk

⟨
ΛγkAU,L

⟩
N0
, ψn

⟩
= −

N0∑
l=1

1
γk − λl

ALlU
⟨
DγkTnφl, ψn

⟩
where ALl  is the lth line of the matrix A. Therefore, using Young’s 
inequality, we deduce for any ϵ > 0 that

2
∑

n≥N+1

(λn + ν)
N0∑
k=1

γk
⟨
Dγkuk, ψn

⟩
wn

= −2
∑

n≥N+1

(λn + ν)
N0∑

k,l=1

γk

γk − λl
ALlU

⟨
DγkTnφl, ψn

⟩
wn

≤ 2
N0∑

k,l=1

∑
n≥N+1

⏐⏐⏐⏐ γk

γk − λl

⏐⏐⏐⏐∥ALl∥N0 |
⟨
DγkTnφl, ψn

⟩
|∥U∥N0 (λn + ν)|wn|

Hence

2
∑

n≥N+1

(λn + ν)
N0∑
k=1

γk
⟨
Dγkuk, ψn

⟩
wn

≤ ϵ

N0∑
k,l=1

(
γk

γk − λl

)2

∥ALl∥
2
N0

∑
n≥N+1

⟨
DγkTnφl, ψn

⟩2
∥U∥

2
N0

+
1
ϵ

N0∑
k,l=1

∑
n≥N+1

(λn + ν)2w2
n

Invoking (5), we get

2
∑

n≥N+1

(λn + ν)
N0∑
k=1

γk
⟨
Dγkuk, ψn

⟩
wn

≤ ϵS1,N∥U∥
2
N0

+
N2
0

ϵ

∑
(λn + ν)2w2

n

n≥N+1

9

where

S1,N := c1
N0∑

k,l=1

(
γk

γk − λl

)2

∥ALl∥
2
N0

∥RNDγkTnφl∥
2

with RN f :=
∑

n≥N+1 ⟨f , ψn⟩ϕn and U = ẐN0 = E1X with 
E1 =

[
I 0 0

]
. Similarly, we have

2
∑

n≥N+1

(λn + ν)
N0∑
k=1

⟨
Dγk

d
dt

uk, ψn

⟩
wn

(5)
≤ ϵS2,N

 d
dt

U
2
N0

+
N2

0

ϵ

∑
n≥N+1

(λn + ν)2w2
n

where

S2,N := ϵc1
N0∑

k,l=1

(
1

γk − λl

)2

∥ALl∥
2
N0

∥RNDγkTnφl∥
2

and d
dtU =

d
dt Ẑ

N0 = E2X̃ with

E2 =

[
−

N0∑
k=1

γkBkA LC0 LC̃1 L

]
.

Finally, we have by Cauchy–Schwarz inequality that

∥ζ∥2
=

( ∑
n≥N+1

ϕn(ξ1)wn

)2

+

( ∑
n≥N+1

ϕn(ξ2)wn

)2

≤

∑
n≥N+1

ϕn(ξ1)2 + ϕn(ξ2)2

(λn + ν)2  
:=Sϕ,N

×

∑
n≥N+1

(λn + ν)2w2
n .

Gathering all the above estimates, we deduce that 

V̇ + 2δV ≤ X̃⊤Θ1X̃ +

∑
n≥N+1

(λn + ν)Ψnw
2
n (38)

for δ > 0 fixed such that F + δI is Hurwitz and where

Θ1 =

(
F⊤P + PF + 2δP + ϵS1,NE⊤

1 E1 PL
L⊤P −ηI

)
+ ϵS2,NE⊤

2 E2,

Ψn =

[
−2

(
1 −

N2
0

ϵ

)
+ ηSϕ,N

]
λn +

[
2N2

0

ϵ
+ ηSϕ,N

]
ν

+ 2δ, n ≥ N + 1

for an arbitrary η > 0.
Assume for the moment that Θ1 ⪯ 0 and Ψn ≤ 0 for all 

n ≥ N + 1. Then, in view of (38), we get that V̇ + 2δV ≤ 0. 
Combining this estimate with the definition (37) of the Lyapunov 
function V , the direct integration of the dynamics ẐN−N0  from 
(36), the use of the estimates (6), and invoking the change of 
variable formula (21), we directly infer the existence of a constant 
C > 0, independent of the initial condition, such that the claimed 
stability estimate (33) holds.

To conclude the proof, it thus remains to show that N can be 
selected so that Θ1 ⪯ 0 and Ψn ≤ 0 for all n ≥ N+1. To do so, let 
us set ϵ = 2N2

0  and η = 1/
√
Sϕ,N  if Sϕ,N ̸= 0, η = N otherwise. 

This implies that η → +∞ while ηSϕ,N → 0 as N → +∞. Hence, 
for N large enough we have ηSϕ,N ≤ 1/2 and λn ≥ λN+1 > 0 for 
all n ≥ N + 1, which implies that

Ψn ≤ Θ2 := −
1
2
λN+1 +

3
2
ν + 2δ, n ≥ N + 1

with Θ2 → −∞ as N → +∞. Now, since F  defined by (35) is 
Hurwitz and δ > 0 is selected so that F + δI is still Hurwitz, we 
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define P ≻ 0 as the unique solution to the Lyapunov equation 
F⊤P + PF + 2δP = −I . Owing to Lemma  5, it can be seen that 
∥C̃1∥ = O(1), hence ∥LC̃1∥ = O(1), as N → +∞. Therefore, 
a result similar to Lhachemi and Prieur (2022c, Lemma in the 
Appendix) shows that ∥P∥ = O(1) as N → +∞. Therefore, we 
have 

Θ1 =

(
−I + ϵS1,NE⊤

1 E1 PL
L⊤P −ηI

)
  

:=Θ1,p

+ϵS2,NE⊤

2 E2. (39)

Using the Schur complement for N sufficiently large so that η >
1/2, we see that Θ1,p ⪯ −

1
2 I if and only if −

1
2 I + ϵS1,NE⊤

1 E1 +
1

η− 1
2
PLL⊤P ⪯ 0. Noting that ∥P∥ = O(1) and S2,N → 0 as 

N → +∞ while ∥E1∥ and ∥L∥ are constants independent of N , 
we deduce that Θ1,p ⪯ −

1
2 I for all N selected to be large enough. 

In that case, Θ1 ⪯ −
1
2 I + ϵS2,NE⊤

2 E2 for all N selected to be large 
enough. Since ∥E2∥ = O(1) and S2,N → 0 as N → +∞, we deduce 
that Θ1 ⪯ 0 for N large enough. □

Remark 16.  The proof of Theorem  15 provides sufficient condi-
tions regarding the selection of the order N of the observer. More 
precisely, for a fixed order N ≥ N0 + 1, if there exist decision 
variables P ≻ 0, η, ϵ > 0 for which the following LMI conditions 
hold2:(
F⊤P + PF + ϵS1,NE⊤

1 E1 PL
L⊤P −ηI

)
+ ϵS2,NE⊤

2 E2 ≺ 0,⎛⎝−2λN+1 + ηSϕ,N (λN+1 + ν)
√
2N2

0 (λN+1 + ν)√
2N2

0 (λN+1 + ν) −ϵ

⎞⎠ ≺ 0,

then the closed-loop system is exponentially stable in the sense 
that there exists δ > 0 such that (33) holds. Following the proof 
of Theorem  15, these LMI conditions are always feasible for N
selected to be large enough.

4. Numerical example

We provide in this section numerical simulations for Example 
1 in the case ϵ = 0.1 and a = 5.1. We recall that, in this setting, 
the open-loop system is unstable with a total of three modes 
that are unstable: −λ1,1 = 3.095 and −λ1,2 = −λ2,1 = 0.095. 
Hence, we fix N0 = 3. We select the two measurement locations 
as ξ1 = (1, 0.5) and ξ2 = (3, 1) for which the observability 
condition (29) is satisfied. We select the observer gain L ∈ R3×2

such that the eigenvalues of the matrix A0−LC0 are placed at −4, 
−5, and −6. We choose

χ (x) =

{
χp(x/h), for x ∈ [0, h],
1, for x ∈ [h, 1 − h],
χp((1 − x)/h), for x ∈ [1 − h, 1],

where χp(x) = x3(10 − 15x + 6x2) and h = 0.1. Then, we select 
γ1 = 2, γ2 = 3.5, γ3 = 5 for which we check that the matrix 
−
∑N0

k=1 γkBkA is Hurwitz. Theorem  15 ensures that the plant (1) 
with internal measurement (2) is exponentially stabilized (in the 
sense of inequality (33)) by the controller (19) with U given by 
(32) provided the order N of the observer is selected to be large 
enough.

We perform a finite-dimensional modal approximation of the 
PDE plant (1) based on its 300 first modes. We check on numerical 
simulations that the closed-loop system is unstable for an order 
of the observer up to N = 69 but is stabilized for N = 70. In 

2 The second condition is derived from the application of Schur’s 
complement.
10
Fig. 1. Norm ∥z(·, t)∥H1(O) +
∑N

k=1 |ẑk(t)| of the closed-loop system trajectories 
for 100 initial conditions of the form zo(x1, x2) =

∑
0≤i+j≤3 ai,jx

i
1x

j
2 with ai,j ∈

[−1, 1] randomly selected.

that case, the first mode that is not estimated by the observer 
is −λ10,1 = −95.905. Setting N = 70, Fig.  1 shows the time-
evolution of the H1

−norm of the closed-loop system trajectory 
for 100 initial conditions. The initial conditions are of the form 
zo(x1, x2) =

∑
0≤i+j≤3 ai,jx

i
1x

j
2 with ai,j ∈ [−1, 1] randomly 

selected. It is worth pointing out that the sufficient LMI conditions 
of Remark  16 are found to be unfeasible up to N = 100 using 
Matlab LMI solver. This seems to indicate the conservatism of the 
reported sufficient conditions.

5. Conclusion

This paper discussed the design of an observer-based feed-
back stabilizing controller for multi-dimensional parabolic type 
equations governed by diagonalizable second order differential 
operators. To fix the ideas and to ease the presentation, we 
focused the developments on the case of three unstable eigenval-
ues: one of multiplicity one and one of multiplicity two. However, 
the approach reported in this paper easily extends to any other 
case with a finite number of unstable modes with arbitrary finite 
multiplicity. We note that, due to the computations done in 
Example  1 in Section 1, the approach requires precise knowledge 
of eigenfunctions and eigenvalues of the leading linear operator. 
This may be an issue in case of complex geometries of the domain 
O, where only approximations of the spectrum are available. This 
may lead to errors in the eigenfunctions and eigenvalues sets. 
Therefore, as a future research subject, we propose to address the 
robustness problem associated to the observer-based controller 
we designed.

To conclude, it is worth to mention that, based on the tech-
nique presented in this work, a natural perspective is the study of 
non-linear multi-dimensional parabolic equations combining the 
present design method with Lhachemi and Prieur (2022a), and 
the study of multi-dimensional parabolic equations with delays as 
done in e.g., Lhachemi and Prieur (2022b), Lhachemi and Shorten 
(2020).

Appendix A

Lemma A.  The sum B1 + B2 + · · · + BN0  is an invertible matrix.

Proof.  The proof is given in the general assumption of semi-
simple eigenvalues framework. More precisely, assume that we 
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have p distinct eigenvalues, 
{
µ1, µ2, . . . , µp

}
 of multiplicity n1,

n2, . . . , np, respectively, such that n1+n2+· · ·+np = N0. Invoking 
iteratively the unique continuation property of the eigenfunctions 
of the operator A, stated by Lemma  7, we observe that L, defined 
in (17), has non-zero entries for all x in the non-empty open Γ0. It 
implies that if ϕj1 , ϕj1+1, . . . , ϕjM  are eigenfunctions correspond-
ing to the same eigenvalue, then Tnϕj1 , Tnϕj2 , . . . , TnϕjM  are lin-
early independent in L2(∂O). This implies that χ 1

2 Tnϕj1 , χ
1
2 Tnϕj2 ,

. . . , χ
1
2 TnϕjM  are linearly independent in L2(∂O), since, otherwise, 

recalling that χ ≡ 1 on Γ0, we would have a linear combination 
of the traces of the eigenfunctions corresponding to the same 
eigenvalue equal zero in Γ0. But this, via Lemma  7, contradicts 
the linear independence of the eigenfunctions in O. The fact 
that χ 1

2 Tnϕj1 , χ
1
2 Tnϕj2 , . . . , χ

1
2 TnϕjM  are linearly independent in 

L2(∂O) is equivalent to saying that Tnϕj1 , Tnϕj2 , . . . , TnϕjM  are 
linearly independent in L2χ (∂O). Consequently, the Gram matrix, 
associated to the set 

{
Tnϕj1 , Tnϕj1+1, . . . , TnϕjM

}
 in L2χ (∂O), is 

nonsingular. Here, L2χ (∂O) is the weighted Lebesgue space of 
weight χ (see Section 2.1).

Clearly, the Gram matrix B can be written as

B =

⎛⎜⎜⎝
G1 ∗ . . . ∗

∗ G2 . . . ∗

...
...

. . .
...

∗ ∗ . . . Gp

⎞⎟⎟⎠ ,
where Gk are the Gram matrices, in L2χ (∂O), corresponding to the 
traces of the generalized normal derivatives of the eigenfunctions 
of the same eigenvalue. Therefore, Gk is invertible for all k =

1, 2, . . . , p.
Matrix A0 ∈ RN0×N0  can be written as

A0 = diag(J1, J2, . . . , Jp),

where Jj := diag(−µj,−µj, . . . ,−µj) ∈ Rnj×nj , j = 1, 2, . . . , p. 
Then, the Kalman matrix[
B A0B A2

0B . . . AN0−1
0 B

]
has full rank. This is indeed so, since otherwise, we have, by 
the Hautus test, that there exists V ∈ RN0 , V ̸= 0 and k ∈

{1, 2, . . . . , p} such that

A0V = µkV  and B⊤V = 0.

We set V = (V1 V2 . . . Vp)⊤ where Vj = (vj1 v
j
2 . . . v

j
nj )

⊤, 
j = 1, 2, . . . , p. It follows that
A0V − µkV

= ((J1 − µk)V1 . . . (Jk − µk)Vk . . . (Jp − µk)Vp)⊤ = 0.

Hence, Vi = 0 for all i ̸= k. To conclude, we note that B⊤V = 0
together with the fact that Vi = 0 for all i ̸= k, implies that GkVk =

0, and so Vk = 0 as-well, since Gk is invertible. Consequently, 
V = 0, which contradicts the assumption V ̸= 0.

Note that, the matrix

[B
1
2 A0B

1
2 . . . AN0−1

0 B
1
2 ]

has full rank as-well. Indeed, applying the Hautus test, we need 
to study the vector V  such that

A0V = µV  and B 1
2 V = 0.

Since B 1
2 V  implies BV = 0, we get

A0V = µV  and BV = 0,

which, as seen before, yields that V = 0.
11
Now, assume by contradiction that the sum of the Bks is 
not invertible. Hence there exists V ∈ RN0 , V ̸= 0 such that ∑N0

k=1 BkV = 0. Or, equivalently
N0∑
k=1

(A0 + γkI)−1B(A0 + γkI)−1V = 0.

Scalarly multiplying in RN0  the above relation by V , it follows that
N0∑
k=1

∥B
1
2 (A0 + γkI)−1V∥

2
N0

= 0

or, equivalently,

V⊤B
1
2 (A0 + γkI)−1

= 0,  for all k = 1, 2, . . . ,N0.

This means that the matrix[
B

1
2 (A0 + γ1I)−1 . . . B

1
2 (A0 + γN0 I)

−1
]

does not have full rank, since there exists a non-trivial linear 
combination of its lines which is zero. Or, by taking the transpose, 
the matrix[
(A0 + γ1I)−1B

1
2 . . . (A0 + γN0 I)

−1B
1
2

]
does not have full rank.

It is well-known that if we multiply a matrix by an invertible 
square matrix, either on the left or on the right, the resulting 
matrix has the same rank. That is, the elementary row operations 
and the corresponding elementary column operations on a ma-
trix preserve the rank of a matrix. Performing such elementary 
operations, we get that

rank
[
(A0 + γ1I)−1B

1
2 . . . (A0 + γN0 I)

−1B
1
2

]
= rank[B

1
2 A0B

1
2 . . . AN0−1

0 B
1
2 ].

(For more details see Munteanu (2024, Lemma 3).) This is in 
contradiction with the above results. □
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