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Abstract
Input-to-state stability (ISS) unifies the stability and robustness in one notion, and serves as a basis for broad areas of nonlinear
control theory. In this contribution, we cover the most fundamental facts in the infinite-dimensional ISS theory with an emphasis on
Lyapunov methods. We consider various applications given by different classes of infinite-dimensional systems. Finally, we discuss a
Lyapunov-based small-gain theorem for stability analysis of two interconnected ISS systems.

Key Points

• Motivation to study the input-to-state stability of dynamical systems.

• Discussion of direct and converse ISS Lyapunov theorems.

• Focus is done on some applications using different partial differential equations.

• Present the small-gain technique for stability analysis of coupled systems.

Introduction

Modern applications of control theory to traffic networks (Yu and Krstic, 2022), multi-phase systems (Koga and Krstic, 2020),
fusion control (Bribiesca Argomedo et al., 2014) and numerous other areas, require methods for stability analysis of coupled
systems, described by partial differential equations (PDEs), and the analysis of the impact of the disturbances on the performance.
The notion of input-to-state stability (ISS) allows us to study both these problems simultaneously, which underlines its crucial role
in the robust stability analysis and control of nonlinear systems. ISS is instrumental in estimating the impact of disturbances and
analyzing feedback interconnections of dynamical systems. This concept was first introduced for ordinary differential equations
(ODE) in Sontag (1989) and further developed for distributed parameter systems such as those described in abstract form or
modeled by PDEs, see in particular Mironchenko and Prieur (2020), Mironchenko (2023), and Karafyllis and Krstic (2019).
Nowadays, ISS plays a key role in the development of the unifying framework for robust stability analysis, robust control, and
observation of infinite-dimensional nonlinear systems.

Lyapunov functions constitute one of the most fundamental tools to establish ISS, yielding the characterization of ISS for a
large class of infinite-dimensional systems, paralleling what is known for nonlinear ODE systems (Sontag and Wang, 1995) (where
an equivalence between ISS and the existence of a smooth ISS Lyapunov function has been established). In this chapter, we give an
easy-to-access overview of the infinite-dimensional input-to-state stability theory. We first introduce the general definition of ISS
for systems in the presence of disturbances and relate it to the stability and attractivity notions for systems with inputs. Then,
results relying on direct Lyapunov functions are stated together with a converse Lyapunov result. We also recall some specific
results proven in Karafyllis and Krstic (2019) for particular PDEs. For a detailed overview of ISS and for many more references, we
refer to the survey (Mironchenko and Prieur, 2020) and monographs (Karafyllis and Krstic, 2019; Mironchenko, 2023).
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Notation. We denote Rþ :¼ ½0;þ∞Þ. For two sets X;Y denote by CðX; YÞ the linear space of continuous functions, mapping
X to Y . For the formulation of stability properties, we use the standard classes of comparison functions:

K :¼ γ ∈ Cðℝþ;ℝþÞ : γ 0ð Þ ¼ 0 and γ is strictly increasingf g;
K∞ :¼ γ ∈K : γ is unboundedf g;
L :¼ fγ ∈ Cðℝþ;ℝþÞ : γ is strictly decreasing with lim

t→∞
γ tð Þ ¼ 0g;

KL :¼ β ∈ C ℝþ �ℝþ;ℝþð Þ : βð⋅; tÞ∈K; ∀t ≥ 0; β r; ⋅ð Þ∈L; ∀r40f g:
An up-to-date compendium of results concerning comparison functions can be found in Mironchenko (2023, Appendix A) and

Kellett (2014).

General Definitions

Following Mironchenko and Prieur (2020), we consider general infinite-dimensional control systems given by a triple Σ ¼ ðX; U;ϕÞ,
where X is a normed vector space, called the state space, endowed with the norm ∥⋅∥; U is a normed vector space, called the input space,
endowed with a norm still denoted with the same notation ∥⋅∥ when there is no ambiguity; and a map ϕ : Dϕ→X, Dϕ⊆Rþ � X � U
(called transition map), such that for all ðx; uÞ∈X � U it holds that Dϕ ∩ ðRþ � fðx; uÞgÞ ¼ ½0; tmÞ � fðx; uÞg⊂Dϕ, for a certain
tm ¼ tmðx; uÞ∈ð0;þ∞�.

We assume that the input u satisfies the axiom of shift-invariance and the axiom of concatenation. The transition map ϕ
satisfies the identity, causality, and cocycle properties. Furthermore, we assume that ϕ is continuous in time. We refer to Mir-
onchenko and Prieur (2020) for an extensive definition.

There are several advantages in considering such abstract systems. On the one hand, ordinary and time-delay differential
equations, as well as many classes of evolution partial differential equations (PDEs) belong to this general class of systems, which
makes it possible to develop a truly overarching theory of distributed parameter systems. On the other hand, such an approach
allows us to decouple the well-posedness analysis from the stability analysis, and concentrate solely on the latter.

Definition 1 A control system Σ ¼ ðX;U;ϕÞ is called forward complete (FC), if for every ðx; uÞ∈X � U and for all t≥0 the value
ϕðt; x; uÞ∈X is well-defined. We say that Σ has bounded reachability sets (BRS), if Σ is forward complete and for each r40

sup
∥x∥≤r; ∥u∥≤r; t∈ ½0;r�

∥ϕðt; x; uÞ∥o∞:

Forward completeness guarantees merely global existence of all solutions, and is in general weaker than BRS (see Mironchenko
and Wirth, 2018a, Example 2). In contrast, BRS property implies existence of uniform bounds on finite-time trajectories of families
of solutions starting in bounded balls. This makes BRS a bridge between the pure well-posedness theory, which studies existence
and uniqueness properties of solutions, and the stability theory, which is interested in global in time bounds on families of
solutions.

For simplicity, we consider only forward-complete control systems in this chapter, if the contrary is not mentioned explicitly.
We proceed to the main concept for this note:

Definition 2 System Σ ¼ ðX;U;ϕÞ is called

• input-to-state stable (ISS), if there exist β∈KL and γ∈K∞ such that for all x∈X, u∈U and t≥0 it holds that

∥ϕðt; x; uÞ∥≤βð∥x∥; tÞ þ γð∥u∥Þ: ð1Þ

• uniformly globally asymptotically stable at zero (0-UGAS), if there exists β∈KL such that for all x∈X and all t≥0 it holds that

Fig. 1 Typical solution of an ISS system with u≠0.
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∥ϕðt; x;0Þ∥≤βð∥x∥; tÞ: ð2Þ
A typical solution to an ISS system is depicted in Fig. 1. Substituting u :¼ 0 into (1), we see that ISS systems are necessarily 0-

UGAS. In fact, one can show that solutions to Σ corresponding to vanishing inputs (limt→∞∥uð⋅þ tÞ∥¼ 0) converge to zero as
t→∞. Furthermore, for ISS systems, bounded inputs induce bounded state trajectories. In this way, ISS comprises both internal (or
Lyapunov) and external (aka input-output) stability. Furthermore, the key tools from both internal and external stability theories
such as Lyapunov method including powerful converse Lyapunov theorems, superposition results, and small-gain theorems, have
their counterparts in the ISS theory, and can be used in tandem. This has made the ISS theory a cornerstone in the development of
the nonlinear robust control theory.

We are going to relate ISS to the stability and attractivity-like concepts stated next:

Definition 3 Σ is uniformly locally stable (ULS), that is, there exist σ; γ∈K∞ and r40 such that whenever ∥x∥≤r, ∥u∥≤r, and t≥0, we
have

∥ϕðt; x; uÞ∥≤σð∥x∥Þ þ γð∥u∥Þ: ð3Þ
ULS is a natural extension of local Lyapunov stability used in the dynamical systems theory to the systems with inputs.

Definition 4 We say that a forward complete system Σ has uniform limit (ULIM) property, if there is γ∈K∞ so that for every ε40 and
for every r40 there exists a τ¼ τðε; rÞ such that for all x∈X: ∥x∥≤r and all u∈U: ∥u∥≤r there is a t≤τ such that

∥ϕðt; x; uÞ∥≤εþ γð∥u∥Þ: ð4Þ
Trajectories of systems possessing the ULIM property, starting in a ball with a radius r around 0 and subject to inputs of a

magnitude uniformly bounded by r, intersect the ε-neighborhood of the ball of radius γð∥u∥UÞ around 0 within the inter-
val ½0; τðε; rÞ�. After intersecting this neighborhood, the trajectories may well leave it, but then they have to visit it again and again.
Thus, ULIM property can be understood as an extension of the weak attractivity concept to the systems with inputs. The following
result that relates ISS to stability and attractivity of systems with inputs, plays a central role in the ISS theory.

Theorem 1 (ISS superposition theorem, Mironchenko and Wirth (2018a, 2018b) Σ is ISS if and only if Σ is BRS ∧ ULS ∧ ULIM.

The ISS superposition theorem is seldom used for direct verification of ISS for specific control systems, but it is used as a
metatool helping to develop further tools for ISS analysis such as non-coercive ISS Lyapunov theorems and small-gain results.

General Techniques for ISS

Direct Lyapunov Results

Lyapunov theory is indispensable for ISS analysis of nonlinear infinite-dimensional systems. First of all, construction of an ISS
Lyapunov function is in most cases the only realistic way to prove ISS of a given control system. Besides serving as certificates for
the input-to-state stability, Lyapunov functions can be used for control purposes, such as robust stabilization, event-based control,
ISS feedback redesign, etc., see Mironchenko (2023, Chapter 5). Furthermore, having constructed ISS Lyapunov functions for
subsystems of a finite or infinite network of control systems, one can use small-gain theorems to show (under certain small-gain
conditions) the ISS of the whole network. In this section, we introduce the basics of Lyapunov theory for distributed parameter
systems.

For a real-valued function b : Rþ→R, define the right-hand upper Dini derivative at t∈Rþ by

Dþb tð Þ :¼ lim
h→þ0

bðt þ hÞ−bðtÞ
h

:

Let x∈X and V be a real-valued function defined in a neighborhood of x. The Lie derivative of V at x corresponding to the input u
along the corresponding trajectory of Σ ¼ ðX;U;ϕÞ is defined by

_Vu xð Þ :¼ DþV ϕ ⋅; x; uð Þð Þjt ¼ 0 ¼ lim
t→þ0

1
t
V ϕ t; x; uð Þð Þ−V xð Þð Þ: ð5Þ

We are now in position to introduce the main notion of this section.

Definition 5 A continuous function V : X→Rþ is called a non-coercive ISS Lyapunov function for the system Σ ¼ ðX;U;ϕÞ, if there
exist ψ2; α∈K∞, σ∈K such that

0oVðxÞ≤ψ2ð∥x∥Þ; ∀x∈X f0g; ð6Þ
and the Lie derivative of V along the trajectories of Σ for all x∈X and u∈U satisfies

_VuðxÞ≤−αð∥x∥Þ þ σð∥u∥Þ: ð7Þ
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If additionally there is a ψ1∈K∞ so that

ψ1ð∥x∥Þ≤VðxÞ≤ψ2ð∥x∥Þ; ∀x∈X; ð8Þ
then V is called a (coercive) ISS Lyapunov function for the system Σ ¼ ðX;U;ϕÞ.

The classic result, which plays a pivotal role in the applications of Lyapunov theorem is:

Theorem 2 (Direct coercive Lyapunov theorem) Let Σ be a forward complete control system. If there exists a coercive ISS Lyapunov function
for Σ, then Σ is ISS.

From the viewpoint of nonlinear finite-dimensional control theory, the coercivity of Lyapunov functions seems to be a natural
requirement. However, for infinite-dimensional systems, this assumption may be too limiting. Even for linear systems (12)
without inputs, if a semigroup is exponentially stable, the classical quadratic Lyapunov functions constructed by solving the
operator Lyapunov equation (Curtain and Zwart, 2020, Theorem 4.1.3), are non-coercive. This motivates the use of non-coercive
Lyapunov functions introduced and justified for nonlinear systems in Mironchenko and Wirth (2019).

Theorem 3 (Direct non-coercive Lyapunov theorem (Jacob et al., 2020, Theorem 3.7)) Let Σ be a forward complete control system, which is
CEP and BRS. If there exists a non-coercive ISS Lyapunov function for Σ, then Σ is ISS.

As discussed in Mironchenko and Prieur (2020, Remark 2.15), due to (5), the computation of the left-hand side of (7) asks for
the knowledge of the solution for small future times. For many classes of systems such as ODEs or delay systems with Lipschitz
continuous right hand sides, one can find expressions for Lie derivative of V that rely on the gradient of V and on Driver’s
derivative of V respectively. In many cases, Lie derivative can be computed based on Fréchet differentiability (see e.g., Curtain and
Zwart, 2020, Definition A.5.31). To do that, we assume that the dynamics for Σ are given in abstract form by

_x ¼AðxÞ þ BðuÞ; ð9Þ
where A is the generator on a strongly continuous (possibly nonlinear) semigroup and B is a (possibly nonlinear and unbounded)
input operator. Well-posedness results for strong and mild solutions to (9) are given, e.g., in Tucsnak and Weiss (2009), Showalter
(2013) and Miyadera (1992) for certain classes of nonlinear infinite-dimensional systems Σ.

If V is Fréchet differentiable, then for systems (9) under certain assumptions on A;B, and V , one can reformulate the
dissipativity condition (7) as

DVðxÞðAðxÞ þ BðuÞÞ≤−αð∥x∥Þ þ γð∥u∥Þ; ð10Þ
which has to hold for all x∈ X and u in U belonging to the domains of definitions of A and B.

This approach has been used in many works including Zheng and Zhu (2018) on Burger’s equation, Karafyllis and Krstic
(2019) for parabolic and linear or semilinear hyperbolic PDEs, and Bastin et al. (2021) for quasilinear hyperbolic systems with
boundary input disturbances. See also the seminal work (Prieur and Mazenc, 2012) for the derivations of sufficient conditions for
dissipativity inequalities and thus for input-to-state stability properties of hyperbolic systems, relying on control Lyapunov
functions as introduced in Bastin and Coron (2016).

Focusing on parabolic equations, Sturm-Liouville theory allows to generalize what was done for finite-dimensional systems.
Indeed, for a large class of reaction-diffusion equations, it is possible to compute a Riesz basis diagonalizing the dynamics of Σ so
that there exists a finite number of unstable modes. This allows to generalize the machinery developed for nonlinear finite
dimensional systems in Mironchenko (2023) to parabolic equations for various input-to-state operators, see, e.g., Shreim et al.
(2022), Lhachemi and Prieur (2024) and Pisano and Orlov (2017).

Converse Lyapunov Theorem

Direct Lyapunov theorems show that the existence of a certain kind of Lyapunov function implies the corresponding stability
property. Converse ISS Lyapunov results claim that for an ISS system there is an ISS Lyapunov function of a certain type. The
importance of such results is twofold: on the one hand, before we start looking for an ISS Lyapunov function of a given system, we
would like to know that such a function exists at all. On the other hand, ISS Lyapunov functions can be used for control purposes,
such as robust stabilization, event-based control, ISS feedback redesign, etc., see Mironchenko (2023, Chapter 5).

Consider infinite-dimensional systems of the form

_xðtÞ ¼ AxðtÞ þ f ðxðtÞ; uðtÞÞ; ð11Þ
where A : DðAÞ⊂X→X generates a C0-semigroup Tð⋅Þ of bounded linear operators, X and U are Banach spaces, and f : X �U→X is
Lipschitz continuous on bounded balls from the Banach space ðX �U; ∥⋅∥X þ ∥⋅∥UÞ to the space X.

Taking the space U :¼ PCbðRþ;UÞ of globally bounded, piecewise continuous functions from Rþ to U which are right-
continuous as the space of admissible inputs for (11), the system (11) becomes a well-posed (in the sense of mild solutions)
control system. For such systems we have
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Theorem 4 (Converse ISS Lyapunov theorem (Mironchenko and Wirth, 2018b, Theorem 5)) System (11) is ISS if and only if there is a
Lipschitz continuous on bounded balls coercive ISS Lyapunov function for (11).

The fact that f is Lipschitz continuous with respect to both variables is essentially used in the proof of Theorem 4. In particular,
the proof in Mironchenko and Wirth (2018b, Theorem 5) does not work if f is merely continuous w.r.t. u. Such assumptions are
reasonable for PDEs with distributed inputs, but they are as a rule not satisfied for systems with boundary or point inputs.
Existence of non-coercive ISS Lyapunov functions for some classes of linear systems with admissible operators has been shown in
Jacob et al. (2020). Still, the derivation of converse ISS Lyapunov theorems for general linear systems with admissible input
operators remains a challenging open problem.

Semigroup and Admissibility Methods

In this section, we present an important alternative to a Lyapunov method, which can be used for linear systems

_xðtÞ ¼ AxðtÞ þ BuðtÞ; ∀t∈Rþ; ð12Þ
where A is the generator of a strongly continuous semigroup T :¼ TðtÞð Þt≥0 on a Banach space X and B is unbounded as an
operator from some Banach space U to X, but B is a bounded as an operator from U to a larger space X−1, that is, B∈LðU;X−1Þ,
where we define the extrapolation space X−1 as the completion of X with respect to the norm ∥x∥X−1 :¼ ∥ðaI−AÞ−1x∥X for some a in
the resolvent set of A (different choices of a lead to equivalent norms).

Lifting of the state space X to a larger space X−1 brings several good news: the semigroup TðtÞð Þt≥0 extends uniquely to a strongly
continuous semigroup T−1ðtÞð Þt≥0 on X−1 whose generator A−1 : X−1→X−1 is an extension of A with DðA−1Þ ¼ X.

This allows mild solutions of (12) to be defined for any x∈X and any u∈U by means of the variation of constants formula:

ϕ t; x; uð Þ :¼ T−1 tð Þxþ ∫ t
0T−1 t−sð ÞBu sð Þds

¼ T tð Þxþ ∫ t
0T−1 t−sð ÞBu sð Þds: ð13Þ

The last transition is due to the fact that T−1ðtÞx¼ TðtÞx for all x∈X and t≥0.
The lifting comes however at a price that now the solution ϕðt; x; uÞ has values in X−1. The formula (13) defines an X-valued

function only in case if the value of the integral in (13) belongs to the state space X, despite the fact that what we integrate is in
X−1.

This motivates the following definition:

Definition 6 The operator B∈LðU;X−1Þ is called a q-admissible control operator for TðtÞð Þt≥0, where 1≤q≤∞, if there is a t40 so that

u∈Lq ℝþ;Uð Þ ⇒ ∫ t
0T−1 t−sð ÞBu sð Þds∈X: ð14Þ

One can see that a linear system (12) with U :¼ LqðRþ;UÞ, q∈ ½1;∞Þ is forward complete ⇔ (12) is BRS ⇔ B is q-admissible,
see Mironchenko and Prieur (2020, Propositions 3.10 and 3.11).

An efficient criterion for ISS of linear systems is given by the following result shown in Jacob et al. (2018, Proposition 2.10):

Theorem 5 Let X and U be Banach spaces and let U :¼ LpðRþ;UÞ for some p∈ ½1;þ∞�. If p¼ þ∞, assume further that ϕ is continuous w.
r.t. time in the norm of X. Then

(12) is ISS ⇔T generates an exponentially stable semigroup ∧ B is p-admissible.

Methods for analysis of the exponential stability of C0-semigroups and the admissibility of unbounded input operators are
well-developed (van Neerven, 1995; Jacob and Partington, 2004). Theorem 5 allows us to use all this machinery to study ISS of
linear distributed parameter systems.

Interconnections of Input-to-State Stable Systems

Stability analysis of coupled nonlinear systems is a complex task, especially if sub-systems are distributed parameter systems. One
of the strengths of the ISS theory is that it gives such powerful tools as nonlinear small-gain theorems, allowing to study stability of
complex systems with ISS components. As in most cases, the ISS of nonlinear systems is verified by the construction of an
appropriate ISS Lyapunov function, a natural desire is to use in the formulation of the small-gain theorems the information about
the ISS Lyapunov functions for subsystems. In this section, we present one of the most basic results of this type.

Consider an interconnected system of the form

_x1 ¼ A1x1 þ f1ðx1; x2; uÞ;
_x2 ¼ A2x2 þ f2ðx1; x2; uÞ;

(
ð15Þ

where x1ðtÞ∈X1, x2ðtÞ∈X2, the spaces X1 and X2 are Banach spaces, and Ai is the generator of a C0-semigroup on Xi, i¼ 1;2. The
input space we take as U :¼ PCbðRþ;UÞ, i.e. as the space of piecewise continuous and right-continuous functions from Rþ to some

Input-to-State Stability of Infinite-Dimensional Systems: Foundations and Present-Day Developments 155

Author's personal copy



Banach space of input values U. The state space of the system (15) we define as

X ¼ X1 � X2;

which is a Banach space with the norm

∥x∥ :¼ ∥x1∥þ ∥x2∥; ∀x¼ ðx1; x2Þ∈X:
The transition map of the i-th subsystem we denote by

ϕi : Rþ � Xi � ðPCbðRþ;X3−iÞ � UÞ→Xi:

For x¼ ðx1; x2Þ∈X, define
f ðx; uÞ :¼ ðf1ðx; uÞ⊤; f2ðx; uÞ⊤Þ⊤;

and

A :¼ A1 0

0 A2

 !
;DðAÞ :¼DðA1Þ �DðA2Þ:

Clearly, A is the generator of a C0-semigroup on X. We rewrite the system (15) in the vector form:

_x ¼ Axþ f ðx; uÞ: ð16Þ
We assume that

Assumption The system (16) satisfies the following properties:

(1) f is continuous on X �U;
(2) For each i¼ 1;2, fi is Lipschitz continuous w.r.t. xi on bounded subsets;
(3) Each subsystem is forward complete;
(4) (Well-posedness) For any initial condition x∈X and any input u∈U, there is a unique maximal solution of (16);
(5) If a maximal solution of (16) is uniformly bounded on its whole domain of existence, then it is defined on the whole Rþ

(boundedness-implies-continuation property).

Furthermore, we assume that both subsystems are ISS and

Assumption For each i ¼ 1; 2, there exists a continuous function Vi : Xi→Rþ, that satisfies the following properties:

(1) There exist ψi1;ψi2∈K∞ such that

ψi1ð∥xi∥Þ≤ViðxiÞ≤ψi2ð∥xi∥Þ; ∀xi∈Xi; ð17Þ
(2) There exist χ12; χ21∈K∞∪f0g, and χ1u; χ2u∈K, α1; α2∈P such that for all xj∈Xj, j ¼ 1;2, and all u∈U the following implications

hold:

V1ðx1Þ4maxfχ12ðx2Þ; χ1uð∥u∥Þg⇒ _V1;uðx1Þ≤−α1ðV1ðx1ÞÞ; ð18Þ

V2ðx2Þ4maxfχ21ðx1Þ; χ2uð∥u∥Þg⇒ _V2;uðx2Þ≤−α2ðV2ðx2ÞÞ: ð19Þ

The functions χ12; χ21 are called internal Lyapunov gains, while the functions χ1u; χ2u are called external Lyapunov gains.

Theorem 8 (Lyapunov-based ISS small-gain theorem) Let Assumptions above hold, and let the small-gain condition

χ12∘χ21ðrÞor; ∀r40 ð20Þ
be satisfied. Then (16) is ISS.

A counterpart of Theorem 8 for arbitrary finite number of coupled systems has been shown in Dashkovskiy and Mironchenko
(2013), motivated by the corresponding small-gain results for interconnections of finite-dimensional systems in Dashkovskiy et al.
(2010) and Jiang et al. (1996). For the analysis of interconnections of infinitely many systems, which is a topic actively studied
during the last several years, we refer to Kawan et al. (2023) (and references therein).

Example: coupling of nonlinear parabolic systems
Consider now a coupling of two nonlinear parabolic systems:

∂tx1ðz; tÞ ¼ q1∂2z x1ðz; tÞ þ x22ðz; tÞ; ∀ðz; tÞ∈ð0; πÞ � Rþ;
x1ð0; tÞ ¼ x1ðπ; tÞ ¼ 0; ∀t∈Rþ;

∂tx2;tðzÞ ¼ q2∂2z x2ðz; tÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijx1ðz; tÞj

p
; ∀ðz; tÞ∈ð0; πÞ � Rþ;

x2ð0; tÞ ¼ x2ðπ; tÞ ¼ 0; ∀t∈Rþ:

8>>>><
>>>>:

ð21Þ
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Here q1; q240 are diffusion coefficients. This system can model a chemical reaction network with two reactants whose densities
at a point z, and at time t are given by xiðz; tÞ, i¼ 1;2.

We assume that x1∈X1 :¼ L2ð0; πÞ and x2∈X2 :¼ L4ð0; πÞ. The state of the whole system (21) is X : ¼ X1 � X2. Let us choose the
following Lyapunov functions for subsystems 1 and 2 of (21), respectively:

V1 x1ð Þ ¼ ∫ π
0 x

2
1 zð Þdz¼ ‖x1‖2L2 0;πð Þ; ∀x1∈X1;

V2 x2ð Þ ¼ ∫ π
0 x

4
2ðzÞdz¼ ‖x2‖4L4 0;πð Þ; ∀x2∈X2:

Assume for a while that the maps xi are twice continuously differentiable. Consider the Lie derivative of V1:

_V1 x1ð Þ ¼ 2∫ π
0 x1 zð Þ q1∂2z x1 zð Þ þ x22 zð Þ� �

dz

≤−2q1‖∂zx1‖2L2 0;πð Þ þ 2‖x1‖L2 0;πð Þ‖x2‖2L4 0;πð Þ:

In the last estimate, we used integration by parts for the first term and the Cauchy-Schwarz inequality for the second one.
Applying Friedrichs’ inequality to the first term, we obtain the estimate

_V1 x1ð Þ≤−2q1‖x1‖2L2 0;πð Þ þ 2‖x1‖L2 0;πð Þ‖x2‖2L4 0;πð Þ

¼−2q1V1 x1ð Þ þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V1 x1ð Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2 x2ð Þp
:

Take

χ12 rð Þ ¼ 1
a
r; ∀r40;

with an arbitrary a40. We obtain for all x1∈X1, x2∈X2 that

V1 x1ð Þ≥χ12 V2 x2ð Þð Þ⇒ d
dt
V1 x1ð Þ≤−2 q1−a

1
2

� �
V1 x1ð Þ: ð22Þ

The derivation was made under the assumption that x1; x2 are twice continuously differentiable functions. The above estimate
holds due to the density argument for general x1∈L2ð0; πÞ. To ensure that V1 is an ISS Lyapunov function, the following condition
must hold:

2 q1−a
1
2

� �
40⇔aoq21: ð23Þ

Now assuming that x1 and x2 are smooth enough, consider the Lie derivative of V2:

_V2ðx2Þ ¼ 4∫ π
0 x

3
2ðzÞðq2∂2z x2ðzÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffijx1ðzÞj
p Þ

≤−3q2∫ π
0 4ð∂zx2Þ2ðzÞx22ðzÞdzþ 4∫ π

0 x
3
2ðzÞjx1ðzÞj

1
2dz

¼−3q2∫ π
0 ð∂zðx22ÞÞ2dzþ 4∫ π

0 x
3
2ðzÞjx1ðzÞj

1
2dz:

Applying Friedrichs’ inequality to the first term (note that x22∈L2ð0; πÞ) and the Hölder’s inequality to the last one, we obtain

_V 2ðx2Þ≤−3q2V2ðx2Þ þ 4ðV2ðx2ÞÞ3=4ðV1ðx1ÞÞ1=4:
Let

χ21 rð Þ ¼ 1
b
r; ∀r40;

where b40 is an arbitrary constant. The following implication holds:

V2 x2ð Þ≥χ21 V1 x1ð Þð Þ ⇒ _V 2 x2ð Þ≤− 3q2−4b
1
4

� �
V2 x2ð Þ:

To ensure that V2 is an ISS Lyapunov function for the second subsystem, the following condition must hold:

3q2−4b
1
440⇔bo 3q2

4

� �4

: ð24Þ

To ensure the stability of the interconnection, we check the small-gain condition

χ12∘χ21oid⇔ab41: ð25Þ
Let q1, q2 satisfy the condition

q21
3q2
4

� �4

41; ð26Þ

then it is possible to find a; b so that the conditions (23), (24) and small-gain condition (25) will be satisfied. Thus, if q1 and q2
satisfy (26), the small-gain theorem guarantees the UGAS property of the interconnection.
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Applications and Further Studies

Applications of ISS theory for parabolic equations include the Stephan problem for two-phase dynamics (see Koga and Krstic,
2020, Chapter 4) for estimation and control and nuclear fusion control, as studied in Bribiesca Argomedo et al. (2014). More
specifically, the following model for the dynamics of the safety factor profile x in a tokamak is derived in Bribiesca Argomedo et al.
(2014), in polar coordinates

∂tx r; tð Þ ¼ ∂r
ηðr; tÞ

r
∂r rx r; tð Þð Þ

� �
þ ∂r ηu r; tð Þð Þ; ∀ r; tð Þ∈ 0;1ð Þ � Rþ; ð27Þ

with Dirichlet boundary conditions:

xð0; tÞ ¼ xð1; tÞ ¼ 0; ∀t∈Rþ; ð28Þ
and initial condition:

xðr; 0Þ ¼ x0ðrÞ; ∀r∈ð0;1Þ; ð29Þ
for a suitable function x0. Consider the following candidate Lyapunov function:

V xð Þ :¼ 1
2
∫ 1
0 f rð Þx2 rð Þdr; x∈L2 0;1ð Þ; ð30Þ

where f : ½0;1� →R is a certain positive and twice continuously differentiable function. The next theorem is proven in Bribiesca
Argomedo et al. (2013).

Theorem 9 If there exist a positive function f , as introduced in (30), and a positive constant α such that the following inequality is
verified:

f ′′ rð Þη r; tð Þ þ f ′ rð Þ ∂rη r; tð Þ−η r; tð Þ1
r

� �
þ f rð Þ ∂rη r; tð Þ1

r
−η r; tð Þ 1

r2

� �
≤−αf rð Þ; ∀ r; tð Þ∈ 0;1ð Þ � Rþ; ð31Þ

then the following dissipation inequality holds along the solutions to (27), (28), (29):

_Vu≤−αV x r; tð Þð Þ þ ∫ 1
0 f rð Þ∂r η r; tð Þuð Þx r; tð Þdr; ∀t∈ℝþ: ð32Þ

The previous result is a dissipative condition from which input-to-state stability properties have been derived in Bribiesca
Argomedo et al. (2013) when input disturbances are defined by actuation errors or estimation errors of the safety profile for the
PDE (27) with the boundary conditions (28). Moreover, it is used in Bribiesca Argomedo et al. (2013) for the safety factor profile
control for the Tore Supra tokamak. Using this design, some experiments have been performed in Mavkov et al. (2018) for the TCV
L-mode discharges.

ISS of hyperbolic equations has been studied for various applications, including traffic control as in Yu and Krstic (2022, Chap.
11.5). See also Zhang et al. (2021) where the Aw-Rascle-Zhang model for the macroscopic traffic flow dynamics is recalled, which
reads for all ðr; tÞ∈ ½0; L� � Rþ as

∂tρðr; tÞ þ ∂rðρðr; tÞvðr; tÞÞ ¼ 0;

∂t v r; tð Þ þ p ρ r; tð Þð Þð Þ þ v r; tð Þ∂r v r; tð Þ þ p ρ r; tð Þð Þð Þ ¼ V ρðr; tÞð Þ−vðr; tÞ
τ

;

8<
: ð33Þ

where L is the length of the road segment, ρ : ½0; L� � Rþ→R is the vehicle density, v : ½0; L� � Rþ→R is the average speed, and p ρð Þ
is an increasing pressure function. The constant scalar τ is the relaxation term related to the driving behavior, and V ρð Þ is the speed-
density fundamental diagram. See Yu and Krstic (2022, Chapter 1) for more details on this model. Eq. (33) is a system of two
quasilinear balance laws for the traffic on a road segment. Considering boundary feedback controls and interconnecting the traffic
Eq. (33) on a freeway traffic network with N segments yields a quasilinear hyperbolic system of size 2N. Considering a
suitable constant steady state of the flow on this network, linearizing the dynamics along this equilibrium, and using an
appropriate change of variable denoted x, the following 2N-order linear hyperbolic system of balance laws is derived in Zhang
et al. (2021):

∂txðr; tÞ þ Λ∂rxðr; tÞ ¼Mxðr; tÞ þ b; ∀ðr; tÞ ∈ ½0; L� � Rþ; ð34Þ
where Λ is a diagonal invertible matrix in R2N�2N , M is a matrix in R2N�2N and b is a constant bias vector in R2N . The boundary
conditions are written as

xinðtÞ ¼GxoutðtÞ þ θðtÞ; ∀t∈Rþ; ð35Þ
where xin and xout are respectively the input and the output of the system (34) written in Riemann coordinates, G is a control matrix
and θ is a continuous time-varying disturbance with values in RN . Using a Lyapunov function candidate of Bastin and Coron
(2016), the following result is obtained in Zhang et al. (2021):

Theorem 10 Under suitable assumptions, the system (34) with the boundary feedback condition (35) is ISS with respect to the inputs b and
θðtÞ.More specifically, there exist β ∈ KL and γ ∈ K∞ such that, for any initial state x0 ∈ L2ð0; 1Þ, for all b∈R2N, for all continuous function
θ : Rþ→RN, the solution x of (34) and (35) with xð0Þ ¼ x0 satisfies, for all t≥0
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∥x ⋅; tð Þ∥L2ð0;1Þ≤β x0L2ð0;1Þ; t
� �þ γ sup

0≤τ≤t
j ∥b∥; ∥θ τð Þ∥ð Þj

� �
: ð36Þ

Let us emphasize that the assumptions needed in the previous theorem are written in terms of numerically tractable matrix
inequalities. Thus numerical methods are obtained for the design of boundary controllers of traffic flow in a network, as done for
experiments on the Fourth-Ring road of Beijing, China (see Zhang et al., 2021).

Conclusion

This chapter discusses the notion of input-to-state stability (ISS) for distributed parameter systems. We focus on the Lyapunov
theory including characterizations of the ISS in terms of ISS Lyapunov functions, as well as Lyapunov-based small-gain theorems.
We recall dissipative sufficient conditions for ISS of some classes of infinite-dimensional systems, such as those modeled by
parabolic equations or hyperbolic systems. We could not cover in this short introductory article the broad palette of the theoretic
foundations and applications of the ISS theory. For a comprehensive overview of ISS including small-gain theory for analysis of
networks, and for many more references, we refer to the survey (Mironchenko and Prieur, 2020) and monographs (Karafyllis and
Krstic, 2019; Mironchenko, 2023). For the ISS theory of linear infinite-dimensional systems, we refer to Schwenninger (2020), for
the ISS of delay systems (which are an important special case of the distributed parameter systems that we considered in this
article), we refer to a recent survey (Chaillet et al., 2023).

Acknowledgments

The work of the second author is supported by MIAI Grenoble Alpes (ANR-19-P3IA-0003).

References

Bastin, G., Coron, J.M., Hayat, A., 2021. Input-to-state stability in sup norms for hyperbolic systems with boundary disturbances. Nonlinear Analysis 208, 112300.
Bastin, G., Coron, J.M., 2016. Stability and Boundary Stabilization of 1-D Hyperbolic Systems. Springer.
Bribiesca Argomedo, F., Prieur, C., Witrant, E., Bremond, S., 2013. A strict control Lyapunov function for a diffusion equation with time-varying distributed coefficients. IEEE

Transactions on Automatic Control 58 (2), 290–303.
Bribiesca Argomedo, F., Witrant, E., Prieur, C., 2014. Safety Factor Profile Control in a Tokamak. Springer.
Chaillet, A., Karafyllis, I., Pepe, P., Wang, Y., 2023. The ISS framework for time-delay systems: A survey. Mathematics of Control, Signals, and Systems. 1–70.
Curtain, R., Zwart, H., 2020. Introduction to Infinite-Dimensional Systems Theory: A State-Space Approach. Springer.
Dashkovskiy, S., Rüffer, B., Wirth, F., 2010. Small gain theorems for large scale systems and construction of ISS Lyapunov functions. SIAM Journal on Control and

Optimization 48 (6), 4089–4118.
Dashkovskiy, S., Mironchenko, A., 2013. Input-to-state stability of infinite-dimensional control systems. Mathematics of Control, Signals, and Systems 25 (1), 1–35.
Jacob, B., Mironchenko, A., Partington, J.R., Wirth, F., 2020. Noncoercive Lyapunov functions for input-to-state stability of infinite-dimensional systems. SIAM Journal on

Control and Optimization 58 (5), 2952–2978.
Jacob, B., Nabiullin, R., Partington, J.R., Schwenninger, F.L., 2018. Infinite-dimensional input-to-state stability and Orlicz spaces. SIAM Journal on Control and Optimization 56

(2), 868–889.
Jacob, B., Partington, J.R., 2004. Admissibility of control and observation operators for semigroups: A survey. Current Trends in Operator Theory and its Applications.

Birkhäuser Basel. pp. 199–221.
Jiang, Z.P., Mareels, I.M.Y., Wang, Y., 1996. A Lyapunov formulation of the nonlinear small-gain theorem for interconnected ISS systems. Automatica 32 (8), 1211–1215.
Karafyllis, I., Krstic, M., 2019. Input-to-State Stability for PDEs. Cham: Springer.
Kawan, C., Mironchenko, A., Zamani, M., 2023. A Lyapunov-based ISS small-gain theorem for infinite networks of nonlinear systems. IEEE Transactions on Automatic Control

68 (3), 1447–1462.
Kellett, C.M., 2014. A compendium of comparison function results. Mathematics of Control, Signals, and Systems 26 (3), 339–374.
Koga, S., Krstic, M., 2020. Materials Phase Change PDE Control & Estimation. Springer.
Lhachemi, H. Prieur, C., 2024. Saturated control of partial differential equations, under progress.
Mavkov, B., Witrant, E., Prieur, C., et al., 2018. Experimental validation of a Lyapunov-based controller for the plasma safety factor and plasma pressure in the TCV tokamak.

Nuclear Fusion 58 (5), 056011.
Mironchenko, A., 2023. Input-to-State Stability: Theory and Applications. Springer Nature.
Mironchenko, A., Prieur, C., 2020. Input-to-state stability of infinite-dimensional systems: Recent results and open questions. SIAM Review 62 (3), 529–614.
Mironchenko, A., Wirth, F., 2018a. Characterizations of input-to-state stability for infinite-dimensional systems. IEEE Transactions on Automatic Control 63 (6), 1602–1617.
Mironchenko, A., Wirth, F., 2018b. Lyapunov characterization of input-to-state stability for semilinear control systems over Banach spaces. Systems & Control Letters 119,

64–70.
Mironchenko, A., Wirth, F., 2019. Non-coercive Lyapunov functions for infinite-dimensional systems. Journal of Differential Equations 105, 7038–7072.
Miyadera, I., 1992. Nonlinear Semigroups. American Mathematical Society.
Pisano, A., Orlov, Y., 2017. On the ISS properties of a class of parabolic DPS’ with discontinuous control using sampled-in-space sensing and actuation. Automatica 81,

447–454.
Prieur, C., Mazenc, F., 2012. ISS-Lyapunov functions for time-varying hyperbolic systems of balance laws. Mathematics of Control, Signals, and Systems 24 (1-2), 111–134.
Schwenninger, F.L., 2020. Input-to-state stability for parabolic boundary control: Linear and semilinear systems. Control Theory of Infinite-Dimensional Systems. Springer.

pp. 83–116.
Showalter, R.E., 2013. Monotone Operators in Banach Space and Nonlinear Partial Differential Equations. American Mathematical Society.
Shreim, S., Ferrante, F., Prieur, C., 2022. Input-output stability of a reaction diffusion equation with in-domain disturbances. In: Proceedings of the IEEE Conf. on Decision and

Control (CDC), Cancun, Mexico, pp. 403–408.

Input-to-State Stability of Infinite-Dimensional Systems: Foundations and Present-Day Developments 159

Author's personal copy

http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref1
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref2
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref3
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref3
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref4
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref5
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref6
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref7
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref7
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref8
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref9
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref9
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref10
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref10
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref11
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref11
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref12
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref13
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref14
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref14
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref15
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref16
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref16
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/otherref0005
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref17
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref17
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref18
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref19
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref20
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref21
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref21
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref21
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref22
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref23
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref24
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref24
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref25
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref26
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref26
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref27
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/otherref0010
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/otherref0010


Sontag, E.D., 1989. Smooth stabilization implies coprime factorization. IEEE Transactions on Automatic Control 34 (4), 435–443.
Sontag, E.D., Wang, Y., 1995. On characterizations of the input-to-state stability property. Systems & Control Letters 24 (5), 351–359.
Tucsnak, M., Weiss, G., 2009. Observation and Control for Operator Semigroups. Birkhäuser Basel.
van Neerven, J., 1995. Exponential stability of operators and operator semigroups. Journal of Functional Analysis 130 (2), 293–309.
Yu, H., Krstic, M., 2022. Traffic Congestion Control by PDE Backstepping. Springer.
Zhang, L., Luan, H., Lu, Y., Prieur, C., 2021. Boundary feedback stabilization of freeway traffic networks: ISS control and experiments. IEEE Transactions on Control Systems

Technology 30 (3), 997–1008.
Zheng, J., Zhu, G., 2018. ISS with respect to in-domain and boundary disturbances for a generalized Burgers’ equation. In: Proceedings of the IEEE Conf. on Decision and

Control (CDC), Miami Beach (FL), USA, pp. 3758–3764.

160 Input-to-State Stability of Infinite-Dimensional Systems: Foundations and Present-Day Developments

Author's personal copy

http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref28
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref29
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref29
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref30
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref31
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref32
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref33
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/sbref33
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/otherref0015
http://refhub.elsevier.com/B978-0-443-14081-5.00066-0/otherref0015

	Cover
	Input-to-State Stability of Infinite-Dimensional Systems: Foundations and Present-Day Developments
	 Key Points
	 Introduction
	 General Definitions
	 General Techniques for ISS
	 Direct Lyapunov Results
	 Converse Lyapunov Theorem
	 Semigroup and Admissibility Methods

	 Interconnections of Input-to-State Stable Systems
	 Applications and Further Studies
	 Conclusion
	 Acknowledgments
	References


