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Robust Stabilization of Chained Systems In the rest of this note, we focus endimensional chained systems
via Hybrid Control with two controls (see [12] for details), i.e., systems described by equa-
tions of the form
Christophe Prieur and Alessandro Astolfi

T1 = Ul T2 = U2 T3 = To2Ulyeeey Ty = Tpe1 U1 (1)

Abstract—The problem of global robust exponential stabilization ofnon- 54 \ye address the problem of robust exponential stabilization in the
holonomic chained systems is addressed and solved by means of a hybrid f | di b d
state feedback control law. It is shown that the control law yields global Présence of measurement errors, external disturbances and actuators

exponential stability and global robustness against a class of small mea- €rrors.

surement errors, actuator noises and exogenous disturbances. We conclude this section noting that chained systems are asymptoti-
Index Terms—Chained systems, exogenous disturbances, hybrid control, cally controllable, thus, by the general results in [15], there exists a hy-
measurement errors, robust stabilization. brid feedback rendering the origin a robustly globally asymptotically

stable equilibrium. In the present work such a feedbaakxdicitly
constructedit is shown that only dinite number of hybrid variables
. INTRODUCTION is needed in the construction and moreover we hexyonentialsta-

The problem of asymptotic stabilization of nonholonomic Systemgilizaﬂon. It is worth noting that the problem of stabilization of non-
and in particular of chained systems, has been widely studied in fiRlonomic systems by means of hybrid control has been also studied in
last decade and several control laws, yielding diverse asymptotic préfl- Therein, the authors usehgsteresis switching logiendering the
erties, have been proposed:; see [8] and the references therein. Orfdlibrium attractive with a robustness property. Note, however, that
contrary, the robust stabilization problem for nonholonomic systemsti switching logic therein depends omysteresis constantvhereas
not yet completely solved. Several attempts have been made to stlitigur context the time between two switches depend only on the mea-
the robustness properties of existing control laws or to robustify givéh"ed state.
controllers [3], [7]. Most of the robust stabilization results and inves- The note is organized as follows. In Section Il, the class of controllers
tigations focus on the problems of parametric uncertainties or modisied in the note is introduced and we present the main result of the
errors, see, e.g., [11] where the problem of local robust stabilizatiBAte, while in Sections Ill and IV a control law robustly exponentially
by means of time-varying control laws have been studied; [7], whestabilizing system (1) is described. Section V contains the proof of the
a similar problem has been addressed using the class of discontinu®@#? result. Finally, Section VI summarizes the main contributions of
control laws introduced in, e.g., [1] and [6], where several types of hiis work.
brid control laws have been used to achieve local robustness against
unknown parameters or unmodeled dynamics. On the other hand, the II. CLASS OF CONTROLLERS ANDMAIN RESULT
fundamental problems of robustness in the presence of sensor noise, e controllers under consideration admit the followin L

) . . g description
ternal disturbances and actuator disturbances have been only parti s”é/e [4] and [16)):
addressed; see, e.g., [3] and [17]. '

These problems are of special interest and relevance whenever dis-
continuous control laws are employed, as for such control laws classical
robustness results and Lygpuno_v theory are not directly appli_cable; Sv%ﬁeresd evolves in the finite set {1,2}: R™ x {1,2} — R? is con-
however, [10], where a discontinuous control law, possessing a L)fla-uous in for each fixeds,, ka: R” x {1,2} — {1,2} is a function

.- . . W dy Rd. . )
punov stability property, has been constructed. Following the line 8?1ds* is defined, at this stage only formally, &(t) = lim.; sa(s)
research started in [1], we make use of a special class of discontinu‘:_ucj)s d ' ' o<t '

control laws, and we show how, adding a proper modification togetherr this tq make sense, we equip {1,2} with th? dlscrgte topology, i.e.,
every set is an open set. The above controller is hybrid due to the pres-

with a hybrid variable it is possible to obtain a closed-loop system nce of the discrete dynamics.of. Denoting withf: R x R? — R"

with global stab|I_|ty properties and Wh'.Ch is globally robust agaln%i]e function defining the right hand-side of the differential equations
measurement noises and exogenous disturbances. The controller gﬂn'we can rewrite (1) as

struction proposed in this note takes inspiration partly from the r
sults in [14], and partly from the results in [17]. In the former, a hy-
brid control law achieving robust stabilization of the so-called Art-
ftelln <t:|rcle h?s btetev\r; prOp?ST?; whetLeas the I"at:jerl provtldehs sorrgje bf”rlls{ﬁis note, we are interested in a notion of robustness to small noise.
00'S 1o construct two control 'aws, the so-ca'lecal controeran '{o this end, consider two functionsandd satisfying the following
global controllerthat, together with the hybrid dynamics, yield a robus . : e o "

resgularlty assumptions andd are in£5;.(R" x [0, +oc); R™), and

closed-loop system. Note, finally, that the main result of the note rellere continuous in € R" for eacht € [0, +oc). We introducé these

on the general result_s in [13], which is however nqt directly applicab finctions as a measurement noisend an external noiséand define
because of the special nature of the system considered.

the perturbed system with given by (2), i.e.,

w=k(x,sq) sa=ka(x,sy) )

i = f(x,u). 3

& =f(x(t),k(x@)+e(x(t),t),sa(t))) + d(x(t),)

. . . . sa(t) = ka (x(t) + e (x(t).t), 55 (t)). 4
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[5] and [16]). Hence, we rewrite the definition given in [14] and we

introduce a nonempty s&C strictly included inR™ x {1, 2}.

Definition 2.1: GivenT > 0, (z0,s0) € R" x {1,2}, we say
that (X',S¢) is asolution starting from(xo, so), of (4) on[0, T') if the
following holds.

1) The mapX is absolutely continuous dn, T').

2) For almost alk in [0, T), we haveX (t) = f(X(t), k(X (t) +

G(X(t),t), Sd(ﬂ) + d(){(t)?t)'
3) Forallt € [0,T) such that X (¢),S4(¢)) is in RC, the mapS,
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moreover we aim at achieving robust asymptotic stability rather
than asymptotic stability.
We define the local controller in Section IlI-A and the global one in
Section IlI-B. We join the domain of definition of this feedbacks by
means of a hysteresis, as detailed in Section IV, and finally we prove
Theorem 1 in Section V.

I1l. COMPONENTS OF THEHYSTERESIS

A. Local Controller

is right-continuous at.

4) For allt € (0,T) such thatS} (¢t) exists, one has$,(t) =
k(X (1) + e(X(1).1). 57 (t)).

5) X(0) = xo andSq(0) = ka(zo + e(z0,0), 50).

Consider (1) and the control law: R™ — R? defined by

ui(x) = —a

In this context, the definition of global exponential stability can be g () = pows + ps 2 +p4% + o+ pa % (7)
given as follows (we denote the usual Euclidean nornm [py “ 1 1
Definition 2.2: Lete andd be two functions satisfying our standingwith the p; such that the matrix
regularity assumptions. The origin of the system (4) is said to be a
globally exponentially stable equilibriumn R™ if the following two p2t+1l ps pa Pn—t Pn
properties hold. -1 2 0 0 0
* For every {o,50) in R™ x {1, 2}, there exists a solution of (4) A= 0 -13 0 0
starting from {o,s0). Moreover, all maximal solutions of (4) are : o : :
defined On[(), +OO) 0 0 0 -1 n—1

* There exist® of classK.. andC > 0 such that, for allr > 0
and for all ¢o,s0) in R™ x {1,2} with |zo| < () and for all
maximal solutions X ,S,) of (4) starting from £o,s0), one has

is Hurwitz. (A simple analysis shows that the eigenvalues of the matrix
A can be arbitrarily assigned by a proper selection of the coefficients
pi). Let P = PY > 0 be such that? P + PA < 0, and letz be a

Xt <re™ Vi 0. (5) variable inR U {+oc} defined by
As we are interested in a notion of robustness with respect to small z=z(x) = YT PY, ifx; #£0
noise, we introduce the following. — 4 oo, if 2, =0 8)

Definition 2.3: The controller(k, k4) is arobustly globally expo-
nentially stabilizing controllefor (1) if there exists a continuous func-for all = in R™, with ¥ € R"! defined byY = Y(z) =
tion p: R” — R, such that, for all: # 0, p(x) > 0, and such thatfor [(zs/2) (x3/23) -+ (z. /2?7, Ve € R™, 21 # 0. Lete and
any two functions: andd satisfying our standing regularity assump+: R" x [0, +o0) — R" be two perturbations satisfying our standing
tions and regularity assumptions. The closed-loop system in consideration in
this section is the system

sup le(x,.)| < p(.c),esssupRZO |d(z, )| < p(x) (6)

R>o

b= f (e ue+ o) +d ©

for all z in R", the origin of (4) is a globally exponentially stable equi- .
Iibriunfon R g @ g yexp y q and for such a system the following statement holds.

The problem of global robust exponential stabilization, in the pre%;_Lemma 3.1:There exists a continuous f}‘“ﬁ“‘f’“ R—R Sat'f'
ence of small measurement and external noises, is solvable. N9 p!(E) >0, v¢ 7& 0, such that for alk, d R™ x [0, +00) — R
Theorem 1: There exists a hybrid controlléi, kq),k: {1,2} % satisfying our standing regularity assumptions and
R™ — R? andkq: R” x {1,2} — {1, 2}, which is a robustly globally
exponentially stabilizing controller for (1).
Remark 2.4: Some observations are in order. for all z in R", and for allz, satisfyingz(zo) < M, there exists
1) In[17, Prop. 3], for any sufficiently small disturbances, the core Carathéodory solutiodX of (9) starting fromz, and all such
troller renders the origin of the perturbed closed-loop system &arathéodory solutions are maximally defined/@m-o).
tractive and locally stable. In Theorem 1, imposing more struc- Moreover, there exists a functidn of classK ., andC' > 0 such
ture on the perturbations we obtain a global result. that, for allr andA/, and for alke, satisfying|xo| < 6;(r) andz(zo) <
The hybrid controlletk, k4) can be explicited (see Section V). M, we havel X (t)| < »v/Me~* andz(t) < Me~*, forallt > 0.
Note also, that, to prove Theorem 1, we need to define two con-Remark 3.2: Lemma 3.1 states that, for ady’ > 0, the region
trollers: the “local controller” and the “global controller”. The z(x) < M is robustly forward invariant, i.e., it is positively invariant
local controller is continuous oR™ \ {«1 = 0}, therefore itis inthe presence of a class of measurement and external noise. Moreover,
necessary taseanother controller (the global controller) on aany trajectory in such a region converges exponentially to the origin.
neigborhood of x1 = 0} (more precisely on a cone) andde- Note that a somewhat simpler and local version of Lemma 3.1 has been
fine an adequate switching strategy. givenin [17]. o
The idea ofswitchingbetween docal and aglobal controller Proof of Lemma 3.1:To begin with note that the Carathéodory
to achieve stabilization in the large has been advocated in seeonditions are met for system (9). Therefore, we have the existence of
eral papers, and typically in the context of stabilization of ura unique forward Carathéodory solution of (9) for any initial condition.
stable equilibria of mechanical systems. Note, however, that inLetz in R" be such that; # 0. Let us impose that; (€) < [¢]/2,
the present context the distance between the sets in which the€ R. The function: — Y (2)” AT PY () is continuous orfiR” \
local and the global controllers are defined is always zero, afd, z1 = 0}. As a result, there exisig andC > 0 such that for all

(10

supgo le(. )] < pr(a ), esssupgg ld(. )] < pila)

2)

3)
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perturbations satisfying (10), we have< C) (YT (x)ArPY (x) + IV. DEFINITION OF THEHYBRID CONTROLLER
Y7 (x)PAY (2)). Thisimplies withA” P+ PA < 0 and the positivity
of P, the existence of two real numbers > 0 andCs > 0, such that
2 < —Cy[Y]? < —Csz. Therefore, there exists a functign such
that, for alle andd satisfying our standing regularity assumptions an
(10), along all Carathéodory solutions of (9) the variahlaence, the
variableY’, converges (exponentially) to zero.

Furthermore, due to (8) and the positivity Bf there exist<y >
0 such that, for alk, |z2|/|z1| < Cav/z,---, and|z, |/|z.|" 7 <
C4+/z. Thus, by (1) and (7), along all Carathéodory solutiangends
exponentially to zero.

We conclude that choosing the functipn R — R, sufficiently
small and satisfying. (&) > 0, V¢ # 0, the properties of stability and

In this section, we define the hybrid controller robustly stabilizing
system (1). To this end, for any strictly positive real numbéy we
gefine the subsdis of R” as

Ty =A{z,21#0, 2 < M} 14)

wherez is defined by (8). In the three-dimensional case, these sets
are cones with axig: and are symmetric with respect {f&; = 0}.

Let Ms > --- > M, > 0. For simplicity, in what follows, for all

i €{1,...,6},wedefinel’; := I'y,. The hybrid controlle(k, k) is
defined making a hysteresis betwegrand«, onI's andl's, i.e.,

attractivity, for all perturbations satisfying (10), are established, and - n 2
: E:{1,2} xR" - R
this completes the proof of Lemma 3.1. O )
(8d4,2) —ug(x), fsqg=1,21#0
B. Global Controller 0, ifsa=1,21=0
Let z > 0 and consider the control law, defined orR™ by ug(x), if sa=2 (15)
Fg:R" x {1,2} = {1,2}
tig =1 wusg = —ps. (11) (z,8q4) — 1, if z € T',U {0}
. . . . . . . Sds If X € F5 \ 1"2
The closed-loop system in consideration in this section is .
2, if v ¢ s U{0}. (16)
= f(z,ug{z+e))+d (12)
and for such a system the following statement holds. V. PROPERTIES OF THESOLUTIONS AND PROOF OFTHEOREM 1

Lemma 3.3: There exists a continuous functipn: R” — R sat- A, Properties of the Solutions
isfying p,(x) > 0, Vx # 0, such that, for any initial condition, all
perturbed systems (12), wherandd are two functions satisfying our
standing regularity assumptions and (6) witk= p,, admit a unique
Carathéodory solution, defined for al> 0.

Moreover, there exists a functidy of classKC.. such that, for any
r > 0 andforanyM > 0, there existsatimé, = T,(M, 6,(r)) such

In this section, we study some properties of the solutions of all per-
turbed systems (4) in closed-loop with the hybrid controller (15) and
(16). To this end, consider the s&fS; .o = clos(I'3) \ '}, Xz =
clos(T's) \ T'4, the set (see [14] for a similar, yet simpler, situation)

that, for all Carathéodory solution¥ of (12) with initial condition RC=R" x{1.2}\ (21*2 x {2} UEQ—’l X {1}> : 17)
xo With |zo| < 84(r), one hase(X(¢)) < M forallt > T,, and ) )
IX(H)] < r, forallt < T,. Letp: R" — R be a continuous function such that
Remark 3.4: Lemma 3.3 states that, for any > 0, the trajectories o forallz # 0, p(x) > 0;
of (12) enter the region(x) < M in finite time, while remaining * we have
bounded up to this time. o
Proof of lemma 3.3:To begin with note that, by the regularity p(x) < pi(x1), Yo € Tq (18)
assumptions or andd, (12) satisfies the Carathéodory conditions. p(z) < pg(x), Vo € R" \ Iy (19)

Therefore, there exists a unique forward Carathéodory solution of
(12) for any initial condition. Moreover, a direct integration of the Wherel)l andpg are defined in Lemma 3.1 and Lemma 3.3, re-

closed-loop system (3)—(11) yields spectively;
« the following implication holdsy: € {1,---,5}, Ve € R",
i (t) =210 + t 7o (t) = wo0e ™" le] < p(x)
,T‘3(f) =230 + lﬂ(l — C_IM), ‘
I x+e) <M= z(x) < Mitq; (20)
. _ - rjot" !
n (1) = Z (n —j)! « the following implication holdsy: € {2,---,6}, Ve € R,
=3
. ., - le| < pla):
+ Z (—1)J7 l20t717]+
— WP —j+ 1) Hxde) > M = z(a) > M. (21)
(—1)" a0 —ut . L . .
+ (1 =e™"). 13) Let e andd be two functions satisfying our standing regularity as-

i sumptions and (6). To begin with, we show that (4) has a solution for

As a resulfim,— . =(f) = 0, so there exists a finite tim,, > 0 any initial condition (the proof.is similar to the proof qf [14, Prop: 6].
(minimally defined) such that(t;,y) < M. Moreover, for anyC' > Lemma 5.1: For all (xo. s0) in R" x {1,2}, there exists a solution
0, and by (8) and (13)I" = sup{t? o, |+(0)| < C} is finite, and this Of (4) starting from(xo, 5o).
implies the stability property as stated in Lemma 3.3. Finally, iNsensi-z | ihe forthcoming discussion, for a given sub8eof R, the closure, the

tivity with respect to small perturbatiorsandd satisfying (6) results interior and the boundary @ are denoted aslos(€), intQ andds2, respec-
from the right-continuity of (12). O tively.
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To describe further properties of the trajectories of the considerednclusions of Lemma 3.1 (#4(c) = 1) orof Lemma 3.3 (ifS.(c) =

system, we need to recall the definitionsafitchtime.

Definition 5.2: AmapSq: [0,7) — {1, 2} is said to have awitch
at timet if S is not continuous at. Let (X, S4) be a solution of (4)
and consider the problem of locating the points whgfemay have a
switch. To address this problem, for &lin (0,T°), consider the sets

)
n—oc

ST(t) = {s c 3t € [to t].tn — . Saltn) —>5}

Sh(t) = {s 23, €8,T),t, . t,Sq(tn)

2). As a consequenc@; = +oc.
To complete the proof of Lemma 5.5, note that, fortali [0, +c),
Sq(t) = 1 (resp.Sq(t) = 2) implies, by (16), thafX (¢) + e(X (¢),t)
isinT'5 (respectively, not if'2) and thus, by (6), (20) and (21X (¢)
isinTs (respectively, notid;). g
Remark 5.7: An interesting consequence of Claim 5.6 is that, along
any trajectory of the perturbed system, there are strictly less than four
switches. 3

B. Proof of Theorem 1

With the aid of such sets it is easy to provide some properties of trajecExistence of solutiorfsllows from Lemma 5.1 anchaximalityfrom

tories with aswitch as detailed in the following statement.
Lemma 5.3: Let (X, S4) be a solution of (4) such thaf; has a
switch at timet € (0,7).
« If the switch is such that € S;'(¢) and1l € S%(t), thenX (¢)
isin CIOS(F3) \ T.
« If the switch is such that €
isin ClOS(F(,) \ L.

4'(t) and2 € S%(t), thenX (¥)

Lemma 5.5.

Global Stability: Let » > 0 and consider perturbations d:
R™ x R>o — R" satisfying our standing regularity assumptions
and (6), for allx in R™. Let (X,S,) be a solution of (4) with
|X(0)] < min(8;(r),64(r)), and defined orj0, +oc). To prove the
global stability property, we now show that, for al>> 0

As a third result, we can prove that, as usual, maximal solutions of (43 (t)| < max (7'\/ Me. v, 6 (1) Ms, 6, (VMer),

must blow up if their domains of definition are bounded.

Lemma 5.4: Let (X, S4) be a maximal solution of (4) defined on

[0,T). Supposé’ < +oo, thenlim sup, . | X (t)| = 4o0.

57t (5;1(\/my-)) M) (24)

To this end, note that, by Lemma 5.5, only three cases may occur.

We conclude this series of preliminary results, by discussing the be-

havior of the solutions between switches.

Lemma 5.5: Let (X, S4) be a maximal solution of (4) defined on

[0,T). Then,T = +oc and only three cases are possible.

1) There exists no switch anll is a Carathéodory solution of (9)

on|[0, +o0c) and remains if's.
2) There exists a time in (0, +oc) such that
« the mapX is a Carathéodory solution of (12) @i o) and
isnotinl'y;
« the mapX is a Carathéodory solution of (9) da, +o0)
and remains ifs.
3) There exists two switches ando in (0, +00), such that
« the mapX is a Carathéodory solution of (9) ¢t o) and
remains inls;
« the mapX is a Carathéodory solution of (12) ¢my, 02)
and is not inl"y;
« the mapX is a solution of (9) offo2, +oc) and remains in
Ts.

1) Suppose Case 1 of Lemma 5.5 holds. Then, by Lemma 3.1 and
(14), (24) holds.

2) Suppose Case 2 of Lemma 5.5 holds. Then, by Lemma 3.3, we

haveo < T,(Mi,64(r)) and thus (24) holds for allin [0, o).

Moreover, for allt in [¢, +oc), X is a Carathéodory solution of

(9) such thatX (¢)| < &(6; *(r)). Thus, we conclude (24) by

Lemma 3.1.

Suppose Case 3 of Lemma 5.5 holds. Then, Lemma 3.1

implies (24), for all ¢ in [0,01). Moreover, for all ¢

in [o1,02), X is a Carathéodory solution of (12) such

that |X (o) < 6,(6,'(v/Mgr)). Thus, by Lemma

3.1, (24) holds for all¢ in [o1,02). Finally, for all ¢ in

[¢2,+0), X is a Carathéodory solution of (9) such that

X (o) < &(87"(6;"'(v/Msr))). Hence, one has (24) by

Lemma 3.1.

Global Exponential Attractivity:Let us prove that there exists a

3

~

function R: R — R of classK .. such that, for all> > 0, for all

perturbationg, d: R" x R>, — R" satisfying our standing regularity
assumptions and (6) and for &)X, S,) solutions of (4) with X (0)| <
min(é; ' (r), 6, ' (), we havd X (t)| < R(r)e™“",Vt > 0. To prove
this, by Lemma 5.5, only three cases may occur.
1) Suppose Case 1 of Lemma 5.5 holds. Then, by Lemma 3.1 and
(14), we have, for alt > 0, | X (¢)| < rv/Mse=C".
2) Suppose Case 2 of Lemma 5.5 holds. Then, by Lemmar 33,
T,(M,,64(r)). Moreover, for alk in [0, o], | X (t)| < r, and for
0 (22) allt > o, |X(8)] < 67" (r)y/Mge™ 7).
3) Suppose Case 3 of Lemma 5.5 holds. The inequidityr ()| <
0. (23) r/Ms and Lemma 3.3 yields — oy < T, (M, r/Ms). More-
over due to Lemma 3.1;(0) < M andz(o1) > My, we
haves, < (1/C)In(Ms /M), and, for allt > o2, | X (¢)]| <

Proof of lemma 5.5:To begin with, we establish the following
fact.
Claim 5.6: There cannot exist two consecutive switchesrs such
that2 € 57 (01),1 € Sh(01) and2 € Sh(o2).
Proof of Claim 5.6: Suppose the conclusion of Claim 5.6 does
not hold. Then, by Lemma 5.3 (s1) € clos(I's) \ I'1, X(02) €
clos(T's) \ T4 and, by (14)

M, <Z(X(0'1)) S Ms or X (0‘1) =
My < Z(X((TQ)) < MsorXi(o2) =

Moreover, by Definition 2.154(¢) = 1 for all ¢ in (o1, 02). There-
fore, by (15),X is a solution of (9) or{s1,s2) and, by (16),X(¢) + 57 (5;1(7.\/m))\/m670(t7n)_
e(X(1),)isinL; and, thus, by (20)X () isinI's, foralltin (01, 02). 15 immediate to infer the robust global exponential stability property

Note now that condition (18) implies that the conclusions of the global stability and the exponential attractivity.
Lemma 3.1 hold, hence, by (22); is forward invariant. Therefore

z(X(02)) < M3, and this contradicts (23). d
We are now ready to prove that = +oco. For, suppos&’ < +oo,

then by Claim 5.6 and (15) there exists< T such thatX is a solution The problem of global robust exponential stabilization of nonholo-

of (9) (if Sa(o) = 1) or of (12) (if Sa(s) = 2) on[o,T). However, nomic chained systems in the presence of sensor noise and external

by Lemma 5.4]im sup,_r | X (¢)] = 400, and this contradicts the disturbances has been addressed. It has been shown that the problem is

VI. CONCLUSION
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solvable by means of a simple hybrid control law, i.e., it is possible to Nonregular Feedback Linearization:
achieve global exponential stability of the zero equilibrium in the pres- A Nonsmooth Approach

ence of (small) perturbations vanishing at the origin. The control law

retains the basic properties of the discontinuous control laws proposed Zhendong Sun and S. S. Ge

in [1], namely exponential convergence rate and lack of oscillatory be-

havior. The results presented in this note are based on the general theo
developed in [15]. In this respect, the main contribution of this wor

r
K A}lbstract—ln this note, we address the problem of exact linearization via
nonsmooth nonregular feedback. A criterion of nonregular static state feed-

is to_s_‘h_ow that, for a large class o_f _nonhOK_’nomiC systems, a rpbusélé/ck linearizability is presented for a class of nonlinear affine systems with
stabilizing control law can be explicitly designed, and it is possible to control inputs, and its application to nonholonomic systems is briefly
obtain explicit bounds on the admissible perturbations. discussed.
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