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 a b s t r a c t

This paper addresses the problem of output feedback stabilization of a cascade of two underactuated 
heat equations that are coupled in the boundary conditions. The input is a boundary control for the first 
component of the cascade while the output is made on the second component of the cascade. The key 
idea developed in this paper is to carry out spectral reductions, not for each of the two components 
of the cascade separately, but instead, directly for the PDE cascade viewed as one single system. A 
detailed study of the eigenelements of the PDE cascade yields a complete and explicit characterization 
of modal controllability and observability properties. This enables the derivation of an explicit output 
feedback control strategy for the exponential stabilization of the plant.

© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training, and 
similar technologies.
1. Introduction

The design of control strategies for partial differential equa-
tions (PDEs) cascades remains challenging. Backstepping design 
is proposed in Chen et al. (2017) and Ghousein and Witrant 
(2020) for coupled hyperbolic–parabolic PDE systems. Control 
design for a heat-wave PDE with coupling at the boundary is 
studied in Zhang and Zuazua (2004). Boundary null controllability 
of two coupled parabolic PDEs is studied in Bhandari and Boyer 
(2021). Hyperbolic-elliptic couplings are reported in Chowdhury 
et al. (2023) and Rosier and Zhang (2013). The output-feedback 
stabilization of a wave-heat cascade is reported in Lhachemi et al. 
(2025) by means of spectral reduction methods.

This paper focuses on the topic of stabilization of heat–heat 
cascades. Approximate and null controllability properties of such 
systems have been reported in the literature (Ammar-Khodja 
et al., 2011; Benabdallah et al., 2020; Boyer, 2022; Khodja et al., 
2016). Observer design for a system of N heat equations with 
in-domain and boundary couplings has been studied in Camacho-
Solorio et al. (2020). State-feedback boundary control of N in-
domain coupled heat equations has been reported in Kerschbaum 
and Deutscher (2019), Vazquez and Krstic (2016) while an output 
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feedback scenario has been studied in Orlov et al. (2017). A sim-
ilar problem for parabolic partial integro-differential equations 
has been addressed in Deutscher and Kerschbaum (2018) and 
Deutscher and Kerschbaum (2019). All the above references deal 
with the case of fully actuated systems (i.e., each PDE subsystem 
is associated with one scalar control input) and rely on back-
stepping design. The case of underactuated coupled PDE systems, 
which requires dedicated controllability analyses, is less reported 
in the literature. This is typically the case of heat–heat cascades 
with a scalar input that applies solely to the first component of 
the cascade. The state-feedback stabilization in H−1

× H1-norm 
of a heat–heat cascade whose first component is open-loop stable 
with null reaction coefficient is addressed in Wang et al. (2015) by 
means of backstepping design. The case of a cascade of two heat 
equations with identical reaction coefficients is studied in Kang 
and Guo (2016). Assuming that two Dirichlet measurements are 
available on each of the two components of the PDE cascade, 
the authors design an output-feedback control strategy using 
backstepping transformations that stabilize the plant in L2-norm. 
In Tang et al. (2024, 2025), the authors consider the following cas-
cade of two underactuated heat equations with distinct reaction 
coefficients: 
∂ty = ∂xxy + ay, (1a)

∂tz = ∂xxz + bz, (1b)

∂xy(t, 0) = sz(t, 0), y(t, 1) = ∂xz(t, 1) = 0, (1c)

∂xz(t, 0) = u(t), (1d)

y(0, x) = y (x), z(0, x) = z (x), (1e)
0 0
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for t > 0 and x ∈ (0, 1), where a, b, s ∈ R with s ̸= 0, u(t) is 
the control input at time t , and y0, z0 ∈ L2(0, 1) are given initial 
conditions. In Tang et al. (2024, 2025), a state-feedback control 
strategy is designed for (1) based on spectral reduction methods. 
Under an assumption on the reaction coefficients a, b, required 
by the control method used for decoupling parts of the dynamics 
but which is not reminiscent of the intrinsic controllability prop-
erties of the original plant (1), sufficient stability conditions are 
derived for the state-feedback stabilization in L2-norm. However, 
no controllability property of the plant and no feasibility assess-
ment for the reported sufficient closed-loop stability conditions 
is provided.

This paper addresses the control of (1). The adopted approach 
relies on spectral reduction methods (Coron & Trélat, 2004; Lha-
chemi et al., 2020; Russell, 1978). However, contrary to Tang 
et al. (2025) where the spectral reduction of (1) is done on each 
individual component of the PDE cascade, we perform the spec-
tral reduction by considering the PDE cascade (1) as one single 
system (Lhachemi et al., 2025). Our analysis relies on a detailed 
study of the eigenelements of the PDE cascade, showing that the 
generalized eigenvectors of the underlying unbounded operator 
form a Riesz basis. The benefit of our approach compared to Tang 
et al. (2025) is the characterization of the modal controllabil-
ity/observability properties of the plant and the derivation of an 
output-feedback control strategy. More precisely, we report an 
explicit characterization of the controllability/observability prop-
erties of each mode of the PDE cascade. Under these conditions 
we report a systematic finite-dimensional output-feedback con-
trol strategy either with a distributed output operator or with a 
pointwise measurement.

Our approach also allows to handle the system 
∂ty = ∂xxy + ay, (2a)

∂tz = ∂xxz + bz, (2b)

∂xy(t, 0) = sz(t, 0), y(t, 1) = ∂xz(t, 0) = 0, (2c)

∂xz(t, 1) = u(t), (2d)

y(0, x) = y0(x), z(0, x) = z0(x), (2e)

for t > 0 and x ∈ (0, 1). Compared with (1) in which the control 
input u(t) and the coupling between the two heat equations are 
collocated at x = 0 for the z-equation, in (2) the control and 
the coupling are placed at different boundaries. The PDE cascade 
(2) was studied in Kang and Guo (2016) in the particular case 
a = b using a backstepping approach; we consider in this paper 
the generic case a, b ∈ R with possibly either a ̸= b or a = b. As 
we shall find out (see in particular Remark  11), while all modes 
of (2) are controllable, in the collocated case (1) controllability is 
lost for some specific modes for particular choices of the reaction 
coefficients a, b ∈ R. This is why, in this paper, we focus on the 
system (1) and we only give a succinct presentation of our results 
for (2) through some remarks.

The paper is organized as follows. First, we make a spectral 
analysis of the PDE cascades (1) and (2) in Section 2, establishing 
the Riesz basis property. In Section 3, we perform a spectral 
reduction of the problem and we establish modal controllabil-
ity properties. An output feedback control strategy is developed 
in Section 4. A numerical example is provided in Section 5. 
Conclusions are formulated in Section 6.

2. Spectral analysis

We consider the Hilbert space H0
= L2(0, 1) × L2(0, 1) en-

dowed with the inner product ⟨(f1, g1), (f2, g2)⟩ =
∫ 1
0 (f1f2 +

g g ) dx and associated norm ∥ · ∥ .
1 2 H0

2

2.1. Spectrum and Riesz basis property

In view of (1)–(2), we define the operator A(f , g) = (f ′′
+

af , g ′′
+ bg) of domain D(A) =

{
(f , g) ∈ H2(0, 1) × H2(0, 1) |

f (1) = g ′(0) = g ′(1) = 0, f ′(0) = sg(0)
}
. Let us describe the 

eigenelements of the operator A. We define the sets 
∆(a, b) =

{
(n,m) ∈ N2

|

4(b − a) = (4m2
− (2n + 1)2)π2}, (3a)

∆1(a, b) = {n ∈ N | ∃m ∈ N s.t. (n,m) ∈ ∆(a, b)} ,
∆2(a, b) = {m ∈ N | ∃n ∈ N s.t. (n,m) ∈ ∆(a, b)} .

Lemma 1.  The family Φ = {φ1,n | n ∈ N}∪ {φ2,m | m ∈ N} forms 
a set of generalized eigenvectors of A associated with the eigenvalues 
Λ = {λ1,n | n ∈ N} ∪ {λ2,m | m ∈ N}, where 

λ1,n = a − (n + 1/2)2π2, n ∈ N, (4a)

λ2,m = b − m2π2, m ∈ N, (4b)

φ1,n = (φ1
1,n, 0) with φ1

1,n(x) =
√
2 cos ((n + 1/2)πx) for every 

n ∈ N, and φ2,m = (φ1
2,m, φ

2
2,m) for every m ∈ N, with φ1

2,m defined 
as follows: 

• For m /∈ ∆2(a, b) with b − a = m2π2: 

φ1
2,m(x) = sµm(−1 + x). (5a)

• For m /∈ ∆2(a, b) with b − a ̸= m2π2: 

φ1
2,m(x) = −

sµm

rm cosh(rm)
sinh(rm(1 − x)) (5b)

where rm is one of the two square roots of λ2,m − a = b− a−

m2π2. Note that this function is real-valued.
• For m ∈ ∆2(a, b), denoting by k ∈ N the integer such that 

(k,m) ∈ ∆(a, b): 

φ1
2,m(x) =

sµm

(k + 1/2)π
(1 − x) sin((k + 1/2)πx), (5c)

while φ2
2,m(x) = µm cos (mπx) where µm = 1 if m = 0 and 

µm =
√
2 if m ≥ 1. Moreover:

(1) λ1,n is an eigenvalue of A with associated eigenvector φ1,n: 

Aφ1,n = λ1,nφ1,n. (6)

(2) If m /∈ ∆2(a, b) then λ2,m is an eigenvalue of A with 
associated eigenvector φ2,m: 

Aφ2,m = λ2,mφ2,m. (7)

(3) (n,m) ∈ ∆(a, b) if and only if λ = λ1,n = λ2,m. In that 
case λ is an eigenvalue of A of geometric multiplicity 1 but of 
algebraic multiplicity 2, and 

Aφ2,m = λφ2,m −
√
2sµmφ1,n, (8a)

Aφ1,n = λφ1,n. (8b)

(4) Φ contains the finite number Card(∆(a, b)) of generalized 
eigenvectors that are not eigenvectors of A.

Proof.  In view of the definitions (4) and (5), direct computations 
show that (6)–(8) hold. Let us finally prove that Card(∆(a, b)) <
∞. If (n,m) ∈ ∆(a, b) then |b − a|/π2

= |m2
− (n + 1/2)2| =

|m − n − 1/2|(m + n + 1/2) ≥ (m + n + 1/2)/2 ≥ max(n,m)/2, 
hence ∆(a, b) ⊂ {0, 1, . . . , ⌊2|b − a|/π2

⌋}
2. Therefore Φ con-

tains a finite number of generalized eigenvectors that are not 
eigenvectors of A. □
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Remark 2.  For a given a ∈ R, the set of b ∈ R such that 
∆(a, b) ̸= ∅ is an infinite countable set consisting of isolated 
values. More precisely, if b ̸= b′ are such that ∆(a, b) ̸= ∅ and 
∆(a, b′) ̸= ∅ then, based on (3a), 4

π2 (b − a) and 4
π2 (b′

− a) are 
two distinct integers, hence |b − b′

| ≥ π2/4. The same conclusion 
holds when switching the roles of a and b.

Example 3.  Assume that b − a = 35π2/4. Then ∆(a, b) =

{(0, 3), (8, 9)}, hence Φ contains two generalized eigenvectors 
that are not eigenvectors of A, namely, φ2,3 and φ2,9, associated 
with the eigenvalues λ1,0 = λ2,3 = a − π2/4 and λ1,8 = λ2,9 =

a − 289π2/4 respectively.

Lemma 4.  The set Φ forms a Riesz basis of H0. Moreover, A
generates a C0-semigroup.

Proof.  Setting φ̃2,m = (0, φ2
2,m), the set Φ̃ = {φ1,n | n ∈

N} ∪ {φ̃2,m | m ∈ N} is a Hilbert basis of H0. Using (5b), it 
follows from ∥φ1

2,m∥L∞ = O(1/m) that 
∑

m∈N ∥φ2,m − φ̃2,m∥
2
H0 =∑

m∈N ∥φ1
2,m∥

2
L2
< ∞. Since Φ is ω-linearly independent, Bari’s 

theorem (see Gohberg & Krein, 1978) implies that Φ is a Riesz 
basis. Finally, the Riesz basis property combined with the point 
spectrum described by (4) and the fact that A is closed imply that 
A generates a C0-semigroup (see, e.g., Curtain & Zwart, 2012). □

We define the Hilbert space H1
(1)(0, 1) = {f ∈ H1(0, 1) |

f (1) = 0} endowed with the inner product ⟨f1, f2⟩ =
∫ 1
0 f ′

1f
′

2 dx. 
The previous lemma is instrumental for studying the solutions in 
L2-norm. For the study of the solutions in H1-norm, the following 
result is key. We define the Hilbert space H1

= H1
(1)(0, 1) ×

H1(0, 1) endowed with the inner product ⟨(f1, g1), (f2, g2)⟩ =∫ 1
0 (f

′

1f
′

2 + g1g2 + g ′

1g
′

2) dx and associated norm ∥ · ∥H1 .

Lemma 5.  The set Φ1
= {

1
(n+1/2)π φ1,n | n ∈ N} ∪ {

1√
1+m2π2

φ2,m |

m ∈ N} is a Riesz basis of H1.

Proof.  The family { 1
(n+1/2)π

√
2 cos ((n + 1/2)πx) | n ∈ N} is a 

Hilbert basis of H1
(1)(0, 1) and the family { 1√

1+m2π2
µm cos (mπx) |

m ∈ N} is a Hilbert basis of H1(0, 1). Therefore, Φ̃1
=

{
1

(n+1/2)π φ1,n | n ∈ N} ∪ {
1√

1+m2π2
(0, φ2

2,m) | m ∈ N} is a Hilbert 
basis of H1. To invoke Bari’s theorem, since Φ1 is ω-linearly 
independent, it remains to show that 

∑
m∈N

 1√
1+m2π2

φ1
2,m

2
H1
(1)

=∑
m∈N

1
1+m2π2 ∥φ1

2,m∥
2
H1
(1)

 is finite. For m sufficiently large, we know 
from (5b) that (φ1

2,m)
′(x) =

sµm
cosh(rm) cosh(rm(1 − x)) where rm is 

one of the two square roots of λ2,m − a = b − a − m2π2. Hence 
∥(φ1

2,m)
′
∥L∞ = O(1), which completes the proof. □

2.2. Dual Riesz basis

In order to expand the solutions in the Riesz basis Φ , we need 
to characterize its dual Riesz basis Ψ , which is defined as the 
unique biorthogonal family to Φ . A standard computation shows 
that the adjoint operator of A is given by A∗(f , g) = (f ′′

+af , g ′′
+

bg) on the domain D(A∗) =
{
(f , g) ∈ H2(0, 1)×H2(0, 1) | f (1) =

f ′(0) = g ′(1) = 0, g ′(0) = sf (0)
}
.

Lemma 6.  The dual Riesz basis of Φ is the set Ψ = {ψ1,n | n ∈

N} ∪ {ψ2,m | m ∈ N} of generalized eigenvectors of A∗, given by 
ψ2,m = (0, ψ2

2,m) for m ∈ N, with ψ2
2,m(x) = µm cos (mπx), and 

ψ1,n = (ψ1
1,n, ψ

2
1,n) for n ∈ N with ψ1

1,n(x) =
√
2 cos ((n + 1/2)πx)

and ψ2  defined as follows: 
1,n

3

• For n /∈ ∆1(a, b), 

ψ2
1,n(x) = −

√
2s

r∗
n sinh(r∗

n )
cosh(r∗

n (1 − x)) (9a)

where r∗
n  is one of the two square roots of λ1,n − b. Note that 

this function is real valued.
• For n ∈ ∆1(a, b), we denote by k ∈ N the integer such that 

(n, k) ∈ ∆(a, b).

– For k = 0, 

ψ2
1,n(x) = c0 +

√
2sx −

√
2
2

sx2 (9b)

with c0 = −s
√
2
(

1
3 +

1
(2n+1)2π2

)
.

– For k ≥ 1, 

ψ2
1,n(x) =

√
2s

kπ
(1 − x) sin(kπx) + cn

√
2 cos(kπx) (9c)

with cn = −
2s
π2

(
1

(2n+1)2
+

1
4k2

)
.

Moreover:

(1) If n /∈ ∆1(a, b) then λ1,n is an eigenvalue of A∗ with 
associated eigenvector ψ1,n: 

A∗ψ1,n = λ1,nψ1,n. (10)

(2) λ2,m is an eigenvalue of A∗ with associated eigenvector ψ2,m: 

A∗ψ2,m = λ2,mψ2,m. (11)

(3) (n,m) ∈ ∆(a, b) if and only if λ = λ1,n = λ2,m. In that case 
λ is an eigenvalue of A∗ of geometric multiplicity 1 but of 
algebraic multiplicity 2, and 
A∗ψ1,n = λψ1,n −

√
2sµmψ2,m (12a)

A∗ψ2,m = λψ2,m (12b)

where µm = 1 if m = 0 and µm =
√
2 if m ≥ 1.

(4) Ψ  contains the finite number Card(∆(a, b)) of generalized 
eigenvectors that are not eigenvectors of A∗.

Proof.  From (9), direct computations show that (10)–(12) hold. 
To ensure that Ψ  is the dual Riesz basis of Φ , in the case 
(n, k) ∈ ∆(a, b), the constant cn has been computed to ensure 
that ⟨φ2,k, ψ1,n⟩ = 0. □

3. Spectral reduction and controllability of the modes

3.1. Homogeneous representation

The state at time t is X (t) = (y(t, ·), z(t, ·)). We adopt the 
classical approach consisting in lifting the boundary control from 
the boundary into the domain (see Curtain and Zwart (2012, 
Sec. 3.3)) by means of the transformation: 
z̃(t, x) = z(t, x) − ϕ(x)u(t) (13)

where ϕ(x) = x − x2/2 is selected so that ϕ(0) = ϕ′(1) =

0 and ϕ′(0) = 1. Setting X̃ (t) = (y(t, ·), z̃(t, ·)) and v = u̇
while assuming that u is differentiable (which will be structurally 
ensured by our choice of control strategy later on), we infer from 
(1) that 
dX̃

= AX̃ + (0, α)u + (0, β)v, (14a)

dt
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u̇ = v. (14b)

with α(x) = ϕ′′(x) + bϕ(x) and β(x) = −ϕ(x). The state of this 
homogeneous representation is the pair (X̃ , u) and the control 
input is v = u̇. Note that 

X̃ = X + (0, β)u. (15)

There are now two possible approaches. The first one consists in 
proceeding with the control design solely on (14) with v as the 
control input; see e.g. Lhachemi and Prieur (2022a). The second 
solution is to handle simultaneously both representations (1) 
and (14) to directly use u as a control input while avoiding the 
state augmentation; see e.g. Lhachemi and Prieur (2022b). For 
simplicity, we adopt in this paper the first approach.

3.2. Dynamics of the modes

In order to expand the solutions in the Riesz basis Φ , we 
define the coefficients x̃1,n = ⟨X̃ , ψ1,n⟩, x̃2,m = ⟨X̃ , ψ2,m⟩, x1,n =

⟨X , ψ1,n⟩, x2,m = ⟨X , ψ2,m⟩, α1,n = ⟨(0, α), ψ1,n⟩, α2,m =

⟨(0, α), ψ2,m⟩, β1,n = ⟨(0, β), ψ1,n⟩, and β2,m = ⟨(0, β), ψ2,m⟩. 
Then, using Lemma  4, we have

X̃ (t) = (y(t, ·), z̃(t, ·))

=

∑
n≥0

x̃1,n(t)φ1,n +

∑
m≥0

x̃2,m(t)φ2,m. (16)

Expanding (15) in the Riesz basis Φ gives 

x̃1,n = x1,n + β1,nu, n ≥ 0, (17a)

x̃2,m = x2,m + β2,mu, m ≥ 0. (17b)

• For n /∈ ∆1(a, b), using (10), the projection of (14a) onto φ1,n
gives 
̇̃x1,n = λ1,nx̃1,n + α1,nu + β1,nv (18)

that is, using the transformation (17a) and recalling that 
v = u̇, 

ẋ1,n = λ1,nx1,n + ν1,nu (19)

where ν1,n = α1,n + λ1,nβ1,n.
• For m ≥ 0, using (11), the projection of (14a) onto φ2,m

gives 
̇̃x2,m = λ2,mx̃2,m + α2,mu + β2,mv. (20)

From the transformation (17b), we have 

ẋ2,m = λ2,mx2,m + ν2,mu (21)

where ν2,m = α2,m + λ2,mβ2,m.
• For n ∈ ∆1(a, b), let m ≥ 0 be such that (n,m) ∈ ∆(a, b), 

meaning that λ = λ1,n = λ2,m. In that case, using (12), the 
projection of (14a) onto φ1,n and φ2,m gives [

̇̃x1,n
̇̃x2,m

]
=

[
λ −

√
2sµm

0 λ

]
  

=Mn

[
x̃1,n
x̃2,m

]
+

[
α1,n
α2,m

]
u+

[
β1,n
β2,m

]
v (22)

hence, based on (17), [
ẋ1,n
ẋ2,m

]
= Mn

[
x1,n
x2,m

]
+

[
ν1,n
ν2,m

]
u (23)

where ν1,n = α1,n + λ1,nβ1,n −
√
2sµmβ2,m and ν2,m =

α + λ β .
2,m 2,m 2,m

4

3.3. Controllability properties

In order to characterize the controllability of each mode of the 
PDE cascade (1), we first evaluate ν1,n and ν2,m.

Lemma 7. νi,k = −ψ2
i,k(0) for all k ∈ N and i ∈ {1, 2}.

Proof.  For k ∈ N, in the case where either (i) i = 2; or (ii) i = 1
with k /∈ ∆1(a, b), we evaluate the terms νi,k = αi,k + λi,kβi,k
appearing in the dynamics (19) and (21). From the definitions, 
we have νi,k = ⟨ϕ′′

+ bϕ,ψ2
i,k⟩−λi,k⟨ϕ,ψ

2
i,k⟩. Using integration by 

parts we have ⟨ϕ′′, ψ2
i,k⟩ =

∫ 1
0 ϕ

′′ψ2
i,k dx =

[
ϕ′ψ2

i,k − ϕ(ψ2
i,k)

′
]1
0

+∫ 1
0 ϕ(ψ

2
i,k)

′′ dx = −ψ2
i,k(0) + ⟨ϕ, (ψ2

i,k)
′′
⟩ where we have used the 

conditions ϕ(0) = ϕ′(1) = 0, ϕ′(0) = 1, and (ψ2
i,k)

′(1) = 0. This 
shows that νi,k = −ψ2

i,k(0) + ⟨ϕ, (ψ2
i,k)

′′
+ bψ2

i,k⟩ − λi,k⟨ϕ,ψ
2
i,k⟩ =

−ψ2
i,k(0) + ⟨(0, ϕ),A∗ψi,k⟩ − λi,k⟨(0, ϕ), ψi,k⟩ which gives νi,k =

−ψ2
i,k(0) because A∗ψi,k = λi,kψi,k.
Consider now the case i = 1 and k ∈ ∆1(a, b). Let l ∈ N be such 

that (k, l) ∈ ∆(a, b). Then ν1,k = α1,k+λ1,kβ1,k−
√
2sµlβ2,l and the 

previous approach shows that ν1,k = −ψ2
1,k(0)+⟨(0, ϕ),A∗ψ1,k⟩−

λ1,k⟨(0, ϕ), ψ1,k⟩−
√
2sµlβ2,l which gives ν1,k = −ψ2

1,k(0) because 
A∗ψ1,k = λ1,kψ1,k −

√
2sµlψ2,l. □

We are now in a position to characterize the controllability 
property for each individual mode of the PDE cascade (1).

• For n /∈ ∆1(a, b), the mode λ1,n has a one-dimensional 
dynamics given by (19). It is controllable if and only if ν1,n =

−ψ2
1,n(0) =

√
2s

r∗n
coth(r∗

n ) ̸= 0, that is cosh(r∗
n ) ̸= 0. Recalling 

that r∗
n  is one of the two square roots of λ1,n − b = a −

b − (n + 1/2)2π2, the latter condition holds if and only if 
n /∈ Θ(a, b) with

Θ(a, b) = {n ∈ N | ∃k ∈ N s.t.
4(b − a) = ((2k + 1)2 − (2n + 1)2)π2}. (24)

• For m /∈ ∆2(a, b), the mode λ2,m has a one-dimensional dy-
namics given by (21), which is controllable because ν2,m =

−ψ2
2,m(0) = −µm ̸= 0.

• For (n,m) ∈ ∆(a, b), we have λ = λ1,n = λ2,m with a 
two-dimensional dynamics given by (23). This dynamics is 
controllable because sµm ̸= 0 and ν2,m = −ψ2

2,m(0) =

−µm ̸= 0.

Remark 8.  The loss of controllability for at least one mode of 
the system (1) occurs if and only if the reaction terms a, b are 
selected such that Θ(a, b) ̸= ∅.

This controllability result for the modes indicates that the PDE 
cascade (1) cannot be exponentially stabilized as soon as there 
exists an integer n ≥ 0 for which n ∈ Θ(a, b) and λ1,n ≥ 0. 
A first example of such a scenario is when a = b, which gives 
Θ(a, b) = N. In this situation, none of the modes λ1,n associated 
with the second PDE (1a) of the cascade is controllable. In this 
case, the system cannot be exponentially stabilized as soon as 
λ1,0 ≥ 0, that is when a = b ≥ π2/4. A second example for 
a ̸= b is a = π2 and b = 3π2 for which the unstable mode 
λ1,0 = 3π2/4 > 0 is not controllable since λ1,0 − b = −9π2/4, 
hence r∗

0 = 3iπ/2 and ν1(0) = −ψ2
1,n(0) =

√
2s

r∗0
coth(r∗

0 ) = 0.

Remark 9.  Note that, as soon as a ̸= b, we have Card(Θ(a, b)) <
∞ with n ≤ |b − a|/π2 for all n ∈ Θ(a, b). Indeed, for any 
n ∈ Θ(a, b) there exists k ∈ N such that 4(b − a)/π2

= (2k +

1)2 − (2n + 1)2 = 4(k − n)(k + n + 1). Since a ̸= b we must have 
k ̸= n hence |b − a|/π2

≥ k + n + 1 ≥ n.
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Remark 10.  For a given a ∈ R, the set of b ∈ R such that 
Θ(a, b) ̸= ∅ is an infinite countable set consisting of isolated 
values. More precisely, if b ̸= b′ are such that Θ(a, b) ̸= ∅ and 
Θ(a, b′) ̸= ∅ then, based on (24), 4

π2 (b − a) and 4
π2 (b′

− a) are 
two distinct integers, hence |b − b′

| ≥ π2/4. The same conclusion 
holds when switching the roles of a and b.

Remark 11.  The spectral reduction done in this section for the 
PDE cascade (1) also applies in a straightforward way to the PDE 
cascade (2) by defining in the transformation (13) the function 
ϕ(x) = x2/2 that was selected so that ϕ(0) = ϕ′(0) = 0 and 
ϕ′(1) = 1. By doing so, the only change in the above develop-
ments is that νi,k = ψ2

i,k(1). Noting that ψ2
2,m(1) = (−1)mµm ̸= 0

and, in the case n /∈ ∆1(a, b), ψ2
1,n(1) = −

√
2s

r∗n sinh(r∗n )
̸= 0, then 

it appears that each mode λi,k of the PDE cascade (2) is always 
controllable. This result highlights the difference between the 
two studied PDE cascades. While for the PDE cascade (1) both 
control input u and coupling between the two heat equations are 
collocated at the same boundary (x = 0) for the z-equation, the 
control u and the coupling occur at different boundaries in the 
PDE cascade (2). Hence, it appears that a non-collocated setting is 
more favorable to promote controllability properties of the plant.

4. Output-feedback

In this section, we design an explicit output-feedback control 
with measurement done on the y-component of the PDE cascade 
(1).

4.1. Finite-dimensional system

Let δ > 0 be a targeted exponential decay rate for the closed-
loop system. Since λ1,n and λ2,m tend to −∞ as n,m → +∞, we 
fix integers N0,M0 ≥ 0 such that λ1,N0+1 < −δ and λ2,M0+1 < −δ. 
In order to avoid cumbersome notations, and to keep the pre-
sentation as concise as possible, we further choose the integers 
N0,M0 such that N0 ≥ max∆1(a, b) and M0 ≥ max∆2(a, b). 
This implies that all modes of the PDE cascade (1) that are not 
algebraically simple are captured among the 0 ≤ n ≤ N0 and 
0 ≤ m ≤ M0 first modes. Although unnecessary, this choice 
considerably simplifies the writing of the dynamics, the definition 
of the Lyapunov functions, and the subsequent stability analysis.

Defining X1 = col((x̃1,n)0≤n≤N0 , (x̃2,m)0≤m≤M0 ), we infer from 
(18), (20) and (22) that 
Ẋ1 = A1X1 + B1,uu + B1,vv (25)

for some matrices A1 ∈ R(N0+M0+2)×(N0+M0+2) and B1,u, B1,v ∈

RN0+M0+2. Augmenting next the vector X1 as X1,a = col(X1, u), 
we infer that 
Ẋ1,a = A1,aX1,a + B1,av (26)

with A1,a =

[
A1 B1,u
0 0

]
 and B1,a =

[
B1,v
1

]
. Based on the 

discussion in the previous section regarding the controllability 
of the modes, the application of the Hautus test shows that the 
pair (A1,a, B1,a) is controllable if and only if ν1,n ̸= 0 for all 
n ∈ {0, . . . ,N0}\∆1(a, b). Noting that ∆1(a, b) ∩Θ(a, b) = ∅, this 
gives the following result.

Lemma 12.  The pair (A1,a, B1,a) is controllable if and only if 
Θ(a, b) ∩ {0, . . . ,N0} = ∅ (27)

where Θ(a, b) is defined by (24).

Remark 13.  Under condition (27), it can be shown that the state-
feedback v = −KX1,a achieves the exponential stabilization of 
(1) in either H0 or H1 norm. This can be inferred, for instance, 
from Badra and Takahashi (2014).
5

4.2. Distributed output operator

We consider the system output 

ym(t) =

∫ 1

0
c(x)y(t, x) dx (28)

for some c ∈ L2(0, 1). Defining c1,n =
∫ 1
0 c(x)φ1

1,n(x) dx and c2,m =∫ 1
0 c(x)φ1

2,m(x) dx, we infer from (16) that

ym(t) =

∑
n≥0

c1,nx̃1,n(t) +

∑
m≥0

c2,mx̃2,m(t)

= C1X1(t) +

∑
n≥N0+1

c1,nx̃1,n(t) +

∑
m≥M0+1

c2,mx̃2,m(t) (29)

where C1 ∈ R1×(N0+M0+1). The Hautus test gives the following 
result. 

Lemma 14. (A1, C1) is observable if and only if 
c1,n ̸= 0, ∀0 ≤ n ≤ N0, (30a)

c2,m ̸= 0, ∀m ∈ {0, 1, . . . ,M0}\∆2(a, b). (30b)

We now define our output-feedback control strategy. Let N ≥

N0 and M ≥ M0 be integers to be chosen later. We introduce the 
finite-dimensional controller dynamics: 

u̇ = v

̇̂X1 = A1X̂1 + B1,uu + B1,vv

− L

⎧⎨⎩C1X̂1 +

N∑
n=N0+1

c1,nx̂1,n +

M∑
m=M0+1

c2,mx̂2,m − ym(t)

⎫⎬⎭
̇̂x1,n = λ1,nx̂1,n + α1,nu + β1,nv, N0 + 1 ≤ n ≤ N
̇̂x2,m = λ2,mx̂2,m + α2,mu + β2,mv, M0 + 1 ≤ m ≤ M

v = −KxX̂1 − kuu

(31)

where ku ∈ R, Kx ∈ R1×(N0+M0+2) are feedback gains while L ∈

RN0+M0+2 is the observation matrix. This controller architecture 
is inspired by the seminal work (Sakawa, 1983), which has been 
extended in a number of ways (see Grüne & Meurer, 2022; Katz 
& Fridman, 2020; Lhachemi & Prieur, 2022a, 2022b).

Theorem 15.  Let a, b, s ∈ R with s ̸= 0 and c ∈ L2(0, 1). 
Let δ > 0 be arbitrary. Let N0,M0 ≥ 0 be integers such that 
λ1,N0+1 < −δ, λ2,M0+1 < −δ, N0 ≥ max∆1(a, b) and M0 ≥

max∆2(a, b). Assuming that both controllability and observability 
assumptions (27) and (30) hold, let K =

[
Kx ku

]
R1×(N0+M0+3) and 

L ∈ RN0+M0+2 be matrices such that A1,a − B1,aK  and A1 − LC1 are 
Hurwitz with eigenvalues of real part strictly less than −δ. Then, for 
any integers N ≥ N0 and M ≥ M0 chosen sufficiently large, there 
exists C > 0 such that, for all initial conditions y0, z0 ∈ L2(0, 1), 
u(0) = u0 ∈ R, X̂1(0) ∈ RN0+M0+2, and x̂1,n(0), x̂2,m(0) ∈ R, the 
solutions of the system (1) in closed-loop with the output-feedback 
(31) satisfy
∥(y(t, ·), z(t, ·))∥2

Y + u(t)2 + ∥X̂1(t)∥2

+

N∑
n=N0+1

x̂1,n(t)2 +

M∑
m=M0+1

x̂2,m(t)2

≤ Ce−2δt
(

∥(y0, z0)∥2
Y + u2

0 + ∥X̂1(0)∥2

+

N∑
x̂1,n(0)2 +

M∑
x̂2,m(0)2

)
(32)
n=N0+1 m=M0+1
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for every t ≥ 0, with Y = H0 for mild solutions and Y = H1 for 
classical solutions.

Proof.  Since the system output (28) takes the form of a bounded 
operator, the existence of solutions to the closed-loop system 
dynamics follows from Curtain and Zwart (2012, Thm. 3.2.2).
Define the observation errors e1,n = x̃1,n − x̂1,n and
e2,m = x̃2,m − x̂2,m, and the vectors X̂1,a = col(X̂1, u),
E1 = X1 − X̂1, X̂2 =

[
x̂1,N0+1 . . . x̂1,N x̂2,M0+1 . . . x̂2,M

]⊤,
E2,1 =

[
(N0 + 2)κ1e1,N0+1 . . . (N + 1)κ1e1,N

]⊤, E2,2 =[
(M0 + 2)κ2e2,M0+1 . . . (M + 1)κ2e2,M

]⊤, E2 = col(E2,1, E2,2), 
and X = col(X̂1,a, E1, X̂2, E2). In this proof we set κ1 = κ2 = 0. 
Different values of κ1, κ2 ≥ 0 will be chosen in the proof of 
Theorem  17 given later. Using (18), (20), (25), (26), (29) and (31), 
we infer that 

Ẋ = FX + Lζ1 + Lζ2 (33)

with the measurement residues 

ζ1 =

∑
n≥N+1

c1,nx̃1,n, ζ2 =

∑
m≥M+1

c2,mx̃2,m, (34)

and the matrices L = col(La,−L, 0, 0) and

F =

⎡⎢⎣ A1,a − B1,aK LaC1 0 LaC2
0 A1 − LC1 0 −LC2[

0 B2,u
]
− B2,vK 0 A2 0
0 0 0 A2

⎤⎥⎦ ,
where K =

[
Kx ku

]
, La = col(L, 0),

A2 = diag(λ1,N0+1, . . . , λ1,N , λ2,M0+1, . . . , λ2,M ),

B2,u =
[
α1,N0+1 . . . α1,N α2,M0+1 . . . α2,M

]⊤
,

B2,v =
[
β1,N0+1 . . . β1,N β2,M0+1 . . . β2,M

]⊤
,

C2 =

[
c1,N0+1
(N0+2)κ1 . . .

c1,N
(N+1)κ1

c2,M0+1
(M0+2)κ2 . . .

c2,M
(M+1)κ2

]
. (35)

We finally note that u = EX̂1,a = ẼX and v = −KX̂1,a = −K̃X
where E =

[
0 . . . 0 1

]
, Ẽ =

[
E 0 0 0

]
 and K̃ =[

K 0 0 0
]
.

In the case of the H0-norm, we define (see Lemma  4) V =

X⊤PX +
∑

n≥N0+1 x̃
2
1,n +

∑
m≥M0+1 x̃

2
2,m for some P ≻ 0. For 

the study in H1-norm we define (see Lemma  5) V = X⊤PX +∑
n≥N+1(n+1/2)2x̃21,n+

∑
m≥M+1(1+m2)x̃22,m for some P ≻ 0. We 

focus on the second case. Computing the time derivative along the 
solutions of (18), (20) and (33), using Young’s inequality, we have

V̇ + 2δV

≤ X̃⊤

⎡⎣Θ1,1 PL PL
L⊤P 0 0
L⊤P 0 0

⎤⎦ X̃

+ 2
∑

n≥N+1

(n + 1/2)2
(
λ1,n +

(n + 1/2)2

ϵ1
+ δ

)
x̃21,n

+ 2
∑

m≥M+1

(1 + m2)
(
λ2,m +

1 + m2

ϵ2
+ δ

)
x̃22,m

for all ϵ1, ϵ2 > 0 with X̃ = col(X, ζ1, ζ2) and Θ1,1 = F⊤P + PF +

2δP + ϵ1

(
Sα1,N Ẽ

⊤Ẽ + Sβ1,N K̃
⊤K̃
)

+ ϵ2

(
Sα2,M Ẽ⊤Ẽ + Sβ2,M K̃⊤K̃

)
where Sα1,N =

∑
n≥N+1 α

2
1,n, Sα2,M =

∑
m≥M+1 α

2
2,m, Sβ1,N =∑

n≥N+1 β
2
1,n, and Sβ2,M =

∑
m≥M+1 β

2
2,m. We infer from (34) and 

from the Cauchy–Schwarz inequality that ζ 21 ≤ Sζ1,N
∑

n≥N+1 x̃
2
1,n

with S =
∑

c2 < ∞ and ζ 2 ≤ S
∑

x̃2  with 
ζ1,N n≥N+1 1,n 2 ζ2,M m≥M+1 2,m

6

Sζ2,M =
∑

m≥M+1 c
2
2,m < ∞. Hence

V̇ + 2δV ≤ X̃⊤Θ1X̃ +

∑
n≥N+1

(n + 1/2)2Γ1,nx̃21,n

+

∑
m≥M+1

(1 + m2)Γ2,mx̃22,m (36)

where 

Θ1 =

⎡⎣Θ1,1 PL PL
L⊤P −η1 0
L⊤P 0 −η2

⎤⎦ , (37a)

Γ1,n = 2
(
λ1,n +

(n + 1/2)2

ϵ1
+ δ

)
+

η1Sζ1,N
(n + 1/2)2

= 2
(

−(n + 1/2)2
(
π2

−
1
ϵ1

)
+ a + δ

)
+

η1Sζ1,N
(n + 1/2)2

, (37b)

Γ2,m = 2
(
λ2,m +

1 + m2

ϵ2
+ δ

)
+
η2Sζ2,M
1 + m2

= 2
(

−m2
(
π2

−
1
ϵ2

)
+ b + δ +

1
ϵ2

)
+
η2Sζ2,M
1 + m2 (37c)

for all ϵ1, ϵ2, η1, η2 > 0. Hence, for all ϵ1, ϵ2 > 1/π2, we have 
Γ1,n ≤ Γ1,N+1 for all n ≥ N + 1 and Γ2,m ≤ Γ2,M+1 for all 
m ≥ M + 1. This gives V̇ + 2δV ≤ X̃⊤Θ1X̃ + Γ1,N+1

∑
n≥N+1(n +

1/2)2x̃21,n +Γ2,M+1
∑

m≥M+1(1+m2)x̃22,m for all ϵ1, ϵ2 > 1/π2 and 
η1, η2 > 0. Therefore, V̇ + 2δV ≤ 0, yielding (32), provided that 
we can find N ≥ N0 + 1, M ≥ M0 + 1, ϵ1, ϵ2 > 1/π2, η1, η2 > 0
and P ≻ 0 such that 
Θ1 ⪯ 0, Γ1,N+1 ≤ 0, Γ2,M+1 ≤ 0. (38)

Let us prove the feasibility of these constraints. Since F  is Hurwitz 
with eigenvalues of real part strictly less than −δ, and since 
∥C2∥ = O(1), ∥B2,u∥ = O(1) and ∥B2,v∥ = O(1) as N,M →

+∞, the application of Lhachemi and Prieur (2022a, Lemma in 
Appendix) shows that the solution P ≻ 0 to F⊤P+PF +2δP = −I
is such that ∥P∥ = O(1) as (N,M) → +∞. Then, fixing ϵ1, ϵ2 >
1/π2, η1 = 1/

√
Sζ1,N  if Sζ1,N ̸= 0 while η1 = N otherwise, and 

η2 = 1/
√
Sζ2,M if Sζ2,M ̸= 0 while η2 = M otherwise, we deduce 

that Γ1,N+1 → −∞ as N → +∞, Γ2,M+1 → −∞ as M → +∞, 
and Θ1 ⪯ 0 for N,M large enough. The last claim follows from the 
Schur complement based on the facts that ∥Ẽ∥ = 1, ∥K̃∥ = ∥K∥, 
and ∥L∥ =

√
2∥L∥ are constants independent of N,M , ∥P∥ =

O(1) as (N,M) → +∞, and Sα1,N , Sβ1,N → 0 as N → +∞ and 
Sα2,M , Sβ2,M → 0 as M → +∞. This completes the proof. □

Remark 16.  A sufficient condition on the order N,M of the 
controller (31) so that the closed-loop system is exponentially 
stable is provided by (38). For fixed N,M , these conditions can 
be recast into linear matrix inequalities (LMIs), for which efficient 
numerical solvers exist, with decision variables P ≻ 0, ϵ1, ϵ2 >
1/π2, and η1, η2 > 0.

4.3. Extension to pointwise measurements

In this section, we extend the result of the previous sec-
tion to the case of pointwise (possibly, Dirichlet or Neumann) 
measurement operators, namely, either 
ym(t) = y(t, ξp) (39)

or 
ym(t) = ∂xy(t, ξp) (40)

for some ξp ∈ [0, 1]. Hence, defining c1,n = φ1
1,n(ξp) and 

c = φ1 (ξ ) in the case of the measurement (39), and c =
2,m 2,m p 1,n
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(φ1
1,n)

′(ξp) and c2,m = (φ1
2,m)

′(ξp) in the case of the measurement 
(40), we infer from (16) that the series expansion (29) holds.

In view of Lemma  14, the pair (A1, C1) is observable if and only 
if:

• For the measurement (39): 
cos((n + 1/2)πξp) ̸= 0, ∀0 ≤ n ≤ N0 (41a){
ξp − 1 ̸= 0, if b − a = m2π2

sinh(rm(1 − ξp)) ̸= 0, if b − a ̸= m2π2 ,

∀m ∈ {0, . . . ,M0}\∆2(a, b) (41b)

• For the measurement (40): 
sin((n + 1/2)πξp) ̸= 0, ∀0 ≤ n ≤ N0 (42a)
cosh(rm(1 − ξp)) ̸= 0, ∀m ∈ {0, . . . ,M0}\∆2(a, b)

s.t. b − a ̸= m2π2 (42b)

where in both cases rm is one of the two square roots of λ2,m−a =

b − a − m2π2.

Theorem 17.  Considering either the measurement (39) or the 
measurement (40) for some ξp ∈ [0, 1], the same statement as 
Theorem  15 holds true for the Hilbert space Y = H1.

Proof.  Note first that the existence of classical solutions to the 
closed-loop system dynamics follows from Pazy (2012, Chap. 6, 
Thm. 3.1). The proof now follows the one of Theorem  15, with two 
key differences. The first concerns the selection of the constants 
κ1, κ2 involved in the definitions of the observation error vectors 
E2,1, E2,2 given at the beginning of the proof of Theorem  15 and 
of the matrix C2 defined by (35). The objective is to ensure that 
∥C2∥ = O(1) as N,M → +∞. This is crucial in the proof 
to ensure that the solution P ≻ 0 to the Lyapunov equation 
F⊤P + PF + 2δP = −I satisfies ∥P∥ = O(1) as N,M → +∞

(see Lhachemi & Prieur, 2022a, Lemma in Appendix). The second 
difference is about the estimation of the measurement residues 
ζ1, ζ2 defined by (34).

In the case of the measurement (39), since c1,n = φ1
1,n(ξp) =

O(1) as n → +∞ and c2,m = φ1
2,m(ξp) = O(1/m) as m →

+∞, we set κ1 = 1 and κ2 = 0. This ensures in view of (35) 
that ∥C2∥ = O(1) as N,M → +∞. Moreover, we have ζ 21 ≤

Sζ1,N
∑

n≥N+1(n + 1/2)2x̃21,n with Sζ1,N =
∑

n≥N+1
c21,n

(n+1/2)2
< ∞

and ζ 22 ≤ Sζ2,M
∑

m≥M+1 x̃
2
2,m with Sζ2,M =

∑
m≥M+1 c

2
2,m < ∞. 

Hence (36) holds with

Γ1,n = 2
(
λ1,n +

(n + 1/2)2

ϵ1
+ δ

)
+ η1Sζ1,N

= 2
(

−(n + 1/2)2
(
π2

−
1
ϵ1

)
+ a + δ

)
+ η1Sζ1,N

and Θ1 and Γ2,m defined by (37a) and (37c) respectively.
In the case of the measurement (40), we have c1,n = (φ1

1,n)
′(ξp)

= O(n) as n → +∞ and c2,m = (φ1
2,m)

′(ξp) = O(1) as 
m → +∞. Hence, we set κ1 = 7/4 and κ2 = 1, which 
ensures, using (35), that ∥C2∥ = O(1) as N,M → +∞. We 
also have ζ 21 ≤ Sζ1,N

∑
n≥N+1(n + 1/2)7/2x̃21,n with Sζ1,N =∑

n≥N+1
c21,n

(n+1/2)7/2
< ∞ and ζ 22 ≤ Sζ2,M

∑
m≥M+1(1+m2)x̃22,m with 

Sζ2,M =
∑

m≥M+1
c22,m
1+m2 < ∞. Hence (36) holds with

Γ1,n = 2

(
λ1,n +

(n +
1
2 )

2

ϵ1
+ δ

)
+ (n + 1/2)3/2η1Sζ1,N

= 2
(

−(n + 1/2)2
(
π2

−
1
)

+ a + δ

)

ϵ1

7

+ (n + 1/2)3/2η1Sζ1,N

Γ2,m = 2
(
λ2,m +

1 + m2

ϵ2
+ δ

)
+ η2Sζ2,M

= 2
(

−m2
(
π2

−
1
ϵ2

)
+ b + δ +

1
ϵ2

)
+ η2Sζ2,M

with Θ1 defined by (37a).
In both cases, the remainder of the proof now follows the 

arguments of the proof of Theorem  15. □

Remark 18.  In the case of the measurement (39), the condition 
(41a) is the usual one characterizing the observability of the mode 
λ1,n of the heat Eq. (1a) with boundary conditions ∂xy(t, 0) =

y(t, 1) = 0. The condition (41b) captures the possibility to 
observe the mode λ2,m, associated with the first PDE compo-
nent (1b) of the cascade, through a measurement done on the 
second component (1a) of the cascade. Similar remarks can be 
done to the distributed measurement (28) and to the pointwise 
measurement (40).

Remark 19.  The observability conditions (30) for the distributed 
measurement (28), the conditions (41) for the pointwise mea-
surement (39), and the conditions (42) for the pointwise mea-
surement (40), do not depend on the location of the input. Hence, 
the results discussed in this section apply to (2). In particular, 
since its modes are always controllable (see Remark  11), both 
Theorems  15 and 17 apply to the PDE cascade (2) when removing 
the controllability assumption (27).

5. Numerical example

We report a numerical example for the heat–heat cascade (1) 
with the pointwise measurement (39) in the case a = 3, b = 1, 
s = 1, and ξp =

√
2/2. Each PDE subsystem is open-loop unstable 

with λ1,0 = 3 − π2/4 > 0 and λ2,0 = 1 > 0. All other modes 
are stable: λ1,n < 0 and λ2,m < 0 for all n,m ≥ 1. Setting 
N0 = M0 = 0, we next build the finite dimensional dynamics 
(25) that capture the modes λ1,0 and λ2,0. Both controllability 
and observability assumptions (27) and (30) hold, enabling the 
computation of K  and L so that A1,a−B1,aK  and A1−LC1 have their 
eigenvalues placed at {−2,−3,−4} and {−5,−6}, respectively. 
Recasting the conditions (38) into LMIs, they are found feasible 
for N = M = 2 with guaranteed exponential decay rate δ = 1.

Starting from the initial condition y0(x) = x − 1 and z0(x) =

1 + 10x2(1 − x)2, with zero initial conditions for the controller 
dynamics, the time-domain behavior of the closed-loop system is 
depicted in Fig.  1. In compliance with the theoretical predictions 
of Theorem  17, we observe the exponential decay of the state of 
the plant and of the observer state.

6. Conclusion

In this article we have studied the problem of output feedback 
stabilization for heat–heat PDE cascades. Thanks to a detailed 
spectral study, we have established the Riesz basis property for 
the generalized eigenvectors of the underlying unbounded oper-
ator. This has allowed us to fully characterize the controllability 
properties of the PDE cascades, and to derive an explicit output-
feedback control strategy. In view of the adjoint operator defined 
in Section 2.2, the reported approach also applies to the heat–
heat cascade (1a)–(1b) with boundary conditions/control either 
described by (i) ∂xz(t, 0) = sy(t, 0), y(t, 1) = ∂xz(t, 1) = 0, and 
∂xy(t, 0) = u(t); or (ii) ∂xz(t, 0) = sy(t, 0), ∂xy(t, 0) = ∂xz(t, 1) =

0, and y(t, 1) = u(t). Extensions of the method to other types of 
PDE cascades, which may include spatially varying coefficients, 
more complex boundary couplings, or in higher dimension, may 
be the topic of future works.
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(a) State of the PDE y(t, ·)

(b) State of the PDE z(t, ·)

(c) State of the observer

Fig. 1. Trajectory of the closed-loop system.
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