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Revisiting Split Covariance Intersection:
Correlated Components and Optimality

Colin Cros, Pierre-Olivier Amblard, Christophe Prieur, Jean-François Da Rocha

Abstract— Linear fusion is a cornerstone of estimation
theory. Implementing optimal linear fusion requires knowl-
edge of the covariance of the vector of errors associated
with all the estimators. In distributed or cooperative sys-
tems, the cross-covariance terms cannot be computed, and
to avoid underestimating the estimation error, conservative
fusions must be performed. A conservative fusion pro-
vides a fused estimator with a covariance bound that is
guaranteed to be larger than the true, but computationally
intractable, covariance of the error. Previous research by
Reinhardt et al. proved that, if no additional assumption
is made about the errors of the estimators, the minimal
bound for fusing two estimators is given by a fusion
called Covariance Intersection (CI). In distributed systems,
the estimation errors contain independent and correlated
terms induced by the measurement noises and the process
noise. In this case, CI is no longer the optimal method.
Split Covariance Intersection (SCI) has been developed
to take advantage of the uncorrelated components. This
paper extends SCI to also take advantage of the correlated
components. Then, it is proved that the new fusion provides
the optimal conservative fusion bounds for two estimators,
generalizing the optimality of CI to a wider class of fusion
schemes. The benefits of this extension are demonstrated
in simulations.

Index Terms— Linear Estimation, Conservative Fusion,
Split Covariance Intersection

I. INTRODUCTION

In a sensor network, the estimation of the target state
can be carried out centrally or on a distributed basis. In
centralized networks, the sensors send their measurements to a
computing station, which performs the estimation. In contrast,
in distributed networks, the sensors process the measurements
and perform the estimation themselves, sharing certain in-
formation with their neighbors. There exist many variations
between these two extremes, see e.g., [15] for a detailed study.
Centralized approaches generally provide better estimates by
optimally fusing the sensor measurements. However, they
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are prone to failure, and require high communication and
computation costs. On the other hand, distributed networks
are more robust and are easily scalable. However, since the
nodes have only local information, the estimation algorithms
should be carefully designed to avoid information redundancy
that leads to overoptimistic estimates. This paper focuses on
distributed networks.

In a typical distributed algorithm, each node has an es-
timator of the target state. At each time step, the nodes
carry out measurements, update their estimates, and share
them with their neighbors in the network. Each node must
then combine the estimates received from its neighbors with
its own; this process is known as fusion. The problem of
optimal fusion has been studied for decades [7], and especially
when the fused estimator is sought as a linear combination of
the estimators. The optimal linear fusion of two estimators
was first proposed by Bar-Shalom and Campo [7]. They
emphasized the importance of the cross-covariance term. Since
then, extensions have been derived for the fusion of any
number of estimators, see e.g., [27]. To perform the optimal
linear fusion, full knowledge of the second-order moments
of the estimation errors is required, i.e., the covariance matrix
associated with the centralized vector of errors must be known.
In particular, knowledge of the covariances of each estimator is
not sufficient, but knowledge of the cross-covariances between
each pair of estimators is also required. This requirement may
be prohibitive for applications such as distributed estimation,
where the nodes have access only to local information. Several
strategies have been proposed to perform the fusion when the
cross-covariances are unknown and cannot be computed. The
simplest is to assume that the estimators are uncorrelated,
and then apply the optimal scheme. However, this naive
strategy leads to an underestimation of the estimation error,
see e.g., [6], and should therefore be avoided. Furthermore, as
[36] points out, selecting any particular possible centralized
covariance to apply the optimal scheme also leads to an
underestimation of the error. As a consequence, the whole
set of admissible centralized covariances should be consid-
ered when designing the fusion. The covariance of the error
of the resulting fused estimator cannot be computed since
each centralized covariance would produce a different fused
covariance. Instead, a conservative bound is sought to ensure
that the estimation error is not underestimated. This bound
should be larger than the covariance of the estimation error
of the fused estimator for all admissible covariances. The
optimal linear fusion problem then consists in finding a fused
estimator with the smallest conservative bound. This problem
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can be formulated as a general optimization problem [12].
Covariance Intersection (CI) [18] fuses estimators without
information about their cross-covariances. It gives the optimal
bound [33] when fusing two estimators. However, the set
of admissible covariances considered by CI is often too
conservative for practical applications. Better fusion schemes
have been proposed when additional assumptions can be
made. For example, Partitioned CI (PCI) [2], [3] proposes
tighter bounds than CI when one or several blocks of the
covariance of the centralized error vector are unknown. Inverse
CI (ICI) provides better conservative bounds than CI [31]
when the estimators are assumed to share a common estimate.
Under some additional assumptions, ICI also applies when the
estimators share unknown correlated components [30]. Finally,
when the estimation errors are known to have uncorrelated
components (generally independent), Split CI (SCI) provides
a better result [19]. Such independent terms in the errors are
commonly encountered in practice, for example, when mea-
surement errors between senors are independent of each other.
SCI has been applied to a variety of problems, such as SLAM
[20], [21], cooperative localization [8], [25], or cooperative
perception [28]. However, SCI has a shortcoming: it can only
handle uncorrelated components. When the estimates are all
corrupted by a common error, for example a process noise, SCI
cannot exploit this correlated term. Furthermore, despite SCI’s
excellent practical performance, to the best of our knowledge,
no theoretical performance studies have ever been carried out.

The goal of this paper is twofold. First, SCI is improved
to exploit not only the uncorrelated error components, but
also the correlated ones. This new fusion, called Extended
SCI (ESCI), unifies several commonly used fusions under a
single formalism and extends our preliminary work presented
in [10]. Second, the performances of this fusion are justified
by a theoretical result: ESCI provides the optimal conservative
fusion bound for the fusion of two estimators. This result is
a generalization of the work of Reinhardt et al. [33] who
proved the equivalent result in the context of CI. In [33], the
authors used the fact that conservative bounds must contain
a minimal volume corresponding, in the context of CI, to an
intersection of ellipsoids. They used a result of Kahan [22]
on the characterization of the intersection of two ellipsoids.
In the context of ESCI, this minimal volume has no special
structure and Kahan’s result cannot be used. An equivalent
result must be formally redeveloped in the context of ESCI.
This result justifies the use of several commonly used fusions.
Furthermore, the techniques used in the proof provide an
understanding of why this fusion is optimal and may help
in the design of new fusions for more than two estimators.

The rest of the paper is organized as follows. Section II
introduces linear fusions, the notion of conservatism, and
SCI. Then, the new ESCI is introduced in Section III. The
main result is given and proved in Section IV. Section V
demonstrates the advantages of the new ESCI over SCI in
a distributed estimation context. A discussion is proposed in
Section VI. Finally, Section VII gives some perspectives. To
lighten the reading load, the proofs of the lemmas are given
in the appendices.

Notation. In the sequel, d denotes the dimension of the
state and N the number of sensors. Vectors are denoted in
lowercase boldface letters e.g., x ∈ Rd, and matrices in
uppercase boldface variables e.g., M ∈ Rd×d. The vectors
of RNd are denoted in typewritter style e.g., xc ∈ RNd.
Random variables are underlined e.g., x for a random vector.
The notation E[·] denotes the expected value of a random
variable and ∥·∥ the Euclidean norm of a vector. The trace,
the inverse and the transpose of a matrix M and the identity
matrix are denoted as trM , M−1, M⊺ and I respectively.
For two matrices A and B, the notations A ⪯ B and A ≺ B
mean that the difference B −A is positive semi-definite and
positive definite respectively. The notation A⊗B denotes the
Kronecker product of A and B. For a positive semi-definite
matrix A, A1/2 denotes its symmetric positive semi-definite
square roots. The unit simplex of RN is denoted as KN ≜{
ω ∈ RN | 1⊺

Nω = 1, ωi ≥ 0
}

and its interior intKN . A
positive definite matrix P is represented in the figures by
the ellipsoid E(P ) ≜

{
x | x⊺P−1x ≤ 1

}
. The inequality

P ⪯ Q is geometrically equivalent to E(P ) ⊆ E(Q).

II. BACKGROUND

A. Linear fusion
Consider a random state x ∈ Rd and N ≥ 2 unbiased esti-

mators of x denoted as x̂i for i ∈ {1, . . . , N}. The estimation
errors are denoted as x̃i ≜ x̂i − x, and their covariances and
cross-covariances as P̃i ≜ E[x̃ix̃

⊺
i ] and P̃i,j ≜ E[x̃ix̃

⊺
j ]. A

linear fusion consists in creating a new unbiased estimator x̂F

(F for fused) as a linear combination of the x̂i. It is defined
by a gain matrix K =

[
K1 · · · KN

]
∈ Rd×Nd as:

x̂F (K) ≜
N∑
i=1

Kix̂i = Kx̂c, (1)

where x̂c ≜
(
x̂⊺
1 · · · x̂⊺

N

)⊺ ∈ RNd is the centralized vector
of estimators. Introduce the centralized observation matrix
H ≜ 1N⊗Id ∈ RNd×d, the unbiasedness of x̂F (K) imposes
that the gain must satisfy:

KH = Id. (2)

When there is no ambiguity on the gain, we suppress the
dependence in K and denote the estimator as x̂F . The error
of the fused estimator and its covariance are:

x̃F ≜ x̂F − x = Kx̃c, (3a)

P̃F ≜ E [x̃F x̃
⊺
F ] = KP̃cK

⊺, (3b)

where x̃c ≜
(
x̃⊺
1 · · · x̃⊺

N

)⊺ ∈ RNd is the centralized vector
of estimation errors, and P̃c ≜ E [x̃cx̃

⊺
c ] is its covariance. The

objective of the optimal fusion is to minimize the estimation
error, i.e., to minimize some cost function on P̃F , e.g., its
trace or its determinant.

If the covariance matrix P̃c is known, the optimal fusion is
well known. It is recalled in the following lemma.

Lemma 1 (Optimal linear fusion). Let P̃c ≻ 0 be the
centralized covariance of the estimation errors, and define:

K∗ = (H⊺P̃−1
c H)−1H⊺P̃−1

c . (4)
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Fig. 1: Comparison of the CI, SCI and ESCI bounds for the fusion of two estimators whose errors are decomposed as (14).
The dashed lines represent the covariances P̃1 (blue) and P̃2 (red). The grey solid lines represent the conservative upper
bounds obtained with the different methods and the vectors ωi =

(
i/5 1− i/5

)⊺
for i ∈ {0, . . . , 5}. The numerical values

are provided at the end of Section III-A.

Then, for all gains K satisfying (2), P̃F (K) ⪰ P̃F (K
∗).

Proof. Provided in Appendix A.

In Lemma 1, the assumption P̃c ≻ 0 is not restrictive.
Indeed, if the covariance P̃c is singular either one component
of x is perfectly estimated by one of the x̂i and it can be
removed from the problem, or some components of the x̃i

are perfectly correlated and considering the Moore–Penrose
pseudo-inverse of P̃c solves the problem, see e.g., [27].

According to Lemma 1, P̃ ∗
F ≜ P̃F (K

∗) = (H⊺P̃−1
c H)−1

is the minimal covariance in the Loewner ordering sense.
Therefore, no other gain can provide a better precision in
any direction, and P̃ ∗

F reaches the minimum for all increasing
cost functions. Lemma 1 has a well-known special case. If the
estimation errors are independent, i.e., P̃i,j = 0 for all i ̸= j.
In this case, the optimal fusion is provided by the information
filter, see e.g., [5]:

x̂F (K
∗) = P̃ ∗

F

N∑
i=1

P̃−1
i x̂i, (5a)

P̃ ∗
F =

(
N∑
i=1

P̃−1
i

)−1

. (5b)

B. Conservative linear fusion

Applying the optimal fusion of Lemma 1 requires knowl-
edge of the centralized matrix P̃c. If the covariance matrix P̃c

is (partially) unknown, i.e., if some covariances P̃i or cross-
covariances P̃i,j are unknown, the covariance matrix after
fusion P̃F = KP̃cK

⊺ cannot be computed, and a fortiori,
the optimal fusion cannot be implemented. In this case, an
alternative is to provide a conservative upper bound.

Generally, even if P̃c is unknown, it belongs to a given set
A of admissible covariances. For example, if the covariances
P̃i are known but the cross-covariances P̃i,j are not, the set
of admissible covariance is:

ACI ≜
{
Pc ⪰ 0 | ∀i, Pi,i = P̃i

}
. (6)

Note that P̃c (with a tilde) denotes the true but unknown
covariance, while Pc (without a tilde) is a generic notation
for a covariance matrix in A. Conservative upper bounds are
then defined as follows.

Definition 1 (Conservative upper bound [12]). A matrix BF ⪰
0 is said to be a conservative upper bound for the fusion
induced by the gain K over the set A, if:

∀Pc ∈ A, P̃F (K,Pc) ⪯ BF ,

with P̃F (K,Pc) ≜ KPcK
⊺.

Considering a conservative bound BF ensures that the
estimation error is not underestimated. In the algorithms,
the uncomputable covariance P̃F (K, P̃c) is replaced by the
overpessimistic but computable bound BF . As the bound
provides guarantees on the estimation error, it is sought to
be as small as possible. The covariances are compared using a
cost function J , typically the trace or the determinant. Finding
the best conservative fusion consists in solving the following
problem.

Problem 1 (Optimal Conservative Linear Fusion).
minimize

K,BF

J(BF )

subject to: KH = Id,

∀Pc ∈ A, P̃F (K,Pc) ⪯ BF .

(7)

Problem 1 is recurrent in the literature, e.g., different vari-
ants are discussed in [1], [12], [33]. The number of unknowns
in (7) is O(d2N2). It can be numerically solved using robust
semi-definite programming [12] but with a computation cost
too high for real time applications. An important difference
with the usual case where P̃c is known is that the solution
of Problem 1 generally depends on the cost function J , e.g.,
minimizing the trace or the determinant can result in different
bounds. There is no minimum in the Loewner ordering sense.
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C. Covariance Intersection and Split Covariance
Intersection

This section recalls the derivation of CI and SCI and some
important theoretical results on these two conservative fusion
rules.

CI and SCI have both been proposed by Julier and Uhlmann
[18], [19], [35]. They address two different admissible sets but
are designed similarly. First an upper bound is provided for the
set of admissible centralized covariances, then the bound on
the fused estimator is constructed using the following lemma.

Lemma 2. Let A be a set of admissible covariances and Bc ≻
0. If for all Pc ∈ A, Pc ⪯ Bc, then BF = (H⊺B−1

c H)−1

is a conservative bound over A for the fusion induced by the
gain K = BFH

⊺B−1
c .

Proof. Provided in Appendix B.

CI addresses the case where the covariances of the estima-
tion errors, P̃i, are known, but not their cross-covariances,
P̃i,j . The set of admissible covariances considered by CI
is therefore ACI given in (6). SCI is an extension of CI
in which the estimation errors are assumed to be split into
two components: x̃i = x̃

(1)
i + x̃

(2)
i . The centralized vectors

associated with the two components are denoted x̃(l)c ≜(
x̃
(l)⊺
1 · · · x̃

(l)⊺
N

)⊺
, l ∈ {1, 2}. The covariances of the 2N

components are known and denoted as P̃
(l)
i ≜ E

[
x̃
(l)
i x̃

(l)⊺
i

]
.

The cross-covariances between the first components, P̃ (1)
i,j , are

unknown, while the second components, x̃(2)
i , are uncorrelated

with each other and with the x̃
(1)
i . The set of admissible

covariance considered by SCI is therefore:

ASCI ≜
{
P (1)

c + P̃ (2)
c | ∀i, P

(1)
i,i = P̃

(1)
i ,P (1)

c ⪰ 0
}
. (8)

In (8), the matrix P̃
(2)
c ≜ E

[
x̃(2)c x̃(2)⊺c

]
is known, P̃

(2)
c =

diag(P̃
(2)
1 , . . . , P̃

(2)
N ), while P

(1)
c represents the unknown

covariance E
[
x̃(1)c x̃(1)⊺c

]
. CI corresponds to the particular case

of SCI without uncorrelated components, i.e., P̃ (2)
c = 0.

Recall, that KN denotes the unit simplex of RN , CI and
SCI rely on the following family of centralized bounds.

Lemma 3 (CI centralized bound [18]). Let ω ∈ intKN , and
define:

BCI
c (ω) ≜ diag

(
1

ω1
P̃1, . . . ,

1

ωN
P̃N

)
. (9)

Then, for all Pc ∈ ACI, Pc ⪯ BCI
c (ω).

Proof. Provided in Appendix C.

Using Lemma 3, it is straightforward to show that for all
Pc ∈ ASCI and all ω ∈ intKN : Pc ⪯ B

(1)
c (ω)+ P̃

(2)
c where:

B(1)
c (ω) ≜ diag

(
1

ω1
P̃

(1)
1 , . . . ,

1

ωN
P̃

(1)
N

)
. (10)

The CI and SCI fusion rules are then deduced from
Lemma 2.

Definition 2 (CI fusion rule [18]). For all ω ∈ KN , the CI
fused estimator is defined as:

x̂CI
F (ω) ≜ BCI

F (ω)
∑
i

ωiP̃
−1
i x̂i, (11a)

BCI
F (ω) ≜

(∑
i

ωiP̃
−1
i

)−1

. (11b)

Definition 3 (SCI fusion rule [19]). For all ω ∈ KN , the SCI
fused estimator is defined as:

x̂SCI
F (ω) ≜ BSCI

F (ω)
∑
i

ωi(P̃
(1)
i + ωiP̃

(2)
i )−1x̂i, (12a)

BSCI
F (ω) ≜

[∑
i

ωi(P̃
(1)
i + ωiP̃

(2)
i )−1

]−1

. (12b)

CI and SCI equations are valid for all ω ∈ KN by
continuity. Having some ωi = 0 is equivalent to exclude the ith
estimation. Examples of bounds generated by CI and SCI are
illustrated in Figure 1a and Figure 1b. The name Covariance
Intersection comes from the fact that, the ellipsoids associated
with CI bounds contain the intersection of the ellipsoids of
the covariances P̃i. In both schemes, the parameter ω must
be chosen. It can be optimized to minimize the cost function
J , such an optimization is now only on N − 1 variables. As
N increases, the optimization of the weights becomes harder
and sub-optimal choices have been proposed to speed up the
implementation [11], [13], [29].

CI and SCI have been applied to a wide range of problems:
distributed estimation [6], [17], simultaneous localization and
mapping (SLAM) [21], cooperative positioning [24], [26],
[32], image processing [14], or the monitoring of vital signs
[38]. The splitting assumption on the estimation errors ap-
pears naturally when dealing with distributed and cooperative
systems as detailed in the Section V. Furthermore, the good
performances of CI and SCI are justified by theoretical results.
CI was first proved to provide the optimal bound with respect
to the trace for the fusion of N = 2 estimators [9]. Then,
this optimality was extended to any increasing cost function
J in [33]. For SCI, only special cases have been discussed.
For example, in [37], the authors study the fusion of N = 2
estimators and consider the case where the Pearson correlation
coefficient is bounded by a given value ρ ∈ [0, 1]. That case
corresponds to considering the set ASCI with P̃

(1)
i = ρP̃i and

P̃
(2)
i = (1 − ρ)P̃i. The authors proved that in that case SCI,

provide the trace optimal fusion bound.
In Section IV, the optimality of SCI for the fusion of two

estimators will be generalized to any increasing cost function
and a wider class of context. Before that, the next section
introduces an extension of SCI motivated by the distributed
estimation problems and the will of exploiting the correlated
components during the fusion.

III. EXTENDED SPLIT COVARIANCE INTERSECTION

A. Motivating example

To motivate the need for a new fusion rule, consider the
following example inspired by the problem of distributed
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estimation. This problem will be solved in Section V. In
this example, only one iteration of the distributed estimation
algorithm is considered.

Consider a random dynamic state x observed by a network
of N sensors. The dynamics of x and the measurements of a
Node i ∈ {1, . . . , N} are modeled as:

x = Fx− +w, (13a)
zi = Hix+ vi. (13b)

In (13), F is the evolution matrix, Hi is the observation matrix
of Node i, x− is the previous state, w is the process noise,
and vi is the measurement noise of Node i. The process noise
and the measurement noise are assumed to be zero-mean, with
known covariances, and independent of each other.

Suppose each Node i has an unbiased estimator of x−

denoted as x̂−
i . This unbiased estimator was generated during

the previous iterations (see Section V for an application).
Then, Node i produces a new estimator of x in a Kalman
filter fashion:

x̂i = (I −WiHi)F x̂−
i +Wizi, (14)

where Wi is the Kalman gain. The new estimates are shared
through the network, and Node i fuses its estimate with those
received from its neighbors. The cross-covariances between
the errors on the x̂−

i depend on the fusions performed by all
the agents on the previous iterations. They are hardly tractable
because of time and communication constraints. These cross-
covariances are therefore assumed to be unknown, and the
fusion of the resulting x̂i must be performed conservatively.
Even if the correlations between the x̃−

i are unknown, the
errors x̃i do have a structure. Based on (13) and (14):

x̃i = (I −WiHi)F x̃−
i − (I −WiHi)w︸ ︷︷ ︸
x̃

(1)
i

+Wivi︸ ︷︷ ︸
x̃

(2)
i

, (15)

where x̃
(2)
i denotes the independent term of the error. The

fusion of the x̂i can be performed using CI or SCI. With
CI, the structure of the errors is not exploited. With SCI, the
independent components induced by the measurement noises
can be isolated and exploited to produce smaller bounds.
However, in the SCI decomposition (15), the common process
noise is not exploited. SCI can only isolate uncorrelated
component, so it is not suited to treat such common terms.
The extension of SCI proposed in the next section is designed
to take into account these common terms. With the new ESCI
fusion rule, all the terms with known correlations are gathered
in x̃

(2)
i . The splitting of the errors will be:

x̃i = (I −WiHi)F x̃−
i︸ ︷︷ ︸

x̃
(1)
i

−(I −WiHi)w +Wivi︸ ︷︷ ︸
x̃

(2)
i

. (16)

This new decomposition allows to isolate in the first com-
ponents only the terms whose correlations are unknown, i.e.,
which may be correlated to any degree. That was not the case
with the decomposition (15): for example, the first components
in (15) cannot be perfectly negatively correlated.

Figure 1 presents the fusion bounds obtained with CI, SCI,
and the new ESCI (described in the next section). To produce

this figure, the evolution matrix was set to F = I2, and the
observation matrices to H1 =

[
1 0

]
and H2 =

[
0 1

]
.

The covariance of the process noise w was set to Q = 4I2,
and the covariances of the measurement noises v1 and v2 to
R1 = R2 = 9. Finally, the covariances of the initial estimation
errors were set to:

P̃−
1 =

[
1 −1
−1 4

]
, P̃−

2 =

[
8 3
3 2

]
.

On that toy example, it can be observed that the ESCI
bounds are tighter than the SCI (and than the CI) bounds.
Thus, considering the process noise allows to get better error
guarantees.

The next section introduces the new ESCI fusion rule.

B. ESCI fusion rule

Consider a random state x ∈ Rd and N ≥ 2 unbiased esti-
mators of x denoted as x̂i for i ∈ {1, . . . , N}. As for SCI, the
estimation errors are assumed to be split into two components
x̃i = x̃

(1)
i + x̃

(2)
i , and the covariances of the 2N components

are known and denoted as P̃
(l)
i ≜ E

[
x̃
(l)
i x̃

(l)⊺
i

]
, l ∈ {1, 2}.

The first components are still correlated to an unknown degree,
i.e., the cross-covariances P̃ (1)

i,j ≜ E
[
x̃
(1)
i x̃

(1)⊺
j

]
are unknown.

Unlike SCI, the second components are not assumed to be
uncorrelated, but to have known second-order moments: the
covariances P̃

(2)
c ≜ E

[
x̃(2)c x̃(2)⊺c

]
and P̃

(1,2)
c ≜ E

[
x̃(1)c x̃(2)⊺c

]
are known.

In the following, it is assumed without loss of generality
that P̃ (1,2)

c = 0. Indeed, if the cross-covariance P̃
(1,2)
c ̸= 0,

the errors can be made uncorrelated by applying the following
transformation:

x̃(1)′c ← x̃(1)c − P̃ (1,2)
c (P̃ (2)

c )−1x̃(2)c (17a)

x̃(2)′c ← x̃(2)c + P̃ (1,2)
c (P̃ (2)

c )−1x̃(2)c (17b)

After this transformation, the errors x̃(1)′c and x̃(2)′c satisfy the
same hypothesis, only the cross-covariances between the x̃

(1)′
i

are unknown, but E
[
x̃(1)′c x̃(2)′⊺c

]
= 0. With this additional

assumptions the set of admissible covariances is:

AESCI ≜
{
P (1)

c + P̃ (2)
c | ∀i, P

(1)
i,i = P̃

(1)
i ,P (1)

c ⪰ 0
}
(18)

The sets AESCI and ASCI (8) have the same expression. The
only difference is that, in (18), the covariance P̃

(2)
c is not

necessary a block-diagonal matrix.
The ESCI fusion rule is constructed similarly as the SCI

fusion rule. First, the following family of upper bounds is
defined.

BESCI
c (ω) ≜ B(1)

c (ω) + P̃ (2)
c , (19a)

B(1)
c (ω) ≜ diag

(
1

ω1
P̃

(1)
1 , . . . ,

1

ωN
P̃

(1)
N

)
. (19b)

From Lemma 3, for all Pc ∈ AESCI and all ω ∈ intKN , Pc ⪯
BESCI

c (ω). The new fusion rule is then defined by applying
Lemma 2.
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Definition 4 (ESCI fusion rule). For all ω ∈ KN , the ESCI
fused estimator is defined as:

x̂ESCI
F (ω) ≜ BESCI

F (ω)H⊺BESCI
c (ω)−1x̂c (20a)

BESCI
F (ω) ≜

(
H⊺BESCI

c (ω)−1H
)−1

(20b)

It is conservative over the set of admissible covariance AESCI.

The ESCI fusion rule extends several well-known fusions.
First, it is an extension of the SCI fusion rule. If the second
components are uncorrelated, i.e., if P̃

(2)
i,j = 0, then (12)

and (20) coincide. Unfortunately, if the matrix P̃
(2)
c has no

structure, (20) cannot be simplified.
As an extension of SCI, ESCI is also a generalization

of CI. CI and ESCI coincide when there are no known
components, i.e., when P̃

(2)
c = 0. Conversely, if there are

no unknown components, i.e., if all x̃
(1)
i = 0, then the

centralized bound does not depend on ω, since B
(1)
c = 0.

In this case, the ESCI fusion coincides as expected with
the optimal bound provided in Lemma 1. Furthermore, the
ESCI fusion rule is also equivalent to the PCI fusion rule [2]
when the errors are partitioned. The term “partitioned” means
that the estimates, and therefore their errors, are written as
x̂i =

(
x̂
(a)⊺
i x̂

(b)⊺
i

)⊺
. For example, in tracking applications,

x̂
(a)
i may stand for the position of a target and x̂

(b)
i for

its velocity. In PCI, only the cross-covariances between the
errors x̃

(a)
i are unknown which corresponds to considering

the splitting:

x̃
(1)
i =

(
x̃
(a)⊺
i 0⊺

)⊺
, x̃

(2)
i =

(
0⊺ x̃

(b)⊺
i

)⊺
.

A more detailed discussion on the relations between ESCI,
PCI and SCI can be found in [4].

C. Particular case of a common noise

In many applications, including distributed estimation, the
correlated terms in the second components are induced by
a common noise. In this case, the computation of the ESCI
fusion rule can be simplified. Consider that the estimation
errors are decomposed as:

x̃i = x̃
(1)
i + x̃

(ind)
i +Miw, (21)

where w is a zero-mean random noise, the Mi are known
matrices, and the components x̃

(ind)
i are zero-mean and un-

correlated between each other, with the x̃
(1)
i and with the

noise w. The covariances of each components are known
and denoted as Q for the noise w and P̃

(ind)
i for the x̃

(ind)
i .

The decomposition (21) applies in particular to the motivating
example introduced in Section III-A:

x̃i = (I −WiHi)F x̃−
i︸ ︷︷ ︸

x̃
(1)
i

− (I −WiHi)︸ ︷︷ ︸
Mi

w +Wivi︸ ︷︷ ︸
x̃

(ind)
i

. (22)

With such a decomposition, the centralized bound (19a)
becomes:

BESCI
c (ω) = B(1)

c (ω) + P̃ (ind)
c +McQM⊺

c , (23)

with P̃
(ind)
c ≜ diag

(
P̃

(ind)
1 , . . . , P̃

(ind)
N

)
and Mc ≜[

M⊺
1 · · · M⊺

N

]⊺
. By noticing that B

(1)
c (ω) + P̃

(ind)
c is

a block diagonal matrix and using the Woodbury inversion
identity the ESCI fusion rule becomes:

x̂F = BF

∑
i

ωi

(
I − S1S

−1
0 M⊺

i

)
P̃ ′−1

i x̂i, (24a)

BF =

(∑
i

ωiP̃
′−1
i − S1S

−1
0 S⊺

1

)−1

, (24b)

where P̃ ′
i ≜ P̃

(1)
i + ωiP̃

(ind)
i and:

S0 ≜
∑
i

ωiM
⊺
i P̃

′−1
i Mi +Q−1, (24c)

S1 ≜
∑
i

ωiP̃
′−1
i Mi. (24d)

The advantage of this new fusion rule over (20) is the
computation cost. Equations (20) requires to invert the cen-
tralized covariance matrix which has size Nd, whereas (24)
requires to invert N +2 covariance matrices of size d. As the
computation cost of the inversion of matrix of size n is O(n3),
the computation cost of the standard ESCI fusion rule (20)
is O(N3d3) while the computation cost of (24) is O(Nd3).
Using (24) is therefore more efficient for large N .

IV. OPTIMALITY OF ESCI FOR THE FUSION OF TWO
ESTIMATORS

A. Main result
This section presents a theoretical result. The ESCI fusion

rule provides the optimal conservative bound over the set
AESCI for the fusion of two estimators. Throughout this
section, the number of estimators is set to N = 2, and J
denotes an increasing cost function. Let us recall the problem
of optimal conservative fusion in the context of ESCI.

Problem 2 (Optimal Fusion with Split Errors).
arg min

K,BF

J(BF )

subject to: KH = I

∀Pc ∈ AESCI, P̃F (K,Pc) ⪯ BF

with P̃F (K,Pc) ≜ KPcK
⊺.

The main result is the following theorem.

Theorem 1. Let (K,BF ) define a conservative fusion.
(K,BF ) is a solution of Problem 2 if and only if there
exists ω∗ ∈ argminω∈K2 J(BESCI

F (ω)) such that BF =
BESCI

F (ω∗).

In particular, ESCI gives a solution to Problem 2.

Corollary 2. Let ω∗ ∈ argminω∈K2 J(BESCI
F (ω)). A solu-

tion of Problem 2 is:

K∗ = BESCI
F (ω∗)H⊺[BESCI

c (ω∗)]−1 (25a)

B∗
F = BESCI

F (ω∗) (25b)

The rest of this section proves Theorem 1. The implications
of these two results are discussed in Section VI.
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B. Sketch of the proof and preliminaries
The method for proving Theorem 1 is inspired by the one

used in [33] to prove the optimality of CI. First in Section IV-
C, a minimal volume that all conservative bounds must contain
is introduced and characterized. Then in Section IV-D, it is
proved that this minimal volume is tightly circumscribed only
by ESCI bounds. Finally, the proof of Theorem 1 is given in
Section IV-E. The main difference with the work in [33] is that
the minimal volume for ESCI is much more complex than for
CI. Although the chain of arguments is conceptually the same,
the extension of the result in [33] is not straightforward and
requires a careful redevelopment of the arguments.

In order to lighten the notation and as K2 =
{(ω, 1− ω), ω ∈ [0, 1]}, the bounds will be reparameterized
by ω ∈ [0, 1]. For example, the slightly abusive notation
BESCI

F (ω) is used. Furthermore, ω̄ will denote ω̄ ≜ 1− ω.
Finally, for the sake of clarity, Theorem 1 is first proved

in the special case of positive definite covariance matrices.
Considering positive definite covariance matrices allows to
avoid singular cases and simplifies the proof. Theorem 1 still
holds for positive semi-definite matrices: the proof for the
general case requires an additional discussion, which is given
in Section IV-E. Therefore, the following assumption is made
throughout this section.

Assumption 1. The covariances P̃
(1)
1 , P̃

(1)
2 and P̃

(2)
c are

positive definite.

C. Minimal volume
This section introduces a minimal volume that all the ellip-

soids associated with conservative upper bounds must contain.
The discussion presented in this section was introduced in
[33] and is valid for any admissible set A. It is based on the
following lemma.

Lemma 4. Let A be a set of admissible covariances and BF

be a conservative bound over A for the fusion induced by any
fusion gain K satisfying (2). Then,

∀Pc ∈ A, P̃ ∗
F (Pc) ⪯ BF , (26)

where P̃ ∗
F (Pc) ≜ (H⊺P−1

c H)−1 is the optimal covariance
given in Lemma 1.

Proof. Provided in Appendix D.

Geometrically, Lemma 4 means that the ellipse associated
with any conservative bound BF must contain the volume:

V(A) ≜
⋃
E(P̃ ∗

F (Pc)). (27)

V(A) is the minimal volume associated with the set A.
The minimal volumes associated with the admissible sets
ACI, ASCI and AESCI are illustrated in Figure 2. In each case,
a conservative bound has been plotted to illustrate that indeed,
V(A) ⊆ E(BF ). For CI, the volume V(A) corresponds to the
intersection of the ellipses associated with the covariances:
V(ACI) = E(P̃1) ∩ E(P̃2) [18], [33]. For SCI and ESCI,
the volume V(A) does not have any simple interpretation.
However, as AESCI ⊆ ASCI ⊆ ACI, V(AESCI) ⊆ V(ASCI) ⊆
V(ACI) as illustrated in Figure 2.

Containing the minimal volume V(A) is only a necessary
condition for being a conservative upper bound. To be a
conservative upper bound, the matrix B should be greater than
all the KPcK

⊺, which is a stronger requirement. However, if
a conservative upper bound tightly circumscribes the minimal
volume, there cannot be smaller conservative upper bounds.
The notion of tightness is introduced in Section IV-D but first
the rest of this section gives an alternative characterization of
the volume V(AESCI) based on the ESCI bounds.

As ellipsoids and bounds are defined in terms of precision
matrices, it is more convenient to manipulate their inverses.
Introduce the precision matrices:

AESCI
F (ω) ≜ BESCI

F (ω)−1, (28a)

AESCI
c (ω) ≜ BESCI

c (ω)−1, (28b)

M̃∗
F (Pc) ≜ P̃ ∗

F (Pc)
−1. (28c)

Define also the functions:

hx :

{
[0, 1] −→ R
ω 7−→ x⊺AESCI

F (ω)x
, (29a)

g :

{
Rd −→ R
x 7−→ min

Pc∈AESCI

x⊺M̃∗
F (Pc)x

. (29b)

These functions characterize the volumes E(BESCI
F (ω)) and

V(AESCI). By definition, a point x ∈ Rd lies inside the
ellipsoids associated with a covariance P if and only if
x⊺P−1x ≤ 1. Therefore:

E(BESCI
F (ω)) = {x | hx(ω) ≤ 1} , (30a)
V(AESCI) = {x | g(x) ≤ 1} . (30b)

As the ESCI bounds are conservative, Lemma 4 implies that:

∀ω ∈ [0, 1],∀Pc ∈ AESCI, AESCI
F ⪯ M̃∗

F , (31a)

∀ω ∈ [0, 1],∀x ∈ Rd, hx(ω) ≤ g(x). (31b)

Finally, the two following lemmas are required for the proof
of our main result.

Lemma 5. Under Assumption 1, for all x ̸= 0, hx is strictly
concave on [0, 1].

Proof. Provided in Appendix E.

Lemma 6. Let Ω ∈ Rn×n be a matrix and define:

P
(1)
1,2 (Ω) =

(
P̃

(1)
1

)1/2
Ω
(
P̃

(1)
2

)1/2
(32a)

Pc(Ω) ≜

[
P̃

(1)
1 P

(1)
1,2 (Ω)

P
(1)
1,2 (Ω)⊺ P̃

(1)
2

]
+ P̃ (2)

c (32b)

If Ω⊺Ω ⪯ I , then Pc(Ω) ∈ AESCI.

Proof. Provided in Appendix F.

With these notations and these two lemmas, we are in a
position to characterize function g or equivalently the volume
V(AESCI).

Theorem 3. Let x ∈ Rd, x ̸= 0. Under Assumption 1, the
three following cases are mutually exclusive and collectively
exhaustive.
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−2 0 2

−2

0

2
P̃1

P̃2

(a) V(ACI)

−2 0 2

−2

0

2
P̃1

P̃2

(b) V(ASCI)

−2 0 2

−2

0

2
P̃1

P̃2

(c) V(AESCI)

Fig. 2: Comparison of the minimal volumes of CI, SCI and ESCI. The minimal volumes V(A) are represented by the colored
areas. The dark ellipses represent the bounds obtained with corresponding fusion for the parameter ω = (0.5, 0.5). The same
configuration as in Fig. 1 was used.

1) h′
x(0) < 0. In this case, g(x) = hx(0).

2) h′
x(1) > 0. In this case, g(x) = hx(1).

3) There exists a unique ω0 ∈ [0, 1] such that h′
x(ω0) = 0.

In this case, g(x) = hx(ω0).

Proof. Let x ∈ Rd, x ̸= 0 be set. As x ̸= 0, according to
Lemma 5, hx is strictly concave on [0, 1]. Therefore, the three
cases are mutually exclusive and collectively exhaustive.

To harmonize the notations, let ω0 = 0 in the first case and
ω0 = 1 in the second case, we need to prove that for the all
cases g(x) = hx(ω0). By (31b), we already have hx(ω0) ≤
g(x). Assume for a moment that there exists some P ∗

c ∈
AESCI such that x⊺M̃∗

F (P
∗
c )x = hx(ω0). Then, we would

also have g(x) ≤ hx(ω0). Therefore, let us prove for each
case that there exists a P ∗

c ∈ AESCI such that x⊺M̃∗
F (P

∗
c )x =

hx(ω0).
Before starting the exhaustion of cases, let us decompose

the bound BESCI
c (ω) = B̄cD(ω)−1 with:

B̄c ≜

[
P̃

(1)
1 + ωP̃

(2)
1 ω̄P̃

(2)
1,2

ωP̃
(2)
2,1 P

(1)
2 + ω̄P̃

(2)
2

]
,

D(ω) ≜ diag(ωId, ω̄Id).

With these notations and by letting Āc ≜ B̄−1
c , the derivative

of hx is:

h′
x(ω) = −x⊺H⊺AESCI

c (ω)BESCI′
c (ω)AESCI

c (ω)Hx,

= x⊺H⊺Āc(ω)
⊺

[
P̃

(1)
1 0

0 −P̃ (1)
2

]
Āc(ω)Hx.

Introducing the vector y =
(
y⊺
1 y⊺

2

)⊺
= Āc(ω0)Hx ∈ R2d,

we have:

h′
x(ω0) = y⊺

1 P̃
(1)
1 y1 − y⊺

2 P̃
(1)
2 y2. (34)

We are now in a position to start the exhaustion of the cases.
Case 1: Assume h′

x(0) < 0, by (34):

y⊺
1 P̃

(1)
1 y1 ≤ y⊺

2 P̃
(1)
2 y2.

Consider P ∗
c = Pc(Ω), given by (32), with the correlation

matrix:

Ω =

(
P̃

(1)
1

)1/2
y1y

⊺
2

(
P̃

(1)
2

)1/2
y⊺
2 P̃

(1)
2 y2

By construction, the only non-null eigenvalue of Ω⊺Ω is
(y⊺

1 P̃
(1)
1 y1)/(y

⊺
2 P̃

(1)
2 y2) ≤ 1; it is associated with the eigen-

vector (P̃ (1)
2 )1/2y2. Therefore, Ω⊺Ω ⪯ Id and, by Lemma 6,

P ∗
c ∈ AESCI. Let us finally prove that hx(0) = x⊺M̃∗

F (P
∗
c )x.

Using the Woodbury inversion identity, the precision matrix
M̃∗

F (P
∗
c ) is:

M̃∗
F (P

∗
c ) = P̃−1

2 − (Id − P̃−1
2 P ∗

2,1)R
−1
1 (Id − P ∗

1,2P̃
−1
2 ),

with R1 ≜ P̃1−P ∗
1,2P̃

−1
2 P ∗

2,1. Since hx(0) = x⊺P̃−1
2 x, it is

sufficient to prove that (Id−P ∗
1,2P̃

−1
2 )x = 0. By construction:

P ∗
1,2 =

P̃
(1)
1 y1y

⊺
2 P̃

(1)
2

y⊺
2 P̃

(1)
2 y2

+ P̃
(2)
1,2 ,

y1 = (P̃
(1)
1 )−1(Id − P̃

(2)
1,2 P̃

−1
2 )x,

y2 = P̃−1
2 x.

By reinjecting, we verify the equality (Id −P ∗
1,2P̃

−1
2 )x = 0.

Therefore, hx(0) = x⊺M̃∗
F (P

∗
c )x which concludes the first

case.
Case 2: The second case is symmetrical.
Case 3: Assume h′

x(ω0) = 0. Denote:

γ ≜ y1P̃
(1)
1 y1 = y2P̃

(1)
2 y2

Then, consider the matrix P ∗
c ≜ Pc(Ω) with:

Ω =
1

γ

(
P̃

(1)
1

)1/2
y1y

⊺
2

(
P̃

(1)
2

)1/2
.

With same arguments as in Case 1, ΩΩ⊺ ⪯ Id and P ∗
c ∈

AESCI. Let us finally prove that hx(ω0) = x⊺M̃∗
F (P

∗
c )x.

As P ∗
c ⪯ BESCI

c (ω0), by left and right multiplying by
AESCI

c (ω0):

AESCI
c (ω0)P

∗
c A

ESCI
c (ω0) ⪯ AESCI

c (ω0). (35a)
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Furthermore, we claim that:

(Hx)⊺
(
AESCI

c (ω0)P
∗
c A

ESCI
c (ω0)−AESCI

c (ω0)
)
Hx = 0.

(35b)
Indeed, on the one hand:

x⊺H⊺AESCI
c (ω0)P

∗
c A

ESCI
c (ω0)Hx

= x⊺H⊺Āc(ω0)
⊺D(ω0)P

∗
c D(ω0)Ā(ω0)Hx,

= y⊺D(ω0)P
∗
c D(ω0)y,

= γ(ω2
0 + ω̄2

0 + 2ω0ω̄0) + y⊺D(ω0)P̃
(2)
c D(ω0)y,

= γ + y⊺D(ω0)P̃
(2)
c D(ω0)y.

And on the other hand:

x⊺H⊺AESCI
c (ω0)Hx

= x⊺H⊺AESCI
c (ω0)B

ESCI
c (ω0)A

ESCI
c (ω0)Hx

= x⊺H⊺Āc(ω0)
⊺D(ω0)B̄(ω0)Ā(ω0)Hx,

= y⊺D(ω0)B̄(ω0)y,

= y⊺D(ω0)B
ESCI
c (ω0)D(ω0)y,

= γ + y⊺D(ω0)P̃
(2)
c D(ω0)y.

Combining (35a) and (35b) gives that
AESCI

c (ω0)P
∗
c A

ESCI
c (ω0)Hx = AESCI

c (ω0)Hx. To
conclude, left multiply by x⊺H⊺(P ∗

c )
−1BESCI

c (ω0) to obtain
x⊺AESCI

F (ω0)x = x⊺M̃∗
F (P

∗
c )x. This concludes Case 3 and

the proof.

Theorem 3 has a nice geometric implication. As the ESCI
bounds are conservative, for all x and all ω ∈ [0, 1], hx(ω) ≤
g(x), so maxω hx(ω) ≤ g(x). According to Theorem 3, for all
x, the upper bound g(x) is reached at some ω0. Consequently,
g can be re-expressed as:

g(x) ≜ min
Pc∈AESCI

x⊺M̃∗
F (Pc)x = max

ω∈[0,1]
x⊺AESCI

F (ω)x.

Geometrically, the set V(AESCI) can also be re-expressed as:

V(AESCI) ≜
⋃

Pc∈AESCI

E(P̃ ∗
F (Pc)) =

⋂
ω∈[0,1]

E(BESCI
F (ω)).

(36)
Thus, the minimal volume V(AESCI) is also characterized
by the intersection of the ellipsoids induced by the ESCI
bounds. These two equivalent characterizations are illustrated
in Figure 3. As a consequence, V(AESCI) is not only a volume
common to the all ellipsoids associated with conservative
bounds, but it is also the largest volume common to these
ellipsoids.

The common volume V(AESCI) of the conservative bounds
is now characterized by the ESCI bounds. The next section
shows that the ESCI bounds generate also the smallest ellip-
soids containing this volume.

D. Tightness of SCI bounds over V(AESCI)

First, let us recall the definition of the tightness.

Definition 5 (Tightness). An ellipsoid E(P ) is said to tightly
circumscribe a volume V , if:
(i) V ⊆ E(P ) and,

−2 0 2

−2

0

2
P̃1

P̃2

Fig. 3: Visualization of equality (36) in the case of SCI. The
gray ellipses represent the SCI bounds as in Fig. 1. The black
ellipses represent some particular P ∗

F (Pc).

−2 0 2

−2

0

2

P

Q

V

Fig. 4: Example of tight ellipsoid. The ellipsoid E(P ) (solid
line) tightly circumscribes V (colored area). The ellipsoid
E(Q) (dash-dotted line) does not tightly circumscribe V: for
example V ⊆ E(P ) ⊆ E(Q).

(ii) for any other ellipsoid E(Q), V ⊆ E(Q) ⊆ E(P ) implies
P = Q.

In other words, there is no ellipsoid smaller than E(P ) that
contains V . An example of tight ellipsoid is shown in Figure 4.

In this section, we prove that the only ellipsoids that
tightly circumscribe V(AESCI) are ESCI ellipsoids. As a
consequence, since all conservative upper bounds must contain
V(AESCI) there cannot be smaller upper bounds.

According to Definition 5, and the characterization of
V(AESCI) in (30b): an ellipsoid E(P ) tightly circumscribes
V(AESCI) if:
(i) for all x, x⊺P−1x ≤ g(x) and,
(ii) for all Q such that x⊺Q−1x ≤ g(x), Q ⪯ P implies

Q = P .
The main result is the following theorem. Its proof is

inspired by a result of Kahan for the intersection of ellipsoids
[22]. It is a proof by exhaustion whose cases have been adapted
to ESCI.

Theorem 4. Under Assumption 1, if E(B) tightly circum-
scribes V(AESCI), then there exists ω1 ∈ [0, 1] such that
B = BESCI

F (ω1).
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Proof. Let B be a bound whose ellipsoid tightly circumscribes
V(AESCI) and denote A = B−1 its precision matrix. Let:

ϕ = min
x ̸=0

g(x)

x⊺Ax
.

From the definition of g:

ϕ = min
x ̸=0

min
Pc∈AESCI

x⊺M̃∗
F (Pc)x

x⊺Ax
.

As ϕ is the minimum over a compact set (e.g., x⊺Ax =
1), it is achieved at some vector z and some covariance P ∗

c .
Furthermore, by construction ϕ = 1. Indeed, by conservatism,
∀x, x⊺Ax ≤ g(x) so ϕ ≥ 1. And ϕ ≤ 1, since otherwise,
E( 1ϕB) would be a ellipsoid smaller than E(B) and containing
V(AESCI), which would contradict the tightness of B. By
Theorem 3, there exists a unique ω0 ∈ [0, 1] such that g(z) =
z⊺AESCI

F (ω0)z. Therefore, z satisfies:

z⊺Az = z⊺M̃∗
F (P

∗
c )z = g(z) = z⊺AESCI

F (ω0)z.

Assume for the time being, that A ⪯ AESCI
F (ω0),

i.e., BESCI
F (ω0) ⪯ B. Using the conservatism of ESCI:

V(AESCI) ⊆ E(BESCI
F (ω0)). So, the tightness of B would

implies B = BESCI
F (ω0), which would conclude the proof.

Therefore, to prove the theorem, we will prove that A ⪯
AESCI

F (ω0) by showing that for all y ∈ Rd:

y⊺(AESCI
F (ω0)−A)y ≥ 0. (Cy)

The following result is used several times in the sequel.

Lemma 7. Let y ∈ Rd, η ∈ R, and define for any λ ∈ R,
x(λ) = ηz + λy. If one of the two following statements is
true,

1) g(x(λ)) = x(λ)⊺AESCI
F (ω0)x(λ), for some λ ̸= 0;

2) g(x(λ)) = x(λ)⊺AESCI
F (ω0)x(λ) + o(λ2);

then (Cy) holds for y.

Proof. Provided in Appendix G.

There are three cases to consider to prove Theorem 4, these
are the similar as in Theorem 3.

Case 1: Assume h′
z(0) < 0. In this case, by Theorem 3,

ω0 = 0. Let y ∈ Rd be set and let us prove (Cy). By
continuity of the function x 7→ x⊺AESCI′

F (0)x, if z is slightly
perturbed in the direction y, the inequality x⊺AESCI′

F (0)x < 0
still holds. Formally, there exists λ > 0 such that the vector
x = z + λy also satisfies:

x⊺AESCI′
F (0)x < 0.

Then, Theorem 3 gives g(x) = x⊺AESCI
F (0)x. Hence, by

applying Lemma 7, (Cy) holds. Thus, for all y ∈ Rd, (Cy)
holds, which concludes the proof for Case 1.

Case 2: Assume h′
z(1) > 0. In this case, by Theorem 3,

ω0 = 1. This case is symmetrical with Case 1.
Case 3: Assume finally that h′

z(0) ≥ 0 and h′
z(1) ≤ 0.

In this case, by Theorem 3, h′
z(ω0) = z⊺AESCI′

F (ω0)z = 0.
There are two sub-cases to consider depending on whether
AESCI′

F (ω0)z = 0 or not. If AESCI′
F (ω0)z ̸= 0, we can project

almost every y to create a vector x that satisfies the first
assumption of Lemma 7. If AESCI′

F (ω0)z = 0, we cannot, but

in this case g and the function x 7→ x⊺AESCI
F (ω0)x coincide

in a neighborhood of z and we can apply the second case of
Lemma 7.

Case 3.1: Assume that AESCI′
F (ω0)z ̸= 0. Let y ∈ Rd such

that y⊺AESCI′
F (ω0)z ̸= 0. Define:

η = −1

2

y⊺AESCI′
F (ω0)y

y⊺AESCI′
F (ω0)z

,

so that the vector x = ηz + y satisfies x⊺AESCI′
F (ω0)x = 0.

By Theorem 3, g(x) = x⊺AESCI
F (ω0)x, then by Lemma 7,

(Cy) holds for y. Thus, (Cy) holds for all y except those on
the hyperplane

{
y | y⊺AESCI′

F (ω0)z = 0
}

. By continuity of
the function x 7→ x⊺(AESCI

F (ω0) − A)x, (Cy) holds for all
y ∈ Rd. This concludes the proof of Case 3.1.

Case 3.2: Assume that AESCI′
F (ω0)z = 0. Let y ∈ Rd be

set, and define for any λ ∈ R the vector x(λ) = z+λy. Then,
consider the function:

ξ : (λ, χ) 7→ x(λ)⊺AESCI′
F (χ)x(λ).

It is regular, satisfies ξ(0, ω0) = 0, and Lemma 5 gives
that ∂ξ

∂χ (0, ω0) = z⊺AESCI′′
F (ω0)z < 0. Then, the Implicit

Function Theorem, see e.g., [23, Theorem 1.3.1], states that
there exists a continuous and differentiable function χ : λ 7→
χ(λ) defined on some neighborhood of λ = 0 such that for
all λ in that neighborhood:

ξ(λ, χ(λ)) = ξ(0, ω0) = 0, χ′(λ) = −
∂ξ
∂λ (λ, χ(λ))
∂ξ
∂χ (λ, χ(λ))

.

If χ(λ) ∈ [0, 1], Theorem 3 implies that g(x(λ)) =
x(λ)⊺AESCI

F (χ(λ))x(λ). Let us therefore consider the func-
tion:

gy : λ 7→ x(λ)⊺AESCI
F (χ(λ))x(λ).

This function is twice differentiable at 0, and using the fact
that the derivative of χ at λ = 0 is:

χ′(0) = −
∂ξ
∂λ (0, ω0)
∂ξ
∂χ (0, ω0)

= −2y⊺AESCI′
F (ω)z

z⊺AESCI′′
F (ω)z

= 0,

we verify that:

gy(0) = z⊺AESCI
F (ω0)z, g′y(0) = 2z⊺AESCI

F (ω0)y,

g′′y (0) = 2y⊺AESCI
F (ω0)y.

Therefore, the series expansion of gy at λ = 0 is:

gy(λ) = (z + λy)⊺AESCI
F (ω0)(z + λy) + o(λ2),

= x(λ)⊺AESCI
F (ω0)x(λ) + o(λ2).

If there exists some ε > 0, such that ∀λ ∈ [−ε, ε], χ(λ) ∈
[0, 1]. Then, by Theorem 3 on that neighborhood:

g(x(λ)) = x(λ)AESCI
F (χ(λ))x(λ)

= x(λ)AESCI
F (ω0)x(λ) + o(λ2).

Thus, by Lemma 7, (Cy) holds. On the other hand, if for all
ε > 0, there exists λ ∈ [−ε, ε] such that χ(λ) /∈ [0, 1], then
necessarily, ω0 = χ(0) ∈ {0, 1}. Let us assume for example
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that ω0 = 0. In that case, for all ε small enough, there exists
λ ∈ [−ε, ε], such that χ(λ) < 0. Finally, note that:

x(λ)⊺AESCI′
F (0)x(λ)

= x(λ)⊺[AESCI′
F (0)−AESCI′

F (χ(λ))]x(λ),

= −χ(λ)z⊺AESCI′′
F (0)z + o(χ(λ)).

As Lemma 5 implies that z⊺AESCI′′
F (0)z < 0, for ε small

enough, there exists λ ̸= 0 such that x(λ)⊺AESCI′
F (0)x(λ) <

0. By Theorem 3, g(x(λ)) = x(λ)⊺AESCI
F (0)x(λ), and

Lemma 7 gives that (Cy) holds. The proof of Case 3 and of
the theorem is complete.

The reverse is not always true: a ESCI bound is not
necessarily tight over V(AESCI). For example, consider the
case where P̃

(1)
1 = P̃

(2)
1 = P̃

(1)
2 = P̃

(2)
2 = Id and P̃

(2)
1,2 = 0.

Using the SCI formula, the bound is:

BSCI
F (ω) =

{
ω(Id + ωId)

−1 + ω̄(Id + ω̄Id)
−1
}−1

,

=
2 + ωω̄

1 + 2ωω̄
Id.

As the function ω 7→ 2+ωω̄
1+2ωω̄ reaches its minimum at

1/2, BSCI
F (1/2) is strictly smaller than the other ESCI

bounds. Therefore, only BSCI
F (1/2) can be a tight bound over

V(AESCI). However, if E(BESCI
F (ω)) touches V(AESCI), then

the bound is tight as claimed in the following theorem.

Theorem 5. Let ω1 ∈ [0, 1]. Under Assumption 1,
E(BESCI

F (ω1)) tightly circumscribes V(AESCI) if and only if
there exists x ̸= 0 such that g(x) = x⊺AESCI

F (ω1)x.

Proof. As the ESCI bounds are conservative, for all x,
x⊺AESCI

F (ω1)x ≤ g(x). If ∀x ̸= 0, x⊺AESCI
F (ω1)x < g(x),

consider ϕ = minx ̸=0 g(x)/x
⊺AESCI

F (ω1)x. As ϕ is the
minimum over a compact set, it is reached at some vector
z ̸= 0. Since z⊺AESCI

F (ω)z < g(z), ϕ > 1. So V(AESCI) ⊆
E( 1ϕB

ESCI
F (ω1)) ⊂ E(BESCI

F (ω1)), and E(BESCI
F (ω1)) does

not tightly circumscribe V(AESCI).
Conversely, assume that there exists x ̸= 0 such that

g(x) = x⊺AESCI
F (ω1)x and consider another ellipsoid E(B)

such that V(AESCI) ⊆ E(B) ⊆ E(BESCI
F (ω1)). We can chose

E(B) tight and Theorem 4 states that there exists ω2 ∈ [0, 1]
such that B = BESCI

F (ω2). Let us prove that ω1 = ω2. By
assumption g(x) = x⊺AESCI

F (ω1)x and x⊺AESCI
F (ω1)x ≤

x⊺AESCI
F (ω2)x ≤ g(x), so g(x) = x⊺AESCI

F (ω2)x. As
the function hx : ω 7→ x⊺AESCI

F (ω)x is strictly concave
on [0, 1] by Lemma 5, it reaches its maximum exactly once
on [0, 1]. Furthermore, as ESCI is conservative, ∀ω ∈ [0, 1],
hx(ω) ≤ g(x) = hx(ω1) = hx(ω2). Thus, ω1 = ω2, and
E(BESCI

F (ω1)) tightly circumscribes V(AESCI).

E. Proof of the main result
Thanks to Theorem 4, we are now in a position to prove the

main result, Theorem 1. Let us start by proving Theorem 4 in
the special case of Assumption 1.

Proof of Theorem 1 under Assumption 1. Let us denote:

Ω∗ = arg min
ω∈[0,1]

J(BESCI
F (ω))

and consider ω∗ ∈ Ω∗ and a conservative bound BF associ-
ated with a fusion gain K.

Assume for the time being that there exists ω1 ∈ [0, 1] such
that BESCI

F (ω1) ⪯ BF . Then, since the cost function J is
increasing, for any conservative bound BF :

J(BESCI
F (ω∗)) ≤ J(BESCI

F (ω1)) ≤ J(BF ),

with equality if BF = BESCI
F (ω1) and ω1 ∈ Ω∗. Thus, BF

minimizes the cost if and only if there exists ω1 ∈ Ω∗ such
that BF = BESCI

F (ω1) as claimed.
Therefore, to prove Theorem 1, we can simply prove that

for any conservative bound BF , there exists ω1 ∈ [0, 1] such
that BESCI

F (ω1) ⪯ BF . Under Assumption 1, Theorem 4 gives
this result.

Without Assumption 1, a short discussion must be added.

Proof of Theorem 1 in the general case. Consider a conser-
vative bound BF associated with a fusion gain K. As before,
to prove Theorem 1, let us simply prove that there exists
ω1 ∈ [0, 1] such that BESCI

F (ω1) ⪯ BF .
For all ε > 0, define the set:

AESCI(ε) ≜
{
P (1)

c + (P̃ (2)
c + εI2d) |

∀i, P
(1)
i,i = P̃

(1)
i + εId,P

(1)
c ⪰ 0

}
. (37)

This set ensures the non-singularity of the matrices: the
matrices P̃

(1)
1 , P̃

(1)
2 and P̃

(2)
c have been replaced by the

matrices P̃ (1)
1 +εId, P̃ (1)

2 +εId and P̃
(2)
c +εI2d. In particular,

Assumption 1 holds with AESCI(ε) and Theorem 4 applies.
Furthermore by construction:

Pc ∈ AESCI ⇔ P ε
c ≜ Pc + 2εI2d ∈ AESCI(ε).

Therefore, if ∀Pc ∈ AESCI, KPcK
⊺ ⪯ BF , then ∀P ε

c ∈
AESCI(ε), KP ε

c K
⊺ ⪯ BF+2εKK⊺. Thus, the matrix BF+

2εKK⊺ is a conservative bound for the fusion induced by K
over the set AESCI(ε) and the ellipsoid E(BF + 2εKK⊺)
contains the volume V(AESCI(ε)). Define the centralized and
fused ESCI bounds associated with the set AESCI(ε):

BESCI
c (ω, ε) ≜ B(1)

c (ω, ε) + P̃ (2)
c + εI2d, (38a)

B(1)
c (ω, ε) ≜ diag

(
1

ω
(P̃

(1)
1 + εId),

1

ω̄
(P̃

(1)
2 + εId)

)
, (38b)

BESCI
F (ω, ε) ≜

(
H⊺BESCI

c (ω, ε)−1H
)−1

. (38c)

According to Theorem 4, there exists ωε ∈ [0, 1] such that:

BESCI
F (ωε, ε) ⪯ BF + 2εKK⊺.

Since the function ε 7→ BESCI
F (ω, ε) is non-decreasing:

BESCI
F (ωε) = BESCI

F (ωε, 0) ⪯ BF + 2εKK⊺.

Since the function ω 7→ BESCI
F (ω) is continuous on [0, 1], by

passing to the limit when ε tends to 0, there exists ω1 ∈ [0, 1]
such that BESCI

F (ω1) ⪯ BF as claimed.
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(Acceleration)

Node 3

(Velocity)

Node 4

(Velocity)

Node 2

(Position)

Node 1

Fig. 5: Network considered. The measurement performed by
the nodes are given in brackets.

V. APPLICATION TO DISTRIBUTED ESTIMATION

To illustrate the advantages of the new ESCI fusion rule
over the usual SCI rule, this section presents its application to
a distributed estimation problem. The scenario considered is
extracted from the original article on SCI [19].

A. Model

The sensor network illustrated in Figure 5 is used to track
the position, velocity, and acceleration of a one-dimensional
particle. The network consists of four nodes arranged in a
ring structure. Node 1 measures the position, Node 2 and
Node 4 measure the velocity, and Node 3 measures the
acceleration. The dynamics of the particle is assumed to follow
the following discrete-time state space model:

x(0) = x0, (39a)
∀k ∈ N x(k + 1) = Fx(k) +w(k + 1). (39b)

In (39), x0 is a given initial state, F is the evolution matrix,
and w is a white noise having covariance Q = σ2

wqq
⊺. These

matrices are defined as:

F =

1 ∆T ∆T 2/2
0 1 ∆T
0 0 1

 , q =

∆T 3/6
∆T 2/2
∆T

 .

The measurement of Node i is modeled as:

zi(k) = Hix(k) + vi(k), (40)

where H⊺
i is a vector of the canonical basis, and vi(k) is an

independent white noise whose variance is Ri. The numerical
values used are: ∆T = 0.1 s, σ2

w = 100 (m/s3)2, R1 = 1 m2,
R2 = 2 (m/s)2, R3 = 0.25 (m/s2)2 and R4 = 3 (m/s)2.

B. Distributed estimation algorithm

The four agents apply the same algorithm, also extracted
from [19]. This algorithm is summarized in the diagram
in Figure 6. Its four steps are described below from the
perspective of Node i.

1) Prediction. The state x(k) is predicted from the previous
estimator using the evolution model (39).

x̂i(k|k − 1) = F x̂(k − 1|k − 1), (41a)

P̃i(k|k − 1) = F P̃i(k − 1|k − 1)F ⊺ +Q. (41b)

Agent j
(j ∈ Ni)

Agent i

Sensor

Update

Fusion

Update

Prediction

zi

zi

x̂i(k|k)

x̂F
i (k|k − 1)

x̂
(a)
j (k|k)

x̂i(k|k − 1)

x̂i(k − 1|k − 1)

k
←

k
+

1

Fig. 6: Schematic diagram of the distributed estimation algo-
rithm from the perspective of Node i.

2) Update. The estimator is updated using the measurement
(40). As the measurement is independent, the correction
is made using the information filter.

P̃
(a)
i (k|k)−1 = P̃i(k|k − 1)−1 +H⊺

i R
−1
i Hi, (42a)

x̂
(a)
i (k|k) = P̃

(a)
i (k|k)P̃i(k|k − 1)−1x̂(k|k − 1)

+ P̃
(a)
i (k|k)R−1

i H⊺
i zi(k). (42b)

The supscript (a), for autonomous, indicates that the es-
timator is built solely using the measurement of Node i.
The estimate x̂

(a)
i (k|k) is sent to the neighbors Ni of

Node i, and Node i also receives the estimates x̂(a)
j (k|k)

from its neighbors.
3) Fusion. The received estimates are fused in a conserva-

tive fashion with the prediction x̂i(k|k − 1).{
x̂i(k|k − 1),

x̂
(a)
j (k|k), j ∈ Ni

}
−→ x̂F (k|k − 1). (43)

This fusion may be performed using CI, SCI or ESCI.
4) Update. The fused estimator is finally updated using the

measurement (40) as in (42).
The splitting used to perform the fusion have been intro-

duced in the motivating example of Section III-A.

C. Results and discussion

10, 000 trajectory simulations of 10 s (100 iterations) were
performed. For each of them, the algorithm was run with the
three fusion schemes: CI, SCI and ESCI. The empirical MSE
matrices of the estimates were also computed. Figure 7 shows
the evolution of the empirical variances and the conservative
upper bounds computed for each fusion scheme. As expected,
the empirical variances are lower than the conservative bounds.
The ESCI algorithm provides better bounds than the SCI algo-
rithm, which provides better bounds than the CI algorithm. The
ESCI bounds are about 20% lower than the SCI bounds for
position, 5% lower for velocity, and 1% lower for acceleration.

This toy example showed that using ESCI improves the
precision of the estimates. A natural question is what is
the cost of this improvement? In the context of distributed
estimation, there are two costs to consider: the computational
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Fig. 7: Estimated variance bounds (matte curves) and MSEs (semi-transparent curves) of the estimators of each node.

cost and the communication cost. As discussed in Section III-
C, in the context of distributed estimation, since the common
components are induced by a common noise, the computa-
tional cost of ESCI is O(Nd3). This is also the cost of SCI,
since (12) requires the inversion of N + 1 matrices of size d.
Thus, these two schemes have equivalent computational costs.

Let us now focus on the communication costs of both fusion
schemes. To perform SCI, Node i needs the estimates of its
neighbors j ∈ Ni and the covariances of both components of
their errors. Recall that with SCI the error x̃

(a)
j (k|k) is split

as:

x̃
(1)
j = (I −WjHj)x̃j(k|k − 1), x̃

(2)
j = Wjvj(k).

Therefore, the nodes need to send their estimates x̃
(a)
j (k|k),

and two covariance matrices. For example, Node j ∈
Ni can send the covariance of its errors, P̃

(a)
j , and

the covariance associated with its measurement: P̃
(m)
j ≜

P̃
(a)
j H⊺

j R
−1
j HjP̃

(a)
j . When receiving these two matrices,

Node i can deduce the covariances of both terms:

P̃
(1)
j = P̃

(a)
j − P̃

(m)
j , P̃

(2)
j = P̃

(m)
j .

To perform ESCI, recall that in the presence of a common
noise, the errors are split according to (21):

x̃j = x̃
(1)
j + x̃

(ind)
j +Mjw.

Node i needs the estimates of its neighbors j ∈ Ni, the
covariances of their components x̃

(1)
j and x̃

(ind)
j , and the

matrix Mj . If Node j ∈ Ni sends the covariances P̃
(a)
j and

P̃
(m)
j , Node i can compute all these matrices as:

Mj = P̃
(a)
j (P̃

(m)
j )−1,

P̃
(1)
j = P̃

(a)
j − P̃

(m)
j −MjQM⊺

j ,

P̃
(ind)
j = P̃

(m)
j .

Thus, applying the ESCI fusion rule does not require any
additional communication cost either.

VI. DISCUSSION

The ESCI fusion rule (20) allows to unify several fusion
schemes under a single formalism. ESCI is an extension of
SCI, which was already an extension of CI. Consequently,
both SCI and CI are special cases of ESCI: SCI corresponds
to P̃

(2)
c being a block diagonal matrix, and CI corresponds

to P̃
(2)
c being the zero matrix. Furthermore, ESCI is also a

generalization of PCI [2]. PCI corresponds to the case where
the components x̃

(1)
i and x̃

(2)
i partition the error vector. Fi-

nally, ESCI also extends the usual optimal fusion of Lemma 1.
This case corresponds to having no unknown components, i.e.,
having all the P̃

(1)
i = 0. The results presented in this paper

remain valid for all special cases of ESCI.
From a theoretical point of view, Theorem 1 provides a

nice justification for the use of ESCI and its derivatives. Let
us introduce the optimal ESCI fusion problem.

Problem 3 (Optimal ESCI Fusion).

arg min
ω∈KN

J(BESCI
F (ω))

The most important implication of Theorem 1 is a drastic
simplification of Problem 2 in the case of two estimators.
When N = 2, solving Problem 3 provides a solution to
Problem 2. Instead of optimizing for O(d2) unknowns in
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Problem 2, Problem 3 now only requires optimizing for a
single variable lying on a segment. Such an optimization is
trivial for modern solvers. Even a linear search would be
efficient. For low dimensions, d ≤ 4, [34] proposes closed-
form solutions for the parameters ω that minimize the trace
and the determinant of the CI bounds. These solutions may
be adapted with ESCI in future work to further speed up the
optimization.

Geometrically, the optimality of the ESCI bounds has been
proved using the tightness over the minimal set V(AESCI).
Therefore, the optimality of the SCI fusion does not depend
on the (increasing) cost function. However, similar to the
CI fusion, the optimal bound generally depends on the cost
function: e.g., optimizing the trace or the determinant generally
leads to different optimal bounds. A notable difference with
CI is that, except for trivial cases where P̃1 ⪯ P̃2 or P̃2 ⪯ P̃1,
all CI bounds tightly circumscribe the minimal volume [22]
(in the case of CI, it is the intersection of the ellipsoids E(P̃1)
and E(P̃2)). This implies that all CI bounds reach the minimal
bound for some cost function. This is not the case for ESCI
as stated in Theorem 5.

Unfortunately, the CI bounds are known to be suboptimal
for fusing more than two estimators, see e.g., [1], [33]. Con-
sequently, the ESCI bounds are also suboptimal when N ≥ 3.
This means that when combining estimators from more than
one ally, the ESCI bounds become suboptimal. Furthermore,
even if Node i has exactly one neighbor j1 ∈ Ni, the fusion
bound is optimal only for the first iteration of the algorithm. In
fact, after two iterations of the distributed algorithm proposed
in Section V, the fused estimator is implicitly obtained as the
fusion of three estimators that are correlated to unknown de-
grees: x̂i(2|1), x̂

(a)
j1

(2|1) and F x̂
(a)
j1

(1|0). Future work should
focus on improving the fusions for more than two estimators.
Although not optimal for N ≥ 3, ESCI still provides an
interesting simplification of the fusion. Optimizing the ESCI
bound is an optimization on O(N) variables, compared to
O(N2d2) for the general optimization problem, Problem 2.
For CI and SCI, there are empirical direct techniques to choose
ω without performing this optimization, but at the cost of
suboptimality. The adaptation of these techniques for ESCI
could also be studied in future work.

When applied to a distributed estimation problem, ESCI
provides tighter conservative bounds than SCI and CI. The
improvement of ESCI comes from the fact that it better charac-
terizes the set of admissible covariances A. ESCI exploits the
process noise to reduce this set. Furthermore, in applications
where the measurement noises are correlated, ESCI could still
be applied (but not SCI). For distributed estimation, ESCI
does not require more data transmission or computation than
SCI. Finally, the ESCI fusion rule can be applied in other
contexts as well. For example, it can be easily integrated into
the Diffusion Kalman Filter with CI proposed in [17].

VII. CONCLUSION

In this paper, the SCI fusion rule has been extended to
take advantage of the correlated components in the error. The
new ESCI brings a common formalism for different state-
of-the-art fusion schemes. The ESCI fusion rule is shown to

achieve the minimal covariance bound for the fusion of two
estimators. Furthermore, ESCI fits perfectly into the common
distributed estimation algorithms, where it exploits the com-
monly observed process noise. In this context, ESCI provides
better guarantees on the estimation error at no additional
computational or communication cost compared to SCI.

There are several possible avenues for future work. To
speed up the optimization of the bound, existing fast fusion
techniques could be adapted to the ESCI context, or exact
solutions could be derived for small dimensions. However, the
most challenging problem is to derive new conservative fusion
schemes that would provide better bounds for the fusion of
more than two estimators.

APPENDIX

A. Proof of Lemma 1
Let Pc ≻ 0, denote P̃ ∗

F ≜ P̃F (K
∗) = (H⊺P̃−1

c H)−1,
and consider K such that KH = Id.

0 ⪯ [K −K∗] P̃c [K −K∗]
⊺
,

⪯
[
K − P̃ ∗

FH
⊺P̃−1

c

]
P̃c

[
K − P̃ ∗

FH
⊺P̃−1

c

]⊺
,

⪯ P̃F (K)− P̃ ∗
F .

Thus, P̃ ∗
F ⪯ P̃F (K) as claimed.

B. Proof of Lemma 2
Let Bc be an upper bound on A. Define BF =

(H⊺B−1
c H)−1 and K = BFH

⊺B−1
c . By construction, for

all Pc ∈ A:

P̃F (K,Pc) = KPcK
⊺ ⪯KBcK

⊺ = BF .

Thus, BF is a conservative bound over A for the fusion
induced by K.

C. Proof of Lemma 3
The proof is performed by induction on the number of

estimators involved in the fusion. Let Pc ∈ ACI, the property
to prove for all n ∈ {1, . . . , N} is P(n): ∀ω ∈ intKn:
P1,1 P1,2 · · · P1,n

P2,1 P2,2 · · · P2,n

...
...

. . .
...

Pn,1 Pn,2 · · · Pn,n

 ⪯ diag
(
ω−1
1 P̃1, . . . , ω

−1
n P̃n

)
.

P(1) is clearly true. Assume P(n − 1) for n ≥ 2 and let us
prove P(n). Let ω ∈ intKn, by isolating the first block-row
and first block-column in Pc, we claim that:

Pc =

[
P1,1 P1,2:n

P2:n,1 P2:n,2:n

]
⪯

[
1
ω1

P̃1 0

0 1
1−ω1

P2:n,2:n

]
Indeed, the difference is positive semi-definite by the Schur
criterion [16, Theorem 7.7.7]:

∆1 =
1− ω1

ω1
P̃1 ≻ 0,

∆2 =
ω1

1− ω1
P2:n,2:n − P2:n,1∆

−1
1 P1,2:n,

=
ω1

1− ω1

(
P2:n,2:n − P2:n,1P̃

−1
1 P1,2:n

)
⪰ 0.
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Then by using P(n − 1) on P2:n,2:n with the vector γ ∈
intKn−1 whose entries are γi = ωi+1/(1−ω1), we get P(n).
Thus, the property is true for all n ≥ 1.

D. Proof of Lemma 4
Let BF be a conservative bound over the set A for the fu-

sion induced by some gain K. Let Pc ∈ A. By conservatism:
P̃F (K,Pc) ⪯ BF . Furthermore according to Lemma 1:
P̃ ∗

F (Pc) ⪯ P̃F (K,Pc). Thus, P̃ ∗
F (Pc) ⪯ BF as claimed.

E. Proof of Lemma 5
Let us prove that for all ω ∈ (0, 1), AESCI′′

F (ω) ≺ 0 which
is sufficient. Let ω ∈ (0, 1) be set.

By linearity AESCI′′
F (ω) = H⊺AESCI′′

c (ω)H , with:

AESCI
c (ω) ≜ BESCI

c (ω)−1 =
(
B(1)

c (ω) + P̃ (2)
c

)−1

.

By applying using the Woodbury inversion identity:

AESCI
c (ω) = M̃ (2)

c − M̃ (2)
c

(
A(1)

c (ω) + M̃ (2)
c

)−1

M̃ (2)
c

with M̃
(2)
c ≜

(
P̃

(2)
c

)−1

and A
(1)
c (ω) ≜ B

(1)
c (ω)−1. Note

that A(1)
c (ω) depends linearly on ω:

A(1)
c (ω) = diag

(
ω(P̃

(1)
1 )−1, (1− ω)(P̃

(1)
2 )−1

)
.

Therefore, the derivatives of AESCI
c (ω) are:

AESCI′
c (ω) = M̃ (2)

c

(
A(1)

c (ω) + M̃ (2)
c

)−1

A(1)′
c(

A(1)
c (ω) + M̃ (2)

c

)−1

M̃ (2)
c ,

AESCI′′
c (ω) = −2M̃ (2)

c

(
A(1)

c (ω) + M̃ (2)
c

)−1

A(1)′
c(

A(1)
c (ω) + M̃ (2)

c

)−1

A(1)′
c

(
A(1)

c (ω) + M̃ (2)
c

)−1

M̃ (2)
c .

Since by Assumption 1
(
A

(1)
c (ω) + M̃

(2)
c

)−1

≻ 0, the matrix
AESCI′′

F (ω) ≺ 0 as claimed.

F. Proof of Lemma 6
Consider Ω such that Ω⊺Ω ⪯ I and define:

P
(1)
1,2 (Ω) =

(
P̃

(1)
1

)1/2
Ω
(
P̃

(1)
2

)1/2
,

P (1)
c (Ω) ≜

[
P̃

(1)
1 P

(1)
1,2 (Ω)

P
(1)
1,2 (Ω)⊺ P̃

(1)
2

]
,

Pc(Ω) ≜ P (1)
c (Ω) + P̃ (2)

c .

By definition, Pc(Ω) ∈ AESCI if and only if P
(1)
c (Ω) ⪰ 0.

Furthermore:

P (1)
c (Ω) =

[
P̃

(1) 1
2

1 0

0⊺ P̃
(1) 1

2
2

] [
I Ω
Ω⊺ I

][
P̃

(1) 1
2

1 0

0⊺ P̃
(1) 1

2
2

]

As Ω⊺Ω ⪯ I , the matrix
[
I Ω
Ω⊺ I

]
is positive semi-definite,

see e.g., [16, Lemma 7.7.6], and thus Pc ∈ AESCI as claimed.

G. Proof of Lemma 7

Let us first prove that (AESCI
F (ω0)−A)z = 0. By definition

of z and M̃∗
F (P

∗
c ):

z⊺(A− M̃∗
F (P

∗
c ))z = 0,

z⊺(AESCI
F (ω0)− M̃∗

F (P
∗
c ))z = 0.

As both B and BESCI
F (ω0) are conservative, A−M̃∗

F (P
∗
c ) ⪯

0 and AESCI
F (ω0) − M̃∗

F (P
∗
c ) ⪯ 0. Therefore Az =

M̃∗
F (P

∗
c )z = AESCI

F (ω0)z. Hence (AESCI
F (ω0)−A)z = 0.

Assume now that for some η ∈ R and some λ ̸= 0, the
vector x = ηz + λy satisfies g(x) = x⊺AESCI

F (ω0)x. As A
is conservative, g(x) ≥ x⊺Ax. Expanding x⊺(AESCI

F (ω0) −
A)x gives:

0 ≤ x⊺(AESCI
F (ω0)−A)x = λ2y⊺(AESCI

F (ω0)−A)y.

Thus, y⊺(AESCI
F (ω0)−A)y ≥ 0.

Similarly, if g(x(λ)) = x(λ)⊺AESCI
F (ω0)x(λ) + o(λ2),

then:

y⊺(AESCI
F (ω0)−A)y =

g(x(λ))− x(λ)⊺Ax(λ)

λ2
+ o(1).

As ∀λ, g(x(λ))− x(λ)⊺Ax(λ) ≥ 0:

y⊺(AESCI
F (ω0)−A)y ≥ o(1).

Thus, as the left-hand side is constant, by considering the limit
when λ goes to 0: y⊺(AESCI

F (ω0)−A)y ≥ 0 as claimed.
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des Recherches in 2001. Since 1994, he works
for the Centre National de la Recherche Sci-
entifique (CNRS) where he is a Directeur de

Recherche. He is with GIPSAlab, Grenoble, France, in the GAIA team
(Geometry, Learning—Apprentissage, Information and Algorithms).
From 2010 to 2013, he was in secondment in the Department of
Mathematics and Statistics of the University of Melbourne. His research
interests include statistical signal processing, non-stationary signal pro-
cessing, applications of signal processing in physics.

Christophe Prieur is currently a senior re-
searcher of the CNRS at Gipsa-lab, Univ. Greno-
ble Alpes. He is an associate editor of the AIMS
Evolution Equations and Control Theory, the
SIAM Journal of Control and Optimization and
the Mathematics of Control, Signals, and Sys-
tems. He is a senior editor of the IEEE Control
Systems Letters, and an editor of the IMA Jour-
nal of Mathematical Control and Information.
His current research interests include nonlinear
control theory, hybrid systems, and control of

partial differential equations, with applications including navigation and
object tracking, fluid dynamics, and fusion control. He is an IMA Fellow,
and an IEEE Fellow.

Jean-François Da Rocha is a senior GNSS
navigation engineer mainly in Galileo and EG-
NOS with several years of experience in Avionics
and Spacecraft embedded systems, and Mis-
sion and Control Centre (LEO Constellation)
including management level. He participated to
the PPP with integer ambiguity resolution for
GPS and Galileo using satellite products from
different analysis centers. He is currently work-
ing on Galileo Public Regulated Service Initial
and Full Operational Capability.


	Introduction
	Background
	Linear fusion
	Conservative linear fusion
	Covariance Intersection and Split Covariance Intersection

	Extended Split Covariance Intersection
	Motivating example
	ESCI fusion rule
	Particular case of a common noise

	Optimality of ESCI for the fusion of two estimators
	Main result
	Sketch of the proof and preliminaries
	Minimal volume
	Tightness of SCI bounds over V(AESCI)
	Proof of the main result

	Application to distributed estimation
	Model
	Distributed estimation algorithm
	Results and discussion

	Discussion
	Conclusion
	Appendix
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Lemma 3
	Proof of Lemma 4
	Proof of Lemma 5
	Proof of Lemma 6
	Proof of Lemma 7

	Biographies
	Colin Cros
	Pierre-Olivier Amblard
	Christophe Prieur
	Jean-François Da Rocha


