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Static Output Feedback Control of Heat
Equations With Small Reaction Terms

Hugo Lhachemi

Abstract—This letter studies the static output feedback
stabilization of constant coefficients heat equations by
means of a proportional controller. We consider the case
of a Dirichlet boundary control and Dirichlet boundary
measurement. In this setting, we show that a simple pro-
portional static output feedback control strategy can be
successfully implemented for sufficiently small reaction
terms. By duality, the same result applies to the case
of a Neumann boundary control and Neumann boundary
measurement.

Index Terms—Heat equation, boundary control, static
output feedback.

[. INTRODUCTION

HE PROBLEM of output feedback stabilization of

heat equations described by partial differential equations
(PDEs) has received many interest during the last decades.
The developed control design methods rely most of the
time on either backstepping transformations [7] or spectral-
reduction methods [2], [11], [13]. These approaches have led
to the development of numerous dynamical output feedback
control strategies [1]. Surprisingly, to the best of authors’
knowledge, the case of static output feedback control strategies
for heat equations has not been reported in the literature.
Compared to dynamical output feedback control strategies,
static output feedback control strategies present the key advan-
tage of being easy to implement, particularly compared with
backstepping-based output feedback control strategies that are
infinite-dimensional [7]. They however offer much less degrees
of freedom for stabilizing the plant.

In this context, the question addressed in this letter is
whether, and under which conditions, an output feedback
control strategy can be successfully designed to stabilize an
open-loop unstable heat PDE. We consider the case of a
constant coefficients heat equation. The control is applied
to the right boundary Dirichlet trace while the measurement
consists of the left boundary Dirichlet trace. We show in
this context that a simple static output feedback is sufficient
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for stabilizing the PDE plant in the case of sufficiently
small reaction terms. The obtained stabilization results hold
in L?-norm and H'-norm and are derived through a detailed
study of the eigenelements of the underlying Riesz-spectral
operator [3], [5], [9]. By duality, we show that the same results
hold in the case of a Neumann boundary control and Neumann
boundary measurement.

The rest of this letter is organized as follows. The stud-
ied control problem and our main results are presented in
Section II. The proof of the stabilization result in L?-norm
is reported in Section III while the case of the H'-norm is
disclosed in Section IV. The results for the dual problem are
reported in Section V. Concluding remarks are formulated in
Section VI.

[I. SYSTEM DESCRIPTION AND MAIN RESULTS

Consider the heat equation with Dirichlet boundary control
described by

e = pyxx + q, (1a)
(@ 0) =0, y@ 1) =u®), (1b)
¥(0, x) = yo(x) (Ic)

for all x € (0,1) and ¢+ > 0. Here we have p > 0 and
g € R. By means of spectral arguments, it is known that (1)
is exponentially stable if and only if

q/p < m*/4. ©)
q

Consider the case ¢ > 72/4 along with the system output
m(t) = y(t, 0). In this setting, it is known that the studied heat
equation can always be stabilized by means of a dynamical
controller [7], [9]. In this letter, we study this possibility
in the case of a simple static proportional feedback of the
form:

u(t) = —km(r) = —ky(t, 0) 3)

for some k € R to be defined. This gives the following closed-
loop system dynamics:

Vi = Pyxx + 4V, (4a)
(1,00 =0, y@ 1) =—ky(,0), (4b)
y(0,x) = yo(x). (4c)
Our main result is stated as follows.
Theorem 1: Assume that
a/p < m*. )
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Then there exists £ € R so that the closed-loop system (4)
is exponentially stable in the sense that there exist constants
8 > 0 and C > 1 such that, for any initial condition yg, the
trajectory of the closed-loop system (4) satisfies

—4t (6)
for all + > 0. Here we have either ¥ = L2(O, 1) for mild
solutions associated with yg € LZ(O, ) orY = H! O, 1)
for classical solutions associated with yy € H?%(0, 1) so that
¥5(0) =0 and yo(1) = —kyo(0).

In particular':

o if k € (0,1), then (6) holds with § = parccos(—k)2

— g > 0 when selecting

ly( )y = Ce™llyolly

q/p < arccos(—k)2 @)
but fails for any 8 > p arccos(—k)*> — ¢;

o if k = 1, then (6) holds for any § € (O, pn2 — ¢) but fails
for 8 > pn? —g;

o if k > 1, then (6) holds with 8§ = p(% — (cosh™! (k))?) —
q > 0 when selecting

l <k< cosh(,/yt2 - q/p)

but fails for any § > p(7l’2 — (cosh’1 (k))z) —q.
In the case 4 > 72, there does not exist a k € R so that (6)
holds for some constants § > 0 and C > 1.

Remark 1: Comparing the open-loop stability condition (2)
and the closed-loop stabilizability condition (5), it thus appears
that a simple static proportional feedback of the form (3) can
stabilize the unstable open-loop system (1) for coefficients
satisfying ”Tz <41 < g2

The sequel of this letter is devoted to the proof of
Theorem 1.

The closed-loop system lives in the state-space # =
L?(0,1) endowed with its usual inner product (f,g) =

fol fgdx. For arbitrary p > 0 and ¢ € R, we define

df =pf' +of

®)

on

D(dl) = {f € H(0,1) | f'(0) =0, f(1) = —kf(0)}.

Then the closed-loop system dynamics (4) reads

v =4y, ¥(0, -) = yo.

Even if the operator &/ is strongly related to the class of Sturm-
Liouville operators, which provides an efficient framework
for stability analysis [3], [4] and feedback control [6], [9],
the studied operator does not belong to this class due to the
“uncollocated” condition f(1) = —kf(0).

[1l. STABILIZATION RESULT IN L2-NORM

This section is devoted to the proof of Theorem 1 in the
case of the L?>-norm, that is for (6) with ¥ = L2(0, 1).

IThe case k = 0 corresponds to the uncontrolled system (u(f) = 0) while
the case k < O shifts the spectrum towards the right of the complex plan.

A. Discussion of the Case ke (—1,1)

We first address the case k € (—1, 1).
Lemma 1: Let k € (—1,1) be given. The point spectrum
op() of o is composed of

A= —plog +2n7)> +q, neZ (9a)

where o = arccos(—k) and with associated eigenfunctions
dn(x) = V2 cos((ay + 2n7)x), (9b)

Proof: We are looking for A € C and f # 0 so that &/f =
pf” +qf = A, that is f”/ = uf with u = (A —¢q)/p, along with
f'(0) =0 and f(1) = —kf(0). The case u = 0 implies f = 0
(because k # —1), hence is discarded. Let ./ # 0 be one
of the two square roots of p. We thus have f(x) = §jevVi* +
8re~ VI for some 81,8, € C. The condition f/(0) = 0 gives
81 = &2, hence f(x) = 281 cosh(,/ux). Now the condition
f(1) = —kf(0) implies that cosh(,/u) = —k, that is (eVi)? 4
2kevVF4+1 = 0. Since k € (—1, 1), the discriminant of the latter
second order polynomial function in ev¥ is 4(k* — 1) < 0,
giving eV#* = —k % iv/1 — k2. Denoting by ay = arccos(—k),
we have ev# = ¢+ This implies that /it = i(ay + 2n7),
hence u = —(zag + 2nmw)? for any n € Z. Noting that
—ag + 2nr = —(o + 2(—n)m), we can restrict the study
to 4 = —(ax + 2nm)? for any n € Z, giving the claimed
conclusion. |

We thus infer that sup,.;ReA, = Ay = —pot,% +q —
—pn? + g as k — 1. Therefore, the result of Theorem 1 will
be proved if we can show that & is the generator of a Cp-
semigroup and that the growth bound condition holds true.
This will be the case if we can show that & is a Riesz-spectral
operator, that is & is closed and ® = {¢, | n € Z} forms a
Riesz basis of LZ(O, 1); see, e.g., [3].

Lemma 2: o is closed.

Proof: It is sufficient to show that the resolvent set p(&f) is
not empty. Since k € (—1, 1), it is seen from Lemma 1 that
q ¢ op(). In particular, & — gl is injective. Let us show
that ¢ € p(/). For an arbitrarily fixed g € L*(0, 1), we look
for a solution to (f — gl)f = g for some f € D(&). This
is equivalent to f” = Il)g with /(0) = 0 and f(1) = —kf(0).
Direct integrations show that

n e 7.

1 1 1 [*
f) = _p(k——i-l)/o (I —s)g(s)ds + 1—7/0 (x —s)g(s)ds
= (& = an7'g) .

This implies that (o/ — gI)~':L?(0, 1) — L?(0, 1) is continu-
ous, giving the claimed conclusion. |
In order to show that ® is a Riesz basis, we first char-
acterize its biorthogonal sequence through the study of the
eigenelements of the adjoint operator of &/, defined by

A*f = pf" +qf
on the domain
D(e*) = {f € H(0. 1) | f(1) =0, f'(0) = —kf'(1)}.

Lemma 3: Let k € (—1, 1) be given. The point spectrum
op(A*) of * is composed of A, for n € Z with associated
eigenfunctions

Yp(x) =,/ I —2k2 sin((ag + 2n7)(1 —x)), neZ
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where oy = arccos(—k). The scaling factor has been selected
so that (¢,, ¥,) = 1 while we have (¢, ¥) = 0 for all
n#méel.

Proof: We are looking for A € C and f # 0 so that &/*f =
pf” +qf = Af, that is f”/ = uf with u = (A —¢q)/p, along with
f(1) =0 and f'(0) = —kf'(1). The case u = 0 implies f =0
(because k # —1), hence is discarded. Let ./ # 0 be one
of the two square roots of p. We thus have f(x) = §jevVi* +
8re~VHX for some 81,8, € C. The condition f() = 0 gives
8 = —81e*V*, hence f(x) = —2evE§; sinh( /(1 — x)). The
condition f'(0) = —kf'(1) reads cosh(,/n) = —k, yielding
the same condition as in the proof of Lemma 1. The claimed
conclusion follows. Finally the normalization factor, computed
to ensure the biorthogonality condition (¢, ¥,) = 1, fol-
lows from fol cos((ag + 2nm)x) sin((a 4+ 2nm)(1 —x))dx =

VIR n

2Lemma 4% The family ® = {¢, | n € Z} forms a Riesz
basis of L2(0, 1) with dual Riesz basis ¥ = {,, | n € Z}.

Proof:Since ® and W are biorthogonal, it is sufficient to
show that each family & and W is (i) maximal; (ii) a Bessel
sequence.” See [14, Ch. 1, Th. 9].

We start with the family ® by noting that

sinog

Bn(x) = cos(agx) - V2 cos(2nmx) — sin(oxx) - v/2 sin(2nx).
Therefore, we have for any f € L2(0, 1) that

(f, dn) = (f cos(ax-), «/zcos(Znn-))
— (f sin(a-), V2 sin(2n7-)),

neZ. (10)

Let us show first that ® is maximal. To do so, let f €
L2(0, 1) be such that

{fs dn) =0, Y

Let us prove that this implies f = 0. In view of (10) we have
0 = (f cos(ag-), v/2 cos(2nm-)) — (f sin(ag-), ~/2 sin(2nz-)) for
all n € Z. Let m € N be arbitrarily given. Applying the latter
identity once with n = m € Z and once with n = —m € Z,
we deduce that

neZ.

0 = {fcos(ag-), \/Ecos(me)) — (f sin(ag-), ﬁsin(Zmn-)),
0 = {fcos(ag-), \/Ecos(2m7r~)) ~+ (f sin(org), \/Esin(Zmn-))

where we used that the cosinus function is even and the sinus
function is odd. Summing the two identities and computing

the difference, we get (f cos(ax-), v/2cos(2nm-)) = 0 and
(f sin(ox-), ¥/2 sin(2nm+)) = 0 for all n € N. Since

{1} U {v2cos@nr-) | n e N*}U{+2sin@nr-) | n € N*}
(12)

is a Hilbert basis of L2(0,1), we have feos(og) =
ZneN* an\/i sin(2ns-) for some a, € R, hence

(f cos(ak-), f sin(ak-))
= Z an(\/zsin(an),f sin(o+)) = 0,

neN*

2A sequence (¢n),>( of a separable Hilbert space X is said to be a Bessel
sequence if ({f, ¢n))p=0 € £2(N) for all f € X.

showing that
1
0= / If ()| sin(ox) cos(ogx) dx
0

1
_1 / If (0)1? sin(2ax) dx.
2 Jo

For k € (—1,0] we have o = arccos(—k) € (0,m/2] so
sin(2axx) > 0 for all x € (0, 1). We thus infer that f = 0,
showing that @ is maximal.

Consider now the case k € (0, 1). The previous argu-
ment does not directly apply because, in that setting, oy =
arccos(—k) € (w/2,m) hence x — sin(2agx) does no have
a constant sign for x € (0, 1). We circumvent this issue by
noting that

Bn(x) = V2 cos((a + 2n7)x)
= v2cos({(ax — ) + 2n+ )m}x)
= V2cos({(w —agp) — 2n+ 1)m}x)
= V2cos({@ + 2(—=n— 1) + D lx)
= ¢ n1(x)

where @y = 7 — ax € (0,77/2) and ¢, (x) = V2 cos({a@x +
(2n + )m}x). So, (11) holds if and only if

(f, én) =0, (13)

Note first that ¢,(x) = cos(@wx) - v2cos((2n + Dax) —
sin(@xx) - v/2sin((2n 4+ 1)7x). Then, for an arbitrarily fixed
m € N, we obtain from (13) with n = m € Z and
n=-m—1 € Z that 0 = (fcos(@), v2cos((2m +
1) 7)) — (fsin(@e-), v2sin(@m + D)) and 0 =
(f cos(@x-), V2 cos((2m + 1) 7)) + (f sin(@-), v/2 sin((2m +
1)m-)) where we have used that 2(—m — 1) + 1 =
—(@2m + 1) along with the fact that the cosinus function
is even and the sinus function is odd. Computing the
sum and the difference of the two latter identities, we
deduce that 0 = (f cos(ag-), \/zcos((Zn + 1)m-)) and 0 =
(fsin(&k-),ﬁsin((2n + D)) for all n € N. Moreover
{(V2cos((2n + D), V2sin(2n + Dx:) | n € N} is
a Hilbert basis of L?(0, 1), hence we have feos(ag) =
Y neN a2 sin((2n + 1)7-) for some a, € R and

(f cos(ax-), f sin(ak-))
=Y ay(V2sin(@n + ). fsin(ax-)) = 0,

neN

ne 7.

showing that
1
0= / If ()| sin(éx) cos(@xx) dx
0

1
_ ! / I () |? sin(2&x) dx.
2 Jo

Recalling that k € (0, 1) we have ay = 7 — a; € (0, 7/2) so
sin(2agx) > 0 for all x € (0, 1). We thus infer that f = 0,
showing that ® is maximal.

Let us now show that & is a Bessel sequence,
that is ((f, pp)nez € €3(Z) for all f € L0, ]1).
Recall the identities (10) where fcosh(ak-),f sinh(ox) €
L2(0,1). Since (12) is a Hilbert basis of L2(0,1), we
get that ((fcosh(ak~),ﬁcos(Znn-)))neZ € (*(Z) and
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({f sinh (o), ﬁsin(Enm)))neZ € (2(7), giving the claimed
conclusion.
In the case of the family W, we note that

I/fn()f) = \/7# sin(ak(l — x)) . \/ECOS(Znn’(] —x)
+ Fﬁcos@tk(l —X)) - ‘/ESin(ZHT[(l — ).

Therefore, we have for any f € L2(0, 1) that

(. dn) =\ T 0 — ) sintax), VI cos )

+ 1_#kz(f(l — ) cos(oy), «/Esin(Zmr)), nez.

where we have used a change of variable in the integrals.
Following the same approach as in the previous paragraph, this
implies that W is a Bessel sequence and is maximal in the case
k € (—1, 0]. Noting finally in the case k € (0, 1) that ¥, (x) =
V_p—1(x) with ¥,(x) = —,/ ﬁ sin((ax + (2n+ D) (1 —x))
where oy = m — oy € (0, 7/2). We now proceed as in the
previous paragraph to conclude that W is maximal.

Remark 2: The previous result states that, for any a €
(0, ), the family (v/2 cos((a+2n7)-))nez is a Riesz basis of
L2(0, 1) with dual Riesz basis (si;/(z) sin((a+2nm)(1—"-)))pez.

Overall, we have shown that &/ is a Riesz spectral opera-
tor [3]. We thus infer that the domain of the operator & is
characterized by

D(dl) = {f € L0, 1) | Y 1al’I{f, ¢u)l* < o0f. (14)
nez

Moreover, the growth bound wy of the Cp-semigroup 7'(f) =
> ez € (-, Yu)py generated by o satisfies

wr =sup Rer, = X1 = —poz,%—l—q. (15)

nez

In particular, we have the existence of a constant C > 1 so
that ||T(7)|| < Ce®. Hence, the closed-loop system (4) is
exponentially stable if and only if w; < O, that is % < a,%. This
latter condition is equivalent to (5) with k selected so that (7)
holds.

B. Discussion of the General Case k ¢ R

We now address the general case k € R. Computations
similar to the ones reported in the proof of Lemma 1 and
Lemma 3 show that:

e When k > 1,

hn = p(0 — @n+ 1227) + g+ 2pos2n + D,
¢ (x) = V2 cosh((ax + i(2n + 1)m)x),

Yn(x) = —/ kzz—_l sinh((ax — i(2n + Dm)(1 — X))

for all n € Z with o = cosh™!(k);
e when k < —1,

I = p(a,% - 4n2n2) + q + idpaynrm,
bn(x) = V2 cosh((ax + i2n7)x),

Yn(x) = ‘lkzi—l sinh((oy — 2nw)(1 — x))

for all n € Z with o = cosh™ ! (—k).

Using a similar approach that the one previously developed, it
can be shown that ® is a Riesz basis for any |k| > 1, hence &/
is a Riesz spectral operator. Note that the Riesz basis property
fails in the case |k| = 1; see discussion below. Moreover we
have

inf sup Re A, = —prrz +4q

keR ,c7,
which is negative if and only if (5) holds.

The case k < —1 is not of interest in terms of stabilization
of the heat equation (1) because, in that configuration, ReA,, =
pla} — 4n’n?) 4+ g < Reky = pa} + ¢ with pa} + g >
lime_,_ pa} + q = q. Hence, the output feedback (3) with
k < —1 shifts the spectrum towards the right of the complex
plan.

The case k > 1 is more interesting because we have Re A,, =
p(ot,; —Q@n+ 1?7 4+qg < Rerg = p(a,% — %) 4+ ¢ with
ploy — 7%) 4+ g — —pn? +q as k — 1. Therefore, assuming
that (5) holds, selecting k so that (8) ensures the exponential
stability of the closed-loop system in the sense of (6) with
§= p(yrz—(cosh’l (k))z)—q > (. The key difference compared
with the case k € (—1,1) is that k € (—1, 1) induces real
eigenvalues while the case k > 1 produces complex conjugate
eigenvalues.

The above discussion rises the question of the specific case
k = 1. In that situation, we observe a collapse of the Riesz
basis property. Indeed, the eigenelements are given by

= —pQn+1)’7* 44, (16a)

P1.2(x) = V2 cos((2n + )mx) (16b)

for all n € N where {¢1, | n € N} is not maximal in L2(0, 1)
because (sin(rr-), ¢1,,) = 0 for all n > 0. In order to enrich the

family of eigenvectors, we search for generalized eigenvectors
associated with each eigenvalue X,,. We obtain in particular

P2.n(x) = \/75)( sin((2n + 1)mx) (16¢)

for all n > 0. They satisfy ¢2 , € D(&/) and

P10 = @10, AP20 = Idon +pC2n+ D1
for all n > 0. The existence and characterization of a family

W = {Y1.n, ¥2.n | n € N} biorthogonal to ® = {¢1. b2, |
n € N} is obtained through the study of o/*, giving

Yia(x) = —iz(l —x)cos((2n + Dm (1 —x)),

NG
8 .
V2,0 (x) = 7 sin((2n 4+ D7 (1 —x))
for n > 0. They satisfy:
«d*wl,n = )‘nllfl,n +P(2n + 1)7”/[2,n7 M*wln = )\an,n

for all » > 0. Now, using similar arguments to the proof of
Lemma 4, it can be shown that ® is a Riesz basis of L*(0, 1)
with dual Riesz basis W. Denoting by

A = AnpCn+ Dm
n — 0 )\-n )

the matrix of & in {¢1,, ¢2.,}, we infer similarly to [8,
Lemma 2.1] that &/ generates a Co-semigroup expressed by
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T(f = Z[¢1,n ¢z,n]€A"'[g: 5;:?}

neN

for all f € L*(0,1) and 7 > 0 while

2
D(o) = {f € L*0, 1 A, o Vn) (17
() ={fel?0,1) | Y n[wwm <00 t.(17)
n>0
Note that
eA”’ _ e)‘”t 1 p(2n + 1)t
- 0 1
with A, < A9 = —pn2 + g. In view of (16a), we thus infer

for any € > 0O the existence of a constant ¢ > 0 so that
eA! || < cee®0)! for all n > 0 and all # > 0. This implies
the existence of a constant & > 0 so that ||[T()| < ¢ceote!
for all ¢+ > 0. Due to the polynomial term (in the ¢ variable)
appearing in the exponential matrix e*’, this latter estimate
of the Cp-semigroup fails in the case € = 0.

IV. STABILIZATION RESULT IN H'-NORM

This section is devoted to the proof of Theorem 1 in the
case of the H!-norm, that is for (6) with ¥ = H'(0, 1).

A. Caseke (—1,1)

We discuss first the case k € (—1,1). The proof of
Theorem 1 in the case ¥ = H! (0, 1) essentially relies on the
following result.

Lemma 5: Let k € (—1, 1) be fixed and define

N 1
¢n= ¢n=

oy + 2nm

2n7r)-
P cos((ag + 2nr)-)

for n € Z. Then ®' = {$, | n € Z} is a Riesz basis of
H'={f eH'©O,1) | f(1) =k (0))

endowed with (f, g)z1 = [ fg dx.

Proof: We start by showing that #' is a Hilbert basis.
Due to the continuous embedding HY0,1) c L>®(0, 1), we
first note that %! is a closed subspace of H!(0, 1) endowed

with the usual inner norm ||f|l;n = ,/l[f||i2 + |[f’||iz. To

conclude, it remains to show that the norms || - ||z and || -
|1 are equivalent on %'. For any f € ', we note that
f&) =f0) + [y (s)ds and f(x) = f(1) + [} f'(s) ds. Since
f(1) = —kf(0), we thus infer that (1 + k)f(x) = fle’(s) ds +
kfgf’(s) ds. Recalling that £ € (—1, 1), we deduce that f(x) =

g JiF (9) ds+ 25 [of(s) ds hence [|f |2 < i [Ifll2- The
conclusion follows easily.
We note that

¢ (x) = —v/2sin((ax + 2n7)x) = —v/ 1 — K2, (1 — x).

This implies that
1
(fsdndgrr = —V1 —kZ/O F @Y1 —x) dx

1
=—-vI- k2/ F 0 =09 (x) dx
0
= —V1—=k{f'(1 =), ¥n).

Let us first show that ®! is maximal in Z!. Let f € %!
be such that

~

fdn)ogpr =0, VnelkZ

hence

(f'A=2, 9, =0, VnelZ.

Since W is a Riesz basis, this implies that /(1 —-) = 0, hence
f' = 0. Since f(1) = —kf(0) with k # —1, we obtain f = 0.
Therefore, ®! is maximal in Z!.

It remains to show the existence of ¢y, ¢co > 0 so that

2
Cl Z |05n|2 =< Z O5n‘2;n < Z |(¥n|2
In|<N In|<N ! In|<N
for all N > 0 and all «,, € C. Note that
2 2
Z anqsn = Z and;,;
In| <N gt lmi=N 2
2 2
==K D oyl =] =11=K] D> ot
In|<N 12 [n|<N L2
The conclusion follows from the fact that ¥ is a Riesz basis
of L2(0, 1), see Lemma 4. [ |

We can now proceed with the proof of Theorem 1 in the
case Y = HL(0, 1). Let yo € D() be arbitrarily fixed. Then
we know that y(z,-) € D(«) for all + > 0. We define the
coefficient of projection of the PDE trajectories y(z, -) onto the
Riesz basis ® by y,(¥) = (y(t, ), ¥n), n € Z. Then we have
for classical solutions that

In(®) = et ), Yn) = (V) L Yn) = Apyn (D). (18)

Since @ is a Riesz basis of L2(0, 1), we have that y(t, ) =
ZnEZ yn(t) ¢, with convergence of the series in L%-norm. From

the previous identity, recalling that (/3,, = m%, we deduce
that
Yt ) =Y ok + 207}y (D, (19)
nez
with a priori still convergence of the series in L*-

norm. However, for classical solutions, we know that
Y onez IAn 2 yn ()2 < 00, see (14). In view of (9a), this implies
that ° 7 [Anllyn ()] < co hence Y,y lax+2n7 ||y, (D> <
oo because A, = —p(a + 2nm)? + q. Since ®! is a Riesz
basis of %!, we deduce that the series on the right-hand side
of (19) actually converges in H'-norm. Using again the result
of Lemma 5 this means that ||y(z, o)||12,1,1 is equivalent to

V= low+2nm Pyl

nez

The computation of the time derivative along the system
trajectories (18) gives®

V=23 halox + 207 Plyal* < 20V
nez

where wy is defined by (15). Hence we infer that V(r) <
e>9V(0), giving the claimed conclusion.

3The term-by-term differentiation is a direct consequence of Dini’s theo-
rem [12, Th. 9.24].
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B. Discussion About the Case k > 1

In the case where (5) holds, the stabilization in H'-norm in
the sense of (6) with ¥ = H'(0, 1) is also achieved for either
k=1 or k > 1 satisfying (8).

The case k > 1 satisfying (8) follows from the same

arguments that the ones previously developed by considering:

(@) fu(x) = m%(x) = W% cosh((orx +i(2n +

1)m)x), n € Z, that forms a Riesz basis of #1; and (i1) the
Lyapunov functional V =" . |ox 4+ i(2n + D7 |?|yal2.

We give some extra details about the case k = 1 for
which (6) holds for any § € (O, an — ¢q). To do so, we
first show that dzl = {(ﬁl,n,cﬁz,n | n € N} with &1,,, =
m(ﬁl*” and ¢, = m@*” is a Riesz basis of #Z!.
This is inferred by noting that ¢{ ,(x) = —}y2,(1 —x) and

¢ () = mwz,n(l —x) — $¥1,,(1 — x) while using
the fact that W is a Hilbert basis of L2(0, 1). With this result
in hands and in view of (17), the stability estimate (6) is
derived by studying the Lyapunov functional V =", (2n+
1)2y;—1rPnyn with y, (1) = [(}’(t, s Yia) (), WZ,n)] . Here
P, > 0 is solution to the Lyapunov equation AnTP,, + P,A, +
28P,, = Ayl < 0 and for which it can be shown that there exist
constants ¢;,, cpr > 0 so that ||P,|| < cp and ¢l <X Py, < eyl
for all n > 0.

V. STABILIZATION OF THE DUAL HEAT EQUATION

In view of Lemma 3, we deduce the following result for
the dual problem. Consider the heat equation with Neumann
boundary control described by

Yt = pyxx + q, (20a)
¥, 1) =0,  y(,0) = u(®), (20b)
¥(0, x) = yo(x) (20c)

for some p > 0 and ¢ € R. The open-loop system (20) is
exponentially stable if and only if (2) holds. Consider the
system output m(f) = y,(t, 1) along with the associated static
proportional feedback:

u(t) = —km(r) = —kyx(t, 1)

for some k € R. Combining (20)-(21), we get the following
closed-loop system dynamics:

2L

Yt = PYxx + 4V, (22a)
¥, 1) =0, y(t,0) = —kye(2, 1), (22b)
¥(0,x) = yo(x). (22¢)

We have the following result.

Theorem 2: Assume that (5) holds. Then, there exists k € R
such that the closed-loop system (22) is exponentially stable in
the sense that there exist constants § > 0 and C > 1 so that (6)
holds. Here we have either ¥ = L%(0, 1) for mild solutions
associated with yy € LZ(O, 1) or Y = H'(0, 1) for classical
solutions associated with yo € H2(0, 1) so that yo(1) = 0 and
¥5(0) = —ky;(1). In the case 4 > 72 there does not exist a
k € R so that (6) holds for some constants § > 0 and C > 1.

V1. CONCLUSION

This letter has studied the problem of proportional static
output feedback stabilization of a constant coefficient heat
equation with Dirichlet boundary control and Dirichlet bound-
ary measurement. Denoting by p the diffusion coefficient and
by g the reaction coefficient, we have shown that, while the
open-loop system is stable when ¢/p < 7%/4, a static output
feedback can be implemented for exponential stabilization of
the plant for coefficients satisfying ¢/p < m2. In the situation
where g/p > n?, a dynamical control strategy is required.
Note however that, even in that situation, the reported static
output feedback strategy has the merit to shift the spectrum
towards the left of the complex plan provided k > 0. Hence,
it can be employed as a preliminary feedback of the type
u(t) = —ky(t,0) 4+ v(f) where v(f) is an auxiliary command
while £ > 0, with maximum shift of the spectrum achieved for
k = 1. The command v(#) can then be designed, for example,
using the control strategy reported in [9], [10]. This is made
possible essentially by the fact that, when |k| # 1, the operator
& is a Riesz-spectral operator, i.e., its eigenvectors form a
Riesz basis of the state-space.
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