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In-domain stabilization of block diagonal infinite-dimensional
systems with time-varying input delays

Hugo Lhachemi, Christophe Prieur, Robert Shorten

Abstract—This paper is concerned with the in-domain stabilization of
a class of block diagonal infinite-dimensional systems in the presence
of an uncertain and time-varying delay in the distributed control input.
Two actuation schemes are considered. The first one assumes a control
input that is fully distributed over the domain. The second one assumes
that the control input is finite-dimensional, acting over the domain via a
bounded operator. In both cases, the control design strategy consists in
a predictor feedback law synthesized on a finite-dimensional truncated
LTI model capturing the unstable dynamics of the original infinite-
dimensional system. The predictor feedback law is designed based on
the knowledge of the nominal value of the uncertain and time-varying
input delay. In the second actuation scheme, the case of distinct input
delays in the different scalar control input channels is considered.

Index Terms—Delayed distributed actuation, partial differential equa-
tions, predictor feedback law.

1. INTRODUCTION

Stabilization of open-loop unstable partial differential equations
(PDEs) in the presence of delays, either in the control input [5],
[10], [12], [13], [16]-[21] or in the state [4], [6]-[9], [15], [23],
is an active topic of research. In this paper, we are focused on
the first class of problems. Two types of approaches have been
developed for the boundary stabilization of PDEs in the presence
of arbitrarily large delays in the control input. The first approach
relies on backstepping transformations. Such a control design strategy
was reported in [10] for the boundary feedback stabilization of an
unstable reaction-diffusion equation under a constant input delay.
More recently, a second approach taking advantage of the predictor
feedback strategy for finite-dimensional LTI systems was reported
in [20] for the same problem. In this work, the predictor feedback
law is designed on a finite-dimensional truncated model capturing
the unstable modes of the distributed parameter system. The stability
analysis of the resulting closed-loop infinite-dimensional system was
carried out via a Lyapunov-based argument. The same approach was
reused in [5] for the boundary stabilization of a linear Kuramoto-
Sivashinsky equation under constant input delay. This approach was
then generalized to a class of diagonal infinite-dimensional systems
in [12], [16] for constant input delays and then in [13] for fast time-
varying input delays. It is worth noting that the above approaches
apply for boundary control inputs only. Very few reported works
deal with the in-domain stabilization of partial-differential equations
in the presence of a long delay in the control input. One recent
work, reported in [21], tackles this problem for an open-loop unstable
reaction-diffusion equation with Dirichlet boundary conditions and a
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constant delay in the in-domain control input. The control scheme
assumes that the control input is fully distributed, i.e. can be used to
freely impose, at any point of the domain, a desired value. The pro-
posed control design strategy employs a backstepping transformation
that leads to the occurrence of kernel functions presenting singular
points inducing technical difficulties in the analysis.

In this context, the objective of this work is to develop a control
strategy for the stabilization of block-diagonal infinite-dimensional
systems in the presence of uncertain and time-varying delays in the
in-domain control input. Two control schemes are considered. The
first one assumes a fully distributed control input, i.e. a configuration
that allows to freely impose the value of the command input at any
point of the domain. The second one assumes that the actual control
input is finite dimensional and applies to the domain via a bounded
operator. In the latter configuration, we further consider the case of
distinct uncertain and time-varying input delays in the different scalar
control inputs. In both configurations, the control design is performed
on a finite number of modes of the distributed parameter system while
the residual infinite-dimensional dynamics remains uncontrolled. The
subsequent controller takes the form of a predictor feedback law
designed based on the nominal value of the uncertain and time-
varying input delay [13], [14]. The obtained results are applied to the
in-domain stabilization of a reaction-diffusion equation with Robin
boundary conditions and also to the stabilization of a wave equation
presenting a Kelvin-Voigt damping parameter.

This paper is organized as follows. The investigated control prob-
lem setting is introduced in Section II. The case of a fully distributed
control input is discussed in Section III while the case of a finite-
dimensional control input acting via a bounded operator is described
in Section IV. Finally, concluding remarks are provided in Section V.

II. PROBLEM SETTING

The sets of non-negative integers, positive integers, real, non-
negative real, positive real, and complex numbers are denoted by N,
N*, R, Ry, R%, and C, respectively. The real and imaginary parts
of a complex number z are denoted by Re z and Im z, respectively.
The field K denotes either R or C. The set of n-dimensional vectors
over K is denoted by K" and is endowed with the Euclidean norm

|lz|| = vz*x. The set of n x m matrices over K is denoted by
K"*™ and is endowed with the induced norm denoted by || - ||. For

any symmetric matrix P € R**", P > 0 (resp. P = 0) means
that P is positive definite (resp. positive semi-definite). The set of
symmetric positive definite matrices of order n is denoted by S;*.
For any symmetric matrix P € R"*", \,,,(P) and Ay (P) denote
the smallest and largest eigenvalues of P, respectively. The range
of an operator in denoted by R(:). For any to > 0, we say that
@ € C°(R;R) is a transition signal over [0,t0] if 0 < ¢ < 1,
<p|(7oo’0] =0, and W|[t0,+oo) =1.

A. Block diagonal operators

In this work, H denotes a separable Hilbert space over the field
R. Note that the presented results also apply, in a straightforward



manner, to complex Hilbert spaces provided the slight modifications
of the LMIs of this paper via the procedure described in [13, Cor. 2].

Definition 1: (IL,,),>1 € L(H)N is said to be a (finite or infinite)
Sfamily of complete orthogonal projections if

1) (I1,)2 =11, for all n > 1;

2) (Ipz,y) = (x,Ipy) forallm > 1 and all z,y € H;

3) IL,IL,, = 0 for all n # m;

4) z=> o pz forall z € H.
We say that (An)n>1 € L(H)Y is compatible with the family of
complete orthogonal projections (IL,)n>1 if

AL, =11, An 1)

foralln > 1.

In the context of Definition 1, we have that ||z[|> = > ., [T 2?
for all z € H. In this paper, we extensively use the following lemma
which is a slight and straightforward variation of [11, Lem. 2.1].

Lemma 1: Let (An)n>1 € [,(’H)N which is compatible with
(IL)n>1 € E(’r'-l)N a family of complete orthogonal projections. We
assume that there exists g € C°(R4;R) such that'

le™ "L | < g(2) @
forallt > 0 andn > 1. Then T (t) defined, for all t > 0 and z € H,

by
T(t)z = Z e, 2

n>1

3)

is a Co-semigroup on H whose infinitesimal generator is given by

.AZ = Z AanZ (4)
n>1
for any z € D(A) with
DA)=zeM > [Anll2]* < o0 5)
n>1
B. Problem setting
In this work we consider the abstract system
dX
= —AX
i AX + f (62)
X(0) = Xo (6b)

where, under the assumptions of Lemma 1, A4 takes the form (4)
of the infinitesimal generator of the Cp-semigroup 7'(t) given by
(3). The structure of the control input f € Ll (R ;H), which will
present a delay, will be specified later. Here Xy € H represents the
initial condition. Then the mild solution X € C°(Ry;H) of (6) is
given by

X(t)=T(t)Xo + /Ot T(t—s)f(s)ds.

We introduce z,(t) = II,X(t) and we have that | X(¢)|> =
oy lza(@®)])?. From (1) and as An,II, € L(H), we have
eI, = [,e"t. Then we infer from II,, € L(H) and I1,,11,,, =
0 for n # m that

zn(t) = ILT(t) Xo + /Ot IL.T(t —s)f(s)ds

t
= Z HnHmeAMtXO + / Z H'ILH'meAM(tis)f(S) ds

m>1 0 m>1

'In [11, Lem. 2.1], this assumption is replaced by |leAnt|| < g(t) for
all t > 0 and n > 1. However, as H% = II,, the proof reported in [11,
Lem. 2.1] also applies in a straightforward manner to the setting used in this

paper.
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t
= A L, X + / eA"(tfs)an(s) ds
0

t
=iy, (0) + / eA”(tfs)an(s) ds @)
0

forall n > 1 and ¢t > 0.

III. FULLY DISTRIBUTED CONTROL INPUT

In this section, we consider the case of a fully distributed control
input. Specifically, we consider the abstract boundary control system
(6) with f(t) = u(t — D(t)) where u(t) € H is the control input
with u(7) = 0 for 7 < 0 and D(t) € [Do—6, Do+ 4] is an uncertain

and time-varying control input delay. Thus, the studied system takes
the following form:
dX
X(0) = Xo (8b)

A. Main result

The main result of this section is the following theorem.
Theorem 1: Let Do, to > 0 be given. Let (Ay)n>1 € L(H)Y be
compatible with (T1,)n>1 € L(H)Y a family of complete orthogonal
projections. We assume that there exists No > 1 such that:
o dn =dim(R(Il,)) < oo for all 1 <n < No;
o there exist M > 1 and o > 0 such that ||e*"'T1,|| < Me™ 7"
foralln> No+1andt > 0.
We denote by T (t) the Co-semigroup defined by (3) and we consider
A its associated infinitesimal generator given by (4). For all 1 <
n < Ny, we define
o B, = (en,i)1<i<d, an orthonormal basis of R(11,);
o A, € R&Xn the matrix of Anl g, : R(In) — R(Iln) in
the orthonormal basis By

o A=diag(As,..., An,) € R where d = SN0 d,.
We constrain the structure of the control law as follows:
No dp No
u(t) = 3 uni(t)ens € @) RAL). )
n=11=1 n=1
Introducing
Z(t) = [71(t) Za(t) Tny ()] € R,
a(t) = [w(t) wa(t) un, (1)) e R
with

o, (1)) €R™,
T
U‘"vdn (t)] € Rdn

Zn(t) = [wn1(t)
Un(t) = [un,1(t)

and x,(t) = 2721 Zn,i(t)en,1, the control input takes the form

oK {eDO%(t) + /t t

_D0

Tn,2 (t)
un,z(t)

a(t) =) A%(s) ds} (10)
where ¢ € C°(R1;R) is a transition signaliover [0,t0] and K €
R¥X s a feedback gain such that Aq = A + K is Hurwitz. Let
§ € (0, Do) and k € (0,0 be such that' the LMI ©,,(5,k) < 0 is
feasible, where

0u(6, k) = (11)

P, + M Po+ P/ M P, —P) +M'Ps §P) N
PL—P+P'M —P3s — P +26Q 5PN
SN P, SN Py —fe 2P0y

2See notations at the beginning of Section II
3The considered LMI is always feasible for sufficiently small values of
§ > 0 and k > 0. See Appendix and [13, Lem. 2] for details.
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with M = Aq and N = eP4K, for some P1,Q € S;* and
P>, Ps € R4X4. Then there exists Co > 0 such that, forany Xo € H
and any D € C°(R4;R) with |D — Do| < 6, the mild solutions of
(8) with command input u given by (9) satisfy

X @)1+ [lu(@)]] < Coe™ ™[ Xoll

Sforall t > 0.

Proof. First, since A,, is bounded, we have ||e"*IT,,|| < ell4nlI*
for all 1 < n < Np and t > 0. Since we assumed that |e*»‘TL,, || <
Me™7" for all n > No + 1 and ¢t > 0, we have the existence of a
continuous function g such that (2) holds. Thus the conclusions of
Lemma 1 apply.

As D(t) > Do — ¢ > 0, the well-posedness of the closed-loop
system with u € C°(R;H) is a straightforward consequence of the
application of the steps method and the fact that the solution of the
fixed-point equation (10) is uniquely defined with @ € C°(R; Rd)
and u(7) = 0 for 7 < 0; see [1] for details.

From (7) and (9), we have for all t > 0 and all 1 < n < Ny that

t
Tn(t) = e'7,(0) + / ey, (s — D(s))ds.
0

As uy, and D are continuous, we infer that x, is continuously
differentiable and satisfies the ordinary differential equation (ODE)

T (t) = AnTn(t) + Tn(t — D(t))
for all ¢ > 0. Thus we have
Z(t) = AZ(t) + u(t — D(t))

for all ¢ > 0. The application of Theorem 3 reported in Appendix
shows that ||Z(t)|| + |[u(t)|| < Cie™"t||z(0)]| for all ¢ > 0. Noting
that

No No dn No
2 — 2 2 2
=Y 1 =D Y e = llza ()],
n=1 n=1[l=1 n=1

we infer that

No No
Do lzn @) < CFe > ||l (0)]?
n=1 n=1

and

Now, from (9) we see that II,u(t) = 0 for all n 2 No + 1
and all ¢ > 0. Then we have from (7) that z,(t) = e*"'z,(0) =
eA"tHnwn(O) for all n > No + 1 and all ¢ > 0, where the latter

identity holds because z,(0) € R(II,) and thus II,,z,(0) = z,(0),

hence
> @)

n>Ng+1

<MY [lza(0)].

n>Ng+1

Introducing C> = max(C1, M) > 1 and recalling that 0 < k < o,
we infer from the latter estimates that

IX@IF =D llen@)ll* < C3e> Y [lea(0)]?
n>1 n>1
< Cie X (0
for all ¢ > 0. This completes the proof. |

B. Example of application

We consider in this section the case of the following reaction-
diffusion equation with Robin boundary conditions:

ye(t, ) = ayea(t, ) + by(t, ) + u(t — D(t), ) (12a)
cos(61)y(t,0) — sin(01)y.(¢,0) =0 (12b)
cos(02)y(t, 1) + sin(f2)y.(t,1) =0 (12¢)
y(0,z) = ¢(x), (12d)

for t > 0 and € (0,1). Such a problem was considered in [21]
in the case of Dirichlet boundary conditions and for a controller
designed via a backstepping transformation. Here we have a > 0,
b € R, and 61,62 € [0,27). In this setting, u : [—Dg — 8, +00) X
(0,1) — R with u(¢,-) = 0 for ¢ < 0 is the control input subject
to an uncertain and time-varying input delay D € C°(Ry;R) with
|D — Do| < ¢ and where Dy > 0 and § € (0,Dp) are known
constants. Finally, ¢ € L?(0, 1) represents the initial condition.

The reaction-diffusion system (12) can be rewritten under the form
(8) over the state space ’H L?(0,1) endowed with its usual inner
product (f,9) fo &) d¢. In this setting, X (¢t) = y(¢t,-) € H,

=¢ € H, and Af = af" + bf € H defined on the domain:

: cos(01) £(0) — sin(61) £'(0)
cos(62) £ (1) + sin(62) /(1)

D(A) = {f € H*(0,1)

0,
0}

From the Sturm-Liouville theory (see, e.g., [22, Sec. 8.6]), it is well
known that A is a self-adjoint operator whose eigenvalues (An)n>1
are all real and can be sorted to form a strictly decreasing sequence
with \,, — —oo when n — 400 and associated unit eigenvectors
er can be selected such that (e,),>1 forms a Hilbert basis of H.
Assuming that h; = cot(6;) > 0, standard computations show that
An = b—ar? for n > 1, where (rn)n>1 is the increasing sequence
formed by the (strictly) positive solutions r of
(h1ha — r?) sin(r) + (h1 + ha)r cos(r) = 0.

The corresponding unit eigenvectors are given by e, = ©n/||¢n||
with ¢n (z) = ry, cos(rnx) + h1 sin(r,z).

Then, one can show that A is a Riesz-spectral operator [2,
Def. 2.3.4] and generates a Co-semigroup denoted by T'(¢) [3]. The
result reported in [2, Thm. 2.3.5] shows that 7'(¢) and A can be
written as (3) and (4), respectively with operators A,,IL, € L(H)
given by Anz = A (2,€n) €n and I,z = (2, e,) e, for all z € H.
Moreover, it is readily checked that (A,).>1 is compatible with
the family of complete orthogonal projections (II,,),>1. Furthemore,
noting that e*»*Tl,,z = e** (2, e,,) e, we obtain that |e*»*T1,, || <
e for all t > 0. Then the conclusions of Lemma 1 apply.

We select Ny as the largest integer such that Ay, > 0. Then
we have that d, = dim(R(Il,)) = 1 < 4oo for all n > 1 and
that, as eIl 2 = e*n? (2, €n) €n, ||eA”tHn|| < Mottt for all
n > No+ 1 with Any4+1 < 0. Hence the assumptions of Theorem 1
are satisfied for values of § € (0, Do) and € (0, 0) such that the
LMI O,(4, k) < 0 with M = A and N = K is feasible, assessing
the exponential stability of the resulting closed-loop system.

For numerical computations, we set a = 0.05, b =1, 61 = «/3,
and 03 = 7/10. The nominal value of the delay is set as Dy = 1s.
The first three eigenvalues of A are approximately given by A\ ~
0.8890, A2 ~ 0.2203, and A3 ~ —1.3075. Thus we take No = 2 and
we select the feedback gain as K = diag(—0.5, —0.75) — A such
that the closed-loop matrix Aq = A + K = diag(—0.5, —0.75) is
Hurwitz. The control input takes the form

u(t,z) = ui(t)er(x) + uz(t)ez

(z)



Time, tin [sec]
(a) State y(t,x)

0 2 4 6 8
Time, tin [sec]

(b) Components w1, uz of the distributed command input

Fig. 1. Time evolution of the closed-loop reaction-diffusion system

where u(t) = [ui(t) ug]T is given by (10). The application of
Theorem 1 shows that the closed-loop system is exponentially stable
for § = 0.209. We note that the structure of the obtained controller in
significantly simpler than the one reported in [21] in the special case
of Dirichlet boundary conditions. The reason is that, in the present
work, only a finite number of modes of the original reaction-diffusion
equation are actively controlled.

The numerical behavior of the closed-loop system (obtained based
on the 30 dominant modes of the system) with the initial condition
o(z) = (1 —2z)/2+ 20z(1 — x)(z — 3/5), the time-varying delay
D(t) = 1+ 0.2sin(5t), and the transition signal ¢ over [0, t] with
to = 0.2s and linearly increasing from O to 1 on [0, ¢o], is shown
in Fig. 1. The numerical results are compliant with the theoretical
predictions.

IV. FINITE DIMENSIONAL CONTROL INPUT ACTING VIA A
BOUNDED OPERATOR

In this section, we consider the case of a finite-dimensional control
input acting over the domain via a bounded operator. Specifically,
we consider the abstract boundary control system (6) with f(t) =
>one frur(t— Dr(t)) where fr € H, ur(t) € R is a scalar control
input subject to an uncertain and time-varying input-delay Dy (t) €
[Do,k—0k, Do, +0%]. We assume the system uncontrolled in negative
times, i.e. u(7) = 0 for 7 < 0. Thus, the studied system takes the
following form:

m

dd—)t((t) — AX(H) + ;fkuk(t — D(®)) (13a)
X(0) = Xo (13b)
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A. Main result

The main result of this section is the following theorem.
Theorem 2: Let Dy 1, to > 0 be given. Let (Ay)n>1 € L(H)Y be
compatible with (I1,)n>1 € L(H)Y a family of complete orthogonal
projections. We assume that there exists No > 1 such that:
o dn =dim(R(Il,)) < oo for all 1 < n < No;
o there exist M > 1 and o > 0 such that ||e”"*T1,|| < Me™ 7"
foralln> No+1andt > 0.

We denote by T'(t) the Co-semigroup defined by (3) and we consider
A its associated infinitesimal generator given by (4). For all 1 <
n < No, we define
o Bn = (en,1)1<i<d, an orthonormal basis of R(Il,,);
o A, € R&Xn the matrix of Anl g, + B(Iln) — R(Iln) in
&e orthonolmal baiis Bn;
o A=diag(A1,...,An,) € R4 ywhere d = Zgil dn;
o B, = (<fk7 e"Lrl))lSlSdn J1<k<m € Rdnxm;
o dxm =T =71 T dxm
« B € R™™ = [Bl BNO] e R™™ whose k-th
column is denoted by Bk.

We assume that the pair (A, B) is stabilizable. Introducing

Z(t) = [71(t)

To(t) Zno (1)) € R

with

Tn(t) = [Tna(t)  Tn2(t) Tn,dy, (t)}T € R

and x,,(t) = " 2 1(t)en, the control input takes the form

P(K {:r(t) +>°
e (15)

where ¢ € C°(R1;R) is a transition signal over [0,to] and K €
R™*? js selected such that Aq = A + >y e PokAB K, is
Hurwitz with Ky € R**? the k-th line of K. Let 6 € (0, Do 1)
and k € (0,0) be such that* the LMI ©4(A, k) < 0 is feasible,
where Oq(A, k) given by (14) with A = (61,...,0m), M = Aa,
and Ny = BpKy, for some Pi,Qy € S:{* and Py, Ps € RI*4,
Then there exists Co > 0 such that, for any Xo € H and any
Dy € C°(Ry;R) with | Dy — Do 1| < 0, the mild solutions of (13)
with command input u given by (15) satisfy

IXO1 + llu@®)] < Coe™™ || Xol|

¢ _
et Pok=A B, (s) ds
t=Do,x

u(t)

forallt > 0.

Proof. The same argument as the one used in the proof of
Theorem 1 shows that 1) the conclusions of Lemma 1 apply; and
2) since Dy(t) > Do, — 6x > 0, the closed-loop system is well-
posed and we have u € C°(R; R™) with u(r) = 0 for 7 < 0.

Setting f(t) = 3 pe, feur(t — Di(t)) with fr € H and ug(t) €
R, we evaluate for 1 < n < Ny the following term:

¢
/ eA"(t_S)an(s) ds

0

t m
— / eA"(tfs)Hn kauk(s — Di(s))ds
0 k=1

t m
_ / An(t=9)
0 k

=1

dn

(Z {fi ent) en,l> uk(s = Di(s)) ds

=1

¢ dp m
= [ S5 Uen) s = Du(a)) e

=1 k=1

4We recall that the considered LMI is always feasible for sufficiently small
values of §;, > 0 and k > 0. See Appendix and [14] for details.
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2Py +M"Py+ Py M P -P + MTPd
Pi— P+ P M —P;— Py +225ka
T
Ou(Ar, 1) = 61N1TP2 SN, P3
52NJ P §2NJ Ps
SmN,! Py Sm N, P3
t dn
:/ eA"(tfs)ZEn,lv s)en, 1 ds
0 =1
where v(t) = [u1(t — Di(t)) U (t — D (t))] € R™ and

B, is the I-th line of B,,. From (7), we have for all ¢ > 0 and all
1 <n < Np that

+ dn
zn(t) = ez, (0) +/ eAn(t=9) Zﬁn,lv(s)en,l ds
0

=1
and thus
_ t _
Zn(t) = e*'T,,(0) +/ e IR, v(s)ds.
0

As v is continuous, we infer that T, is continuously differentiable
and satisfies the ODE

Zn(t) = AnZn(t) + Bro(t)

for all £ > 0. Then we have

= Az(t) + i Bru(t — Di(t))

k=1

Z(t) = AZ(t) + Bo(t)
for all ¢ > 0. The application of Theorem 4 reported in Appendix
shows that |Z(t)|| + [lu()|| < Cre™"*||Z(0)]| for all ¢+ > 0. Noting
that

No dn No
[Iz(t) Z [Za @I =D > leaa@®)* = lea (@),
n=1[=1 n=1

we infer that

No No
Do llea @ < Gy flaa(0)
n=1 n=1

and

lu@®)ll < Cre™™ )2 < Cre™™ || Xol-

Z [l (0

Now, from (7) and recalling that H% = II,,, we have for all n >
No + 1 and all ¢ > 0O that

lzn(t)]| < Me™||zn (0)]
t m
n M/ e TS I fillJuk (s — Di(s))| ds
0 k=1

As u(t) = 0 for t <0, we note that

Jur(t = Di(8))] < Ju(t = De(®)]] < Cre™ "~ PE| x|
< Cae ™| Xol|

for all ¢ > 0 with C2
obtain that

[l (8]

C1 exp (Fi max {Do kAt 5k}> Then we

5
51 Py Ny 52 Py No SmPs Ny ]
51 Py Ny 52 P5 Ny SmPs Ny,
—(516_2ND0’1Q1 0 e 0
0 —(526_2KD0‘2Q2 P 0
0 0 75,—,1672”[)0"’” Qum
(14)

m t
< Mem 7 zn (0)] +M022||ank\le_”/ el77% ds || Xo|
0

k=1

—0o MC2 - —K
< Me™ " lan(O)| + =D I fille™™ | Xo|
k=1

where we used 0 < k < 0. Consequently we have

Y llza @)l

n>Ng+1

<2MeT* N (0

n>NU+l

2mM C —2kK
L S S A

k=1n>Ng+1

<2MPe N [2a(0))

n>No+1
2mM?3C2 &

(72:”]‘:@”2 e |1 Xoll*.

Introducing the constant C'3 > 1 defined by

+

2
Cg = max (CIQ,QMQ) QmM 02 Z kaH

we obtain that, for all ¢ > 0,

IXW1* =" lza@)|* < CFe™ || X(0)].

n>1

This completes the proof. (]
B. Example of application

We consider a clamped flexible string described by
yu(t, ) = (ayz + Byta)a (t, ) + vy(t, )

+ZCk z)ur(t — Di(t)) (16a)

y(t,0) = y(t, 1) =0 (16b)

y(ov {IJ) = d)l(x)a yt(07 w) = ¢2($), (16¢)

for t > 0 and x € (0,1). Here we have o, > 0, v € R, and
Ce € L?(0,1). In this setting, uy, : [~Dox — 6k, +00) — R with
ug(t) = 0 for ¢t < 0 is the control input subject to an uncertain and
time-varying input delay Dy € C°(Ry;R) with | Dy — Do x| < 4%
and where Do, > 0 and 6x € (0, Do, x) are known constants. Finally,
é1 € Hg(0,1) and ¢2 € L?(0, 1) represent the initial conditions.
The flexible dynamics described by (16) can be rewritten under the
form (13) over the state-space H = Hj (O 1) X L2(0 1) endowed

with the inner product ((gi,h1), (g2, h2)) = fo agh(€)gh(€) +
h1(&)h2(€)dE. In this setting, X(t) = (y(t,-),v:(t,")) € H,
Xo = (¢1,02) € H. fx = (0,¢x) € H. and A(g,h) =

(h, (g’ + Bh') + ~vg) € H defined on the domain:
D(A) = {(g,h) € H : he H(0,1), ag’ + Bh' € H'(0,1)}.



Introducing Ao (g, k) = (h, (g’ + Bh’)’) € H defined on the do-
main D(Ao) = D(A) and L € £(H) defined by’ L(g, h) = (0,vg),
we have A = Ao + L. As 8 > 0, an integration by parts shows
that Ao is dissipative while standard computations yield 0 € p(Ao).
Thus, by the Liimer-Phillips theorem, Ao generates a Cp-semigroup
of contractions. Then A generates a Co-semigroup denoted by T'(¢).

For n > 1 we introduce the vectors

en1 = % %(sin(mr-),()) € D(A),
en2 = V2(0,sin(nz-)) € D(A).

It is readily checked that ey 1,en,2 are unit vectors that satisfy
<en17l176n27l2> = 6(n1,l1),(n2712) € {Ov 1} with 6(711,11)7(712,12) =1
if and only if (n1,l1) = (nz,lg). Then (eml)nZnglSQ is an
orthonormal family of vectors of . Let us check that this family
is also complete. Let (g, h) € H be such that ((g,h), en,;) = 0 for
all > 1and 1 <1 < 2. We deduce that (g',cos(nm)) 2 ) =0
and (h,sin(nm)) 20,y = 0 for all n > 1. Recalling that
{1, v2cos(nm-), n > 1} and {v/2sin(nm-), n > 1} are Hilbert
basis of L?(0,1), we infer that ¢’ is a constant function while
h = 0. As g € Hj(0,1), we have that g = 0. We conclude that
(en,1)n>1,1<i<2 is complete and thus forms a Hilbert basis of #.
Now, we note that

~ — an’m?
vanm
2 2
Aen s = Vanrten,1 — fnnien,s.

-Aen,l =

€n,2,

Then, we can introduce (IT,),>1 € L(H)Y the family of complete

orthogonal projections defined by
Iz = <Zv en»1> én,1+ <Za 67’172) €n,2

and define A,, = II, All,. It is readily checked that (A,)n>1 €
L(H)Y is compatible with the family of complete orthogonal projec-
tions (II),>1. Furthermore, noting that R(Il,) = vect(en,1, €n,2)
is a closed subspace included in D(.A) that is .A-invariant, then [2,
Lem. 2.5.4] ensures that R(Il,) is T'(¢)-invariant and T'(t)| pyy, ) =

eAnlran)t = gAnt for all n > 1 and ¢ > 0. We deduce that

R(I1y)
t)z = T(t) Z I,z = Z T),z = Z e, 2,
n>1 n>1 n>1

which shows that T'(¢) takes the form of (3). Finally, since T'(t)
is a Cp-semigroup, there exist M > 1 and w > 0 such that
IT@®) < Me“" for all t > 0. In particular, [e*IL,||
1T, < ||T(@)|| < Me“* for all t > 0, showing that (2) holds
with g(t) = Me“". The assumptions of Lemma 1 are satisfied and
thus, by uniqueness of the infinitesimal generator, .4 can be rewritten
under the form (4).

We introduce A, € R**? the matrix of An|py,, @ R(Iln) —
R(II,) in the orthonormal basis (en,1,€n,2):

- 0 Vanm
A, = |y — an?r? P
vanm

The characteristic polynomial of A, is given by X2 + gn?n?X +
an?r? —~, showing that A,, is Hurwitz if and only EO[’I’Lzﬂ'Q -y > 0.
Thus, introducing the integer N1 = |£,/Z| >0, A, is Hurwitz for

all n > N; + 1. We now show that there exist constants M > 1 and

5The bounded nature follows from Poincaré’s inequality.
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o > 0 such that [[e”!|| < Me " forall m > Ny + 1 and ¢ > 0.
To do so, we define n = «/(203) and the symmetric matrix

inﬂ 1
1 ﬁnﬂ'
The eigenvalues of P, are given by A\, (P,) = f nm — 1 and

v (Pr) = %nw + 1. Then, considering integers n > \/a/(B7),

P,, is symmetric positive definite. The computation of
7T —
Qn = (Gn,k,1)1<k,i<2 = Ay Pn + PaAn +2nP,

yields

Gn,1,1 = —vant + fmr
2 2
Gn,2,2 = —%n?’ﬁs + 3vanm,
o
qn,1,2 = Qn,2,1 = ﬁn s + — 67 B

In particular, one has

dn,1,1 ~ 7\/577’71- < 07

2 2 4 4
qn,1,14n,2,2 — qdn,1,2 ™~ /B nm > 07

when n — +oo. This shows that there exists an integer No >
Va/(B) large enough such that, for all n > Na, P, is symmetric
positive definite and Q.. is symmetric negative definite. In particular,
defining z,(t) = e?»'z for an arbitrary zo € R?, the introduction
of Vi(t) = 2n(t)T Pozn(t) yields A (Po)|lzn(®)|]* < Vi(t) <
Mz (Po) || zn (8)]|? and Vi, (t) < —2nV;,(t) for all n > Ny and t > 0.
Then, we infer that

At AM(]Dn) —nt ,BNQWJF\/E —nt

for all n > N3 and ¢ > 0. Recalling that A, is Hurwitz for n >
N1 + 1, we have for any N1 +1 < n < Nz — 1 the existence
of M, > 1 and 7, > 0 such that [le?"!|| < M,e ™" for all

¢ > 0. Setting M = max (MN1+1, e M1, %) >1

and 0 = min(nn,+1,.-.,MNy—1,7) > 0, we obtain that ||e*n?|| <
Me ° forallm > Ny +1and t > 0.

For control design, we select an arbitrary integer No > Nj. In
order to apply the result of Theorem 2, it remains to assess that
the pair (A4, B) is stabilizable. We actually show that (A, B) is
stabilizable if and only if, for any 1 < n < Ni, there exists
1 < k < m such that fo Ck(§) sin(nmg)dE # 0. We recall
that (x € L2 (0,1) models the impact of the control input uy on
the system dynamics (16a). Such a result is closely related to the
controllability properties studied in [2, Sec. 4.2]. First, we note that

<fk;en,1> = 07
1
(i ena) = V3 / Co(€) sin(n) dé
0

foral m > 1 and 1 < k < m. We study the existence of
possible common eigenvalues A\ to A,, and Z,H.m for n,m > 1.
In this case, we have A\? + Bn’m’)\ + an’r? — v 0 and
A2+ B(n+m)*m* A a(n+m)?n® —y = 0. The difference of the two
latter identities yields A = —a/ while the substitution of this result
in the former identity gives v = a/32%. Conversely, is v = o2 /32,
then we have A = —a//f3 that satisfies A+ n*n? A +an’m?—y =0
for all n > 1. Overall, the only possible common eigenvalue \ to

A,, and Zn+m for n,m > 1 occurs in the configuration v = o? / ﬁ2
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and is given by A = —a/B < 0, which is stable. Thus, based
on the block diagonal structure of A, the Hautus test shows that
(A, B) is not stabilizable if and only if there exists 1 < n < Ny,
A € C with Re(A,) > 0, and a non-zero = = [z1 ycg]T € R?
such that ' A4, = Az’ and ' B, = 0. If we assume that
[y Ce(€)sin(nm€)d¢ = 0 for all 1 < k < m, then such a z
exists hence (A, B) is not stabilizable. Conversely, if there exists
1 < k < m such that fol Ck(€) sin(nm€) d¢ # 0, then the latter
implies that z2 = 0 and then the former yields \/Emrml = Ax2 =0,
i.e. z1 = 0. We have reached the claimed conclusion: the pair (A, B)
is stabilizable if and only if, for any 1 < n < Nj, there exists
1 < k < m such that [, i (€) sin(nm€) d€ # 0.

For numerical computations, we set « = 0.4, § = 0.05, and
v = 272. We consider two (m = 2) scalar control inputs w1, us
with corresponding distributed actuation (; = 1|[1 /3,1/2] and (2 =
1\[5 17.6/7)" The nominal values of the delays in the two control input
channels are set as Do,1 = 0.3s and Dg 2 = 0.25s. In this numerical
setting, we have N1 = 2, showing that the matrices A,, are Hurwitz
for all n > 3. The eigenvalues of 1) A1; 2) As are approximately
given by 1) 3.7347 and —4.2282; 2) 1.2316 and —3.2055. Then
we set No = 2 for control design. It is readily checked that the
pair (A, B) is commandable. Thus, we compute a feedback gain
K € R*** such that the poles of the closed-loop matrix Aq =
Z+Z;::1 e~ PokA B K, are located at —0.8, —1, —3.2, and —4.2.
The control input takes the form

u(t,z) =ui(t) Uy 59 (@) +u2(t) U, 767 (@)

where u(t) = [ui(t) ug]T is given by (15). The application of
Theorem 2 shows that the closed-loop system is exponentially stable
for §; = 0.053 and J2 = 0.052.

The numerical behavior of the closed-loop system (obtained based
on the 40 dominant modes of the system) with the initial condition
o1(x) = —x(2/3 —2)(1 — z) and ¢2(x) = (1 — exp(—x))/10, the
time-varying delays as depicted in Fig. 2, and the transition signal ¢
over [0,to] with to = 0.2s and linearly increasing from 0 to 1 on
[0, to], is shown in Fig. 3. The numerical results are compliant with
the theoretical predictions.

V. CONCLUSION

This paper discussed the in-domain stabilization of a class of block
diagonal infinite-dimensional systems in the presence of uncertain
and time-varying control input delays. The proposed control strategy
consists in the design of a classical predictor feedback law on
a finite-dimensional truncated LTI model capturing the unstable
dynamics of the original infinite-dimensional system. Compared to
other strategies reported in the literature, which deal with known
constant input delays and that actively control the full dynamics of the
infinite-dimensional system, this approach offers the advantage that
only a finite number of modes of the original infinite-dimensional
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Fig. 3. Time evolution of the closed-loop flexible structure

system is actively controlled, yielding a control strategy with a
lower complexity. Moreover, this approach not only holds for fully
distributed control inputs, but it also applies to the case of a finite-
dimensional control input acting on the domain via a bounded
operator. Finally, this approach also allows the consideration of
uncertain and time-varying input delays, which are possibly distinct in
the different scalar control input channels. The obtained theoretical
results were successfully applied to the stabilization of a reaction-
diffusion equation with Robin boundary conditions and to a clamped
flexible string.



APPENDIX
RESULTS ON THE ROBUSTNESS OF PREDICTOR FEEDBACK LAWS
A. Uniform delay

The following result is extracted from [13].

Theorem 3: Ler A € R™*" and B € R™*™ such that (A, B) is
stabilizable. Let Do > 0 be a given nominal delay and let ¢ be a
transition signal over [0, to] with to > 0. Let K € R™*" be such
that Aa £ A+ BK is Hurwitz. Then, there exists § € (0, Do) such
that for any D € C°(R4;Ry) with |D — Do| < 6, the closed-loop
system given for t > 0 by

#(t) = Ax(t) + Bu(t —
u(t) = w(t)K{ Do,

z(0) = o,
u(r) =0,

D(t)),

CE

—(D0+5) ST

=4 By(s) ds }

<0

with initial condition xo € R"™ is exponentially stable in the sense
that there exist constants r,C1 > 0, independent of xo and D, such
that ||z(t)|| + ||u(®)]| < Cre™"*||zo||. In particular; this conclusion
holds true (resp., with given decay rate k > 0) for any § € (0, Do)
such that there exist P1,Q € St* and Pa, Ps € R™™™ for which the
LMI ©,(6,0) < 0 (resp., ©4(0,k) = 0) holds true with (0, k)
given by (11) where M = A and N = ePABK.

Note that due to the Hurwitz nature of A, the LMI of Theorem 3
is always feasible for sufficiently small values of § > 0 and x > 0.
See [13, Lem. 2] for details.

B. Distinct delays

We have the following result borrowed from [14].

Theorem 4: Let A € R™*™ and B € R™*™ be such that (A, B)
is stabilizable. We denote by By € R" the k-th column of B. Let
Do,ic > 0 be given nominal delays and let ¢ be a transition signal
over [0,to] with to > 0. Let feedback gains K € RY™™ be such
that Aq = A + > e PovAB K, is Hurwitz. We denoted by
K € R™*™ the feedback gain whose k-th line is Ky. Then, there
exist 8, € (0, Do,x) such that for any Dy, € CO(R+;R+) with | Dy, —
Do k| < bk, the closed-loop system given for t > 0 by

Ax(t) + i Brug(t — Di(t)),
k=1

e(t) { +Z / . “DW“Biui(s)s},
0,1

(Do k+0k) <

@(t) =

<0

with initial condition xo € R" is exponentially stable in the sense
that there exist constants k,C1 > 0, independent of xo and Dy, such
that ||z (t)|| +||u(@)|| < Cre”"||zo|| for all t > 0. In particular, this
conclusion holds true (resp., with given decay rate k > 0) for any
0k € (0, Do 1) such that there exist P1,Qy € St* and P2, Ps €
R™ ™ for which the LMI ©4(A,0) < 0 (resp., ©4(A, k) < 0) holds
with ©4(A, k) given by (14) where A = (01,...,0m), M = Aq,
and Nk = BkKk.

Similarly to the case of a uniform delay, the LMI of Theorem 4
is always feasible for sufficiently small values of 5 > 0 and x > 0.

REFERENCES

[1] D. Bresch-Pietri, C. Prieur, and E. Trélat, “New formulation of predictors
for finite-dimensional linear control systems with input delay,” Systems
& Control Letters, vol. 113, pp. 9-16, 2018.

MANUSCRIPT SUBMITTED TO IEEE TRANSACTION ON AUTOMATIC CONTROL

[2] R. F. Curtain and H. Zwart, An Introduction to Infinite-Dimensional
Linear Systems Theory.  Springer Science & Business Media, 2012,
vol. 21.

C. Delattre, D. Dochain, and J. Winkin, “Sturm-Liouville systems are
Riesz-spectral systems,” International Journal of Applied Mathematics
and Computer Science, vol. 13, pp. 481-484, 2003.

E. Fridman and Y. Orlov, “Exponential stability of linear distributed
parameter systems with time-varying delays,” Automatica, vol. 45, no. 1,
pp- 194-201, 2009.

P. Guzman, S. Marx, and E. Cerpa, “Stabilization of the linear Kuramoto-
Sivashinsky equation with a delayed boundary control,” IFAC PapersOn-
Line, vol. 52, no. 2, pp. 70-75, 2019.

T. Hashimoto and M. Krstic, “Stabilization of reaction diffusion equa-
tions with state delay using boundary control input,” IEEE Transactions
on Automatic Control, vol. 61, no. 12, pp. 4041-4047, 2016.

W. Kang and E. Fridman, “Boundary control of delayed ODE-heat
cascade under actuator saturation,” Automatica, vol. 83, pp. 252-261,
2017.

——, “Boundary control of reaction-diffusion equation with state-delay
in the presence of saturation,” IFAC-PapersOnLine, vol. 50, no. 1, pp.
12002-12007, 2017.

“Boundary constrained control of delayed nonlinear Schrodinger
equation,” IEEE Transactions on Automatic Control, vol. 63, no. 11, pp.
3873-3880, 2018.

M. Kistic, “Control of an unstable reaction-diffusion PDE with long
input delay,” Systems & Control Letters, vol. 58, no. 10-11, pp. 773—
782, 2009.

H. Leiva, “A lemma on Cy-semigroups and applications,”
Mathematicae, vol. 26, no. 3, pp. 247-265, 2003.

H. Lhachemi and C. Prieur, “Feedback stabilization of a class of
diagonal infinite-dimensional systems with delay boundary control,”
IEEE Transactions on Automatic Control, in press, 2021.

H. Lhachemi, C. Prieur, and R. Shorten, “An LMI condition for the
robustness of constant-delay linear predictor feedback with respect to
uncertain time-varying input delays,” Automatica, vol. 109, p. 108551,
2019.

——, “Robustness of constant-delay predictor feedback with respect to
distinct uncertain time-varying input delays,” in I/FAC World Congress,
accepted, 2020.

H. Lhachemi and R. Shorten, “Boundary feedback stabilization of a
reaction-diffusion equation with robin boundary conditions and state-
delay,” Automatica, in press, 2020.

H. Lhachemi, R. Shorten, and C. Prieur, “Control law realification for
the feedback stabilization of a class of diagonal infinite-dimensional
systems with delay boundary control,” IEEE Control Systems Letters,
vol. 3, no. 4, pp. 930-935, 2019.

S. Nicaise, C. Pignotti et al., “Stabilization of the wave equation
with boundary or internal distributed delay,” Differential and Integral
Equations, vol. 21, no. 9-10, pp. 935-958, 2008.

S. Nicaise and J. Valein, “Stabilization of the wave equation on 1-D
networks with a delay term in the nodal feedbacks,” NHM, vol. 2, no. 3,
pp. 425479, 2007.

S. Nicaise, J. Valein, and E. Fridman, “Stability of the heat and of
the wave equations with boundary time-varying delays,” Discrete and
Continuous Dynamical Systems, vol. 2, no. 3, p. 559, 2009.

C. Prieur and E. Trélat, “Feedback stabilization of a 1-D linear reaction—
diffusion equation with delay boundary control,” IEEE Transactions on
Automatic Control, vol. 64, no. 4, pp. 1415-1425, 2018.

J. Qi, M. Kirstic, and S. Wang, “Stabilization of reaction—diffusions PDE
with delayed distributed actuation,” Systems & Control Letters, vol. 133,
p. 104558, 2019.

M. Renardy and R. C. Rogers, An introduction to partial differential
equations. Springer Science & Business Media, 2006, vol. 13.

O. Solomon and E. Fridman, “Stability and passivity analysis of semilin-
ear diffusion PDEs with time-delays,” International Journal of Control,
vol. 88, no. 1, pp. 180-192, 2015.

[3]

[4

=

[5]

[6]

[7]

[8]

[9]

[10]

(11]

(12]

Quaestiones

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

(23]



