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Abstract

This paper develops a sampled-data distributed control design for mixed traffic flow with unknown and bounded disturbance,
which is the time-gap fluctuation induced by uncertain human driving behaviour. The mixed traffic flow is described by the
linearized Aw-Rascle-Zhang (ARZ)-type model and consists of manual vehicles and adaptive cruise control(ACC)-equipped
vehicles. A group of stationary sensing devices provides traffic state measurements over the sampling spatial intervals. In order
to suppress the disturbance and drive the mixed traffic flow state to a bounded region around the steady state, the time-gap
used by ACC-equipped vehicles is designed as the sampled-data distributed controller based on the traffic information provided
by these sensors. The sufficient conditions for guaranteeing input-to-state stability (ISS) of the mixed traffic flow system are
derived in terms of matrix inequalities in H1-norm. Lastly, to minimize the effect of disturbance, an optimization algorithm is
used to determine the maximal disturbance attenuation level, and the numerical simulation is given to verify the theoretical
results.

Key words: mixed traffic flow; Aw-Rascle-Zhang (ARZ) model; adaptive cruise control-equipped (ACC-equipped) vehicles;
sampled-data distributed control; time-gap setting.

1 Introduction

With the emergence of automated and connected vehi-
cles, the research of mixed traffic flow consisting of both
manual and adaptive cruise control(ACC)-equipped ve-
hicles has attracted much attention in recent years [8].
Properly manipulating the setting of ACC-equipped ve-
hicles can provide an efficient way to regulate the traf-
fic dynamics that does not rely solely on roadside facil-
ities [13], [14]. Through the real-time control design of
ACC-equipped vehicles, the interconnection capability
of autonomous vehicles can be utilized while maintain-
ing the distributed characteristic of traffic flow, which
has important practical and theoretical significance for
the stability of traffic dynamics [17], [19].
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Lately, articles exploit ACC-equipped vehicles to control
the traffic dynamics, particularly in applications involv-
ing dynamic speed limit adjustment, lane allocation, and
congestion management [14]. For instance, the exponen-
tial stabilization of a freeway traffic flow based on the
ARZ model was explored by designing the time-gap set-
ting of ACC-equipped vehicles in [4]. The existing stud-
ies were primarily based on continuous-time state feed-
back, which imposes high requirements for communica-
tion bandwidth and network quality and hence is chal-
lenging for energy-constrained systems due to its signifi-
cant computational and communication cost. To reduce
the consumption of computing resources, the sampled-
data control is a reliable method. Therefore, the objec-
tive of this work is to develop a sampled-data distribut-
ed control strategy for mixed traffic flow based on the
real-time control of ACC-equipped vehicles.

Concerning on the sampled-data control, it has gained
widespread application in modern control systems due
to the feasibility of implementing the controller by dig-
ital technology [1], [6]. There have been many results
on sampled-data control of ODE systems [11]. However,
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the studies on sampled-data control for hyperbolic PDE
systems are still limited. For example, two event-based
stabilization techniques were given for linear hyperbol-
ic systems of conservation laws in [9]. In the previous
work, the global exponential stability was ensured via
the Lyapunov technique. Using the backstepping tech-
nique, a sampled-data boundary feedback control was
considered for a linear 2 × 2 hyperbolic system in [7].
Recently, the distributed sampled-data control problem
for homo-directional linear hyperbolic system was in-
vestigated under state measurements sampled in space
and time in [20] based on the Lyapunov-Razumikhin ap-
proach. To the best of our knowledge, there is no work on
sampled-data control for PDE-based traffic flow model
at present.

In this paper, we study the sampled-data distributed
control problem for macroscopic traffic flow, which can
usually be represented by hyperbolic PDE systems [2],
[22]. Although much attention has been paid to the sta-
bilization of hyperbolic PDE-based traffic flow model-
s [24], [21], [26], [25], these studies are based on the
boundary control implemented through traffic facilities
located at the upstream or downstream boundary of the
road. However, in-domain sampled-data control through
time-gap manipulation of the ACC-equipped vehicle for
regulating traffic flow on hyperbolic PDEs has not been
solved. Therefore, we commit to establishing a theoreti-
cal framework for analysing the sampled-data distribut-
ed control of mixed traffic flow with unknown bounded
disturbance via ACC-equipped vehicles.

Compared with [4] on stabilizing the mixed traffic flow
dynamics via ACC-equipped vehicles, in which the time-
gap setting of ACC-equipped vehicles is designed based
on satiotemporally continuous traffic information, the
main contributions of this paper are as follows: (1) We
consider the unknown bounded time-gap fluctuation
induced by uncertain human driving behaviour, which
brings perturbation in source term of the mixed traffic
flow model. (2) The time-gap setting of ACC-equipped
vehicles is designed for the mixed traffic flow with un-
known disturbance based on the traffic information
sampled both in time and space. (3) The ISS is estab-
lished in H1-space for the mixed traffic flow system with
unknown disturbance, by employing Lyapunov method
with Wirtinger’s and Jensen’s inequalities.

The rest of this paper is organized as follows. The mixed
traffic flow and the time-gap setting of ACC-equipped
vehicles are introduced in Section 2. Section 3 is devoted
to analysing ISS by using the Lyapunov function tech-
nique. In Section 4, the numerical simulations under an
optimization criterion are given.

Notation: For a matrix A, A> denotes the transpose
matrix of A, and trace(A) denotes the trace of A. A >
(<) 0 denotes that A is a positive (negative) definite ma-
trix. diag{a1, ..., an} is the diagonal matrix with ai ∈

R, i = 1, ..., n. N is the set of nonnegative integers from
0 to infinity. For a partitioned symmetric matrix, sym-
bol ∗ stands for the symmetric blocks. Given a function
g : [0, L] → Rn, we define its H1-norm as ‖g‖H1 =√∫ L

0
(‖g‖2 + ‖gx‖2)dx, where ‖·‖ is the Euclidean norm

in Rn.

2 Mixed traffic flow with ACC-equipped vehi-
cles

2.1 Mixed traffic flow model

Consider the mixed traffic flow consisting of manual
and ACC-equipped vehicles, where the percentage of
ACC-equipped vehicles with respect to total vehicles is
α ∈ [0, 1]. Constants τacc, τm > 0 denote the time con-
stants of ACC-equipped and manual vehicles, respec-
tively. Let ρ(x, t) and v(x, t) stand for the traffic density
and the average speed at position x and time t, respec-
tively. t ∈ [0,+∞) denotes time variable. x ∈ [0, L] de-
notes spatial coordinate along the road, where x = 0 and
x = L are the upstream and downstream boundaries, re-
spectively. L is the length of the road. According to [4],
the macroscopic mixed traffic flow dynamics can be de-
scribed by the ARZ-type traffic model, i.e., the following
first-order hyperbolic PDE system of balance laws:{

∂tρ+ ∂x(vρ) = 0,

∂tv +
(
v + ρ∂ρVmix(ρ, hacc)

)
∂xv = Vmix(ρ,hacc)−v

τmix
,

(1)

where τmix = 1
α
τacc

+ 1−α
τm

is the mixed time constant

of mixed traffic flow. Vmix(ρ, hacc) denotes the speed-
density fundamental diagram of the mixed traffic flow,
defined as

Vmix(ρ, hacc) = τmix

( α

τacc
Vacc(ρ, hacc) +

1− α
τm

Vm(ρ)
)
,

(2)

where Vacc(ρ, hacc) and Vm(ρ) represent the speed func-
tions of ACC-equipped and manual vehicles, respective-
ly, given by

Vacc(ρ, hacc) =
1

hacc

(1

ρ
−D

)
, ρmin < ρ <

1

D
, (3)

Vm(ρ) =
1

hm

(1

ρ
−D

)
, ρmin < ρ <

1

D
, (4)

with D > 0 denoting the average effective vehicle length
and ρmin > 0 denoting the lowest density value for which
the model is accurate. The variable hacc(x, t) > 0 is the
time-gap of ACC-equipped vehicles, which is the control
input to be designed later. The variable hm(t)= h∗m +ζ(t)
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is the time-gap of manual vehicles, h∗m is the normal time-
gap of manual vehicles and 0 < |ζ(t)| ≤ ε stands for
the time-gap fluctuation induced by uncertain human
driving behaviour.

Substituting (3)-(4) into (2), the fundamental diagram
of mixed traffic flow model can be rewritten as

Vmix(ρ, hacc) =
1

hmix(hacc, ζ(t))

(1

ρ
−D

)
, (5)

where the mixed time-gap is

hmix(hacc, ζ(t)) =
α+ (1− α) τaccτm

α+ (1− α) τaccτm
hacc

h∗
m +ζ(t)

hacc. (6)

At the downstream boundary, there is a variable speed
limit (VSL) device that acts as the road facility to regu-
late the traffic flow. This common management method
has been documented in some works including [23], and
the driving-out speed v(L, t) could be adjusted based on
the density information ρ(L, t) at outlet, that is

v(L, t) = v∗ + kv(ρ(L, t)− ρ∗), (7)

where ρ∗, v∗ are the steady states of system (1), and
kv ∈ R is boundary tuning gain.

Assumption 1. For the mixed traffic flow model (1),
the flux at the upstream boundary is constant, i.e.,
ρ(0, t)v(0, t) = qin, where qin = ρ∗v∗ is a constant ex-
ternal inflow that can be realized by implementing a
mainline flux metering at the inlet [21],[23].

Define the deviations of the variables ρ, v from the steady
states ρ∗, v∗ by ρ̃ = ρ − ρ∗, ṽ = v − v∗. Based on
Assumption 1, we have (ρ̃(0, t) + ρ∗)(ṽ(0, t) + v∗) =
qin. Substituting the steady condition qin = ρ∗v∗ into
the above equation and removing the higher-order term
ρ̃(0, t)ṽ(0, t), we obtain the following linearized bound-
ary condition at the upstream boundary

ρ̃(0, t) = −ρ
∗

v∗
ṽ(0, t). (8)

2.2 Linearization and diagonalization

Denote h∗acc as steady time-gap for ACC-equipped ve-
hicles, which results in the following steady-state mixed
time-gap

h∗mix =
α+ (1− α) τaccτm

α+ (1− α) τaccτm
h∗
acc

h∗
m

h∗acc (9)

satisfing 1
ρ∗ −D = h∗mixv

∗. Define the deviation of the

variable hacc from the steady time-gap h∗acc by h̃acc =
hacc−h∗acc. Then we obtain the following linearized sys-
tem with space-time invariant characteristic velocities
by using Taylor expansion at the steady states{
∂tρ̃+ v∗∂xρ̃+ ρ∗∂xṽ = 0,

∂tṽ − c4∂xṽ = −c1ρ̃− c2ṽ − c3h̃acc + c5ζ(t)ρ̃+ c6ζ(t),

(10)

where c1 = 1/(ρ∗2h∗mixτmix), c2 = 1/τmix, c3 =

(α/τacch
∗2
acc)(1/ρ

∗ − D), c4 = D/h∗mix, c5 = (1 −
α)/(τaccτmh

∗2
m ρ
∗2), c6 = h∗mixv

∗(1 − α)/(τaccτmh
∗2
m ) (see

[4] for similar computations).

Defining the Riemann coordinates as z̃ = ṽ, ω̃ = ρ̃ +
h∗mixρ

∗2ṽ, then system (10) with the boundary conditions
(7)-(8) could be rewritten in the following diagonal form
∂tω̃ + v∗∂xω̃ = −c2ω̃ + h∗mixρ

∗2(c5ζ(t)(ω̃ − h∗mixρ∗
2z̃)

−c3h̃acc + c6ζ(t)
)
,

∂tz̃ − c4∂xz̃ = −c1ω̃ − c3h̃acc + c5ζ(t)(ω̃ − h∗mixρ∗
2z̃)

+c6ζ(t),

(11)

with the boundary conditions{
ω̃(0, t) = (h∗mixρ

∗2 − ρ∗

v∗ )z̃(0, t),

z̃(L, t) = kv
1+kvh∗

mixρ
∗2 ω̃(L, t).

(12)

Remark 1. Using Riemann coordinates to obtain the
diagonal form is essential for the stability analysis of hy-
perbolic PDEs as it decouples the system into its char-
acteristic wave modes. This transformation permits the
examination of growth or decay for individual waves,
each propagating at a characteristic speed, thereby sim-
plifying the stability analysis of the coupled system.

According to the sign of the second characteristic veloc-
ity of system (11), the mixed traffic flow is in the conges-
tion regime and the speed information z̃ of mixed traffic
flow propagates from downstream to upstream (see [12]).

2.3 Time-gap control of ACC-equipped vehicles

To drive the traffic density ρ and average speed v of
mixed traffic flow to the steady states (ρ∗, v∗) with the
suppression of disturbance, we now design the time-gap
control of ACC-equipped vehicles based on the spatially
state measurements provided by a group of stationary
sensing devices.

We assume that there are N sensors indexed by i ∈
{0, ..., N − 1} uniformly distributed over the road [0, L],
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Fig. 1. Time-gap control of ACC-equipped vehicles for the
mixed traffic flow.

dividing the road into N − 1 intervals with identical
length b̄ = L/(N−1). The location of sensor i is denoted
as x̄i, such that{

x̄0 = 0,

x̄i = x̄i−1 + b̄, i = 1, · · ·, N − 1.
(13)

Each sensor i provides the measurements of average ve-
locity v and density ρ within the corresponding section
of road, i.e., Ψi = [xi, xi+1), i ∈ {0, ..., N − 1}, where{

xi = x̄i−1+x̄i
2 , i = 1, · · ·, N − 1,

x0 = 0, xN = L.
(14)

Taking into account the need to reduce computing re-
sources, these sensors only provide the traffic informa-
tion at some discrete time instants. We use the time se-
quence {tk} to represent these sampling time instants
with 0 = t0 < t1 < · · · < tk < · · ·, k ∈ N.

Assumption 2. The sampling time intervals are bound-
ed, satisfying tk+1−tk ∈ (0, h], where h > 0 is the upper
bound.

Based on the spatially sampled state measurements pro-
vided by these sensors at discrete time instant tk and
at position x̄i, the sampling traffic information v(x̄i, tk)
and ρ(x̄i, tk) can be obtained. And thus ω̃(x̄i, tk) and
z̃(x̄i, tk) can be transferred to the ACC-equipped vehi-
cles and used to design the time-gap controller. The re-
sulting feedback controller is implemented to the ACC-
equipped vehicles through a zero-order holder (ZOH),
as shown in Fig. 1. We then design the time-gap con-
troller to ACC-equipped vehicles as the following piece-
wise continuous function:

hacc(x, t) =h∗acc +

N−1∑
i=0

di(x)
[
kωω̃(x̄i, tk)

+ kz z̃(x̄i, tk)
]
, t ∈ [tk, tk+1), (15)

where kω, kz ∈ R are control gains. The shape function
di(x), which can obtain a linear combination of con-
trollers responsible for each region, is defined as

di(x) =

{
1, x ∈ Ψi, i ∈ {0, ..., N − 1},
0, otherwise.

(16)

2.4 Problem formulation

Let ξ = [ω̃, z̃]>, and then the linearized mixed traffic
flow model (11) can be rewritten as

∂tξ(x, t) + Γ∂xξ(x, t) =(M1 + ζ(t)M2)ξ(x, t) + F̄ ζ(t)

−Hh̃acc(x, t), (17)

where t ∈ [tk, tk+1), Γ = diag{v∗,−c4} and

M1 =

[
−c2 0

−c1 0

]
, H=

[
h∗mixρ

∗2c3

c3

]
, F̄ =

[
h∗mixρ

∗2c6

c6

]
,

M2 =

[
h∗mixρ

∗2c5 0

0 c5

][
1 − 1

1 − 1

][
1 0

0 h∗mixρ
∗2

]
.

The input and output of system (17) on the right and the
left boundaries can be denoted as ξin = [ω̃(0, t), z̃(L, t)]>

and ξout = [ω̃(L, t), z̃(0, t)]>, respectively. Then the
boundary condition (12) can be rewritten as

ξin = Gξout, (18)

with G =

 0 h∗mixρ
∗2− ρ∗

v∗

kv
1+kvh∗

mixρ
∗2 0

.

Further, we denote the initial condition of system (17) as

ξ0 =

[
ω̃(x, 0)

z̃(x, 0)

]
, (19)

which satisfies the following compatibility condition[
ω̃(0, 0)

z̃(L, 0)

]
= G

[
ω̃(L, 0)

z̃(0, 0)

]
. (20)

Now, we discuss the existence of unique classical solu-
tion of the Cauchy problem (17)-(19). It can be noted

that h̃acc is continuously differentiable on [0, L]× [t0, t1],
and then according to [15], there exists a unique classical
solution to the system (17)-(19) for t ∈ [t0, t1]. Selecting
ξ(·, t1) as the initial condition for the next sampling in-
terval [t1, t2], we obtain that there also exists a unique
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classical solution for t ∈ [t1, t2]. By applying the proce-
dure above iteratively to [t2, t3], [t3, t4], ..., [tk, tk+1], k ∈
N, such that it is continuous at each sampling instant, we
conclude that the closed-loop system (17)-(19) has a u-
nique classical solution ξ ∈ C0([0,+∞);H1((0, L);R2)).

In this paper, the main objective is to derive sufficient
conditions on the time-gap used by ACC-equipped vehi-
cles (15) such that the solution of the mixed traffic flow
system (17)-(18) can suppress the disturbance ζ(t) and
converge to a bounded region around the steady state
(ρ∗, v∗). Adapted from [15], the definition of the ISS for
the system (17) is given hereinafter.

Definition 1. The system (17)-(18) under the time-gap
used by ACC-equipped vehicles (15) is ISS with respect
to the disturbance ζ in H1-space, if there exist a class of
KL function χ1 and a class of K function χ2 such that,
for any initial state ξ0 ∈ H1((0, L);R2), the solution of
system (17)-(18) satisfies the following inequality for all
t ∈ [0,∞)

‖ξ(·, t)‖H1 ≤ χ1(‖ξ0‖H1 , t) + χ2

(
sup

0≤ι≤t
|ζ(ι)|

)
. (21)

To analyze the ISS of the system (17)-(18) under the
time-gap used by ACC-equipped vehicles (15), the defi-
nition of the ISS-Lyapunov function is given as follows.

Definition 2. Let V : H1((0, L);R2) → R be a contin-
uously differentiable function such that

ε1(‖ξ‖H1) ≤ V (ξ) ≤ ε2(‖ξ‖H1), (22)

V̇ ≤ −ψV (ξ) + ε3(|ζ(t)|), (23)

for all ξ in H1((0, L);R2), where V̇ denotes the time
derivative of V (ξ(x, t)) along the solutions to the system
(17)-(18). ε1 and ε2 are class of K∞ function, ε3 is a
class of K function, ψ is a positive real number. Then
the function V is called an ISS-Lyapunov function for
mixed traffic flow system (17)-(18).

If V is an ISS-Lyapunov function of the system (17)-
(18), which satisfies inequalities (22)-(23) in Definition
2, then the following inequality holds for all t ≥ 0

‖ξ(·, t)‖H1 ≤ε−1
1

(
e−ψtε2(‖ξ0‖H1) +

1

ψ
sup

0≤ι≤t
ε3(|ζ(ι)|)

)
,

(24)

Let χ1(·, t) = ε−1
1 (e−ψtε2(·)) and χ2(·) = ε−1

1 (ψ−1ε3(·)),
and then it could be obtained from Definition 1 that the
system (17)-(18) is ISS in H1-space. The inequality (24)
provides an estimated bound of the influence of distur-
bance ζ(t) on the mixed traffic flow system (17)-(18) un-
der the time-gap used by ACC-equipped vehicles (15).
In next section, we will analyze the ISS of the system

(17)-(18) by constructing an ISS-Lyapunov function.

3 Main results

The purpose of this section is to analyze the ISS of the
mixed traffic flow system (17) with boundary condition
(18) in H1-norm, by re-organizing the closed-loop sys-
tem into an equivalent system with spatio-temporal sam-
pling errors as well as employing the Lyapunov function
method.

Define the time sampling error η(x, t) and the space dis-
cretization error δ(x, tk) as η(x, t) = ξ(x, t)−ξ(x, tk), t ∈
[tk, tk+1), and δ(x, tk) = ξ(x, tk)−

∑N−1
i=0 di(x)ξ(x̄i, tk),

respectively. According to the above spatio-temporal
sampling errors, for t ∈ [tk, tk+1), the time-gap
setting of ACC-equipped vehicles (15) equals to

h̃acc(x, t) = Kξ(x, t) − Kη(x, t) − Kδ(x, tk), with
K =

[
kω kz

]
. Then the closed-loop system (17)-(18)

can be written as

∂tξ + Γ∂xξ = (U + ζ(t)M2)ξ + Fη + Fδ(x, tk)

+ F̄ ζ(t), (25)

ξin = Gξout, ∀t ∈ [tk, tk+1), k ∈ N, (26)

with U = M1 −HK, F = HK.

Now we define the following matrices that will be used
to state the main result of this paper:

M̄1 =

[
−c2 0

0 0

]
, H1 =

[
h∗mixρ

∗2c3kw 0

0 c3kz

]
,

M̄2 =

[
0 0

−c1 0

]
, H2 =

[
0 h∗mixρ

∗2c3kz

c3kw 0

]
,

M=

[
h∗mixρ

∗2c5 0

0 c5

][
2 −1

1 0

][
1 0

0 h∗mixρ
∗2

]
,

F1 =

[
h∗mixρ

∗2c5 0

0 − h∗mixρ∗
2c5

]
, F2 =

[
0 −h∗2mixρ∗

4c5

c5 0

]
.

For diagonal positive matrix P ∈ R2×2 and sampling
sequence satisfying tk+1 − tk ∈ (0, h], we define Ω(x) =
[P (x), 0>8×2]>, and

Θ(x)=



Θ11 Θ12 − P (x)F 0 0

∗ Θ22 −2rhF>F 2rhF>Γ 0

∗ ∗ βI 2rhF>Γ 0

∗ ∗ ∗ Θ44 0

∗ ∗ ∗ ∗ Θ55


, (27)
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Ξ(x)=



Ξ11 −P (x)(F + κI) −P (x)F 0 0

∗ e−2µhrI+κP (x) 0 0 0

∗ ∗ βI 0 0

∗ ∗ ∗ Ξ44 0

∗ ∗ ∗ ∗ Ξ55


,

(28)

with

Θ11 = (µΓ+−2σI−κ(λ−1)−(U + εM)>)P (x)

− P (x)(U + εM)−4rh(U>U + 2ε2M>M),

Θ12 = −P (x)(F + κI),

Θ22 = (1− 2σh)re−2µhI − 2rhF>F + κP (x),

Θ44 = (µΓ+ − (κλ+ 2σ)I −M>1 − εM>)P (x)

− P (x)(M1 + εM)−2rhΓΓ,

Θ55 = −γ(2rhF>F + βI) + κP (x),

Ξ11 = Θ11 + 4rh(U>U + 2ε2M>M),

Ξ44 = Θ44 + 2rhΓΓ,

Ξ55 = Θ55 + 2γrhF>F,

where Γ+ = diag{v∗, c4}, P (x) = diag{eµ(L−x), eµx}P
are diagonal matrices and γ = b̄2/π2, λ > 1, σ < 1

2h ,
µ, β, r, κ are positive scalars.

We then have the following main result.

Theorem 1 The mixed traffic flow system (17)-(18) un-
der the time-gap setting of ACC-equipped vehicles (15) is
ISS in H1-space with respect to the disturbance ζ for any
sampling sequence satisfying tk+1 − tk ∈ (0, h], if there
exist a diagonal positive definite matrix P ∈ R2×2 and
positive scalars r, µ, β, κ such that the following inequal-
ities hold for all x ∈ [0, L]:

ΓG>Γ−1
+ (P + λmax(P )Γ−1

+ )GΓ− 1

2eµL
Γ+P ≤ 0, (29)

z =

[
z11 0

∗ 1
4B
>(Γ−1

+ P + λmax(P )I)B−κP

]
≤0, (30)

Υ(x) =

[
Θ(x) Ω(x)

∗ I

]
≥ 0, (31)

Φ(x) =

[
Ξ(x) Ω(x)

∗ I

]
≥ 0, (32)

where z11 = 1
8eµL

Ψ+A>1 Γ−1
+ PA1 +ε2A>2 Γ−1

+ PA2 +κλP ,

Ψ = eµLG>Γ+PG−Γ+P , A1 = M̄1G + M̄2 − G(M̄1 +
M̄2G), A2 = F1G + F2 − G(F1 + F2G), B = G(H1 +
H2G)−H1G −H2, and λmax(P ) is the maximum eigen-
value of P .

Lemma 1. If the conditions (31) and (32) hold, then

M(x) =

[
Q(x) Ω(x)

∗ I

]
≥ 0, ∀x ∈ [0, L], (33)

where

Q(x) =



Q11 Q12 − P (x)F 0 0

∗ Q22 Q23 2r(tk+1 − t)F>Γ 0

∗ ∗ βI 2r(tk+1 − t)F>Γ 0

∗ ∗ ∗ Q44 0

∗ ∗ ∗ ∗ Q55


,

Q11 = (µΓ+−2σI−κ(λ−1)−(U + εM)>)P (x)− P (x)

(U + εM)− 4r(tk+1−t)(U>U + 2ε2M>M),

Q12 = −P (x)F − κP (x),

Q22 = (1− 2σ(tk+1 − t))re−2µhI − 2r(tk+1 − t)F>F
+ κP (x),

Q23 = −2r(tk+1 − t)F>F,
Q44 = (µΓ+ − (κλ+ 2σ)I −M>1 − εM>)P (x)

− P (x)(M1 + εM)− 2r(tk+1 − t)ΓΓ,

Q55 = −γ(2r(tk+1 − t)F>F + βI) + κP (x).

Proof. According to the definitions of Υ(x) and Φ(x), it

yields that ς(t)Υ(x)+ t−tk
tk+1−tkΦ(x)=

[
Π Ω(x)

∗ I

]
, where

ς(t) = tk+1−t
tk+1−tk , and

Π =



Π11 Π12 − P (x)F 0 0

∗ Π22 Π23 ς(t)2rhF>Γ 0

∗ ∗ βI ς(t)2rhF>Γ 0

∗ ∗ ∗ Π44 0

∗ ∗ ∗ ∗ Π55


,

Π11 = (µΓ+−2σI−κ(λ−1)−(U + εM)>)P (x)−P (x)(U

+ εM)− ς(t)4rh(U>U + 2ε2M>M),

Π12 = −P (x)F − κP (x),

Π22 = (1− ς(t)2σh)re−2µhI − ς(t)2rhF>F + κP (x),

Π23 = −ς(t)2rhF>F,
Π44 = (µΓ+−(κλ+2σ)I−M1

>+ εM>)P (x)−P (x)(M1

+ εM)− ς(t)2rhΓΓ,

Π55 = −γ(ς(t)2rhF>F + βI) + κP (x).

The feasibility of Υ(x) ≥ 0 and Φ(x) ≥ 0 guarantee
ς(t)Υ(x)+ t−tk

tk+1−tkΦ(x) ≥ 0. Since h
tk+1−tk ≥ 1, it can

be easily obtained that M(x) ≥ 0. This concludes the
proof of Lemma 1. �
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Lemma 2. If the conditionM(x) ≥ 0 holds, then

W(x) + κN (x) ≤ 0, ∀x ∈ [0, L], (34)

where

N (x)=



(λ−1)P (x) P (x) 0 0 0

∗ −P (x) 0 0 0

∗ ∗ 0 0 0

∗ ∗ ∗ λP (x) 0

∗ ∗ ∗ ∗ −P (x)


, (35)

and

W(x)=



W11 P (x)F P (x)F 0 0

∗ W22 W23 − 2r(tk+1−t)F>Γ 0

∗ ∗ − βI − 2r(tk+1−t)F>Γ 0

∗ ∗ ∗ W44 0

∗ ∗ ∗ ∗ W55


,

(36)

W11 = (2σI−µΓ++P (x)+(U + εM)>)P (x)+P (x)(U

+ εM) + 4r(tk+1−t)(U>U + 2ε2M>M),

W22 = (2σ(tk+1−t)−1)re−2µhI+2r(tk+1−t)F>F,
W23 = 2r(tk+1 − t)F>F,
W44 = (2σI−µΓ++M>1 +εM>)P (x)+P (x)(M1+εM)

+2r(tk+1−t)ΓΓ,

W55 = γ(2r(tk+1 − t)F>F + βI).

Proof. If M(x) ≥ 0 holds, according to the Schur
complement [5] and the definition of M(x) in (33), it
can be obtained that Q(x) − Ω(x)IΩ>(x) ≥ 0, which
is equivalent to Q(x) − Ω̄(x)IΩ̄>(x) ≥ 0, with Ω̄(x) =
[ Ω(x) 010×8 ]. Then the above inequality can be re-
expressed for all x ∈ [0, L] as W(x) + κN (x) ≤ 0. This
concludes the proof of Lemma 2. �

Proof. Select the ISS-Lyapunov function candidate as

V = V1(ξ) + V2(ξx) + V3 (37)

with V1(ξ) =
∫ L

0
ξ>(x, t)P (x)ξ(x, t)dx, V2(ξx) =

∫ L
0

ξ>x (x, t)P (x)ξx(x, t)dx, V3 = r(tk+1 − t)
∫ L

0

∫ t
tk
e2µ(s−t)

ξ>s (x, s)ξs(x, s)dsdx, where ξt = ∂tξ and ξx = ∂xξ for
simplicity.

In function (37), V1(ξ) represents the energy of traffic
state deviations from equilibrium. V2(ξx) captures the
energy of spatial gradient in traffic state and is used to
limit the term ξx(tk) obtained by processing the space
discretization error δ(x, tk). V3 characterizes the energy

of the time sampling error η(x, t). The proof of Theorem
1 mainly relies on the analysis of estimates for the time-
derivatives of Vi, i = 1, 2, 3, by expanding the analysis to
the dynamics of ξt with the assumption that solutions ξ
are of class piecewise C2.

• Analysis of the first term V1(ξ).

By using the integration by parts, for ∀t ∈ [tk, tk+1), we
can obtain the time-derivative of V1(ξ) as

V̇1(ξ) = (ξin)>Γ+Pe
µLξin − (ξout)>|Γ|Pξout +

∫ L

0

[
ξ>(

(U + ζ(t)M2)>P (x) + P (x)(U + ζ(t)M2)− µ
Γ+P (x)

)
ξ + (δ> + η>)F>P (x)ξ + ξ>P (x)F (δ

+ η) + ζ(t)F̄>P1(x)ξ + ξ>F̄ ζ(t)
]
dx. (38)

Combining with the boundary condition (26), we have

V̇1(ξ) ≤(ξout)>Ψξout+

∫ L

0

[
ξ>
(
(U+εM)>P (x)+P (x)

(U + εM)−µΓ+P (x)
)
ξ + (δ>+η>)F>P (x)ξ

+ ξ>P (x)F (δ + η)
]
dx+ LF̄>F̄ |ζ(t)|2. (39)

• Analysis of the second term V2(ξx).

Under the assumption that ξ is of class piecewise C2, we
can obtain the dynamic of ξx as

ξtx + Γξxx = (M1 + ζ(t)M2)ξx, ∀t ∈ [tk, tk+1), (40)

with the boundary condition for t ∈ [tk, tk+1),

ξinx = Γ−1
(
GΓξoutx +(A1 +ζ(t)A2)ξout+Bξout(tk)

+ (F̄ −GF̄ )ζ(t)
)
. (41)

Utilizing the integration by parts, for ∀t ∈ [tk, tk+1), the
time-derivative of V2(ξx) is calculated as

V̇2(ξx) =(ξinx )>Γ+Pe
µLξinx −(ξoutx )>|Γ|Pξoutx

+

∫ L

0

ξ>x
(
(M1 + ζ(t)M2)>P (x) + P (x)(M1

+ ζ(t)M2)− µΓ+P (x)
)
ξxdx. (42)

Using the boundary condition (41) and |ζ(t)| ≤ ε, we get

V̇2(ξx) ≤ 2eµL
(

(ξoutx )>(ΓG>Γ−1
+ (P + λmax(P )Γ−1

+ )GΓ

− 1

2
e−µLΓ+P )ξoutx + (ξout(tk))>(λmax(P )B>B

+B>Γ−1
+ PB)ξout(tk)

)
+8eµL(ξout)>(A>1 Γ−1

+ PA1
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+ ε2A>2 Γ−1
+ PA2)ξout+4eµLλmax(P )(F̄−GF̄ )>Γ−1

+

(F̄ −GF̄ )|ζ(t)|2 +

∫ L

0

ξ>x
(
(M1 + εM)>P (x)

+ P (x)(M1 + εM)− µΓ+P (x)
)
ξxdx. (43)

• Analysis of the third term V3.

Computing the time derivative of V3, ∀t ∈ [tk, tk+1), it
yields that

V̇3 =r(tk+1 − t)
∫ L

0

[(U + ζ(t)M2)ξ − Γξx + F (η + δ)+F̄

ζ(t)]>[(U + ζ(t)M2)ξ − Γξx + F (η + δ) + F̄ ζ(t)]dx

− r
∫ L

0

∫ t

tk

e2µ(s−t)ξ>s ξsdsdx

≤r(tk+1 − t)
∫ L

0

[4ξ>(U>U + 2ε2M>2 M2)ξ + 2(ξ>x ΓΓ

ξx − ξ>x ΓF (η + δ)− (η + δ)>F>Γξx + (η + δ)>F>

F (η + δ))]dx− r
∫ L

0

∫ t

tk

e2µ(s−t)ξ>s ξsdsdx

+ 8LF̄>F̄ |ζ(t)|2. (44)

By applying Jensen’s inequality [10], it can be ob-

tained that
∫ t
tk
e2µ(s−t)ξ>s ξsds ≥ e−2µh

∫ t
tk
ξ>s ξsds ≥

e−2µhη>η. Selecting σ < 1
2h , we then have

(2σ(tk+1 − t)− 1)r

∫ L

0

∫ t

tk

e2µ(s−t)ξ>s ξsdsdx

≤ (2σ(tk+1 − t)− 1)re−2µh

∫ L

0

η>ηdx. (45)

By using Wirtinger’s inequality over the interval
[x̄i−1, x̄i] for i ∈ {1, ..., N − 1}, we get∫ L

0

δ>(2r(tk+1−t)F>F+βI)δdx ≤γ
∫ L

0

ξ>x (tk)(2r(tk+1

− t)F>F + βI)ξx(tk)dx. (46)

For t ∈ [tk, tk+1), it follows from (39), (43) and (44) with
(45)-(46) that

V̇ + 2σV ≤ 2eµL(ξoutx )>(ΓG>Γ−1
+ (P + λmax(P )Γ−1

+ )GΓ

− 1

2eµL
Γ+P )ξoutx + 8eµLθ>(z−κdiag{λP,

− P})θ+

∫ L

0

φ>W(x)φdx+$|ζ(t)|2, (47)

with $=4eµLλmax(P )(F̄−GF̄ )>Γ−1
+ (F̄−GF̄ )+9LF̄>F̄ ,

θ=[(ξout)>, (ξout(tk))>]>, φ = [ξ>, η>, δ>, ξ>x , ξ
>
x (tk)]>.

Since conditions (31)-(32) hold, it follows from Lem-
ma 1 that M(x) ≥ 0. Then, by using Lemma

2, we get
∫ L

0
φ>(W(x) + κN (x))φdx ≤ 0. Con-

sidering t ∈ [tk, tk+1), we have λ(V1(ξ(·, t)) + V2(
ξx(·, t))) − (V1(ξ(·, tk)) + V2(ξx(·, tk))) ≥ 0 with some
λ > 1. Based on the definitions of V1(ξ) and V2(ξx),

it holds that
∫ L

0
φ>N (x))φdx ≥ 0. Hence, it can be

obtained that ∫ L

0

φ>W(x)φdx ≤ 0. (48)

For t ∈ [tk, tk+1), we can obtain λV1(ξout(t)) −
V1(ξout(tk)) ≥ 0 with λ > 1, which gives θ>diag{λP,
−P})θ ≥ 0. Using inequality (30), we have θ>(z −
κdiag{λP, −P})θ ≤ 0. Then combing with inequalities
(29) and (48), it holds that

V̇ ≤ −2σV +$|ζ(t)|2. (49)

According to the definition of V3 in (37) and the mixed
traffic flow system (17), for t ∈ [tk, tk+1), it can be noted
that ξs defined in V3 is related to ξ(·, t), ξx(·, t) and ζ(t),
where |ζ(t)| ≤ ε. Then based on Assumption 2 and the
definition of the ISS-Lyapunov function (37), there exists
a sufficiently large constant % > 0 such that the following
inequalities hold:

1

%

∫ L

0

(‖ξ‖2+‖ξx‖2)dx ≤ V ≤ %
∫ L

0

(‖ξ‖2+‖ξx‖2)dx.

(50)

In the above discussion, estimates (49) and (50) are ob-
tained under the assumption that ξ is piecewiseC2, while
the selection of σ,$ and % does not depend on ξ. Hence,
using the density argument (see Comment 4.6 on Page
127 in [3]), the estimates (49) and (50) remain valid in the
distribution sense with ξ ∈ C0([0,+∞);H1((0, L);R2)).
Therefore, based on (49)-(50) and Definition 2, V de-
fined in (37) is an ISS-Lyapunov function for system
(17)-(18), and then we obtain that

‖ξ(·, t)‖H1 ≤ %e−σt‖ξ0‖H1 + (
%$

2σ
)

1
2 sup(|ζ(t)|). (51)

Consequently, the mixed traffic flow system (17)-(18)
under the time-gap setting of ACC-equipped vehicles
(15) is ISS with respect to the disturbance ζ(t). This
completes the proof of Theorem 1. �

Remark 2. The sampled-data distributed control ap-
proach is proposed in the case of uniformly distributed
sensors and ideal ZOH behavior in this paper. In more
general scenario, such as non-uniformly distributed sen-
sors and nonideal ZOH behavior, the robustness and the
control accuracy of the closed-loop system will be affect-
ed by the different inter-sensor distances, as well as by
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phase lag and amplitude attenuation during the signal
hold process.

4 Optimization and Numerical Simulation

In this section, the validity of the ISS conditions pro-
posed in Theorem 1 is verified via the numerical simu-
lation along with an optimization criterion.

4.1 Optimization

According to Theorem 1, the mixed traffic flow system
(17)-(18) under the time-gap setting of ACC-equipped
vehicles (15) is ISS with respect to the disturbance ζ(t).
The dynamics of the mixed traffic flow system can be
driven to a bounded region of the steady state. Obvious-
ly, a higher level of disturbance attenuation guarantees
the smaller bounded region around the steady state, and
the traffic states are closer to the desired values. Hence,
we focus on the issue of minimizing the effect of distur-
bance by considering a optimization criterion.

It is observed that $ depends on λmax(P ), which is the
maximum eigenvalue of P . A smaller λmax(P ) results in

higher disturbance attenuation (%$2σ )
1
2 . The objective is

to find P and r such that the disturbance attenuation
is maximal. Then we have the following minimization
problem:

min λmax(P )

subject to P > 0, r > 0, and (29)− (32). (52)

4.2 Simulation results

We consider a road segment with length of L = 1 kilo-
meter in congested regime. There is a constant external
inflow of qin = 4000veh./hr at the upstream boundary
and the lowest density value of the mixed traffic flow is
ρmin = 50veh./km. There are N = 11 sensors uniform-
ly distributed over the road segment, and then the dis-
tance between the two adjacent sensors is b̄ = 0.1km.
These sensors provide traffic information at discrete time
instants with sampling time intervals bounded by h =
0.004hr. The average effective length of both manual and
ACC-equipped vehicles is D = 5m. The time constants
of ACC-equipped and manual vehicles are τacc = 200s
and τm = 300s, respectively. The normal time-gap of
manual vehicles is h∗m = 1s, and the disturbance of time-
gap fluctuation is given as |ζ(t)| ≤ 0.02s. Then the time-
gap of manual vehicles hm ∈ [0.98, 1.02]s.

We expect that the traffic dynamics reach the desired
values ρ∗ = 80 veh./km, v∗ = 50 km/hr and steady
time-gap for ACC-equipped vehicles h∗acc = 2 s. To do
this, we set the percentage of ACC-equipped vehicles

0 0.05 0.1 0.15 0.2 0.25 0.3
-0.04

-0.02

0

0.02

0.04

Fig. 2. The curve of time-gap fluctuation of manual vehicles.

(a) (b)

Fig. 3. The evolution of the traffic density ρ and average
speed v of the mixed traffic flow system (17) under α = 0.1.
(a) The evolution of ρ; (b) The evolution of v.

with respect to total vehicles to be α = 0.1, and then
the mixed traffic flow can be adjusted by setting the
time-gap of ACC-equipped vehicles. The sampling traffic
density and average speed are fed to the ACC-equipped
vehicles with gains kω = 0.11, kz = 0.15 as the time-
gap setting, and implement into the mixed traffic flow
system through a ZOH. Select parameters as kv = 0.12
µ = 0.2, λ = 1.3, σ = 0.5, κ = 0.1, β = 0.1.

Due to the existence of the spatial variable x ∈ [0, L],
the number of matrix inequalities in (31)-(32) is infi-
nite. Solve the optimization problem (52) by using the
overapproximation technique [16] via embedding the o-
riginal constraints (31)-(32) into a polytopic with finite
matrix inequalities, and then we obtain r = 0.0979 and
the diagonal matrix P = diag{0.5, 0.5}.

To compute the mixed traffic flow dynamics, we dis-
cretize system (17) by using the two-step variant of Lax-
Wendroff method in [18]. The initial state associated
with the steady state (ρ∗, v∗) is given as{

ρ(x, 0) = ρ∗ + 2cos(8πx),

v(x, 0) = v∗ + 3cos(7πx).
(53)

Fig. 2 shows the curve of the unknown bounded time-
gap fluctuation ζ(t) of manual vehicles. Fig. 3(a) and
Fig. 3(b) illustrate the evolutions of the traffic densi-
ty ρ and average speed v of the mixed traffic flow sys-
tem under α = 0.1, respectively. From Fig. 2-Fig. 3,
it is clear that both traffic density and average speed
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=0.1
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Fig. 4. The curves of J =
∫ L

0
(ρ̃2 + ṽ2)dx for the mixed traffic

flow system (17) under different α.

Fig. 5. The evolutions of time-gap setting of ACC-equipped
vehicles under the continuous-time control (blue lines) and
the sampled-data distributed control (red lines).

converge to a bounded region around the steady state
(ρ∗, v∗) even in the presence of the time-gap fluctuation
of manual vehicles. Define a system convergence indica-

tor J =
∫ L

0
(ρ̃2 + ṽ2)dx for the mixed traffic flow sys-

tem (17), and Fig. 4 depicts the curves of J under d-
ifferent α. It can be observed that the deployment of
ACC-equipped vehicles can improve the stabilization
performance of the traffic dynamics as the penetration
rate α increases. Fig. 5 presents the time-gap setting of
ACC-equipped vehicles under the continuous-time con-
trol and the proposed sampled-data distributed con-
trol at different sensor locations. As shown in Fig. 5,
the sampled-data control reduces control input updates
and conserves computational resource compared to the
continuous-time control.

5 Conclusions

This paper has investigated the sampled-data distribut-
ed control problem for mixed traffic flow with unknown
and bounded disturbance. The time-gap setting of ACC-
equipped vehicles is designed to suppress the distur-
bance and drive the traffic dynamics to a bounded re-
gion around the steady state based on the spatially sam-

pled state measurements. By re-writing the closed-loop
system into an equivalent system with spatio-temporal
sampling errors and using the Lyapunov approach, suf-
ficient conditions for ensuring the ISS of the mixed traf-
fic flow system with respect to disturbance are derived.
Finally, numerical simulations are performed under an
optimization criterion to determine the maximal distur-
bance attenuation level, verifying the theoretical results.

The proposed sampled-data distributed control method
faces two major challenges when applied to large-scale
road network traffic scenarios: the large-scale deploy-
ment requirements of sensing devices and the impact of
communication delay on control accuracy. To address
these issues, a boundary observer can be designed to es-
timate traffic state in future work, and then the time-
gap setting of ACC-equipped vehicles based on bound-
ary observer can be developed to realize the application
of this method in large-scale traffic scenario. Further-
more, it would be meaningful to consider the sampled-
data distributed control problem for nonlinear PDE-
based mixed traffic flow with time-gap fluctuations of
both manual and ACC-equipped vehicles by using an
H2-Lyapunov function candidate in future work.
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[7] M. A. Davó, D. Bresch-Pietri, C. Prieur, and F. D. Meglio.
Stability analysis of a 2 × 2 linear hyperbolic system
with a sampled-data controller via backstepping method
and looped-functionals. IEEE Transactions on Automatic
Control, 64(4):1718–1725, 2019.

10



[8] C. Diakaki, M. Papageorgiou, I. Papamichail, and
I. Nikolos. Overview and analysis of vehicle automation and
communication systems from a motorway traffic management
perspective. Transportation Research Part A: Policy and
Practice, 75:146–165, 2015.

[9] N. Espitia, A. Girard, N. Marchand, and C. Prieur. Event-
based control of linear hyperbolic systems of conservation
laws. Automatica, 70:275–287, 2016.

[10] K. Gu, V. Kharitonov, and J. Chen. Stability of Time-Delay
Systems. Birkhauser, Boston, 2003.

[11] L. Hetel, C. Fiter, H. Omran, A. Seuret, E. Fridman, J.-P.
Richard, and S. I. Niculescu. Recent developments on the
stability of systems with aperiodic sampling: An overview.
Automatica, 76:309–335, 2017.

[12] B. S. Kerner. Introduction to modern traffic flow theory and
control. Springer Berlin Heidelberg, 2009.

[13] A. Kesting, M. Treiber, M. Schönhof, and D. Helbing.
Adaptive cruise control design for active congestion
avoidance. Transportation Research Part C: Emerging
Technologies, 16(6):668–683, 2008.

[14] J. W. Lee, H. Wang, K. Jang, and et al. Traffic control
via connected and automated vehicles (CAVs): An open-road
field experiment with 100 CAVs. IEEE Control Systems,
45(1):28–60, 2024.

[15] A. Mironchenko and C. Prieur. Input-to-state stability
of infinite-dimensional systems: Recent results and open
questions. SIAM Review, 62(3):529–614, 2020.

[16] A. Girard P.-O. Lamare and C. Prieur. An optimisation
approach for stability analysis and controller synthesis of
linear hyperbolic systems. ESAIM: Control, Optimisation
and Calculus of Variations, 22(4):1236–1263, 2016.

[17] W. J. Schakel and B. van Arem. Improving traffic flow
efficiency by in-car advice on lane, speed, and headway.
IEEE Transactions on Intelligent Transportation Systems,
15(4):1597–1606, 2014.

[18] L. Shampine. Solving hyperbolic PDEs in matlab. Appl.
Numer. Anal. Comput. Math, 2:346–358, 2005.

[19] A. Spiliopoulou, D. Manolis, F. Vandorou, and
M. Papageorgiou. Adaptive cruise control operation for
improved motorway traffic flow. Transportation Research
Record, 2672(22):24–35, 2018.

[20] X. Wang, Y. Tang, C. Fiter, and L. Hetel. Sampled-data
distributed control for homo-directional linear hyperbolic
system with spatially sampled state measurements.
Automatica, 139:110183, 2022.

[21] H. Yu and M. Krstic. Traffic congestion control for Aw-
Rascle-Zhang model. Automatica, 100:38–51, 2019.

[22] H. M. Zhang. A non-equilibrium traffic model devoid of gas-
like behavior. Transportation Research Part B, 36(3):275–
290, 2002.

[23] L. Zhang, H. Luan, and J. Zhan. Stabilization of stop-
and-go waves in vehicle traffic flow. IEEE Transactions on
Automatic Control, 69(7):4583–4597, 2024.

[24] L. Zhang, C. Prieur, and J. Qiao. PI boundary control
of linear hyperbolic balance laws with stabilization of ARZ
traffic flow models. Systems & Control Letters, 123:85–91,
2019.

[25] H. Zhao, J. Zhan, and L. Zhang. Finite-time boundary
stabilization for LWR traffic flow model. IEEE Control
Systems Letters, 7:3471–3476, 2023.

[26] H. Zhao, J. Zhan, and L. Zhang. Saturated boundary
feedback stabilization for LWR traffic flow model. Systems
& Control Letters, 173:105465, 2023.

11


