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Abstract

This paper deals with the consensus problem for a network of identical reaction-diffusion equations with boundary control.
Under the assumptions of open-loop marginal stability and connectivity of the interconnection graph, a decentralized control
law can be designed such that the states of the equations converge to the same constant value. The synthesis of the controllers
is carried out based on spectral decomposition, which is possible thanks to a clever input-dependent change of coordinates.
Furthermore, the proposed architecture can be enhanced to cope with in-domain couplings among the networked equations.
Two simulation examples support and illustrate the theoretical findings.
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1 Introduction

The problem of controlling a network of agents has at-
tracted a lot of attention from our community: its popu-
larity is mainly due to the increasing complexity of engi-
neering problems in which the system to be controlled is
indeed interacting with a set of other systems. We often
want to achieve some sort of agreement between these
systems and mathematically we formalize such an agree-
ment through consensus and synchronization [20,9]. For
finite dimensional systems, the literature is now vast
both in the linear [23,28] and the nonlinear case [2,12].

In recent years, the community have started investigat-
ing the challenging case in which the local dynamics of
the systems are described by infinite-dimensional dy-
namics in the form PDEs. For these networks, the added
challenge lies in the fact that synchronization must be
achieved with limited information and actuation, often
positioned on the boundary and/or distributed in the do-
main.
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For the distributed case and parabolic PDEs, some rel-
evant results can be found in [6,7], where the author
focuses on the design of consensus filters ensuring the
agreement in the network. Conditions for distributed
control for wave equations can instead be found in [16].
A first attempt to consider nonlinear PDEs can be found
in [10], where the authors exploit incremental proper-
ties to guarantee synchronization. Recently, the focus
has shifted towards boundary control, with a particular
attention towards wave equations [1,4,18] and parabolic
equations [8].

Another class of systems, described by parabolic PDEs,
is of particular interest due to the many application in
which diffusion plays a role, such as in social networks
[13], heat networks [32], neural networks [25,17] and epi-
demics in communities [3]. For the case of boundary cou-
pling, the analysis of synchronization conditions for lin-
ear parabolic PDEs can be found in [30] while the de-
sign of boundary control is investigated in [21]. In [26]
instead, the authors considers the synchronization prob-
lem for a class of boundary controlled parabolic PDEs
in which coupling between the agents occurs both on
the boundary and in the domain. However all the agents
were actively controlled. In [14] we considered the case
in which a limited number of agents was controlled:
the goal was to design the boundary coupling between
PDEs in a complementary fashion with respect to the in-
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domain coupling, so that synchronization was achieved.
It is worth mentioning that in all these previous con-
tributions, the systems were supposed to be intrinsi-
cally stable, namely the local dynamics described by a
linear operator had all negative eigenvalues. In recent
years, a few works have considered also the problems of
multi-agent deployment and leader-follower formation
via PDE modeling, for example based on a backstepping
approach [19,22,27,31] or on string stability [24].

In this paper we consider the case of a network of
marginally stable parabolic PDEs and establish a de-
sign procedure for boundary control that guarantees
synchronization. This design procedure generalizes pre-
vious results as we guarantee that the synchronization
manifold is guaranteed to be non-trivial (i.e. the ori-
gin). Then, we consider the case of both boundary and
in-domain coupling and upgrade the design to guaran-
tee synchronization even when not all systems are not
controlled.

The remaining part of the paper is organized as fol-
lows. After stating the notation and some preliminaries,
we formulate the synchronization problem of N agents
following an abstract differential equation in Section 2.
Then we consider two structures of the communication
graph, either on the boundary of all dynamics only, or
on both the boundary and the domain, for which we
design two controllers (respectively in Sections 3.1 and
3.2). Section 4 collects two numerical simulations illus-
trating both synchronization results.

1.1 Notation

The notation R indicates the set of real numbers. The
symbol D(A) stands for the domain of the operator A.
Given a function f : U → V , withU and V being normed
linear vector spaces, df(x) stands (when it exists) for
the Fréchet differential of f at x ∈ U . The set L (U, V )
indicates the space of linear bounded operators from U
to V . The symbol L2(0, 1) stands for the collection of
equivalence classes of measurable functions f : [0, 1] → R

that are square integrable. Let p be a positive integer,

Hp(0, 1) := {f ∈ L2(0, 1) : f, . . . , f (p−1) are

absolutely continuous , fp ∈ L2(0, 1)}

where f (p) stands for the p-th (weak) derivative of the
function 1 f ; the convention f0 = f is used. The sym-
bol ℓ2(R) denotes the space of square-summable real se-
quences. The notation V1 ⊕ V2 indicates the direct sum
of the vector spaces V1 and V2.

1 An element of L2(0, 1) is said to be absolutely continuous
if there is an absolutely continuous function in the equiva-
lence class of the element itself.

A communication graph is typically described by a
triplet G = {V, E ,A} where V = {v1, v2, . . . , vN} is a
set of N ⊂ N vertices (or nodes), E ⊂ V × V is the set
of edges ǫjh modeling the interconnection between such
nodes, and A ∈ R

N×N is the adjacency matrix, whose
entries ajh ≥ 0 weight the flow of information from ver-
tex j to vertex h. By L ∈ R

N×N we note the Laplacian
matrix of the graph, defined as

ljh = −ajh for j 6= h, ljh =

N∑

i=1

aji for j = h,

where ljh is the (j, h)-th entry ofL.WithNi we represent
the set of in-neighbors of node i, i.e. the set Ni := {j ∈
{1, . . . , N} | ǫij ∈ E}. In this paper, we consider undi-
rected (possibly weighted) graphs. As such, the Lapla-
cian matrix is assumed to be diagonalizable and admits
real eigenvalues. An undirected graph is said to be con-
nected if and only if there exists a path from one node
to each other [11]. Alternatively, an undirected graph is
said to be connected if and only if, the Lapalacian matrix
L possesses one simple zero-eigenvalue (λ1 = 0) while
all the other are positive (λi > 0 for all i = 2, . . . , N).

1.2 Preliminaries

In this paper, we consider abstract differential equations
of the form

ż = Az (1)

where A : D(A) ⊂ X → X is a densely defined linear
operator on the real Hilbert space X . System (1) is well
posed if A is the infinitesimal generator of a strongly
continuous semigroup T : R≥0 → X .

Next we recall some properties of the following operator

A0 := β
d2

dx2
z + αz, (2)

where β > 0 is the diffusion coefficient and α ∈ R is the
reaction coefficient, with domain

D(A0) =
{
z ∈ H2(0, 1) : z(0) = z(1) = 0

}
(3)

It is readily verified that

σ(A0) := {λk}
∞
k=1 = {α− βk2π2}∞k=1 (4)

and that the corresponding eigenvectors are

[0, 1] ∋ x 7→ ek(x) := sin (kπx) k = 1, 2, ... (5)

In particular, it follows that

{ek}
∞
k=1
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is an orthogonal basis of L2(0, 1). For the sake of consis-
tency, throughout the paper we denote by Ae the exten-
sion of the operator A0 onto H2(0, 1), namely

Ae := A0 D(Ae) := H2(0, 1). (6)

The following space is used throughout the paper

~
2(R) :=

{
h ∈ ℓ2(R) : {λkhk}

∞
k=1 ∈ ℓ2(R)

}
,

2 Problem formulation

Let us consider a set ofN distributed agents, whose state
zi, i = 1, ..., N, obeys the following abstract differential
equation with boundary input ui

żi = Azi
Bzi = ui

(7)

where

A : D(A) ⊂ L2(0, 1) −→ L2(0, 1)

Az = β
d2

dx2
z + αz, β > 0, α ∈ R

B : D(B) ⊂ L2(0, 1) −→ R

Bz = z(0)

D(A) =
{
z ∈ H2(0, 1) : z(1) = 0

}

D(B) = H2(0, 1).

(8)

The stability properties of the uncontrolled dynamics,
i.e., ui = 0 depends on the spectral properties of the op-
erator A0 : D(A) ∩ kerB, z 7→ A0z := Az, more specifi-
cally on the sign of the eigenvalues of A0 that are given
in (4) [5]. We focus here on the marginally stable case,
which is the most significant in a consensus perspective
as it allows for the existence of nontrivial, stationary
steady-states. This is made more precise via the follow-
ing assumption.

Assumption 1 For the operator A0 defined as in (2),
it holds that

α = βπ2. (9)

From (4), Assumption 1 implies that λ1 = 0 and λk <
0 for k ≥ 2. Such assumption, corresponding to the
marginal stability of (7), can be made without loss of
generality. In fact, by means of a suitable pre-stabilizing
feedback, the set of the first m eigenvalues of (7), where
m is arbitrary but finite, can be placed at will, so that a
condition like (9) can be always enforced.

The network of agents (7)-(8) communicates over a
graph G = (V, E), whose Laplacian matrix is defined as

L = {lij} ∈ S
N
�0.

In practice, each agent in V has direct access to its own
output information, as well as the output of its neigh-
bors. We stress that the output information exchanged
between the agents is finite dimensional and will be pre-
cised later for the two cases considered. Recall that [11]L
has a strictly positive second-smallest eigenvalue. Also,
let us define the set of neighboring states

zNi
:= {zj : (i, j) ∈ E} ∪ {zi} .

Assumption 2 The graph G is connected and undi-
rected.

We can now formalize the problem at hand.

Problem 1 Consider the network of systems (7)-(8)
fulfilling Assumption 1 communicating over a network
fulfilling Assumption 2. Our goal is to design a synchro-
nization inducing control signal ui for each agent, such
that a consensus behavior is achieved, namely for all
initial conditions zi(0) and for all pairs i, j

lim
t→∞

‖zi(t)− zj(t)‖L2 = 0 .

2.1 Ancillary results

In this subsection, we provide some instrumental results.
Inspired by[15], we perform a change of coordinates to
remove the control from the boundary and work with an
in-domain input. The main advantage of this technique
is that it allows to retain the same spectral structure
of the uncontrolled system. Based on this idea, next we
state a general result for the following abstract control
system

[

ż

ẋc

]

=

[

A 0

0 ac

]

︸ ︷︷ ︸

Acc

[

z

xc

]

+

[

0

bc

]

︸︷︷︸

Bcc

v (10)

with D(Acc) = {(z, xc) ∈ D(A)⊕ R : Bz − xc = 0}

Proposition 1 Let φ ∈ H2(0, 1) such that

Aeφ− acφ = 0 (11)

φ(0) = 1 (12)

φ(1) = 0 (13)

Let Π ∈ L (L2(0, 1) ⊕ R, ℓ2(R) ⊕ R) be the invertible
operator defined as

Π(z, xc) := (prj(z − φxc), xc) (14)

where prj : L2(0, 1) → ℓ2(R) is the projection operator
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defined as 2

prj(w) = {〈ek, w〉},

with the ek’s, for all k = 1, 2, . . . , being defined as in
(5). Then

Acc = Π−1

[

A 0

0 ac

]

Π (15)

Bcc = bcΠ
−1

[

B

1

]

(16)

where
A : ~2(R) → ℓ2(R)

{hk} 7→ {λkhk}

with {λk}
∞
k=1 defined as in (4) and B ∈ L (R, ℓ2(R))

defined as
Bu := −uprj(φ).

PROOF. First we show (15). To this end, let (z, xc) ∈
D(Acc). We show that

Acc(z, xc)−Π−1

[

A 0

0 ac

]

Π

[

z

xc

]

= 0. (17)

First observe that

χ := Π

[

z

xc

]

=

[

{〈ek, z − φxc〉}

xc

]

.

In particular, notice that since

ΠD(Acc) ⊂ ~
2(R)⊕ R

it follows that
χ ∈ ~

2(R)⊕ R.

Thus

χ′ :=

[

A 0

0 ac

]

χ =

[

{λk〈ek, z − φxc〉}

acxc

]

∈ ℓ2(R)⊕ R.

Now observe that since (z, xc) ∈ D(Acc), from (12)-(13)
it follows that

(z − φxc) ∈ D(A0).

In particular

prj(A0(z − φxc)) = {λk〈ek, z − φxc〉})

2 Notice that the mapping prj represents the standard iso-
morphism between ℓ2(R) and L2(0, 1). Therefore, the invert-
ibility of the operator Π follows directly from the invertibil-
ity of the mapping prj.

which, by using (11) and the fact that Ae = A0 on
D(A0), yields

{λk〈ek, z − φxc〉}) = prj(A0z − φacxc).

Thus, by combining the last two identities and by recall-
ing that A|D(A0)

= A0, using the definition of Π−1 leads

to (17).

To conclude the proof next we show (16). To this end,
observe that

bcΠ
−1

[

B

1

]

= bcΠ
−1

[

−prj(φ)

1

]

which, by using the definition of Π, gives (16). This con-
cludes the proof. �

Next, we provide a convenient selection for the parame-
ters introduced in Proposition 1.

Fact 1 Let for all r ∈ N

γr :=
(π

2
+ rπ

)

. (18)

Then

ac := −γ2
rβ + α (19)

φ := x 7→ cos (γrx) (20)

satisfies (11), (12), and (13). Furthermore,

u 7→ Bu = {bk}u

with

bk =

∫ 1

0

φ(x)ek(x)dx. (21)

⋄

In particular, direct computations show that

b1 = −
4

π (4r2 + 4r − 3)

Hence, since r ∈ N, b1 is well-defined and different from
zero.

3 Synchronisation policy design

In this section, we will apply the results presented in
Proposition 1 to the case of interest, namely the synchro-
nization of a network of linear reaction-diffusion PDEs.
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In Section 3.1, we consider the case of a network where
the coupling between the PDEs happens only at the
boundary. In Section 3.2 we then consider a more com-
plex scenario where PDEs are coupled both at the
boundary and in the domain.

3.1 Boundary communication

Next, we state a preliminary result that is instrumental
for the proof of the main result of this section.

Proposition 2 Consider the network of systems (7)-
(8) fulfilling Assumption 1 communicating over a net-
work, such that Assumption 2 holds. The output ex-
changed between the agents, for all i = 1, 2, . . . , N , is

yi := C1Π

[

zi

xci

]

(22)

where Π is defined in (14) and C1 : ℓ
2(R)⊕R → R is the

1-st projection map defined for all q = ({fk}
∞
k=1, g) ∈

ℓ2(R)⊕ R as

C1q = f1. (23)

Let, for all i = 1, . . . , N ,

ẋci = acxci −
µ

b1

N∑

j=1

lijyj ,

ui = xci

(24)

with ac selected according to (19) and µ > 0. Let, for
all i = 1, 2, . . . , N , (zi, xci) be a solution to the closed-
loop system obtained by the interconnection of (7) and
(24). Define, for all i = 1, 2 . . . , N ,

[

ζi(t)

xci(t)

]

:= Π

[

zi(t)

xci(t)

]

∀t ≥ 0 (25)

where Π is defined in (14). Let, for all i = 1, 2, . . . , N
and k ∈ N, ζik be the k-th element of the sequence ζi.
Then

lim
t→∞

|ζi1(t)− ζj1(t)| = 0 ∀i, j ∈ {1, 2, . . . , N} (26)

lim
t→∞

ζik(t) = 0 ∀k 6= 1 (27)

lim
t→∞

xci(t) = 0 ∀i = 1, 2 . . . , N. (28)

PROOF. First, we notice that systems (7)-(8) coupled
with controller (24) can be written in the form of (10).

According to (25), each system (7)-(8) coupled with con-
troller (24) is transformed into

[

ζ̇i

xci

]

=

[

A 0

0 −βγ2
r + α

][

ζi

xci

]

+

[

B

1

]

vi (29)

where

vi := −
µ

b1

N∑

j=1

lijyj

For any k, let us collect in a single vector the states ζi,k
of the agents i = 1, ..., N , i.e. let us define the vectors,
for all j ≥ 1,

ζj = [ζ1,j ζ2,j · · · ζN,j ]
⊤

Accordingly, due to (24), and noticing that C1Πzj = ζj,1
the ζ-dynamics can be rewritten in compact form as

ζ̇1 = −µLζ1 (30)

ζ̇k = λkζk −
µbk
b1

Lζ1 k ≥ 2 (31)

which, for any fixed k, is a system in cascade form,
namely ζ1 propagates to all the ζk which are indepen-
dent of each other. Thanks to connectivity of the under-
lying graph, the matrix L is positive semi-definite and
satisfies

kerL = span1 (32)

where 1 ∈ R
N is the all-ones vector. By classical con-

sensus theory, (30) implies

lim
t→∞

ζ1(t) = ᾱ1,

where

ᾱ :=
1

N
1⊤ζ1(0) =

1

N

N∑

i=1

∫ 1

0

(zi(0, x)− φxci(0))e1(x)dx

(33)
which proves (26). Now, as ζ1 asymptotically converges
to ᾱ1, one has that, due to (32),

lim
t→∞

Lζ1(t) = ᾱL1 = 0. (34)

Equation (31) corresponds then to an asymptotically
stable system driven by a vanishing input. The nega-
tive coefficients λk are increasing in magnitude with re-
spect to k, and the coefficients bk are uniformly bounded
by 1/γr. This allows to infer that, by a standard cas-
cade argument, the states ζk asymptotically vanish and,
moreover, the convergence is uniform with respect to k.
Hence, we have (27).
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Last, in view of (29) and (19), the ξi-dynamics are expo-
nentially stable. As a consequence, since vi is a vanishing
input ξi vanishes too. This concludes the proof. �

By definition of the linear map Π and (25), it turns
out that the non-trivial consensus achieved in the
ζ1-dynamics implies in turn that synchronization is
achieved in the original coordinates. This aspect is
formally addressed in the result given next.

Theorem 1 Let, for all i = 1, 2, . . . , N , (zi, xci) be a
solution to the closed-loop system (7)-(8)-(24). Suppose
Assumption 1 holds. Then

lim
t→∞

‖zi(t)− z⋆‖L2 = 0 ∀i = 1, .., N

where, for all x ∈ [0, 1],

z⋆(x) := e1(x)ᾱ (35)

and ᾱ is defined in (33). Namely Problem 1 is solved.

PROOF. Define, for all i = 1, 2, . . . , N , z̃i := zi −
xciφr. Let us preliminary observe that, with an oppor-
tune choice of initial condition for the input dynamics
(24), i.e., with xci(0) = 0, following (25) one has

z̃0i = z0i

Hence, the consensus for ζ1 coordinates shown in Propo-
sition 2 reads as

lim
t→∞

ζ1(t) =
1

N

N∑

j=1

∫ 1

0

z0j (x)e1(x)dx

︸ ︷︷ ︸
:=ᾱ

1

Using the fact that ζk(t) → 0 for k ≥ 2, next we prove
that

ζ(t) → ζ⋆ := (ᾱ1, 0, 0, · · · ) (36)

with respect to the natural norm in

ℓ2(R)
N := ℓ2(R)⊕ ℓ2(R)⊕ · · · ⊕ ℓ2(R)

︸ ︷︷ ︸

N

.

In particular we show (36) by proving that ζ̄(t) := ζ(t)−
ζ⋆ tends to 0 in ℓ2(R)

N . From (44) we have

|ζ̄1(t)| ≤ ̟e−µλLt|ζ̄1(0)|

where ̟ > 0 is a given constant and λL > 0 is the
connectivity eigenvalue of L. Moreover, from (31), for

k ≥ 2 we have 3

|ζ̄k(t)| ≤ eλkt|ζ̄k(0)|

+
̟µ‖L‖ |bk|

|b1|

∣
∣
∣
∣

eλkt − e−µλLt

λk + µλL

∣
∣
∣
∣
|ζ̄1(0)|

Recalling that λk are negative and decreasing for k ≥ 2,

and denoting by λ̂ := min{|λ2|, µλL}, we can obtain a
stronger yet simpler expression for the latter estimate:

|ζ̄k(t)| ≤ e−λ̂t

(

|ζ̄k(0)|+ η
|bk|

|b1|
|ζ̄1(0)|

)

with

η :=
2̟µ‖L‖

min{k≥2} |λk + µλL|

Now, setting η̄ := max{̟, η}, we get

+∞∑

k=1

|ζ̄k(t)|
2 ≤ 2e−2λ̂t

(
+∞∑

k=2

|ζ̄k(0)|
2 +

η̄2

b21
|ζ̄1(0)|

2
+∞∑

k=1

b2k

)

Hence, since φ ∈ L2(0, 1), we have that

+∞∑

k=1

b2k < ∞

Then, the claimed ℓ2-convergence follows. Define

(z⋆, x⋆
c) := Π−1((ᾱ, 0 . . . ), 0).

Therefore, by recalling that for all i = 1, 2, . . . , N

(ζi(t), ξi(t)) = Π(zi(t), xci(t)) ∀t ≥ 0

one has, for all t ≥ 0,

‖(zi(t), xci(t))−(z⋆, x⋆
c)‖ = ‖Π−1[(ζi(t), ξi(t))−(ᾱ, 0 . . . ), 0)]‖.

Thus, by using the fact that Π has a bounded algebraic
inverse, by taking the limit for t that goes to infinity,
thanks to (28) and (36), one gets,

lim
t→∞

‖zi(t)− z⋆‖L2 = 0 ∀i = 1, .., N

Now, the input dynamics (24) is asymptotically stable
by construction and, thanks to (34), the input vi is van-
ishing. Thus by cascade argument, we conclude that
xci(t) in (7)-(8) asymptotically vanishes for i = 1, ..., N .
Therefore the identity

lim
t→∞

‖zi(t)− z̃i(t)‖L2 =
(

lim
t→∞

|xci(t)|
)

‖φ‖L2 = 0

3 We are assuming here, without loss of generality, that
µλL 6= λk for any k ≥ 0. Otherwise, we obtain a sightly
different estimate that can be handled similarly.

6



holds true for any i = 1, .., N and this fact, together with
the triangular inequality

‖zi(t)− z⋆‖L2 ≤ ‖zi(t)− z̃i(t)‖L2 + ‖z̃i(t)− z⋆‖L2

allow to conclude the proof. �

Remark 2 The convergence rate of the proposed con-
sensus law is dictated by two factors: µλL > 0 and
λ2 > 0. The former quantity indicates the conver-
gence rate towards the consensus regime of the modes
ζ1, whereas the latter provides an upper bound for the
exponential decay rate of the modes ζk for any k ≥ 2.

3.2 Generalization to in-domain couplings

Consider now a more general case in which the dynam-
ics of the PDEs include some in-domain coupling terms,
according to a given graph Gd assumed to be not con-
nected. In addition, as in the previous case, the agents
are enabled to communicate at the boundary accord-
ing to another graph Gb, which is also allowed to be not
fully connected. However, if the superposition of the two
graphs leads to a connected graph, consensus can still
be achieved. To this end, let us introduce the following
assumption.

Assumption 3 The union graph G⊕ = Gd ∪ Gb is con-
nected

Let us denote by Ld = {ldij
} and Lbd = {lbij} the Lapla-

cian matrices of Gd and Gb, respectively. By construction
the matrix L⊕ = {lij} defined by

L⊕ = Ld + Lb (37)

is a weighted Laplacian matrix for the graph G⊕, being
positive semidefinite and satisfying condition (32). In
particular, whenever the graphs Gd and Gb are disjoint,
the matrix L⊕ coincides with the standard Laplacian of
G⊕.

The in-domain coupling terms modify the dynamics (7)-
(8) according to

żi = Azi −
N∑

j=1

ldij
zj (38)

zi,x(0) = ui

zi,x(1) = 0

We rely on the results in Proposition 1 to define a
controller such that consensus in the network can be

achieved. Agents connect through the boundary graph
Gb exchange their outputs (22) while the agents con-
nected through the in-domain graph Gd exchange their
respective controller states xci .

Proposition 3 Consider the network of systems (38)
satisfying (8) fulfilling Assumption 1 communicating
over a network such that Assumption 3 holds. For each
agent, we design a controller of the form

ẋci = acxci +

M∑

j=1

ldij
xcj + bcvi (39)

ui = xci (40)

with scalar ac selected according to (19) and bc = 1 and
with

vi = −
µ

b1

N∑

j=1

lbijyj , µ > 0, i = 1, ..., N (41)

where Π is defined in (14) and C1 is defined again as in
(23). Consider once again the operator Π in (14) and
change coordinates according to (25). Then we have that

lim
t→∞

|ζi1(t)− ζj1(t)| = 0 (42)

lim
t→∞

ζik(t) = 0, ∀ k 6= 1 (43)

PROOF. Mimicking the proof of Proposition 2, we ap-
ply Proposition 1 to system (38) coupled with controller
(39)-(41) and obtain

[

ζ̇i

ξ̇i

]

=

[

A 0

0 −βγ2
r + α

][

ζi

ξi

]

+

[

B

1

]

vi

−

([

Ld[i]

0

]

⊗ I

)

ζ +

[

0

Lb[i]

]

ξ

where ζ = [ζ⊤1 , . . . , ζ⊤n ]⊤ and ξ = [ξ1, . . . , ξn]
⊤, and I is

the identity operator of opportune size.

For any k, let us collect in a single vector the states ζi,k
of the agents i = 1, ..., N , i.e. let us define the vectors

ζ1 = [ζ1,1 ζ2,1 · · · ζN,1]
⊤

ζ2 = [ζ1,2 ζ2,2 · · · ζN,2]
⊤

...

ζj = [ζ1,j ζ2,j · · · ζN,j ]
⊤

...
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Accordingly, by introducing (41) and noticing that
C1Πzj = ζj,1 the ζ-dynamics can be rewritten in com-
pact form as

ζ̇1 = −(Ld + µLb)ζ1 (44)

ζ̇k = λkζk−Ldζk −
µbk
b1

Lbζ1 k ≥ 2 (45)

Similarly to the previous case, thanks to connectivity of
the union graph in Assumption 3, the matrix L⊕,µ :=
Ld + µLb is positive semi-definite for any µ > 0 and
satisfies (32). By the classical consensus theory, equation
(44) implies

ζ1(t) → ᾱ1, ᾱ =
1

N
1⊤ζ1(0) =

1

N

N∑

i=1

ζi,1(0) .

which indeed implies (42).

As in the proof of Proposition 2, given that ζ1 asymp-
totically reaches the equilibrium ᾱ1, equation (45) cor-
responds then to an asymptotically stable system driven
by a vanishing input. The negative coefficients λk are
increasing in magnitude with respect to k, so that the
matrices (λkI−Ld) in (45) are all negative definite, and
the coefficients bk are uniformly bounded by 1/γr. This
allows to infer that, by a standard cascade argument, the
states ζk asymptotically vanish and, moreover, the con-
vergence is uniform with respect to k. Hence (43). ✷

The achievement of a consensus regime among the orig-
inal network of PDEs in (38) is addressed in the next
result, which follows from Proposition 3 and Theorem 1
as a corollary.

Corollary 1 Consider the parabolic equations (38) ful-
filling Assumption 1 and Assumption 3 with the control
architecture (39)-(41). Then, the asymptotic consensus
behavior of the network is given by

lim
t→∞

‖zi(t)− z⋆‖L2 = 0 ∀i = 1, .., N

where, for all x ∈ [0, 1],

z⋆(x) :=
e1(x)

N

N∑

j=1

∫ 1

0

z0j (x)e1(x)dx. (46)

PROOF. Building on Proposition 3 instead of Propo-
sition 2, the proof follows the same lines of the proof of
Theorem 1 with µλL replaced by λL⊕,µ > 0, the latter
standing for the connectivity eigenvalue of the Laplacian
matrix Ld + µLb associated to the union graph. ✷

4 Simulations

Let us consider a group of N = 5 agents, evolving ac-
cording to the parabolic dynamics (7)-(8), with param-
eters fixed as follows:

β = 2, α = 2π2

By this choice, the first eigenvalues of the elliptic oper-
ator A read as

λ1 = 0, λ2 = −59.2176, λ3 = −157.9137, . . .

Two examples have been analyzed, one with boundary
coupling only and one with a partial in-domain coupling
too.

4.1 Example 1

In this first example, we assume that agents are allowed
to communicate, by exchanging their outputs at the
boundary of the domain, over the connected graph de-
picted in Figure 1 with associated Laplacian matrix

L =












1 −1 0 0 0

−1 2 −1 0 0

0 −1 3 −1 −1

0 0 −1 1 0

0 0 −1 0 1












The setup is the one described in Section 3 and, ac-
cordingly, we can invoke Fact 1 with r = 2, correspond-
ing to γr = 7.8540. Initial conditions for the agents
zi, i = 1, ..., 5, have been set as

z0i (x) = zi(0, x) = 20 exp(i)x2(1− x)3.

The evolution of the system under the control action
(??) with inputs vi given by the consensus law (??) with
µ = 1 and leading to the consensus regime

z⋆(x) =

(

40
12− π2

5π5

5∑

ℓ=1

exp(ℓ)

)

︸ ︷︷ ︸
≈12.98

sin(πx)

1

2

3

4 5

Fig. 1. Example 1: communication graph. Solid edges =
boundary links
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is illustrated in Figures 2-3. In particular, the time his-
tory of the first three modes is shown in Figure 2 where,
in the top left plot, the consensus behaviur of the first
mode can be appreciated. In the bottom right plot the
time history of the control inputs is shown instead, which
as expected converge to zero as the states zi approach
the consensus regime z⋆. This is further depicted in Fig-
ure 3 where the errors zi(t)− z⋆ relative to the consen-
sus regime, this being shown in the top left plot, vanish
asymptotically for each agent.
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Agent #1
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Agent #4
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Agent #4

Agent #5

0 1 2 3 4 5
-5

0

5

Agent #1

Agent #2

Agent #3

Agent #4

Agent #5

Fig. 2. Example 1: finite-dimensional modes and control in-
puts

4.2 Example 2

In this second example we introduce also in-domain cou-
plings, and the overall communication graph is repre-
sented in Figure 4. The Laplacian matrices for boundary

Fig. 3. Example 1: consensus regime z⋆(x) and consensus
errors zi(x, t)− z⋆(x)

and in-domain couplings are, respectively,

Lb =












1 −1 0 0 0

−1 1 0 0 0

0 0 1 0 −1

0 0 0 0 0

0 0 −1 0 1












, Ld =












1 −1 0 0 0

−1 2 −1 0 0

0 −1 2 −1 0

0 0 −1 1 0

0 0 0 0 0












1

2

3

4 5

Fig. 4. Example 2: communication graph. Solid edges =
boundary links, Dashed edges= in-domain links

The behaviour of the multi-agent system driven by the
consensus control law (41) with µ = 1 is illustrated in
Figures 5-6. Let us observe that the union graph is con-
nected, this resulting in a cumulative Laplacian matrix
L⊕ = Ld + Lb with

rank(L⊕) = N − 1 = 4.

The numerical results show that, thanks to the previous
property, a unique consensus is reached by the agent,
whose states converge asymptotically to the stationary
regime z⋆(x). It is worth noticing that the presence of
in-domain couplings visibly modifies the behaviour of
the control inputs compared to the first example and
enforces a sort of synchronization among the signals, as
depicted in the bottom right plot in Figure 5.
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Fig. 5. Example 2: finite-dimensional modes and control in-
puts
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5 Conclusion

The consensus problem for a network of identical lin-
ear parabolic equations with boundary control has been
tackled in this paper. As long as the open-loop dynam-
ics of the equations is marginally stable, and the under-
lying communication graph is connected, we were able
to provide the design steps for a decentralized control
law capable of driving the states towards a common
constant value. The control design relies on a suitable
input-dependent change of coordinates, and on the ensu-
ing spectral decomposition. The approach can be readily
generalized to the case where in-domain couplings exist
in addition to the boundary couplings used in the pri-
mary scheme. The approach has been corroborated and
validated through numerical simulations.
Future extensions may be focused on considering net-
works of heterogeneous marginally stable equations as
well as equations having n > 1 unstable natural modes.
An interesting future extension could also be devoted
to endow the proposed consensus framework with more
advanced techniques for synthesizing finite-dimensional
controllers like, e.g., the one recently proposed in [29].
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