
Stability of thewave equationwith a saturateddynamic

boundary control

Christophe Prieur a Sophie Tarbouriech b

aUniv. Grenoble Alpes, CNRS, Grenoble INP, GIPSA-lab, F-38000 Grenoble, France (e-mail: christophe.prieur@gipsa-lab.fr),

bLAAS-CNRS, Université de Toulouse, CNRS, Toulouse, France (e-mail: tarbour@laas.fr)

Abstract

This paper studies the nonlinear system obtained by considering a wave equation with a saturated dynamic boundary condition.
Such nonlinear infinite-dimensional system is obtained when controlling a wave equation with a dynamical boundary controller,
subject to a magnitude limitation in the input. The partial differential equation is coupled with an ordinary differential
equation and includes a classical saturation map. For such nonlinear infinite-dimensional, a sufficient condition is derived for
the local exponential stability of the origin. This condition is satisfied as soon as the linear system is asymptotically stable.
Moreover an estimation of the basin of attraction is given using an appropriate Lyapunov function. Moreover it is proven that
global exponential stability does not hold, for any parameter of the nonlinear system. Some numerical simulations are given
at the end of the paper, illustrating the design approach of the parameters so that local convergence holds and the existence
of diverging solution issuing from sufficiently large initial conditions.
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1 Introduction

Nonlinear control design is now very well developed for
finite-dimensional systems, and used for many plants
with guaranteed performance and speed of convergence
(see e.g., [28,33]). Lyapunov methods are instrumental
to prove stability property of equilibrium points and to
derive sufficient conditions for the exponential stability
of linear control systems in closed loop with saturat-
ing controls (see e.g., [9,12]). This work is one of the
first ones dealing with infinite-dimensional systems, ob-
tained as a partial differential equation (PDE) in closed
loop with an ordinary differential equation (ODE) and
a sandwiched saturation map. Such a coupling between
PDE and ODE is well studied in the linear case (see e.g.,
[2,3]), but remains still scarce in the nonlinear context
[23,25]. In the context of infinite-dimensional systems
with nonlinear boundary conditions, several results have
been developed: See in particular [27] which studies sec-
ond order systems with nonlinear boundary conditions,
[7] for one-dimensional wave equation with set-valued
boundary damping, and [31] for two-dimensional wave
equation with static nonlinear boundary condition. The
characterization of an estimate of the basin of attraction
of the origin for infinite-dimensional systems subject to
saturating control laws has received less attention due to

its inherent difficulty. One can however cite the results
proposed in the case of reaction-diffusion equation and
parabolic PDE in [18], [15], where such a characteriza-
tion was possible in a projection onto the state space.

This paper focuses on the coupling of the wave equa-
tion and an ODE through a saturation map acting at
the boundary. Such a boundary condition could be inter-
preted as a saturating boundary control with an inter-
nal dynamics given by a finite-dimensional system. This
paper focuses on this kind of coupling by taking inspira-
tion in [21], where a saturated static boundary controller
was proposed. Moreover, the case studied in the current
paper imposes to introduce a specific Hilbert space for
the well-posedness (that is the existence and the unique-
ness of the solution to the nonlinear Cauchy problem).
To handle the nonlinearity in the stability analysis, a lo-
cal sector condition is used and a Lyapunov function is
introduced. It yields a sufficient condition, formulated
in terms of linear matrix inequalities (LMIs) for the lo-
cal exponential stability of the origin. In addition, this
sufficient condition holds under natural condition of the
parameters, that is equivalent to the stability of the lin-
ear system. An inner-approximation of the basin of at-
traction of the origin for the closed loop is provided. In-
deed, by lower-bounding the considered Lyapunov func-
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tion via a quadratic term and by adequately using the
S-procedure, an LMI is stated to impose the inclusion
of the inner-approximation of the basin of attraction in
the region of validity of the sector condition, taking in-
spiration from [28]. Moreover, using a trajectory based
analysis, it is proven that a global exponential stabil-
ity does not hold for the nonlinear coupled ODE-PDE
system, paralleling what is known for finite-dimensional
systems with saturated inputs (see e.g. [13,22]).

The contribution of the paper can be discussed with
respect to related works. One can for example cite [10]
where static boundary conditions are considered and [26]
where disturbance effect is studied. In these papers no
PDE-ODE coupling is considered. In [11], only cascade
systems are considered (PDE-to-ODE or ODE-to-PDE),
leading to have specific conditions on the matrices of the
dynamical controller, differently from the developments
proposed in the current paper.

This paper is organized as follows. First in Section 2
the model and the problem statement are presented,
together with the main result on the local exponential
stability of the nonlinear system, and the result about
the absence of global exponential stability property. The
proofs of these results are collected in Section 3. Some
numerical simulations are proposed in Section 4 and con-
cluding remarks are given in Section 5.

2 Problem statement and main result

Inspired by the modeling of cable-driven systems (see
e.g. [32, Chapter 2]), it is natural to study the wave
equation, for all t ≥ 0 and for all 0 < x < 1,

ztt(t, x) = zxx(t, x) , (1a)

z(t, 0) = 0 , (1b)

zx(t, 1) = U(t) , (1c)

where z(t, .) stands for the amplitude of a wave dynamics
with respect to the rest position. The chosen boundary
conditions are the Dirichlet boundary condition at x = 0
as written in (1b) and the Neumann boundary condition
at x = 1 in (1c) with a control U(t). Assuming that the
output is given by zt(t, 1) and considering the case of a
saturating dynamical control lawU(t) yield the following
PDE-ODE coupled system

ztt(t, x) = zxx(t, x) , (2a)

ẇ(t) = Aw(t) +Bzt(t, 1) , (2b)

z(t, 0) = 0 , (2c)

zx(t, 1) + sat(dzt(t, 1) + Cw(t)) = 0 , (2d)

for all t ≥ 0 and for all 0 < x < 1. The boundary
condition (2d) depends on the dynamics (2b) where w ∈
Rn is part of the state and matrices A ∈ Rn×n, B ∈
Rn×1, C ∈ R1×n and d ∈ R are constant. Moreover

the function sat in (2d) is the classical decentralized
saturation map defined, for all s in R, by

sat(s) = s if |s| ≤ u0

= sign(s)u0 otherwise

where sign(s) stands for the sign of the s, for a given
scalar u0 > 0 representing the level of saturation of the
input for (2).

In order to describe our stability results we consider the
following state space H = H1

(0)(0, 1) × L2(0, 1) × Rn,

where H1
(0)(0, 1) = {u ∈ H1(0, 1), u(0) = 0}. The

Hilbert spaceH is equipped with the usual norm defined
by, for all (u, v, w) in H,

∥(u, v, w)∥H =

√∫ 1

0

|u′|2dx+

∫ 1

0

|v|2dx+ |w|2 . (3)

We can rewrite the system (2) in abstract form by intro-
ducing the operator A defined by

A(u, v, w) = (v, u′′, Aw +Bv(1)) ,

for all (u, v, w) in the following domain D(A):

D(A) =
{
(u, v, w) ∈ H, u ∈ H2(0, 1), v ∈ H1

(0)(0, 1),

u′(1) + sat(dv(1) + Cw) = 0
}
.

Given (z0, z1, w0) in D(A), and T > 0, we say that t 7→
(u, v, w) is a solution to the Cauchy problem

d

dt
(z(t), zt(t), w(t)) = A(z(t), zt(t), w(t)) (4a)

(z(t = 0), zt(t = 0), w(t = 0)) = (z0, z1, w0) (4b)

on [0, T ), if (u, v, w) is in C1([0, T );H), and both lines
of this equation make sense in the classical sense. The
system (2) is said to be well-posed, if given any initial
condition (z0, z1, w0) in D(A), there exists a unique so-
lution to (4). In addition to this well-posedness problem,
we solve the following control problem: derive sufficient
conditions on the matrices A, B, C and d so that the ori-
gin of (2) is locally (or globally) asymptotically (or expo-
nentially) stable. Furthermore, in the local exponential
stability, the objective is also to characterize an inner-
approximation of the basin of attraction of the origin.

Before stating our main result on the stability of the non-
linear system (2a)-(2d), let us note that the origin of the
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linear system (corresponding to neglect the saturation)

ztt(t, x) = zxx(t, x) , (5a)

ẇ = Aw +Bzt(t, 1) , (5b)

z(t, 0) = 0 , (5c)

zx(t, 1) + dzt(t, 1) + Cw(t) = 0 (5d)

is exponentially stable if and only if the spectrum of A is
in the strict left part of the plane, σ(A) ⊂ C−, and if d >
0. This could be proven by a Lyapunov method (see e.g.
[6]). This motivates the introduction of the assumption:

Assumption 1 It holds σ(A) ⊂ C− and d > 0.

Then, we may prove that the global exponential stability
cannot hold, as stated in the following proposition.

Proposition 1 For any A and d satisfying Assump-
tion 1, and for any matrices B in Rn×1, and C in R1×n,
the origin of (2) is not globally exponentially stable.

The proof of Proposition 1 is given in Section 3.4.

Motivated by the previous proposition on the absence of
global exponential stability, the main result of this paper
is the local exponential stability, with an estimation of
the basin of attraction, under a stronger property than
Assumption 1. Such a result is stated below.

Theorem 1 For any symmetric positive definite matrix
P in Rn×n, matrices A in Rn×n, B in Rn×1, C and G
in R1×n, d, g in R, m > 0, r > 0, τ1 > 0, τ2 > 0 and
η > 0, consider the matrix inequalities

A⊤P + PA PB − C⊤ −η(C +G)⊤

⋆ −2d −1− η(d+ g)

⋆ −2η

 ≺ 0 , (6)


τ1A

⊤A+ τ2P τ1A
⊤B G⊤

⋆ τ1B
⊤B g

⋆ ⋆ u2
0

 ⪰ 0 , (7)

and
mτ1 + rτ2 ≤ 1 . (8)

• If d > −1, then the system (4) is well-posed;
• If the matrix inequalities (6), (7) and (8) hold, then

there exists µ > 0 such that defining V by

V (u, v, w) = 1
2 (
∫ 1

0
eµx(v + u′)2dx)

+ 1
2 (
∫ 1

0
e−µx(v − u′)2dx) + w⊤Pw ,

(9)

for all (u, v, w) in H, the system (4) is well-posed and
the origin of (2) is locally exponentially stable in H
with a basin of attraction containing

{(z0, z1, w0) ∈ D(A), ∥A(z0, z1, w0)∥H ≤ m,

V (z0, z1, w0) ≤ r} .
(10)

More precisely, for all (z0, z1, w0) in D(A), satisfying
∥A(z0, z1, w0)∥H ≤ m and V (z0, z1, w0) ≤ r, the solu-
tion to the Cauchy problem (4) satisfies, for all t ≥ 0,

V (z(t), zt(t), w(t)) ≤ e−µtV (z(0), zt(0), w(0)) ; (11)

• Under Assumption 1, given a non-null matrix 1 B ∈
Rn×1, there exist a symmetric positive definite matrix
P ∈ Rn×n, matrices C and G in R1×n, g ∈ R, m > 0,
r > 0, τ1 > 0, τ2 > 0 and η > 0 such that (6), (7) and
(8) hold.

The proof of Theorem 1 is provided in Section 3, each
item being proven in a dedicated sub-section. Theorem
1 generalizes [11] where only cascade systems are con-
sidered for the stability analysis. Moreover, from (9) and
(11), we may prove the existence of c > 0 such that for
(z0, z1, w0) in D(A), satisfying ∥A(z0, z1, w0)∥H ≤ m
and V (z0, z1, w0) ≤ r, the solution to the Cauchy prob-
lem (4) satisfies, for all t ≥ 0,

∥(z(t), zt(t), w(t))∥H ≤ ce−µt/2∥(z(0), zt(0), w(0))∥H

that is the local exponential stability in the norm of H.
Theorem 1 is sharp in the sense that without Assump-
tion 1 the origin of the linear version of (2), that is (5),
is not asymptotically stable. Moreover, under Assump-
tion 1, the origin of the system (2) is not globally expo-
nentially stable, as stated in Proposition 1. Nevertheless,
although the global exponential stability cannot be ob-
tained, a polynomial stability could be pursued by tak-
ing inspiration, for example, from the results in [16], [4].
The expansion of this is let as a future direction.

3 Proof of Theorem 1 and of Proposition 1

This section is devoted to the proofs of the main result
and of the proposition on the impossibility for the ori-
gin of the system (2) to be a global exponential stable
equilibrium. The sketch of the proof of Theorem 1 is as
follows. First we prove the well-posedness for any initial
condition, assuming d > −1 (see Subsection 3.1). Then
we prove the local exponential stability property (Sub-
section 3.2). The last item of Theorem 1 and Proposi-
tion 1 are proven in Subsections 3.3 and 3.4 respectively.

1 Since B is a column vector this condition is the same as
rank(B) = 1.
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3.1 Global well-posedness proof, assuming d > −1

Let us start by proving the following lemma.

Lemma 1 For all d ∈ R, D(A) is dense in H, and for
any sufficiently large λ, it holds Ran(A− λI) = H.

Proof of Lemma 1. The density of D(A) follows from
classical arguments. Let λ > 0 so that λ ̸∈ σ(A), and let
(ū, v̄, w̄) inH. Given (ū, v̄, w̄) inH, and λ ̸∈ σ(A), the ex-
istence of (u, v, w) inD(A) such that (A−λI)(u, v, w) =
(ū, v̄, w̄) implies with the definition of A that v = λu+ ū
and that w = (A−λIn)

−1w̄−(A−λIn)
−1Bv(1). There-

fore we need to compute u such that
u′′ − λ2u = v̄ + λū

u(0) = u′(1)

+sat
[
C(A− λIn)

−1w̄ + F (λ)(λy(1) + ū(1))
]
= 0

(12)
where F is defined, for all λ ̸∈ σ(A), by F (λ) = d −
C(λIn−A)−1B. We can compute u such that (12) holds:

Claim 1 Given y in H1
(0)(0, 1), the solution to (12) is

given, for all x in (0, 1), by

u(x) = α sh(λx)+

∫ x

0

1

λ
sh(λ(x− s))λ(v̄(s)+λū(s))ds ,

where

α = − 1
λ ch(λ)

( ∫ 1

0
ch(λ(1− s))(v̄(s) + λū(s))ds

+sat
[
C(A− λIn)

−1w̄ + F (λ)(λy(1) + ū(1))
])

Proof of Claim 1. Considering the matrixM =
[

0 1
λ2 0

]
,

we may check that, for all positive integer k and for

all x in (0, 1), it holds (Mx)2k =
[
(λx)2k 0

0 (λx)2k

]
and

(Mx)2k+1 =
[

0 1
λ (λx)2k+1

λ(λx)2k+1 0

]
. Thus exp(Mx) =[

ch(λx) 1
λ sh(λx)

λ sh(λx) ch(λx)

]
. Therefore, with constant values C1

andC2, a solution to the differential equation u′′−λ2u =
v̄ + λū is given by

u(x) =
[
1 0

]
exp(Mx)

[
C1

C2

]

+
[
1 0

] ∫ x

0
exp(M(x− s))

[
0

v̄(s) + λū(s)

]
ds ,

= C1 ch(λx) +
C2

λ sh(λx)

+
∫ x

0
1
λ sh(λ(x− s))(v̄(s) + λū(s))ds .

With the condition u(0) = 0, we obtainC1 = 0, and thus

u(x) = 1
λ sh(λx)C2 +

∫ x

0
1
λ sh(λ(x− s))(v̄(s) + λū(s))ds

and u′(x) = ch(λx)C2 +
∫ x

0
ch(λ(x − s))(v̄(s) +

λū(s))ds. With the condition u′(1) = −sat
[
C(A −

λIn)
−1w̄ + F (λ)(λy(1) + ū(1))

]
, we deduce that

−sat
[
C(A − λIn)

−1w̄ + F (λ)(λy(1) + ū(1))
]

=

ch(λ)C2 +
∫ 1

0
ch(λ(1 − s))(v̄(s) + λū(s))ds giving the

value of C2 and concluding the proof of Claim 1. 2

Define the map F : H1
(0)(0, 1) → H2(0, 1) ∩ H1

(0)(0, 1)

for all y inH1
(0)(0, 1), as F(y) = u, where u is the unique

solution to (12) as given in Claim 1. The operator F
is continuous from H1

(0)(0, 1) to H1
(0)(0, 1). Moreover,

there exists m > 0 such that, for all y in H1
(0)(0, 1),

∥F(y)∥L2 ≤ m, ∥F(y)′∥L2 ≤ m, ∥F(y)′′∥L2 ≤ m.
Therefore, there exists k (depending only on (ū, v̄, w̄))
such that F(H1

(0)(0, 1)) ⊂ C where C is the convex set

defined by C = {f ∈ H1
(0)(0, 1), f ∈ H2(0, 1), ∥f∥H2 ≤

k}. The set C is compact in H1
(0)(0, 1). Therefore, with

the Schauder fixed point theorem (see e.g., [8, Theorem
B.17]), there exists u in H2(0, 1) ∩ H1

(0)(0, 1) solution

to F(u) = u, and thus to (12). Denoting v = λu + ū
and w = (A − λIn)

−1(w̄ + B(ū(1) + λu(1))), we have
(u, v, w) in D(A) and (A− λI)(u, v, w) = (ū, v̄, w̄). 2

Let us now state the following lemma on the dissipativity
property of the operator A.

Lemma 2 Assuming d > −1, there exists a scalar prod-
uct on H such that the operator A is quasi-dissipative.

Proof of Lemma 2. Given a scalar µ and a sym-
metric positive definite matrix P in Rn×n, let us
consider the scalar product ⟨·, ·⟩µ,P on H × H de-
fined, for all (u1, v1, w1) and (u2, v2, w2) in H, by

⟨(u1, v1, w1), (u2, v2, w2)⟩µ,P
∫ 1

0
eµx(u′

1 + v1)(u
′
2 +

v2)dx +
∫ 1

0
e−µx(u′

1 − v1)(u
′
2 − v2)dx + w⊤

1 Pw2.
Given (ui, vi, wi) in H, for i = 1, 2, let us denote
(δu, δv, δw) = (u1, v1, w1) − (u2, v2, w2). For any scalar
α, denoting the identity operator in H by I, denote

∆ = ⟨(u1, v1, w1)− (u2, v2, w2),

(A− αI)(u1, v1, w1)− (A− αI)(u2, v2, w2)⟩µ,P

Denote δv(1) = v1(1)−v2(1), δu
′ = u1−u′

2 and similarly
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for δu′′ and δv′. We compute

∆ = ⟨(δu, δv, δw), (A− αI)(δu, δv, δw)⟩µ,P
=

∫ 1

0
eµx(δv + δu′)(δu′′ + δv′)dx

+
∫ 1

0
e−µx(δv − δu′)(δu′′ − δv′)dx

−α
∫ 1

0
eµx(δv + δu′)2dx− α

∫ 1

0
e−µx(δv − δu′)2dx

+δw⊤P (A− αIn)δw + δw⊤PBδv(1) .

Using an integration by parts in the first two integrals
and using the definition of D(A), we get

∆ = −(µ2 + α)
∫ 1

0
eµx(δv + δu′)2dx

−(µ2 + α)
∫ 1

0
e−µx(δv − δu′)2dx

1
2 [e

µx(δv + δu′)2]10 − 1
2 [e

−µx(δv − δu′)2]10

+δw⊤P (A− αIn)δw + δw⊤PBδv(1)

= −(µ2 + α)
∫ 1

0
eµx(δv + δu′)2dx

−(µ2 + α)
∫ 1

0
e−µx(δv − δu′)2dx

+ 1
2e

µ(δv(1) + δu′(1))2 − 1
2e

−µ(δv(1)− δu′(1))2

+δw⊤P (A− αIn)δw + δw⊤PBδv(1) ,

where in the last equation δu′(1) is defined by δu′(1) =
−sat(dv1(1)+Cw1)+sat(dv2(1)+Cw2). Consider the
deadzone valuesφi = sat(dvi(1)+Cwi)−(dvi(1)+Cwi),
for i = 1, 2, and denote δφ = φ1 − φ2. It holds δu

′(1) =
−δφ−dδv(1)−Cδw, and we get ∆ ≤ 1

2e
µ((1−d)δv(1)−

δφ−Cδw)2− 1
2e

−µ((1+d)δv(1)+δφ+Cδw)2+δw⊤P (A−
αIn)δw + δw⊤PBδv(1). We will select α > 0 satisfying
different conditions including the following inequality:

α > −µ

2
. (13)

We deduce

∆ ≤ 1

2


δw

δv(1)

δφ


⊤

×


(A− αIn)

⊤P + P (A− αIn) + 2 sh(µ)C⊤C

⋆

⋆

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
PB + 2(d sh(µ)− ch(µ))C⊤ 2 sh(µ)C⊤

(1− d)2eµ − (1 + d)2e−µ 2(sh(µ)d− ch(µ))

⋆ 2 sh(µ)



×


δw

δv(1)

δφ

 . (14)

Recall that the deadzone values satisfy the so-called
global sector condition (see [28, Lemma 1.4]), for all i =
1, 2: φi(φi+dvi(1)+Cwi) ≤ 0. In a similar way, denoting
xi = dvi(1) + Cwi, for all i = 1, 2, it holds

δφ(δφ+ dδv(1) + Cδw)

= (φ(x1)− φ(x2))(φ(x1)− φ(x2) + x1 − x2)

≤ 0 , (15)

where to get this inequality we used that the deadline
zone function φ is non-increasing and that the saturation
map sat is non-decreasing.

Let η be a positive value that will be selected later. From
(14) and (15), it follows

∆ ≤


δw

δv(1)

δφ


⊤

×


(A− αIn)

⊤P + P (A− αIn) + 2 sh(µ)C⊤C

⋆

⋆

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
PB + 2(d sh(µ)− ch(µ))C⊤ (2 sh(µ)− η)C⊤

(1− d)2eµ − (1 + d)2e−µ 2(sh(µ)d− ch(µ))− ηd

⋆ 2(sh(µ)− η)


×


δw

δv(1)

δφ

 .

Let us prove that there exist a symmetric positive defi-
nite matrix P , positive values α, η, and a value µ such
that (13) holds and such that the matrix


(A− αIn)

⊤P + P (A− αIn) + 2 sh(µ)C⊤C

⋆

⋆

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
PB + 2(d sh(µ)− ch(µ))C⊤ (2 sh(µ)− η)C⊤

(1− d)2eµ − (1 + d)2e−µ 2(sh(µ)d− ch(µ))− ηd

⋆ 2(sh(µ)− η)


(16)

is symmetric negative definite.

To do that we use the change of variables P = e−µQ and
η = e−µη̃ where Q and η̃ are to be determined indepen-
dently of µ. When µ goes to −∞, the matrix in (16) is
symmetric negative definite, if the matrix e−µN(α,Q)
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is symmetric negative definite where

N(α,Q) =


(A− αIn)⊤Q+Q(A− αIn)− C⊤C

⋆

⋆

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
QB + (d+ 1)C⊤ (1 + η̃)C⊤

−(1 + d)2 −d− 1− η̃d

⋆ −(1 + 2η̃)


(by noting that 2 sh(µ) ∼ −e−µ and 2 ch(µ) ∼ e−µ as µ
goes to −∞). Let us prove there exists η̃ > 0 such that
the following matrix inequality holds[

(1 + d)2 d+ 1 + η̃d

⋆ 1 + 2η̃

]
≻ 0 . (17)

Note first that one gets (1 + d)2 > 0 and 1 + 2η̃ >
0 as soon as η̃ > 0. To prove that (17) is satisfied, it
suffices then to prove that there exists η̃ > 0, such that
(1 + d)2(1 + 2η̃) − (d + 1 + η̃d)2 > 0. Indeed, this last

inequality always holds by choosing η̃ as 2(1+d)
d2 > η̃ > 0.

To ensure that thematrixN(α,Q) is symmetric negative
definite, it is sufficient to note that, for all β > 0, there
exists a positive value α satisfying (13) and a symmetric
positive definite matrix Q in Rn×n such that

(A− αIn)
⊤Q+Q(A− αIn) ≺ −βIn . (18)

The satisfaction of (17) and (18) for sufficiently large
β implies that N(α,Q) is symmetric negative negative
definite. 2

End of proof of the well-posedness.Assume d > −1.
Since A is quasi-dissipative (due to Lemma 2), it fol-
lows, from [19, Theorem 4.2], that there exists a posi-
tive value α such that A − αI generates a semi-group
of contractions. Moreover due to [19, Theorem 4.10], for
all (z0, z1, w0) in D(A), there is a unique solution to the
Cauchy Problem (4), as soon as d > −1 (which is im-
plied by the condition (6)).

Another possible approach to prove the well-posedness
may be to study the transfer function representation of
(4) and to apply [30]. Circle criterion approach, as done
in e.g., [14,24], may be also fruitful.

3.2 Local exponential stability proof

Let us prove the second item of Theorem 1. To do that,
inspired by [17, Proof of Theorem 2.2] and [21, Proof of
Theorem 2], we consider the Lyapunov function candi-
date defined by (9) for an appropriate choice of the pos-
itive scalar µ that will be selected later and the symmet-
ric positive definite matrix P given in the assumptions of

Theorem 1. Omitting the time variable in all this proof,
we compute along the solutions to (2) the following

V̇=
∫ 1

0
eµx(zt + zx)(ztt + zxt)dx

+
∫ 1

0
e−µx(zt − zx)(ztt − zxt)dx

+w⊤(A⊤P + PA)w + 2w⊤PBzt(1)

=−µ
2

∫ 1

0
eµx(zt + zx)

2dx+ 1
2 [e

µx(zt + zx)
2]x=1

x=0

−µ
2

∫ 1

0
e−µx(zt − zx)

2dx− 1
2 [e

−µx(zt − zx)
2]x=1

x=0

+w⊤(A⊤P + PA)w + 2w⊤PBzt(1)

where the partial differential equation (2a) has been used
in the first equality and two integrations by parts have
been performed in the second equality. Now, note that
the boundary condition (2c) implies that, for all t ≥ 0,
[eµx(zt+zx)

2](0)− [e−µx(zt−zx)
2](0) = z2x(0)−z2x(0) =

0. Therefore, with (2d), it is deduced

V̇ =−µV +
eµ

2
(zt(1)− sat(dzt(1) + Cw))2

−e−µ

2
(zt(1) + sat(dzt(1) + Cw))2

+w⊤(A⊤P + PA)w + 2w⊤PBzt(1) + µw⊤Pw .

Denote the deadzone φ = sat(dzt(1))+Cw)−(dzt(1)+
Cw). Let G be matrix in R1×n and a scalar g. By local
sector condition (see [28, Lemma 1.5]), assuming that
|gzt(1) +Gw(t)| ≤ u0, it holds

φ⊤(φ+ (d+ g)zt(1) + (C +G)w) ≤ 0 . (19)

Therefore, under the same assumption, it holds

V̇ ≤−µV +
eµ

2
(zt(1)− sat(dzt(1) + Cw))2

−e−µ

2
(zt(1) + sat(dzt(1) + Cw))2

+w⊤(A⊤P + PA)w + 2w⊤PBzt(1)

−2ηφ⊤(φ+ (d+ g)zt(1) + (C +G)w)

+µw⊤Pw ,

≤−µV +
eµ

2
(zt(1)− φ− dzt(1)− Cw)2

−e−µ

2
(zt(1) + φ+ dzt(1) + Cw)2

+w⊤(A⊤P + PA)w + 2w⊤PBzt(1)

−2ηφ⊤(φ+ (d+ g)zt(1) + (C +G)w)

+µw⊤Pw .
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It follows

V̇ ≤ −µV +


w

zt(1)

φ


⊤ 

A⊤P + PA+ sh(µ)C⊤C + µP

⋆

⋆

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
PB + (d sh(µ)− ch(µ))C⊤ −η(C +G)⊤ + sh(µ)

(1− d)2 eµ

2 − (1 + d)2 e−µ

2 (sh(µ)d− ch(µ))− η(d+ g)

⋆ sh(µ)− 2η


×


w

zt(1)

φ

 .

Let us denote ∆(µ) the matrix defined in the quadratic
form of the left hand side of the previous equation. To
prove the existence of µ > 0 such that ∆(µ) ⪯ 0, by con-
tinuity of the eigenvalues with respect to the parameter
µ, it remains to prove that ∆(µ = 0) ≺ 0. We compute

∆(0) =


A⊤P + PA PB − C⊤ −η(C +G)⊤

⋆ −2d −1− η(d+ g)

⋆ ⋆ −2η

 .

(20)
Due to (6), it holds ∆(0) ≺ 0, and thus there is a small
and positive value µ > 0 such that ∆(µ) ⪯ 0.

To deduce the local exponential stability as stated in the
first item of Theorem 1, we need to prove that given m
and r > 0 as in (7) and (8), we have the following result

Lemma 3 Under Conditions (7) and (8), for all
(u, v, w) in D(A) such that

∥A(u, v, w)∥H ≤ m and V (u, v, w) ≤ r , (21)

it holds
|gv(1) +Gw| ≤ u0 . (22)

Proof of Lemma 3. To prove this lemma, we first note
that, by definition of the operator A for all (u, v, w) in
D(A) such that ∥A(u, v, w)∥H ≤ m it holds

1

m

[
w

v(1)

]⊤ [
A⊤

B⊤

] [
A B

] [ w

v(1)

]
≤ 1 ,

and, for (u, v, w) in D(A) such that V (u, v, w) ≤ r, it
holds

1

r

[
w

v(1)

]⊤ [
P 0

⋆ 0

][
w

v(1)

]
≤ 1 .

Thus Lemma 3 is proven as soon as the conditions

[
w

v(1)

]⊤ [
A⊤

B⊤

] [
A B

] [ w

v(1)

]
≤ m ,

[
w

v(1)

]⊤ [
P 0

⋆ 0

][
w

v(1)

]
≤ r ,

imply 1
u2
0

[
w

v(1)

]⊤ [
G⊤

g

] [
G g

] [ w

v(1)

]
≤ 1. By the S-

procedure (see e.g., [5]), this implication is true as soon
as there exist two positive values τ1 and τ2 such that

1

u2
0

[
G⊤

g

] [
G g

]
− τ1

[
A⊤

B⊤

] [
A B

]
− τ2

[
P 0

⋆ 0

]
⪯ 0

τ1m+ τ2r − 1 ≤ 0

which, by Schur complement (see again [5]), is equivalent
to (7). Therefore, assuming (7) and (8), for all (u, v, w)
in D(A) satisfying (21), it holds (22). 2

Now consider an initial condition satisfying (21) and the
solution to the Cauchy problem (4). We have, due to [19,
Cor. 3.7], that t 7→ ∥A(z(t, .), zt(t, .), w(t))∥H is a non-
increasing function, and thus, for all t ≥ 0,

∥A(z(t, .), zt(t, .), w(t))∥H ≤ m .

Moreover, by Lemma 3, it holds |gzt(t = 0, 1)+Gw(t =

0)| ≤ u0, and thus V̇ (t = 0) ≤ −µV (z(t = 0, .), zt(t =
0, .), w(t = 0)). Therefore for all t ≥ 0, we have
(21) and (22), and along the solution to (4), it holds

V̇ (z(t, .), zt(t, .), w(t)) ≤ −µV (z(t, .), zt(t, .), w(t)), con-
cluding the proof of the second item of Theorem 1.

3.3 Proof of the last item of Theorem 1

Under Assumption 1, there exist many possibilities
for the choice of the unknown variables such that
(6), (7) and (8) hold. We present one possible so-
lution illustrated in Section 4. First select a non-
null matrix B in Rn×1, and let η = 1

d , G = 0.
With Schur complement, we get that (6) becomes[
−(A⊤P + PA)− 1

2dC
⊤C − g

2dC
⊤ − PB

⋆ 2d− d
2 (2 +

g
d )

2

]
≻ 0. Mul-

tiplying by 2d which is positive due to Assumption 1,
the previous inequality is equivalent to[

−2d(A⊤P + PA)− C⊤C −gC⊤ − 2dPB

⋆ −g(4d+ g)

]
≻ 0 ,

(23)
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The condition (23) is satisfied with e.g., g = −2d,
and a symmetric positive definite matrix P so that
A⊤P + PA + 1

2dPBB⊤P ≺ 0 holds and C so that

C = B⊤P . Indeed with this choice (23) becomes[
−2d(A⊤P+PA)−C⊤C 0

⋆ 4d2

]
≻ 0 which is indeed a sym-

metric positive definite matrix.

Recall that B is a single column and non-null matrix (or
equivalently B is full column rank, rank(B) = 1). Thus
B⊤B is positive and there exists τ1 sufficiently large such

that

[
τ1B

⊤B g

⋆ u2
0

]
≻ 0. Using that P is a symmetric

positive definite matrix, there exists τ2 > 0 sufficiently
small so that (7) holds. Then, pick m > 0 and r > 0
sufficiently small so that (8) holds. This concludes the
proof of Theorem 1.

3.4 Proof of Proposition 1

Let us now prove Proposition 1. To prove that the global
exponential stability is not possible, inspired by [1], we
prove this result by contradiction argument. To do that
we first introduce the operator A0 defined by

A0(u, v, w) = (v, u′′, Aw +Bv(1))

on the domain D(A0) = (H2(0, 1) ∩ H1
0 (0, 1)) ×

H1
0 (0, 1)×R. Let T0 be the linear semi-group generated

by A0. Let (z0, z1, w0) in D(A0) be such that

∥(z0, z1, w0)∥H = 1 . (24)

Let (z, zt, w) be the classical solution to the Cauchy
problem (4), and let (zl, zlt, wl) be the classical solution
to the uncontrolled equation that is

d

dt
(z, zt, w) = A0(z, zt, w) (25)

with the initial condition (z0, z1, w0). Denote B as the
linear boundary control operator defined as in [29, Sec-
tion 10.2.2] (by replacing 0 and π by 1 and 0 respec-
tively). The operatorB is an admissible control operator.

Givenα > 0, considering the initial conditionα(z0, z1, w0),
and denoting the classical solution (zαl (t), z

α
lt(t), w

α
l (t))

to (25) and (zα(t), zαt (t), w
α(t)) to (4a) that exists and is

unique due the global well-posedness result established
in Section 3.1.

Now assume, by contradiction, that the origin to the
equation (2) is globally exponentially stable. In other
words, assume there exist two positive values m and κ
such that, for all positive α and for almost all t ≥ 0,

∥(zα(t), zαt (t), wα(t))∥H ≤ me−κt ∥α(z0, z1, w0)∥H
(26)

Moreover, with [29, Proposition 4.2.5], if (z0, z1, w0) in
D(A), the solution to (25) satisfies, for almost all t ≥ 0,

(z(t), zt(t), w(t)) = T0(t)(z0, z1, w0)

+
∫ t

0
T0(t− s)B(−sat(dzt(s, 1) + Cw(s)))ds

Therefore, for almost all t ≥ 0 (zl(t), zlt(t), wl(t)) =
T0(t)(z0, z1, w0) = (z(t), zt(t), w(t))

+
∫ t

0
T0(t− s)Bsat(dzt(s, 1)+Cw(s))ds. Recalling that

B is admissible, using [29, Proposition 4.2.2], we have

that, for all T > 0 and almost all t in [0, T ],
∫ t

0
T0(t −

s)Bsat(dzt(s, 1) + Cw(s))ds is in H1
0 (0, 1) × L2(0, 1),

and it is bounded as soon as t 7→ sat(dzt(s, 1)+Cw(s))
is in a bounded set of L2((0, T ),R), which is the case
because sat is a bounded function.

Thus, for all T > 0, α > 0, and for almost all t in [0, T ],

T0(t)α(z0, z1, w0) = (zαl (t), z
α
lt(t), w

α(t))

= (zα(t), zαt (t), w
α(t))

+
∫ t

0
T0(t− s)Bsat(dzαt (s, 1) + Cwα(s))ds

and we deduce, with (26), for all t in [0, T ],

∥(zl(t), zlt(t), wl(t))∥H =

∥∥∥∥ 1α (zαl (t), z
α
lt(t), w

α
l (t))

∥∥∥∥
H

≤ 1

α
me−κt ∥α(z0, z1, w0)∥H

+
1

α

∥∥∥∥∫ t

0

T0(t− s)Bsat(dzαt (s) + Cwα(s))ds

∥∥∥∥
H

≤ me−κt ∥(z0, z1, w0)∥H +
C(T )

α

where C(T ) is a positive value that does not depend
on α (but depends on T ). Recalling (24), fixing t
and making α → 0 it gives, for almost all t ≥ 0,
∥(zl(t), zlt(t), wl(t))∥H ≤ me−κt ∥(z0, z1, w0)∥H for all
initial condition (z0, z1, w0) in D(A0) such that (24)
holds. By linearity, this implies that the origin of the
open-loop system (25) is exponentially stable. This is
not true and Proposition 1 is proven. 2

The proof of Proposition 1 is trajectory based. Paral-
leling what is known for finite-dimensional systems, see
e.g., [28, Theorem 2.2, Chapter 2.4.4] or [13,22], a weaker
result than the one in Proposition 1 could be obtained
by considering only quadratic Lyapunov functions. In-
deed we may prove the following claim.

Claim 2 There does not exist any quadratic Lyapunov
function as given by (9), that is exponentially decreasing
uniformly along all the solutions to (2).
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To prove this claim, we come back to the proof of the
first item of Theorem 1, and we use the global sector
condition obtained by considering (19) with G = 0 and
g = 0. Following the proof the first item of Theorem 1,
given A and d satisfying Assumption 1, given B and C,
we need to prove the existence of η and d, so that (20)
holds with G = 0 and g = 0. That corresponds to prove
the satisfaction of the following matrix inequality:

∆(0) =


A⊤P + PA PB − C⊤ −ηC⊤

⋆ −2d −1− ηd

⋆ ⋆ −2η

 ≺ 0 (27)

Actually, one can prove that there exist no matrices C,
B,P and no scalars d and η so that (27) holds. To empha-
size this, let us mention that a necessary condition for

the satisfaction of (27) is that following
[
2d 1+ηd
⋆ 2η

]
≻ 0

holds true, or equivalently, since d and η are positive, one
has to satisfy 4dη − (1 + ηd)2 = −(1− ηD)2 > 0, which
is impossible. Thus one can conclude that there does not
exist any quadratic Lyapunov function that is decreas-
ing for any initial condition, exponentially fast, as stated
in Claim 2. This is of course consistent with Theorem 1
where we computed a locally exponentially decreasing
quadratic Lyapunov function (but not a global one).

4 Numerical simulations

Let us illustrate the effectiveness of Theorem 1. To do
this, consider the following values for the dynamical
controller: A =

[−1 −1
0 −2

]
, d = 0.5, B = [0 1]⊤ and

C = [0.6 2.3]. Note that Assumption 1 holds. Further-
more, we consider the initial condition, for all x in [0, 1],

z0(x) = 5x(1− x)2 , z1(x) = 0 , w0 = [0 0]⊤ . (28)

We check that the conditions (6)-(8) are satisfied with 2

P = [ 3.446 0.657965
⋆ 1.54417 ], G = [0.0155549 − 0.508302], g =

−0.0776626, m = 10, r = 4.39895, τ1 = 0.00999999,
τ2 = 0.204571, η = 1.43286 with the saturation level as
u0 = 1.5. The values of τ1, P , g, r and G have be com-
puted by solving matrix inequalities derived from (6)-
(8) with line searches for the scalars τ2 and η, in order
to maximize r among all admissible values. With these
values of r, m and P , it can be checked that the initial
condition (28) is in the estimation of the basin of attrac-
tion as given by Theorem 1. We discretize the system (2)
using a second order Euler scheme with time and space
steps so that Courant–Friedrichs–Lewy condition holds.

This yields Figures 1 and 2 where we observed that all
components of the solutions to (2) issuing from the ini-

2 The python code used in this section is here:
https://github.com/prieurch/PreprintJan2025

Fig. 1. Time-evolution of the component z of the solution to
(2) with the initial condition (28)

0 1 2 3 4 5 6
t

−0.5

−0.4

−0.3

−0.2

−0.1

0.0

0.1

0.2

w(
t)

w_1
w_2

Fig. 2. Time-evolution of the components w1 (in dotted red
line) and w2 (in solid blue line) of the solution to (2) with
the initial condition (28)

tial condition (28) converge to zero as predicted by The-
orem 1. The time-evolution of the saturation map in the
boundary condition (2d) is given in Figure 3. To check
that the global asymptotic stability does not hold, and
that the Lyapunov function V designed in the proof of
this result does not decrease for large initial condition,
we multiply the initial condition (28) by 100 yielding to
the time-evolution of the saturation map and of the Lya-
punov function in Figure 4. This is consistent with the
local exponential stability as stated in Theorem 1, with
an estimation of attraction given by a level set of the
Lyapunov function V .

5 Conclusion

A wave equation in closed loop with a nonlinear dy-
namical boundary condition has been considered in this
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Fig. 3. Time-evolution of the saturation map in (2d) (in
dotted red line) and of the Lyapunov function (in solid blue
line) with the initial condition (28)
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Fig. 4. Time-evolution of the saturation map in (2d) (in
dotted red line) and of the Lyapunov function (in solid blue
line) with the initial condition (28) multiplied by 100

paper. One boundary condition is the Dirichlet condi-
tion, whereas the other one is of Neumann type written
as the output of saturation function of the co-located
speed and of the state of the finite dimensional state.
The well-posedness of the obtained infinite-dimensional
system was first studied and then a local stability con-
dition is proven using a Lyapunov functional, assuming
the origin of the linearized system is exponential stable.
Moreover it is proven that the global exponential stabil-
ity does not hold, paralleling what is known for finite-
dimensional systems in presence of saturation.

This work lets some questions open. In particular other
performance criterion could be considered instead of the
stability analysis, as the disturbance rejection as done in
[26,20] for hyperbolic systems. Moreover other boundary
controls than the one in (2d) may be considered, e.g. by

studying different dynamical control laws.
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Diriger des Recherches) in 2009 from
University Paul Sabatier, Toulouse,

France. From 2002 he was a researcher at CNRS at the
laboratory SATIE, Cachan, France, and at the LAAS,
Toulouse, France (2004–2010). In 2010 he joined the
Gipsa-lab, Grenoble, France where he is currently a se-
nior researcher at CNRS (since 2011). His current re-
search interests include nonlinear control theory, hybrid
systems, and control of partial differential equations. He
is an IMA Fellow, and an IEEE Fellow.

Sophie Tarbouriech received the
Ph.D. degree in Control Theory in
1991 and the HDR degree (Habili-
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