1322

IEEE CONTROL SYSTEMS LETTERS, VOL. 6, 2022 &L%/ I ECESES

Synchronization of Identical Boundary-Actuated
Semilinear Infinite-Dimensional Systems

Francesco Ferrante
and Christophe Prieur

Abstract—This letter deals with synchronization of
a class of infinite-dimensional systems. The consid-
ered network is described by a collection of semilinear
Lipschitz boundary-actuated infinite-dimensional dynam-
ics. For undirected connected graphs, sufficient conditions
for asymptotic synchronization are established. We show
that the proposed conditions when applied to systems of
hyperbolic semilinear conservation laws can be recast into
a set of matrix inequalities. For this class of systems, suffi-
cient conditions in the form of linear matrix inequalities for
the design of synchronizing policies are provided.

Index  Terms—Synchronization, infinite-dimensional

systems, networks of PDEs, LMIs.

[. INTRODUCTION

HE ANALYSIS of collective behaviors has attracted

a remarkable attention of the control community due
to many applications involving multiple agents interacting
over communication networks, e.g., robotic swarms [1],
power networks [2], sensors networks [3], just to mention
a few. In particular, the analysis of consensus and synchro-
nization has seen an increasing interest in the community.
Theoretical results on synchronization stem from the seminal
work [4] where the case of linear systems was first considered.
Nowadays the case of nonlinear agents has been widely stud-
ied and a variety of approaches have been proposed to tackle
the problem of networks synchronization; see [5], [6], [7].

In the last decade, authors have considered the problem of
synchronization when the nodes dynamics are described by
partial differential equations (PDEs). One of the first works to
consider such a framework is [8] where the author considers
the problem of a sensor network observing a process described
by a PDE. In [9], the same author considers the problem of
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controlling a network of parabolic PDEs and defines a control
architecture based on observers to achieve synchronization.
For the same class of PDEs, the more challenging case of
boundary control has been first considered in [10], [11] for
first-order parabolic PDEs and recently generalized in [12] to
the case of second-order parabolic PDEs. In [13], the author
provides constructive conditions for the design of control, both
at the boundary and in the domain, in networks of linear
infinite dimensional dynamical systems.

In this letter, we formulate the problem of synchronization
for a family of semilinear identical boundary actuated systems
and provide conditions under which output synchronization is
achieved. The proposed conditions are specialized to a class
of hyperbolic semilinear PDEs. Within this setting, we pro-
vide constructive conditions for the design of the coupling
gain based on the solution to some linear matrix inequalities
(LMIs). The contribution with respect to the existing literature
on the subject is twofold: i) we consider semilinear infinite
dimensional boundary actuated systems; ii) we provide gen-
eral sufficient conditions and design oriented conditions based
on LMIs for the case of semilinear hyperbolic systems. The
results obtained are promising and can be extended to other
classes of infinite dimensional systems.

The remainder of this letter is organized as follows. In
Section II, we introduce some preliminary results that are
exploited throughout this letter. Section III establishes suf-
ficient conditions for synchronization for a general class of
Lipschitz nonlinear infinite-dimensional systems with bound-
ary sensing and actuation. In Section IV, the results illustrated
in Section III are specialized to the case of semilinear hyper-
bolic PDE. A numerical example is presented in Section V.
Due to space constraints, a number of ancillary results and
proofs are omitted and can be found in [14].

Il. BASIC NOTIONS AND PRELIMINARIES

1) Notation: R denotes the set of real numbers, R. :
(0, 00), R" is the n-dimensional Euclidean space, R"*™ is the
set of n x m real matrices, ]D)’jlL stands for the set of n x n posi-
tive definite real diagonal matrices, and 1,, € R" is the all-ones
vector. Let X be a normed linear space, x € X, and S C X
be nonempty, d(x, S) denotes the distance of x to S and |x]
is the norm of x. For a symmetric matrix M negative definite-
ness and negative semidefiniteness are denoted, respectively
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as, M < 0 and M < 0. Given a symmetric matrix M € R"*",
Am(M) and Ap(M), denote, respectively, the smallest and the
largest eigenvalue of M. The symbol e stands for symmetric
blocks in symmetric matrices. Let X and Y be normed linear
vector spaces, V : X — Y, and x € X, DV(x) is the Fréchet
derivative of V at x, the symbol Z(X, Y) denotes the set of
bounded linear operators from X to Y, £ (X) = £ (X, X), and
Ix (1) is the identity operator in X (matrix in R"*"). Let X and
Y be Hilbert spaces and T € £ (X, Y), T* denotes the adjoint
of T. Let 7 C R be an open interval and ¥ C R", Lo(%; V)
denotes the collection of equivalence classes of Lebesgue mea-
surable square integrable functions f : % — ¥ and H{(%; V)
is the set of f € Lo(%; V) such that f' € Lo(%; V); where
f’ stands for the weak derivative of f. Let X be a real Hilbert
space and 2 : dom® C X — X be a linear operator, the
notation 2l < 0 indicates that for all x € dom %, (x, 2Ax) < 0.
A selfadjoint operator P : domP C X — X is called coer-
cive if there exists &€ > 0 such that for all x € domP,
(Px,x) > g{x,x). The symbol & stands for the direct sum.
Let X and Y be Hilbert spaces, X @ Y stands for the Hilbert
space (XY, (-, -)), where (-, -) is the “standard” inner prod-
uct on X @ Y, the equivalent notation (x,y) = [}] is used for
vectors in X@Y, and given a positive integer n, X" := @, X.
The notation co €2 indicates the convex hull of the set €.

2) Graph Theory: A communication graph is described
by a triplet G = {V, £, A} in which V is a set of n nodes
V ={v,v2,...,v}, € CV xVis a set of edges ej that
models the interconnection between two nodes with the flow
of information from node j to node k weighted by the (k, j)-th
entry ai; > 0 of the adjacency matrix A € R"*". We denote
by L € R"*" the Laplacian matrix of the graph, with its ele-
ments defined as £y = —ay; for k # j, £y = Z?:l ay; for
k = j. A graph is said to be connected if and only if L has
only one trivial eigenvalue A1(L) = 0 and all other eigenval-
ues A2(L), ..., A,(L) have strictly positive real part; see [15].
We assume the following.

Assumption 1: Given the graph G, we assume that the asso-
ciated Laplacian matrix L is connected and diagonalizable.
Namely, there exists an orthogonal matrix 7 € R"*" such that

0 O1x(m—1)
Om—1)x1 A

where A = diag(Az(L), ..., Ay(L)). In particular, T can be
selected as follows:

Z:TTLT=|:

1
1
T = [jﬁﬂn,M], MM =Ly MMT =1 = 1,1, (1)

3) Abstract Dynamical Systems: In this letter, we consider
semilinear abstract dynamical systems of the form:

¥ =Ax+f(x) 2)

where x € X is the system state, X" is the state space that we
assume to be a separable real Hilbert space, 2 is a linear oper-
ator on X, and f : X — X is globally Lipschitz continuous.
In particular, similarly as in [16], we consider the following
notion of solution to! (2).

In this letter, integrals of Hilbert-space-valued functions are intended in
the sense of Bochner.

Definition 1: A continuous function ¢ : domg — X is a
solution to (2) if dome is an interval of R>¢ including zero
and for all r € dom ¢

t
f @(s)ds € dom2
0

t t
(1) = p(0) + 2 /0 o (5)ds + /O Flo(s)ds

Moreover, we say that ¢ is maximal if its domain cannot be
extended and it is complete if sup dom ¢ = oo.

Definition 2: We say that (2) is well posed if 2 is the
infinitesimal generator of a strongly continuous semigroup
on X.

The following result, whose proof is reported in [14], holds.

Proposition 1: Let (2) be well posed. Then, for any xp € X,
there exists a unique maximal solution ¢ to (2) such that
¢(0) = xp. Moreover, such a solution is complete and it
satisfies:

1
p(t) = T()xo +/ Tt —s)f(p(s)ds  vi=0 (3)
0

where 7 (¢) is the strongly continuous semigroup generated by
2l on X'. In addition, if xg € dom %, then ¢ is a strong solution
to (2). Namely, ¢ is differentiable almost everywhere, ¢ is
locally integrable on Rxg, and ¢(f) = Ae(f) + f(¢(f)) almost
everywhere.

Definition 3: Let S C X be closed. We say that S is glob-
ally exponentially stable for (2) if any maximal solution ¢
to (2) is complete and it satisfies:

d(g(), S) < ke d(p(0),5)  Vi=0
for some (solution independent) A, x > 0.

The result given next, whose proof is reported in [14],
provides sufficient conditions for stability of a closed set.

Theorem 1: Let (2) be well-posed and S C X be closed.
Assume that there exists a Fréchet differentiable functional
V : & — R and positive scalars o1, a2, a3, and p such that
the following items hold:

(i) Forall x e X, a1d(x, S) < V(x) < apd(x, S)
(ii) For all x € dom%, DV (x)(Rx + f(x)) < —a3d(x, S)

Then, S is globally exponentially stable for (2).

4) Kronecker Product for Linear Operators and
Properties: In this letter, we make use of the following
extension of the Kronecker product.”

Definition 4: Let S € RP%? U, V be linear vector spaces,
and IT : U — V be a linear operator. We define:

0 0 S]‘]H S]’QH
sel: (PUu-—>PV.sen:= |21 52,011
i=1 i=1 . sp.0T1

The symbol ® is used in this letter to indifferently represent
the Kronecker product in the classical or operator sense.

2The extension of the Kronecker product in Definition 4 is nothing but the
tensor product of the operators S and IT if one identifies RY @ V= V?, with
vi=l v
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[1l. SYNCHRONIZATION OF ABSTRACT DYNAMICAL
SYSTEMS WITH BOUNDARY INPUTS

We consider a network of n identical boundary-actuated
systems formally written as:

Xi = Ax; + Ef (qi)

sBX,’ZBM,‘
gi = Qx;
yvi=Cx; i=12,...,n 4)

where x; € & is the plant state, u; € R™ the plant input,
and y; € R™ is the plant output. The state space X is a real
separable Hilbert space. The system is defined by the following
operators: % : dom®A — &, B : domB - U, €: dom € —
R Qe XX, Q), ¢ e XE,X), and B : R™ — U{ where
U is a real vector space, Q and & are real Hilbert spaces,
dom2l C dom€ Ndom®B, and f : Q@ — &. The following
assumption is considered throughout this letter.

Assumption 2: The function f : Q — & satisfies the
following conditions:

o f is globally Lipschitz continuous on Q.

o there exists K € Z(Q @ &) selfadjoint such that for all

{1, 00 € Q:
|: -0 :| |:/C11 K12i||: -0 :| -0
f@) —f&) | | K, K|l fC@)—f)]|] —

—————
K

(&)

Remark 1: Assumption 2 is a natural extension to the infi-
nite dimensional case of well known incremental properties;
see, e.g., [17] and [18] just to mention a few notable examples.

Systems (4) exchange their outputs according to a graph G
and the input is designed as a diffusive coupling of the form

n
ui =Ky ey (©)
j=1

where ¢;; are elements of the Laplacian matrix L associated
to G. The choice of (6) is ubiquitous in the finite dimensional
case when agents are, as in our case, identical.

By defining x = (x1,x2,...,%,), the network of (4)
interconnected through (6) can be written as the following
abstract dynamical system:

Xx=Ax+ (I, ® O)F (I, ® Q)x) (7a)

where:
A=,
n
dom A == (@ dom m) Nker((I, ® B) — (L ® BKE)). (7b)
i=1

The following assumption is considered in this letter.

Assumption 3: System (7) is well posed.

Next, we state the main result of this letter.

Proposition 2: Let Assumption 1, Assumption 2, and
Assumption 3 hold. Suppose that there exist o, T > 0, and

P € Z(X,X) selfadjoint and coercive such that for all
ie{2,3,...,n}

Y- [Pm,- + IQ*K11Q + §P|PE + %Q*ICIZ} <0

%]qzﬂ ‘ %’CZZ
dom7Y; :=dom%; ® & 8)
A =2A dom%; := dom®A Nker(*B — A;BKE) (9)

where K;;’s are defined in (5) and A;’s are the nonzero eigen-
values of the Laplacian L, according to Assumption 1. Then,
the closed set

S={xeX":xj=x=" =X} (10)
is globally exponentially stable for (7).
Proof: Let us define the following change of variables:
X > W= W, wa,...,wyp) = (T ®Iy)x (11)

where T is selected as in (1). By construction of 7, it follows
that x € S if and only if for all i = 2,...,n, w; = 0. In
particular, in the new coordinates, d(w,S) = |e|, with e =
wa,...,wy) € X n=1 Focusing on the synchronization error
dynamics e, one gets:

e=Ae+ M @ EF(T R Q)W) (12)

where 2, = P ,A;, domA, = P, dom%;. Bearing
in mind (12), now we analyze the dynamics of w via the
following Lyapunov candidate:

V(w) .= (Pe,e) Ywe X" (13)

with P .= I,,_{ ® P. Notice that since P is a bounded coercive
operator, there exist «y,®p > 0 such that for all w € &A™,
ard(w, S)? = aile]? < V(w) < azle|* = ard(w, S)%. Thus
item (i) of Theorem 1 holds for V. We now show that item
(ii) of Theorem 1 holds. From direct computation of DV, with
a slight abuse of notation, one has that, for all w € O =
(dom 2 N ker B) & dom Ae:

V(w) := DV(e) (mee +MTREF(T® Q)w))
= 2(Pe, Aee + (M ® E)F(T @ Q)W)).

By defining AF := MT QI)F(T®Q)w) and & = (e, AF),
one has T'(w) := V(W) + aV(w) = 2(&, Of), with

© [(In_l ®P)Re 4 §Iyn-1) |1 ® (Pei)]
= 5 5 :

Note that, by rewriting £ as

£ M" ®Iy) 0 X
- 0 MT ®1I¢) || F(UIn ® Q)x)

and by setting
R [Inl ® Q*K1Q|L-1 ® Q*/Clz]
' L1 ®KRLA | L1 ®Kn
in view of [14, Appendix, Lemma 2], we have that

1 Qxi — Qx;
(€.88) =~ - <[f<axl~> —f(éxJ‘)]’

l<i<j<n
’C |: Qx,- - ij' j|>
f(Qx;) — f(Qx))

(14)
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Hence, using (5), for all € € X"~ 1@ &" !, (£, RE) > 0. Then, dom £ = £5((0, 1); R™)  (Qr)(x) = Or(x)
it is readily seen that for all w € O dom @& = £5((0, 1); R™) (€g)(x) := —Eg(x) (18)

T(w) < 2(£, ©f) + T(§, RE) = 2(£, (© + $R)§)
At this stage, observe that:

(Un=1 ® P) e + $1yn-1)|Un—1 ® PE)
0 0
T |: (1 @ KiD)| (1 ® /C12):|
2| Tn-1 ® K| Un—1 ® K22)

which, due to the block diagonal structure of each sub-partition
of the operator, by opportunely reordering of the blocks can
be seen as a block diagonal operator with blocks Y; as defined
in (8). Therefore, combining (8) and (15), it follows that for
all w e O, I'(wW) = V(w) + aV(w) < 0. Thus, by invoking
Theorem 1 the result is established. |

Remark 2: It is worth pointing out that, similarly to the
finite-dimensional case, the topology, and in particular the
eigenvalues A;, of the Laplacian L play a structural role in
ensuring convergence towards synchronization, this is high-
lighted by (9).

15)

T
® — =
+2a=|

IV. APPLICATION TO HYPERBOLIC SYSTEMS WITH
INCREMENTALLY CONE-BOUNDED NONLINEARITIES

We now illustrate the applicability of our results in the
specific case of a semilinear system of hyperbolic PDEs. In
particular, we consider a collection of n identical systems
formally represented as:

9 9
a—xi(t, x) + Sa—xi(t, Xx) +Eh(zi(t, x)) =0
t

X
zi(t, x) = Oxi(t, x)

xi(t,0) = Hx;j(t, 1) + Bui(t) i=1,2,...,n  (16)

where x € (0,1), t > 0 are, respectively, the spatial and
temporal variables, x; € R, z; € R%, H € R»* B €
R»>M_ S e ]D)'jf,E e R»*"% Qe R%=*" and h € R" — R
is incrementally cone-bounded, i.e., for all g, g2 € R'=

T
[ q1 — q2 } [ 0 G12][ q1 —q2
h(q1) —h(q2) | |G, Gaz || h(q1) — h(g2)
where G2 and Gy < 0 are some given matrices. Notice that
the satisfaction of (17) implies that & is globally Lipschitz
continuous; see [14].

Remark 3: It is worth to mention that incremental sec-
tor bounded nonlinearities as in [17] can be transformed
into incremental cone-bounded nonlinearities as in (17) via
a simple change of variables.

In terms of available information, we assume that only the
state at the boundary x = 1 is available for communication.
In this setting, by taking as a state space X = L,((0, 1); R™)
(endowed with the standard inner product), system i can be
represented as (4) with:

i| >0 (17)

dom2 = H;((0,1); R?) A= —Si

dx
dom B = H,((0, 1); R"™) Br:= r(0) — Hr(1)
dom € = H;((0,1); R™) ¢&r:=r(1)

and f : L2((0,1);R%) — L£5((0,1); R%) defined as
(f($))(x) = h(s(x)), which turns out to be globally Lipschitz
continuous due to / being so. In particular, by taking dom K =
L£5((0, 1); R%*72) and

0 G2
IC =
(Kg)(0 [GE G22]g(x)
from (17), it turns out that for all ¢y, & € £2((0, 1); R™=)

i1 — & 1 —&
QKQ%#Qﬁ}KL@O—ﬂQJ>ZO

The latter, together with the Lipschitzness of f, ensures
that Assumption 2 holds. The family of systems (18) is
interconnected over a graph G through the inputs u;, for all
ief{l,2,...,n}, defined in (6). It is worth to remark that the
interconnected system is a system of n 1-D semilinear bal-
ance laws and for this specific case Assumption 3 holds; see,
e.g., [19]. In the following section, we provide sufficient con-
ditions under which this network achieves synchronization. As
a second step, we give constructive conditions for the design
of a coupling gain K ensuring synchronization.

A. Sufficient Conditions for Synchronization

The result given next provides sufficient conditions to
ensure synchronization of the network of (16). In the
remainder of this letter, we use the following nota-
tion A = min{Ar(L),A3(L),..., (L)} and A =
max{A2(L), A3(L), ..., A, (L)}

Proposition 3: Let K € R™*" be given. If there exist R €
]D)?’, and positive scalars u, a, and T such that

|:—e_“R (H + 0BK) 'R
[ ]

}50 o€ {rrt (19

—R
d(x) <0 Vxyel{0 1} (0
where for all x € [0, 1]
e MX _ehxg—1 T
& () ::[ pee. R —e xS TRGE—l—rQ G121| 1)
22

Then, the set S in (10) is globally exponentially stable for the
family of systems (16) interconnected via (6).

Proof: The proof is organized in two steps.

Step 1: We show that (19) is equivalent to:

T(h) = (H+ ABK)'R(H + ABK) —e "R <0  (22)

for A € [A, 2]. To this end, observe that thanks to Schur com-
plement and a simple congruence transformation, 7(A) < 0 if
and only if

Q) = [_e:“R (23)

.
(H +ﬁ113eK) R:| <0

Now observe that there exist yi, y» : [A, 2] — [0, 1] such
that A = Ay1(A) + Ay»(A) and y1(A) + »»(A) = 1. Hence,
due to the affine dependence of 2 on A, one has Q([A, X]) =
co{Q(1), 2(1)}. This shows that (22) is equivalent to (19).
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Step 2: Let P € £ (L3((0, 1); R")) defined as:

(Ph)(x) = e ™S 'Rh(x) Vx €(0,1)

which, due to R, S € ID)jf’, is a coercive operator. Then, for all
h € dom#%l one has:
d
(PAR)(x) = —ef“XRd—h(X) Vx €(0,1)
X
Pick i € {2, ..., n} and let Y; be defined as in (8) with a > 0

to be selected later. Observe that, due to the above selection
of P and (18), one has that, for all ¢ := ({1, {2) € dom Y

1 d
(€. Yig) = —/0 eWI(x)R(

o
dx 51>§1 GOdx

1
+/0 o O (—e " STIRE + 1G120) 62 (x)dx

T 1 T
+ 5/0 & (X)Ga82(x)dyx

By integrating by parts the first term in the above expression
and using the fact that ¢ € dom Y;, one has:

1 1!
(€. Ti0) = 5610 TG () + 5/0 L0 TP 0 GOdx (24)

where, for all x € [0,1], ®'(x) = ®(x) + ae *XR and
T(x;) and ®(x) are defined, respectively, in (22) and (21).
To conclude, notice that due to the affine dependence of ®
on e #X one has ®([0,1]) = co{®(0), ©(1)}. Hence, by
using (20), for all x € [0, 1], ®(x) < 0, which by taking «
small enough gives, for all x € [0, 1], ®'(x) < 0. Combining
this with (22), (24) yields (¢, Yi¢) < 0. To summarize, the
above analysis shows that there exists « > 0 such that for
all i € {2,...,n} and ¢ € domY;, (¢, Yi¢) < 0. Invoking
Proposition 2 establishes the result. |

Remark 4: Compared to Proposition 2, condition (19) is
to be checked only for the Laplacian’s eigenvalues A and A.
This is reminiscent of the results on synchronization of lin-
ear discrete-time finite-dimensional systems (see, e.g., [20]),
where necessary and sufficient conditions for synchronization
depend A and A. In contrast with this, condition (20) is only
sufficient and allows us to design a common K as detailed in
the next section.

B. Sufficient Conditions for the Design of the Coupling
Gain

Proposition 3 establishes sufficient conditions in the form
of matrix inequalities to check if a given coupling gain K
ensures asymptotic synchronization. However, such a result is
difficult to exploit directly for design purposes. To overcome
this problem, next we provide a result particularly suited for
design.

Corollary 1: If there exists W € ]D)’_Zf, Y € Rw*™ and
o > 0 such that

—eH T TpT -
["’.W w ffVYB]fo oelnt) (@9

D(x) <0 Vxe{0,1} (26)

Fig. 1. First (top) and second (bottom) components of es (defined
in (27)) for t = 0 (solid blue), t = 2 (dotted orange), t = 5 (dash-dotted
yellow), t = 20 (dashed purple).

where for all x € [0, 1]

—pe MXW  —ge MXSTIE 4+ WQTGs
° oG

D(x) = [

Then, K = YW~! ensures that the set (10) is globally expo-
nentially stable for the family of systems (16) interconnected
via (6).

Proof: The proof hinges upon Proposition 3. In particular,
we show that the satisfaction of (25) and (26) is equivalent
to (19) and (20) with W = R~!, 6! =7, and K = YW~!. By
pre-and-post multiplying the matrix in the lefthand side of (25)
by W—1@W~!, one gets the matrix in the lefthand side of (19)
with R = W~!. This shows that (25) is equivalent to (19). To
conclude, bearing in mind that S and W are diagonal, by pre-
and-post multiplying ®,(x) by W' @ oI one gets ®(x)
as in (21). This ends the proof. [ |

V. NUMERICAL EXAMPLE

In this example, we illustrate the effectiveness of the
methodology illustrated in Section IV. For this purpose, we
consider a family of n = 4, 2x 2 semilinear hyperbolic systems

. o ]2 0 _|—0.1 |2
as in (16) with: S = |:0 ﬁi|E = |: 0 ],B = |:Oi|

0 1
H = [{_1 0},Q = [1 0],hx) =

slope of i belongs to [0, 1], it is easy to show that & sat-
isfies (17) with Gjp = 1 and Gy = —2. The agents
are connected according to (6) with the Laplacian matrix

0 0 0 0
L=|5 2 7 30

-1 0 0 1
tions in Corollary 1 by performing a line search on the scalar

p, this leads to® p = 0.1474, W = [17% O ] K =

[0 -0309],0 =79.6164. Fig. | shows the evolution of the
spatial average synchronization error, i.e.,

tanh(z). Since the

. To design K, we solve the condi-

4
1
X&) = g(le(r, X) — xilt, x)), (27)

i=2

3Numerical solutions to SDP problems are obtained in MATLAB via the
solver SDPT3 [21] and the parser YALMIP [22]. Numerical integration of
hyperbolic PDEs is performed via the use of the Lax-Friedrichs (Shampine’s
two-step variant) scheme implemented in MATLAB by Shampine [23]. Code
at https://github.com/f-ferrante/FerranteCasadeiPrieurLCSS2021.
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Fig. 2. Time evolution of the first (top) and second (bottom) component
of the boundary value x;(t,1): i = 1 (blue), i = 2 (orange), i = 3 (yellow),
i =4 (purple).

for several values of ¢ from the initial condition: x{(0, x) =
(cos2mx) — 1,1 — cos(2m x)), x2(0, x) = (0,0),x3(0, x) =
(2sin(2mw x),0),x4(0, x) = (0, —2sin(4wrx)). The pic-
ture clearly shows that the average synchronization error
approaches zero, thereby ensuring asymptotic synchronization
of the network. To further emphasize the effectiveness of the
proposed methodology to enforce synchronization even in the
presence of nontrivial regimes, in Fig. 2 we report the time
evolution of the boundary values x;(z, 1)’s. The figure suggests
that the considered network converges towards a nonvanishing
trajectory.

V1. CONCLUSION

The problem of synchronizing a family of infinite-
dimensional semilinear boundary actuated systems has been
considered. Sufficient conditions in terms of operator inequal-
ities have been proposed to ensure asymptotic synchronization.
When specialized to the case of semilinear hyperbolic PDEs,
these conditions can be recast into a collection of matrix
inequalities that can be easily checked. Thus, sufficient con-
ditions for the design of the coupling gain are given in terms
of linear matrix inequalities. The extension of the proposed
results to different classes of infinite-dimensional systems as
well as to heterogeneous networks are currently part of our
ongoing research.
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