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Abstract

This chapter addresses the problem of control design for infinite-dimensional systems in the presence of an input saturation. The
investigated systems are modeled by partial differential equations (PDEs) under either in-domain or boundary control. We cover classes
of parabolic and hyperbolic PDEs such as reaction-diffusion equations (typically heat equations), wave equations, and also the Korteweg-
de-Vries equation (used in the modeling of fluid dynamics). The considered control inputs act in a nonlinear fashion on the system
dynamics due to saturation effects (that is a limitation of the amplitude of the input). The reported control design procedures directly
address these nonlinearities for solving the associated stabilization problems. Depending on the particularly studied class of PDEs,
different stability results are reported such as local exponential stabilization with estimation of the basin of attraction or global
asymptotic stability properties.

Key Points

Different classes of infinite-dimensional systems are considered,

Both boundary controls and in-domain controls are designed,

Neglecting the saturation in the input control can lead to instability of closed-loop systems,

(Local/global) asymptotic stability could be obtained depending on the class of systems and the control problems.

Introduction

Many practical applications, such as the control of flexible structures, boundary control of fluids in open-channel, or control of
bioreactors, require to consider models described by distributed parameter systems written in terms of nonlinear partial
differential equations (Luo et al., 1999). For such models, a linearization-based approach is very often efficient to design local
controllers. However, even for finite-dimensional systems, neglecting nonlinearities, typically the saturation effects in the control
inputs, can lead to instabilities (Campo and Morari, 1990). This chapter presents recent control methods to compute saturated
controllers for important and various classes of parabolic and hyperbolic PDEs. Depending upon the addressed problem, either
local or global stabilization can be achieved along with different speeds of convergence.

We consider first in Section “Reaction-Diffusion Equation” the case of reaction-diffusion equations for the design of
stabilizing saturated controllers. Different measurement cases modeled by unbounded operators are considered, namely:
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Dirichlet and Neumann traces. For both cases, observer-based output feedback controllers are designed so that the origin of the
closed-loop systems is locally exponentially stable with estimation of the domain of attraction.

Then the wave equation, as an example of an hyperbolic system, is considered in Section “Wave Equation”. The control is either
an in-domain input or a boundary input. The impact of the input saturation on the closed-loop system behavior is studied. A
distinguished feature is that, although the closed-loop system is globally asymptotically stable, the origin is not exponentially stable.

Finally, we consider in Section “Korteweg-de-Vries Equation” the case of a nonlinear PDE, namely: the Korteweg-de-Vries
(KdV) equation. Both in-domain and boundary saturated controllers are designed so that the origin of the closed-loop systems is
globally asymptotically stable.

Reaction-Diffusion Equation
We consider in this section a parabolic PDE with a saturated control through a bounded input operator. The output operator is

unbounded as it captures either a Dirichlet or a Neumann boundary measurement. More precisely, the considered reaction-
diffusion equation, generalizing the heat equation, is described by

z(t, x) = (p(¥)zx (8, x))x + (9, — g (x))z (6, x) + b(x)sat (u(t)) (1a)
cos (80)z (t, 0) — sin (6)z(t, 0) = 0 (1b)
cos(61)z(t, 1) + sin(6;)z,(t, 1) = 0 (1¢)

2(0, x) = 2o () (1d)

for times t > 0 and for a spatial variable x in (0, 1). Here we have 8,, 6, in |0, %], pin%2([0, 1]) withp(x) > 0 forallx in[0, 1], ¢
in #°([0, 1]) with g(x) > 0 for all x in [0, 1], ¢, in R, and the function b is in I?(0, 1). Note that, to keep the exposition as
concise as possible, we focus here the presentation to 6y, 6; € [0, %]. More general settings can be studied as done in Lhachemi
and Prieur (2025). The input u (t) in R is the control input while z (¢, -) in L? (0, 1) is the state of the reaction-diffusion PDE. The
control is subject to a saturation mechanism described as

. <s,
sat (o) = a. if lo] <s
sign(o)s else. 2)
where s > 0 is the so-called saturation level.

Remark 1. Note that other saturation mechanisms can also be considered instead of the localized saturation function defined by (2). For
instance, papers Slemrod (1989), and Lasiecka and Seidman (2003) deal with the L? saturation denoted by sat,2 and defined for any o in
12(0, 1) by

o(x) ifllollz,1y <s
satip (o) (x) = o (x) else
o120 1) 3)

Even if all the different saturation mechanisms are of interest, presenting distinct features, we focus here on the localized
saturation (2) which is generally more relevant from a physical point of view and for practical applications.

The studied system (la)-(1c) can be written in abstract form by considering the Sturm-Liouville operator
.Z: D(/) C I?(0,1) > L?(0, 1) defined by

of = =) +daf (4)

for all f in the following domain

D(«/) = {f € H2(0, 1) : cos(6o)f (0) — sin(6p)f’(0) = 0, cos(6))f (1) + sin(6,)f" (1) = 0}.

Hence, the open-loop system reads

2z, = (= + q.1;2)z + bsat(u) (5a)

z(0, *) = zo. (5b)
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The operator .«7 is self-adjoint and generates a %° semigroup in L[?(0, 1) endowed with its usual inner product
{fr &2y = f; f (x)g (x)dx. As proven in Zettl (2005, Theorem 4.3.1, Page 72), the eigenvalues (1,),s; of .« are simple and
form an increasing sequence with 4, — +o asn — +o. Moreover, the associated unit eigenvectors ®, in L2 (0, 1) form a Hilbert
basis. Consequently, the eigenvalues of the open-loop system (1) (i.e., without any control) are given by (=4, + ¢, )n>1. Note in
particular that if — 4 + ¢, > 0, then the open-loop system is unstable.

The main goal of this section is the presentation of an output feedback control strategy, for either the Dirichlet or Neumann
boundary measurement, that achieves the local exponential stabilization of the system in the presence of an input saturation.
Solutions to both control problems are presented in Section “Saturated Control With Dirichlet Measurement” and Section
“Saturated Control With Neumann Measurement”, respectively.

Saturated Control With Dirichlet Measurement

We first address the case of the measurement of the Dirichlet trace described by

y(0) = z(t, 0). (6)

Owing to the abstract representation of the system dynamics (5a) and the Riesz spectral properties of the Sturm-Liouville
operator, the considered problem is particularly suited for spectral reduction methods. These methods consist in the projection of
the system dynamics in abstract form (5a) into the Hilbert basis formed by the eigenvectors (®,),>; of the Sturm-Liouville
operator .«Z. More precisely, introducing the coefficients of projection z, and b, defined by, for all n > 1,

2, () = (z(t ), Pu)i2(o,1)
b, = (b, q)n>L2(0,l)’
= ¢, (0), (7)

we may infer that the PDE plant (1) along with the Dirichlet measurement (6) can be equivalently rewritten for classical solutions as

2n (1) = (=An + )2n (1) + bysat (u()), n 2 1 (8a)

140} E;l Cnzn (1) (8b)
forall t > 0 with z(t,-) = ¥,51 2, (t) @, where the convergence of the series holds in H2-norm for classical solutions.

Inspired by traditional output feedback control design methods for linear time invariant systems, the adopted control strategy
relies on the combination of a Luenberger-like observer and an estimated state-feedback. More precisely, let § > 0 be defined as
the desired exponential decay rate for the closed-loop system. Let an integer Ny > 1 be such that — 4, 4+ q. <=6 for all
n > Np + 1. This integer represents the number of modes of the open-loop system that are either unstable or stable but slower
that the desired decay rate § > 0, and thus need to be modified by the control strategy. Finally, let an arbitrarily given integer
N = Np + 1 to be selected later. The adopted controller architecture takes the form (Lhachemi and Prieur, 2022a,b):

Zu(t) = (—2An + G)2a () + bysat(u(t)) + zn{§ el (t) — y(t)}, 1<n<Ny
k=1

Za(t) = (mAn + q)2a (1) + § bpesat(u(t)), No+1<n<N
k=1 (9a)

2,(0) =Z20p, 1 <n <N (9b)

No
u(t) = Y k()
I=1 (99)
with Zo, in R the initial conditions of the observer, I, in R the observer gains, and k&; in R the feedback gains.

In order to introduce the theorem, we define the matrices

Ao = diag(—=A1 + oo —An + 4), Bo = [ b1y b | Co = [0 o], K = [ R, ke .

Assuming that b, = 0 for all 1 < n < Nj and that 6, # 0, we can prove that the pair (Ao, Bp) is controllable and that the pain
(Ao, Cyp) is observable. Paralleling what is known for finite-dimensional linear time-invariant systems with saturated controls
(see, e.g., Tarbouriech and Garcia (2011), and Zaccarian and Teel (2011)), the following result can be obtained (see Lhachemi
and Prieur (2023) for details)

Theorem 1. Let p in %([0, 1]) and q in 2°([0, 1]) with p(x) > 0 and q(x) > O for all x in[0,1]. Let 6 in (0, %], 6,in[0, g], q, in R, and
s> 0. Let b in L?(0, 1). For an arbitrarily given 6 > 0, let Ny > 1 be selected such that — A, + g, < — & < 0 for alln > Ny + 1. Assume that, for
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anyl < n < Ny, by # 0. Then, let K in RN and L in RN be such that Ay + BoK and Ag + LCy are Hurwitz with eigenvalues that have a real part
strictly less than — 6 < 0. Then, there exists an order of the observer N = Ny + 1 large enough such that the origin of the closed-loop system composed
of the plant (1) with Dirichlet measurement (6) and the control law (9) is locally exponentially stable in H'-norm with decay rate § > 0 in the sense
that there exists M > 0 such that, for any initial condition zo € D (.o/) of the PDE and any initial conditions Zo, € R of the observer in a suitable
neighborhood of the origin, the classical solution satisfies of the closed-loop system satisfies

5 ()2 28 52
llz(t, ~)II%{1(O,1) + ¥N12,(6)" < Me L(”ZO”?—II(O,I) + E,’:]_lzon]
forall t >0

Remark 2. It is worth pointing out that the full version of the previous theorem, as available in Lhachemi and Prieur (2025), provides a
tractable numerical scheme relying on the framework of linear matrix inequalities (LMIs) for the computation of a suitable order N of the
observer. Furthermore, it provides tools for estimating a subset of the domain of attraction under the form of an ellipsoid defined
through the decision variables of the aforementioned LMIs.

Saturated Control With Neumann Measurement

Consider now the case of the measurement of the Neumann trace:

y (1) = 2:(1,0). (10)

We follow the same procedure as in the previous subsection with the same architecture controller (9). The main difference is

that y (t) is now defined by (8b) but with ¢, = ¢/ (0). Assuming that &, # % it can be shown that the pair (Ay, Co) is observable.
Then, we can infer the following result (see Lhachemi and Prieur (2025) for details).
Theorem 2. Let p in %2 ([0, 1]) and q in #°([0,1]) with p(x) > 0 and q(x)>0, for all x in [0, 1], &, in [0, %), 6,in|0, %], q.inR, ands > 0.
Let b in I*(0,1). For an arbitrarily given § > 0, let Ny > 1 be selected such that — A, + g, < — 8 < 0 for all n > Ny + 1. Assume that, for any
1<n< Ny, by =0. Let K in RN and L in RN be such that Ay + BoK and Ay + LCy are Hurwitz with eigenvalues that have a real part strictly
less than — 8 < 0. Then, there exists an order of the observer N = Ny + 1 large enough such that the origin of the closed-loop system composed of the
plant (1) with Neumann measurement (10) and the control law (9) is locally exponentially stable in H'-norm with decay rate § > 0 in the sense that
there exists M > 0 such that, for any initial condition zo € D (./) of the PDE and any initial conditions Zo, € R of the observer in a suitable
neighborhood of the origin, the classical solution satisfies of the closed-loop system satisfies

(e, g 1) + 001240 < Mem(nzoug,l(oll) + zﬁf_lzoi]

forallt > 0.

Wave Equation

The previous section was dedicated to the study of a class of parabolic PDEs. In contrast, this section is devoted to the case of a
hyperbolic PDE. More specifically, we consider the case of a wave equation. Two types of control mechanisms are considered: first
an in-domain control and then a boundary control. In both cases, we present a solution to the corresponding stabilization
problem in the presence of a saturation.

Wave Equation With a Bounded Control Operator

We start this section by considering the following wave equation with in-domain control:
Zy(t, x) =z (t, x) +u(t, x), t20,x€ (0, 1), (11)
with the following boundary conditions, for all ¢t > 0,
z(t, 0) =0,

z(t, 1) =0. (12)

The initial condition is given, for all x in (0, 1), by
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z(0, x) = zo (x),
z,(0, x) = z (x), (13)

for given functions zy and z. It is noted that the origin z = 0 is an equilibrium for the (uncontrolled) PDE (11) plant. The
objective is to render this equilibrium asymptotically stable by designing an adequate control u in presence of a saturation of the
input.

Remark 3. Note that the “natural space” for studying this wave equation is the Hilbert space H3 (0, 1) x L2 (0, 1) equipped with the inner
product

8

()

Hence, the stabilization problem as defined above is considered for this specific norm.

<(§}[{)> =, r@f @+ [ g0F0ar,
H$(0,1)x1%(0,1) (14)

and the norm

= e pacs [} 1stopas.

H$(0,1)x12(0,1)

In-domain linear control case
Let us point out that, in the linear case (i.e., in the absence of a saturation of the input), a simple negative velocity feedback solves
the stabilization problem. Indeed, given a > 0, the linear control defined by

u(t, x) = —az,(t, x), t=0 , x€(0,1), (15)

applied to the system (11) makes the function

1 (1
Vi= o f @+ ad)dr

2 (16)

decreasing. More precisely, it can be shown that, along the classical solutions' to Egs. (11), (12), and (15), one has:

. 1
Vi=- Io az?dx.

Thus, with a > 0, { is a (non strict) Lyapunov function for the closed-loop system. The exponential stability can be proven
using the Huang-Priiss theorem, see Huang (1985), and Priiss (1984).

In-domain saturating control case
Recall that we are interested in the impact of saturation mechanisms in the application of the control. Hence, the control reads:

u(t, x) = —sat(az,(t, x)), t=z0 , x€(0,1). (17)

Here sat stands for the nonlinear function as defined in (2) with an arbitrarily given saturation level s > 0. Following the
terminology of Marx et al.(2017), we call this nonlinearity the localized saturated map. Putting the wave (11) in closed loop with
the control (17) gives the following dynamics

2 (8, %) = 2xe (8, X) = sat (az, (t, x)) (18)

forallt >0, x in (0, 1). A formal computation of the time derivative of {, defined by (16), along the solutions to the wave PDE
(18) with boundary conditions (12) gives

Vi = jl t (az;)dx
= ) zisat (az;)dx.
To conclude on the possible stability of the closed-loop system using Vi, one needs to handle the nonlinearity zsat (az,).

The first step into that direction is to give a rigorous sense to the above formal computation. This is done by addressing the
well-posedness of the closed-loop system in the following theorem borrowed from Prieur et al. (2016).

! The well-posedness is studied by applying the Lumer-Phillips theorem (see, e.g., Coron (2007, Theorem A.4)).
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Theorem 3. For all a>0 and (zo,z1) in (H?(0, 1) n Hy(0, 1)) x Hy(0, 1), there exists a unique classical solution z:
[0, =) = H2(0, 1) n H}(0, 1) to the Cauchy problem (19).

The proof of this theorem relies on a generalization of the Lumer-Phillips theorem, namely: the Crandall-Liggett theorem. A
precise statement of this theorem can be found in Barbu (1976) (see also Brezis (1973) and Miyadera, (1992, Theorem 4.10,
Page 88) or Showalter (2013, Corollary 3.2)). In order to give an insight of the proof, consider the nonlinear operator

fl_ g
Ml(g) - (fm - sat (ug)]

defined on the domain D (.24) = (H2(0, 1) n H}(0, 1)) x Hj (0, 1). Now, the PDE (18) with the boundary conditions (12) and
the initial condition (13) can be rewritten in abstract form as

d(z _ z(t)
E(zt)(t) = M(zt (t)) ’ (19a)

(Zo=(3) (19b)

The application of the Crandall-Liggett theorem requires to check the two following conditions:

(1) .#4 is dissipative, that is for any two elements (2) and (f] of D(.4),

« <Ml(£) - (j;) (9 ) (g) >H&(0,1)xL2(0,1) -

(2) For all 4 > 0 sufficiently small, the following range condition holds:

D(.4) € Ran(I — AA). (20)

Remark 4. We could also introduce a class of weak solutions to the Cauchy problem (19). As done in Coron (2007, Theorem 2.53,
Page 68), we may prove the existence and unicity of a weak solution to the (18) with the boundary conditions (12) and the initial
condition (13) for all zy in Hy (0, 1) and z in I2(0, 1).

After having addressed the well-posedness issue for the closed-loop system dynamics, the global asymptotic stability of the
origin can be addressed through the following result.

Theorem 4. For any a > 0, the origin of the closed-loop wave PDE (18) along with the boundary conditions (12) is globally asymptotically stable in
the following sense: for all (zo, z1) in (H?(0, 1) N Hy (0, 1)) x H} (0, 1), the classical solution to (18) with the boundary conditions (12) and the
initial condition (13) satisfies, for almost all t > 0,

llz (8, Iipgo.y + N1z (& 20,1y < 2ol 0,1y + ||Zl||L2(o,1)
together with the attractivity property

iz (& oy + Nz (& 2,1y = 0, ast— oo

The proof of the first part of the above theorem relies on the fact that the function V; defined by (16) satisfies Vi < 0, hence is a
weak Lyapunov function. This guarantees the stability of the origin. In order to prove the attractivity of the origin, one has to
invoke LaSalle’s Invariance Principle (Curtain and Zwart,2020, Chapter 11). A key ingredient for applying LaSalle’s Invariance
Principle in the context of infinite-dimensional systems is the necessity to check that the set of solutions is precompact. See, e.g.,
Dafermos and Slemrod (1973) and d’Andréa Novel et al. (1994) for earlier applications of such an approach, as well as Prieur
et al. (2016) for a complete proof of this result.

Since Theorem 4 ensures the global asymptotic stability of the closed-loop wave (18) with the boundary conditions (12), a
natural question is the possible global exponential stability of the origin. However, inspired by the proof of Astolfi et al. (2022,
Proposition 2), we may state the following negative result.

Theorem 5. For any a > 0, the origin of the wave (18) with the boundary conditions (12) is not globally exponentially stable.
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Wave Equation With a Neumann Boundary Control

After having addressed the case of an in-domain control, we now consider the wave equation

zy(t, x) =z (t,x), Vt=20, x€(0,1), (21)
with a Neumann boundary control:
z(t, 0) =0,
zy(t, 1) = u(t), (22)

for all t > 0, and with the initial condition

z(0, x) = z¢ (x),
z¢ (0, x) = z (x). (23)

for all x in (0, 1).

Boundary linear control case
In the linear case (i.e., without saturation mechanism), the control strategy goes as follows. For a given b in R, we define the linear control

u(t) = —bz,(t, 1), x€ (0,1), Vt=0. (24)

In order to study the stability of the resulting closed-loop system, we consider for any positive constant u the following functional:

Vo= <[ [ en 2y + [ e 24
Z_EIOe (zx + 20) x+J-0e (24 — 2¢)%dx | (25)

Along the classical solutions to (18) with the linear control (24) and the boundary conditions (12), we have
Vi = —uVa+ (e (1= b)> — e#(1 +b)2)z2 (1, 1)

Assuming that we select b > 0, it can be seen that there exists u > 0 small enough such that V, < —uVj. Consequently, V, is a
strict Lyapunov function and thus the origin of the closed-loop system is exponentially stable.

Boundary saturating control case
Let s > 0 and consider the nonlinear control u (t) = —sat (bz,(t, 1)), for all t = 0, where sat is the scalar saturation map with level
s defined by (2). Consider again the PDE (21) while the boundary conditions become

z(t, 0) =0,
zy(t, 1) = —sat(bz, (¢, 1)), (26)
for all t>0
Inspired b 007, Sec. 2.4), we introduce H(lo) (0, 1) = {u € H'(0, 1), u(0) = 0} along with the norm

||u||H10) o1 = f; |u']? (x)dx. The notion of classical/weak solutions to the Cauchy problem given by (21) with the boundary
conditions (26) and the initial condition (23) can be done by adapting the approach of the previous subsection.
We are now in position to state the following well-posedness and asymptotic stability result.

Theorem 6. For all b > 0, the origin of the PDE (21) with the boundary conditions (26) is globally asymptotically stable. More specifically, for all
(zo, @) in{(f, g) € H?(0, 1) X H(lo) (0,1) : f'(1) +sat(bg(1)) =0, f(0) = 0}, there exists a unique solution to (21) with the boundary
conditions (26) and the initial condition (13). Moreover it satisfies the following stability property:

[lz(t, )l

oy (01) + [z (¢, ~)||L2(o,1) s ||Zo||u(10) (o1 + ||21||L2(o,1),

for all t > 0, together with the attractivity property
||Z ([, ‘)”“(10)(0'1) + ||Z[([, ’)”LZ(O,I] = 0,a5t > oo,

The detailed proof can be found in Prieur et al. (2016). We provide here some key points. First, the well-posedness of the
Cauchy problem is studied through the introduction of the operator .o% defined by
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-3

with the domain D(.24) = {(f, §) € H2(0, 1) X H(lo) (0,1) : f'(1) +sat(bg(1)) =0,f(0) =0}. It can be shown, by
applying Barbu (1976, Thm 1.3, Page 104), that .¢% is a semigroup of contractions. This essentially requires to prove that .o
is closed, dissipative, and satisfies an adequate range condition. Second, the global stability property is immediately inferred from
the contraction property, which is a direct consequence of the dissipativity of .. Finally, the global attractivity property comes
from proving that the origin of the PDE (21) with the boundary conditions (26) is semi-globally exponentially stable.

As in the previous subsection, in light of Theorem 6, a natural question is to study whether we have the global exponential
stability of the origin of the closed-loop system. In Vancostenoble and Martinez (2000) it is shown that the classical solutions
converge to zero, exponentially fast but not uniformly. In other words, along the solutions to (21) with the boundary conditions

(26), it holds that
z(t)
2, (t)

for all t > 0, but for positive values of ¥ and C that explicitly depend on the W; .. (0, 1) X L. (0, 1) norm of the initial condition.
The previous result is not equivalent to the property of uniform exponential stability of the origin. For a deeper study for the
convergence properties of the closed-loop system in various spaces and for the impact of boundary disturbances on the speed of
convergences, see Chitour et al. (2021). Overall, by adapting the proof of Theorem 5 to the case of unbounded control operator
and using the notion of admissible control operator, we may prove the following result.

< Ce™,
H{ (0,1)x12(0,1)

Theorem 7. For any b > 0, the origin of the wave (21) with the boundary conditions (26) is not globally exponentially stable.

Remark 5. This subsection discussed the Neumann boundary control of a one-dimensional wave equation. The generalization to multi-
dimensional wave equations, with Neumann boundary control in the either linear or saturated case, can be performed using similar
techniques. See for instance Vanspranghe et al. (2023).

Korteweg-de-Vries Equation

In the two previous sections, the objective was to control a linear PDE by means of a saturating control. In this section, we
consider the case of the saturating control of a nonlinear PDE, namely: the Korteweg-de-Vries (KdV) equation. This equation was
introduced in 1895 by the Dutch mathematicians Diederik J. Korteweg and his student Gustav de Vries (Korteweg and De Vries,
1895). We refer the reader to Whitham (2011) for the physical motivation and derivation of this PDE. We also refer to Cerpa
(2014) for a tutorial on different control problems related to the KdV equation. In this chapter we focus on the stability
properties using either boundary or in-domain saturated control.

KdV Equation With In-Domain Control
Let us start by considering the KdV equation subject to an in-domain control.

KdV equation with linear in-domain control
Considering a space domain of length I > 0, let us consider the following nonlinear Korteweg-de Vries (KdV) equation:

ze(t, %) + 2o (t, X) + 2o (8, x) + 2(t, x)2,(t, x) +u(t, x) =0,t20,x € (0, ]), (27a)
z(t,0)=z(t, )=z, 1)=0,t>0, (27b)
z(0, x) = zo(x), x € (0, 1), (27¢)

where z stands for the state and u for the control while z; is the initial condition. The length I > 0 of the spatial domain is known
to play a critical role in the properties of the KdV equation. More precisely, there exist critical lengths

m{,m/w/k,mm{o}},
3 (28)

for which the uncontrolled KdV equation (i.e., when u = 0) presents solutions to the linearized version of (27) for which the
[2(0, 1) norm of the state does not decay to zero.

When considering the nonlinear KdV equation (27), a classical control strategy is given under the form u = a(x)z. We shortly
review here the stabilization results for the resulting closed-loop system (Chu et al., 2015; Tang et al., 2018; Perla Menzala et al.,
2002):
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z(t, x) + 2, (t, X) + 2o (£, %) + 2 (8, X))z, (8, x) + a(x)z(t, x) =0,t20,x € (0, 1), (29a)
z(t,0)=z(t, 1) =z,(t,1)=0,t20, (29b)
z(0, x) = zo(x), x € (0, 1), (29¢)

The following theorem summarizes some of the contributions contained in these papers, where we denoted the first two
critical lengths 1 (i.e., the two first elements in (28)) by 4 and b.

Theorem 8. The following results hold true for (29).

® When (=14 orl=1) and a= 0, the origin of (27) is locally exponentially stable, that is there exist r > 0, M > 0, and > 0 such that the
solutions to (29) issuing from z(0) with ||z (0) |2,y < 7 satisfy, for all t 2 0,

llz (D) l20,0) < Me |2 (0) 112, -
® Foralll > 0, whena > 0 on an non-empty subset of [0, 1], then the origin of (29) semiglobally exponentially stable, that is for all r > 0, there exist
M > 0, and > O such that the solutions to (29) issuing from z(0) with ||z (0)ll;2 (o) < 7 satisfy, for all t 2 0,

llz () 120y < Me ]2 (0) ll2(0, -

KdV equation with saturated in-domain control

Let us now focus on the case of a saturating control acting though a bounded control operator on the KdV equation. To simplify
the presentation, we will consider the case where the function a4 in (29) is a constant. The localized control is subject to a
saturation map, giving the following closed-loop dynamics:

z(t, %) + 2o (t, X) + zeee (8, X) + 2 (8, X)2y(t, x) + sat(az(t, x)) =0, t=20, x€(0,1), (30a)
Z2(t,0)=z(t 1)=0,t20, (30b)

Z(t,)=0,t>0, (30¢)

2(0, x) = zo(x), x € (0, ), (30d)

where sat is the saturation map defined in (2) for some saturation level s > 0. Note that the case of an L? saturation, as defined in
(3), can also be considered (see, e.g., Marx et al. (2017)).

The study of the well-posedness of (30a) requires the introduction of a suitable concept of weak solutions. This is achieved as
follows. For an arbitrarily given T > 0, let us consider test functions ¢ in C3([0, T] X [0, I]) such that, for all ¢ in [0, T],

Pt 0) =9t 1) =gt 0)=0. (31)

Then, inspired by Coron (2007, Definition 4.1, Page 160), multiplying (30a) by ¢, integrating the obtained equality on
[0, 7] X [0, 1] and using the boundary conditions (30b) and (30c), the initial condition (30d), and (31), we get, for all 7 in
[0, T},

-0 f; (z(t; X) (t, %) — 2(t, X) @ () %) — 2 (L, X) Py (8, X) + 2(1, X) 2 (8, %)@ (1, X) + sat (az, (L, X))@ (1, x))dx dt
+ Jy2(t, 9)@ (7, x)dx— [ 20 (x) @ (0, x)dx = 0. (32)

This identity motivates the introduction of the following definition

Definition 1. Let T>0, zo in [?(0,1). A weak solution to the Cauchy problem (30) is a function z in
C([o, T);L?(0, 1)) n L*(0, T; H'(0, 1)), such that, for every ¢ in C'([0, T] x [0, 1]) satisfying (31), it holds (32) for almost all 7 in [0, T].

With this definition of weak solutions in hands, we can state the following well-posedness result.

Theorem 9. For all T > 0, for any initial condition zq in L? (0, 1), there exists a unique weak solution z in C ([0, T]; L* (0, 1)) n L*(0, T; H*(0, 1))
to the Cauchy problem (30).

This result in proved in Marx et al. (2017) using a two steps procedure. First, the existence of solutions for small times is obtained
following the approach of Rosier and Zhang (2006) and Chapouly (2009). Then, the small times constraint is relieved using a priori
estimates. Once this well-posedness result derived, the global asymptotic stability of the origin can be stated as follows.
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Theorem 10. For any a > 0, the origin of the (30a) with the boundary condition (30b) and (30c) is globally asymptotically stable. More precisely,
there exist a class " function a and a positive value p such that, for all initial condition zq in L2 (0, 1), the weak solution to the Cauchy problem (30)
satisfies, for all t = 0,

Iz N2 0, < a(llz(0) 201 ).
This result is proved in Marx et al. (2017) by following a similar approach to the one employed for the proof of Theorem 6 in

Section “Wave Equation” by proving a semi-globally exponentially stability property as an intermediate step towards the
complete proof.

KdV Equation With a Boundary Control

In this section we now consider the KdV equation with a saturating boundary control:

2t X) + 2o (6, X) + Zewe (6, %) + 22,(, x) = 0, t> 0, x € (0, 1), (33a)
2(t,0)=z(t, ) =0,1> 0, (33b)

2 (t, 1) = sat (bz (1, 0)), t > 0, (33¢)

2(0, x) = zo(x), x € (0, ). (33d)

where b is a positive scalar. The notion of weak solution to the Cauchy problem (33) can be introduced by adapting Definition 1
to (33).

Theorem 11. When 1 is not a critical length (i.e., (28) does not hold) and |b| < 1, the origin of (33) is locally asymptotically stable. To be more
specific, there exist € >0, C> 0 and p> 0, such that for all zo in I*(0, 1), satisfying |lzoll2(,1y < €, the unique weak solution z in
C([0, «), L2(0, )) N L*((0, =), H'(0, 1)) to the Cauchy problem (33) satisfies, for all t 2 0, ||z (t) |20,y < Ce™ |20 l;2(0,p)-

The proof of this result, that can be found in Parada (2022), is based on the following linear version of the KdV equation with
input saturation:

Zi+ 2y + 2y =0,t>0,x€ (0,1), (34a)
z(t,0)=z( L)y=0,t>0, (34b)
z,(t, L) = sat (bz,(t, 0)), t > 0, (34¢)
z(0, x) = zo(x), x € (0, I). (34d)

In this framework, a key element in the proof of the exponential stability is to consider the energy function:

1
E(z) = =llzll;2(0.n-
( ) ) ” ”I (0,1) (35)

Then, for a classical solution to Egs. (33) (or (34)) performing an integration by parts, we get using |b| < 1

= L (sat (b2 (1, 0)))2 — %(zx(t, 0)) < 0.

2 (36)

This formally indicates that the energy is a non-increasing function of time. The proof that the energy decays exponentially to
0 when I ¢ ./ is based on the establisment of the following observability inequality.

Proposition 1. Let L ¢ ./, |c| < 1 and z, in L?(0, I). For any solution z to (34), the following inequality holds:

¢, T,
.[0 z§dx < Cops J.o z; (t, 0)dt, (37)
for some Cy,s > 0 that does not depend on z,.

The proof is available in Parada (2022). Note that another approach to prove the asymptotic stability of (34) is to use
Lyapunov techniques and LaSalle’s invariance principle.
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Conclusion

This chapter presented some design methods of saturated controls for various partial differential equations (PDEs) such as the
reaction diffusion equation, the wave equation, and the Korteweg-de-Vries equation. To solve the different stabilization
problems, both in-domain and boundary controllers are considered. Depending on the closed-loop systems under consideration,
different stability results are obtained, from local exponential stability with an estimation of the basin of attraction to global
asymptotic stability properties. For further studies of saturated control for PDEs and numerical simulations illustrating the
different control objectives, the interested reader is referred to Lhachemi and Prieur (2025).
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