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Position, Velocity, and Attitude Estimation Based
on MARG and Position Measurements Under
Unknown External Acceleration

Ghadeer Shaaban™', Hassen Fourati

Abstract—Estimation of position, velocity, and attitude
of a rigid body is crucial for various applications. Many
of these rely on position and Magnetic, Angular Rate, and
Gravity (MARG) sensors, which consist of a gyroscope
measuring angular velocity, a magnetometer measuring the
magnetic field, and an accelerometer measuring gravity
along with an unknown external acceleration. This external
acceleration also appears in the kinematic equation of
velocity. In this letter, a position, velocity, and SO(3) attitude
estimation algorithm is designed differently by considering
the problem of external acceleration as an unknown input
affecting both the dynamic model and measurements. The
effectiveness of the algorithm is validated through Monte
Carlo simulations.

Index Terms—PVA estimation, external acceleration, esti-
mation under unknown input, SO(3), position sensors.

[. INTRODUCTION

STIMATION of the position, velocity, and attitude (PVA)
of a rigid body is crucial for various applications,
including robotics, autonomous navigation, and aerospace
systems. Position can be directly measured using the Global
Positioning System (GPS) [1]. Attitude, unlike position, cannot
be directly measured by a single sensor and is instead
estimated using fusion techniques that combine measurements
from multiple sensors [2]. A common combination includes
the magnetic field measured by a magnetometer, angular
velocity measured by a gyroscope, and acceleration measured
by an accelerometer, thus forming the Magnetic, Angular Rate,
and Gravity (MARG) sensors. Modern navigation systems
commonly integrate MARG and position sensors to achieve
PVA estimation [3], due to their low cost, ease of installation,
and suitability for a wide range of applications.
The position and velocity model, with acceleration in the
fixed navigation frame as input and position measurements as
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output, forms a linear state-space system where both velocity
and position are observable. However, since acceleration is
measured in the body frame, its transformation to the nav-
igation frame requires knowledge of the rotation between
the two frames. A common approach in the literature is the
cascaded method [4], where attitude is estimated first and
then used for position and velocity estimation. One classical
approach to estimating attitude relies on static algorithms that
utilize two known noncolinear reference vectors in both body
and navigation frames. This problem is formally defined as
Wahba’s problem [5]. These reference vectors are typically
Earth’s gravity and magnetic field, which are known in the
fixed navigation frame and measured in the body frame by
an accelerometer and magnetometer, respectively, assuming no
external acceleration or magnetic disturbances. A well-known
solution to Wahba’s problem is the TRIAD algorithm [6].
To improve the accuracy of attitude estimation, several algo-
rithms incorporate angular velocity measurements in addition
to acceleration and magnetic field. These methods include
complementary filters [7] and Kalman-like filters, such as the
widely used extended Kalman filter (EKF), where attitude is
represented using quaternions [8], [9]. However, quaternion-
based EKFs require normalization at each update step, which
can introduce a loss in accuracy. An improved algorithm
represents attitude as an element of the special orthogonal
group SO(3) [10].

A common limitation of the aforementioned attitude estima-
tion algorithms based on MARG sensors is their assumption
that the accelerometer measures only gravity in the body
frame, neglecting external acceleration [11]. However, this
assumption becomes invalid in scenarios involving periods
of accelerated motions, when the external acceleration is
non-negligible compared to gravitational acceleration. Several
works have addressed this problem. A threshold-based adap-
tive method [8] discards accelerometer measurements when
external acceleration is detected, but during extended accel-
eration phases, it relies solely on magnetometer data, making
attitude unobservable. Solutions for PVA estimation exist
in the literature, differently from the cascaded approach,
deterministic observers without considering sensor noise have
been proposed in [12], [13].

In the recent work [14], inspired by unknown input filtering
algorithms [15], [16], [17], a locally optimal algorithm for
attitude estimation on SO(3) based on MARG sensors was
designed by treating external acceleration as an unknown input
affecting the output. In the current work, we aim to design a
locally optimal algorithm for position, velocity, and attitude
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estimation based on MARG and position sensors, under
unknown external acceleration that affects both the dynamic
model and the output, where external acceleration appears in
the velocity dynamic (kinematic) equation. Additionally, the
velocity dynamic equation includes a multiplicative coupling
between the attitude and external acceleration, introducing new
theoretical challenges beyond those in [14].

The main contributions of this letter are: 1) The design
of a locally unbiased, minimum-variance state estimator for
systems on SO(3)xR3 x R3, with an unknown input affecting
both dynamics and output, and multiplicatively coupled with
the state on SO(3). 2) The design of a novel estimation algo-
rithm for position, velocity, attitude and external acceleration
based on MARG and position sensors.

The remainder of this letter is as follows: Section II pro-
vides preliminaries. Section III explains the attitude, position,
and velocity dynamic models, as well as the sensor output
model and the problem statement. Section IV presents the
proposed algorithm, with its steps detailed in Section V.
Section VI validates the effectiveness of the algorithm through
Monte Carlo simulations. Section VII concludes this letter.

Il. PRELIMINARIES

In this letter, matrices, vectors, and scalars are denoted
by bold upper-case, bold lower-case, and regular lower-case
symbols, respectively. The notations O(.), E(.), Z, I;, 0, z(i : j)
and Z(i : j) correspond to the higher-order terms neglected in
an approximation, the expectation operator, the trace operator,
the estimate of a variable z, the identity matrix of size n, the
zero matrix, components from i to j of vector z, and lines from
i to j of matrix Z, respectively.

Attitude can be represented mathematically by rotation
matrices belonging to the special orthogonal group SO(3) =
R € R : RRT = I det(R) = 1} [7], [12]. The
exponential map expy, : R® — SO(3) maps an element
£ € R’ to an element in SO(3) using the following
formula [7], [12]: expnm(0) = I3 and expy(§) = Iz +

SnED (g + 25U (6)2 | vg € R3\(0), where (£). =

0 —& &

( & 0 §1> is the skew-symmetric matrix. Letting &, &, €
=5 & 0

R3, we have [7], [12]: expm(gl)_1 = exp,(—§&;) and

(§1)x&>, = —(&,)x&,. The exponential map is approximated
to first order as follows [7]:

exp(E1) = T+ (1), +O(11&1112), ()
exp,i(£1) exp(82) = exp,,(§1 + &2+ O(118111% 18217))-
@

Equation (2) expresses the Baker-Campbell-Hausdorff (BCH)
formula, which is commonly employed in the design of
Kalman filters on SO(3).

[1l. PROBLEM STATEMENT
Consider the following discrete-time dynamic model [12]:

Riy1 = Riexpm ((@r + WP)dt), 3)
Vit1 = Vi + Rea"dt, 4
Xip1 = Xg + Vidt, &)

where R; € SO(3), v € R3, and x; € R3 are the attitude,
velocity, and position, respectively. The angular velocity mea-
surement is denoted by @, its noise by wy’, and sampling time
by dt. The unknown external acceleration of the rigid body
is denoted by af*, and it is written in the body frame. Note
that the term Rkaix’ in (4) is the external acceleration of the
rigid body written in fixed frame, which is the derivation of

velocity in the fixed frame. The discrete output model is [12]:

a, = Rl g +af™ + w, (6)
bi = RIm, + w?, )
Pk = Xk + W, ®)

where ay, by, pr € R3, are the accelerometer, magnetometer,
and position sensor measurements respectively, and their asso-
ciated measurement noises are wy, Wy, W‘Z e R respectively.
The Earth’s gravity acceleration and magnetic field written in
the Earth’s fixed frame are denoted by g, m,, respectively. In

order to facilitate the writing throughout this letter, we define
. R ¢ . I3

the function A(R,X) = | gr m, | the matrix D = <03 ), and
X 03

a
Wi

the measurement noise WZ = (WZ ) thus we can write the
2

output model as follows: ‘

Vi = h(Ry, i) + Daj™ + wy. 9)

The noises w;” and w% are assumed to be uncorrelated zero-
mean white random signals with positive definite covariance
matrices Qy and Ry respectively.

The attitude state model which is given by the dynamic (3)
and the output (6)-(7) is left invertible (see [18, Def. 2.5]) and
observable (see [18, Def. 2.4]), but not strongly observable
(see [18, Def. 2.6]). More details exist in [14]. The velocity and
position model given by the dynamic (4)-(5) and the output (8)
is observable given af. Therefore, the unknown external
acceleration az”, attitude Ry, velocity v, and position x; can
be uniquely reconstructed based on sensor measurements and
the initial attitude state Rg.

Motivated by the previous paragraph, this letter aims to
design a filter that estimates the attitude, velocity, and posi-
tion of a rigid body in the presence of unknown external
acceleration, using MARG and position sensor measurements,
along with an initial unbiased estimate of the attitude. To
achieve this, we design a novel recursive algorithm PVA-
SO(3) that provides an unbiased, minimum variance first-order
approximation-based estimator for Position xi, Velocity vy,
and Attitude Ry € SO(3), using the unbiased estimates of
Ri—1, Vk—1, and x;_; and the measurements @j; and Yyg.
This recursive algorithm successfully achieves our objec-
tive by ensuring that, starting from an unbiased estimate
of the attitude, the attitude estimate remains unbiased and
the variance is minimized at each step. Additionally, since
velocity and position are observable, their estimates converge
regardless of the initial values. It is important to note that
obtaining an unbiased, slightly perturbed initial estimate of
the attitude is feasible using static algorithms, such as the
TRIAD method [6], which relies on the initial readings from
the magnetometer and accelerometer.

IV. FILTER DESIGN

In this letter, an unknown input filtering algorithm
is designed to estimate the external acceleration as an
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intermediate step for PVA estimation. We adopt the three-
step procedure from our previous work on attitude estimation
using MARG measurements [14], which was inspired by the
unknown input filtering method proposed in [16], originally
developed for linear systems. The three steps are: (i) state
prediction based on the dynamic model and previous esti-
mates, (ii) external acceleration estimation based on the
state prediction and measurements, and (iii) state estimation
correction using the state prediction, external acceleration
estimation, and measurements. The current work presents three
main challenges beyond our previous work [14]. First, the
state includes two additional vectors in R3, along with the
attitude, which belongs to SO(3). Second, in contrast to [14],
where the unknown external acceleration affects only the
measurements, in the current work, it affects both the dynamic
model and the measurements. This creates a coupling between
state prediction and external acceleration estimation. Third,
the dynamic model involves a multiplication of the rotation
matrix with the unknown external acceleration. This makes the
derivation of the prediction error transition matrix challenging.

We denote the estimation of xi, v, Ry, and aix’ by Xk, Vi,

Rk, and a7, respectively. We denote the state estimation error

5
by ek = e}('. s
&

by e} = af" —ag", whereAexpm(E 0= IA{,;ll}k (error on SO(3)
definition [7]), e; = vi — Vx, and €; = X — X are the attitude,
velocity, and position estimation error, respectively. We define
the corresponding covariance matrics: P = E(eke{), P =
E(e{efT), and P¥ = (P¢)T = E(efe]). Algorithm 1 presents
the detailed steps of PVA-SO(3).

The input to this algorithm consists of the state and external
acceleration estimates, along with their corresponding covari-
ance matrices, and the MARG and position measurements. The
output is the state and external acceleration estimates for the
current time step. The derivation of algorithm steps is detailed
in Section V.

Main Results:

Aext
A

approximation-based estimators for Rk, Vi, Xk, and a;" pro-
vided by Algorithm 1 are unbiased and minimum Varlance (see
Lemma 2, Theorem 1 and Theorem 2).

and the external acceleration estimation error

Assuming that Ri1, Vi1, Xy, and
are unbiased, we demonstrate that the first-order
aext

V. FILTER ANALYSIS
A. State Prediction

Lemma I: Consider two elements, R € SO(3) and a € R3,
with their respective estimations R e SO(3) and aeR3, and

their respective estimation errors exp,,(§) = R~ 'R and e
a — a. The following equation holds:
Ra—RA = — R(@) & +Re + O(€]1, |1€]].1le“|]).

Proof: Ra = Rexpm(E)(a + e = R(I3 + &)« +
O(|1&]1) (a+e) = RA+R(&) «A+Re*+O(|[§]*) +R(§) e,
thus Ra — Ra = —R(a) €+Re +O(1E11% 1E]1-1e“]). =

Lemma 2: Let Rk L, Vi—1, Xx—1, and az"_tl be unbiased, then
the state predictions in steps 1-3 of Algorithm 1 are unbiased,
with step 4 providing the prediction error covariance matrix.

Proof: The attitude prediction error is given by:

expy Eru—1) = R Re

Algorithm 1 PVA-SO(3)

. Eay A A A t
Inputs : Ry—y, Vi1, X1, &Y, P, Py, P4, @1,

b

A
Ye=1{n? ]

P

> State prediction:

I: Rk\k 1 = Ri—1 exp,, (@r—1d0)
2: Vk|k 1—Vk 1+Rk 1azmldt
3 Xpk—1 = X1 + Vp_1dt

I3 03 03
4 Apor = | —Re1 B8 wdt 13 03 ],
03 I3dt 13
03 Izdt
Ei_1 = ﬁk_ldt , G= ( 03 )
03 03

Pe Pea
Pl =(Ax—1 By )( ke kl)
-t LAy
AT
<E’}1 ) +GQ;1G”
k—1
> External acceleration estimation:
(ﬁ]gk_lg)x 03 03
(R]gk_lme)x 03 03
03 0; I
6 Ry = HkPklk lle —i; Ry
7 M= (D'R,'D) DR,
8 ap Mk(Yk — h(Ryg—1, Rifi— 1))
L1 \—1
o P = (D'R; D)
> Correction:
¢ T -1
10: Ky = lek—lHk’R'k
11: 8 = Kk(Yk — h(Rjk—1, Xkjk—1) — Dﬁix’)

12: ?k =Aﬁk\k71 exp,, (8« (1 : 3))
13: Vi = Vig—1 + 8k (4 : 6)

14: Xp = Xpk—1 + 6% (7 = 9)

15: Pit = —Pf,  (H{M[

16: Pi = Pklk 1 — Ky — DMk)Hsz‘k |

17: return Rk, Vi, Xk, a” Pe P“ Pe’l

5: Hy =

= exp,,(—@r—1dOR]_ Ry_1 exp,, (0_1dt + Wy di)
exp,,(—wi—1dt) exp,,(&;_1) exp,, (@k— 1dt+w‘,§’71dt). Applying
BCH formula (2) gives

Erk—r = Epy + WY dt. (10)

The velocity prediction error is:
€1 = Yk — V-1,
= Vi—1 + Rya” ldl—Vk 1—Rk 1a‘ 1dt,
= e,‘é_l + (Rk_la,ix_l Rk 13”“ )dl

exl

Applying Lemma 1 on the term Ry_;a", we obtain:

e = €_ — Re_1 (A7) & dr+ Re_ef_jdr. (11)
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The position prediction error is :
€k—1 = Xk — Xijk—1 = Xk—1 + Vk—1df — X1 — Vg_1dt,
=e,_; +e,_,dr (12)
Concatenating (10), (11), and (12) gives:

Iz 03 03
ep—1 = | —Re1(ag")) dr I3 03 |
03 Izdt 15
. 03 Izdt
+ | Ry_qdr |ef_ + | 03 |wi,.
03 03

By employing the equations of Ax_1, Ex_1, and G defined
in the step 4 of Algorithm 1, we conclude :
exi—1 = (Ax—1 Ex— 1)( z 1) + Gwy_,. (13)

Thus, E(ex—1) = 0 follows from the unbiasedness of e;_i,
e;,_, and wy_ . Finally, computing the covariance matrix

E(eyjc—1€];,_,) confirms step 4 of Algorithm 1. [

B. External Acceleration Estimation

Lemma 3: Let eyr—1 be unbiased, then the term y; = yi —
h(Ryjk—1, Xkjx—1) has first order approximation y; = Daix’ +€,
where

= Hyepi—1 + Wy (14)

The random variable €, has zero mean and positive definite
covariance matrix Ry. Hy and Ry are introduced in steps 5
and 6 of Algorithm 1, respectively.

Proof: §i = h(R, %) — h(Rk\k 1 Xee—1) + Dag™ + wy.
We simplify the term h = /’l(Rk,Xk) — h(Rk‘k 1 Xpe—1) =
RI{g R;k—lg (expm(—gk‘k,l)—I3)Rk‘k71g
(R,{me ) — (R,{klme ) = ( (eXPm(*Ek\k_l)*Is)ngk,lme ) R

X Xpelk—1 €1

_ *(Ek\k—l)xﬁlgk,lg

applying (1) we obtain h = —(Ege—1) < R _jme =
R k-1

RY ;18 ki

(ﬁ/{‘k,lme)xfkmq

eklk 1

Da™ + Hyepi—1 + Wk = Daj" + &. Also, E(&) = 0 follows
from the unbiasedness of ey and wy Finally, computing
the matrix Ry = E(eke ) confirms step 6 of Algorithm 1. |

Theorem 1: Let eyi—1 be unbiased, then the first order
appr0x1mat10n -based estimator of aex’ provided by step 8 of

Algorithm 1 is unbiased minimum varlance, with estimation
error equals to

= Hyeg—1. Substituting it gives §;x =

ext aext

e, = a" —a" = —Mg, (15)

and step 9 providing its estimation error covariance matrix.
Proof: Lemma 3 holds, thus y; = Dai” + €y, where € is a
random variable with zero mean and positive definite covari-
ance matrix Ry, and the matrix D is full column rank, thus we
can apply Gauss-Markov Theorem on y; [19, Ch. 3.4.2], and
the gain matrix My defined in step 7 of Algorithm 1 is making
the estimator of step 8 unbiased minimum variance. This gain
matrix satisfies MgD = I3, applying it in the estimator of af*
(after substituting §;), we obtain a7 = Mi(Dal” 4+ &) =
ay"+ M€, thus ef = aj” —a" = —M;é&;. Fmally, computing

the covariance matrix P} = E(eZezT) confirms step 9 of
Algorithm 1. |

C. Correction

Lemma 4: Let egx—1 be unbiased, then the first-order
approximation of the estimation error of steps 12-14 of
Algorithm 1 is as follows:

e = (Io — Ky (Ig — DMy)Hy)ekk—1 (16)

— Ki(Ig — DMp)w;
Proof: Lemma 3 and Theorem 1 hold, thus y; —
h(Rk|k_1, Xk|k—1) - Dﬁzxt = Daix’ + e — Dﬁix’ = Dez + € =

(Io — DM)é. We define K = K (1:3), K; = K (4 : 6), and
K; = Ki(7 : 9), thus the steps 12-14 of Algorithm 1 can be
written as:

R, = ﬁk|k—1 eXpyy (Ki Iy — DMk)ék)s
Vi = Vik—1 + K (Ig — DM)é,
X = Xpk—1 + Ki(Io — DMy)éy.
Attitude estimation error is given by :
exp,, (&) = R 'Ry,
- expm< K (I —DMk)ek) i R,

= expm<—K,§ Ty — DMk)ék) exp,, (Ex—1)-

applying BCH formula (2) gives &, = —Ki (I — DMy)e; +
& k—1- Velocity estimation error is given by:

e, = Vi — Vi,
= Vi — Vik—1 — K (Io — DMp)é;,

= e,i|k_1 — KZ(Ig - DMk)ék.

Similar calculation for position gives €; = ei‘ 1 — Ky —
DM;j)€;. By vertically concatenating the three estimation
errors, we obtain e, = eg— 1 — Ky (Io — DMg)éx. By sub-
stituting €, = Hyey—1 + Wk (see Lemma 3) the proof is
established. _ _ ]

Lemma 5: The terms (Io — DM)R;M! and MyR(Iy —
DM;)T are both zero.

Proof: The two terms are transposes of each other. Thus,
proving that one is zero directly implies the other is also zero.
'R,Z = Iy — DMk)RkMZ = T\’,kM,Z — DM R; ML, substitute
M, from step 7 gives:

R} = kkkk_lD(Dszk‘lD)_l

-p(0'%;'D) DR, 'R, (DR, D)
—1

_ D(DT’R,:]D)_I -D(D"R,'D) =0.

|
Lemma 6: Let eyr—1 be unbiased, then step 15 of
Algorithm 1 provides the covariance matrix P = E (ekek ).
Proof: We compute the covarinace matrix P{? employ-
ing (14), (15), and (16):
Py = Efeve”)
= E(((Iy — Kg(Tg — DMy)Hp) ek k-1
— Ki(Iy — DMy w) (~MHey—1 — Mgw)"),
= — (Ip — Ky (Iy — DMpH)P;,_ H{M[
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+ Ki(Iy — DMp)RyM!,
= - Plec\k—lHIZMlz

+Ki(ly — DMk)<Hsz‘ I : (e Rk>M,{,
= — P{_ H{M[ + Ki(Iy - DMy) R M.

Applying Lemma 5 gives Py = —le kle,{M,{. ]

Theorem 2: Let eyx—1 and ez be unbiased, then the state
estimates in steps 12-14 of Algorithm 1 are unbiased min-
imum variance, with step 16 providing the estimation error
covariance matrix.

Proof: Lemma 4 holds, thus (16) is satisfied, and E(ex) = 0
follows from the unbiasedness of eyx—1 and wi E(||ek||2) =
tr(P}), thus our goal is to prove that the matrix gain Kj

dir(®y) = (). First

defined in step 10 of Algorithm 1 satisfies K,

we compute Py:

P; = E(exe) = (I — Ki(Iy - DMoHOP; (I
—Ki(Iy — DMpHy)"
+Ki (I — DM) Ry (I — DM) K]
= Ki(Iy — DM R (Io — DM K] — P§,_ HI (I
—DM) K] — Ki(Iy — DMoHP; | +Pg .
(17)
Applying Lemma 5 gives:
¢ = KiRi(Ig — DM K] — P H] (Iy
—DMy) K] — Ki(Iy — DMOHP,_; +Pf, ;. (18)

. . . . dtr(P
implementing matrix derivatives leads to (P
dK;,

2K Ri(Io — DMy)T — 2P,i|k71H,f(Ig — DM)T, the matrix

gain Kj defined in step 10 of Algorithm 1 satisfy dt;l((l; 2
0. Substituting this Kj; in (18) confirms step 16 of
Algorithm 1. u

VI. SIMULATIONS WITH THEORETICAL EXAMPLE
A. Comparison Algorithms

PVA-SO(3) is compared with two algorithms, both based on
cascaded approaches [4]. First, the attitude is estimated using
MARG sensors, then, it is used to compute the external accel-
eration based on the accelerometer measurement model (6).
This computed acceleration serves as an input to a Kalman
filter applied to the velocity and position dynamics (4)-(5),
with position measurements as the output (8).

The first algorithm uses the invariant extended Kalman
filter (IEKF) [10] for attitude estimation, assuming that
the accelerometer measures only gravity, ignoring exter-
nal acceleration. The second uses IEKF combined with a
threshold-based adaptive method [8], which adjusts the mea-
surement noise covariance matrix. Specifically, when external
acceleration is detected, a higher acceleration measurement
noise covariance matrix is assigned, reducing the algorithm’s
reliance on accelerometer measurements. External acceleration
is detected when the difference between the norm of the
accelerometer output and the gravity norm exceeds a threshold
€a. We set €, = 0.2 m/s? following [8]. In the remainder of
this letter, we refer to these two algorithms as cascaded-IEKF
and cascaded-IEKF with adaptation, respectively.

TABLE |
THE TRUE ANGULAR VELOCITY AND EXTERNAL ACCELERATION

True external acceleration
(m/s%)

2.0sin (0.57kdt) oy,

1.0sin (0.2mkdt) o,

0.5sin (0.17kdt) oy,

True angular velocity
(rad/s)
wg | 2.0cos (0.27kdt)
wy | 1.5cos (0.67kdt) m
w, | 1.0cos (1.0mkdt) | a¢®?

ext
ay
aewt

B. Simulation Setup

The results are presented from Monte Carlo simulations
with 100 runs. Each run has a different noise sequence and
different initial estimates for position and velocity. The initial
attitude estimates are obtained using a slightly perturbed
rotation estimate, computed via the static attitude algorithm
TRIAD [6] based on the first accelerometer and magnetometer
readings. Each run lasts 100 seconds with a sampling time
of dt = 0.01 s. The Earth’s gravity and magnetic field are
set as g = (0,0,9.81)7 m/s? and m, = (0.23,0.01,0.41)7
Gauss, respectively. The true values of body angular velocity
and external acceleration are given in Table I. The gyroscope,
accelerometer, magnetometer, and position noises are set as
zero-mean white Gaussian signals with standard deviations
of 0, = 0.01 rad/s, o, = 0.01 m/s?, o, = 0.005 Gauss,
and o, = 0.5 m, respectively. The initial velocity and
position estimates are set as uniform distributions in the
ranges [—10, 10] m/s and [—100, 100] m for each component,
respectively.

To ensure a fair comparison, the applied external acceler-
ation shown in Table I at each time step k is scaled by ay,
which can take 0 (no external acceleration) or 1 (with external
acceleration). The sequence (otx)o<x 1S generated as alternating
phases of zeros and ones. Each phase is generated to have a
random duration following a uniform distribution in the range
[0, 1 —a] seconds for the zero phase, and [0, @] seconds for the
one phase. The closer « is to 1, the more external acceleration
is present. Conversely, as a approaches 0, the presence of
external acceleration decreases.

C. Simulation Results

Table II presents the root mean square error (RMSE)
of PVA and external acceleration estimation, for the three
algorithms across three scenarios of external acceleration
presence, corresponding to &« = 1, @« = 0.6, and & = 0.3.
In all scenarios, PVA-SO(3) outperforms the cascaded IEKF
with and without adaptation and remains unaffected by the
presence of external acceleration, unlike the cascaded IEKF
approaches. In every scenario, the cascaded-IEKF with adap-
tation consistently outperforms the cascaded-IEKF without
adaptation. This is because the latter relies on unreliable
acceleration measurements during the correction step when
external acceleration is present, while the former neglects these
measurements when detecting external acceleration. On the
other hand, PVA-SO(3) demonstrates even better performance
than the cascaded-IEKF with adaptation, as it fully exploits
all available measurements, even in the presence of external
acceleration. Fig. 1 and Fig. 2 show a comparison of velocity
and position estimation, respectively, for a single simulation
run, presenting the estimates from the three algorithms and
the ground truth. These figures are appropriately zoomed in
for better visualization. Both figures are consistent with the
RMSE-based comparison shown in Table II.
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Fig. 2. Position estimation comparison.

TABLE Il
RMSE FOR THE ROTATION (IN DEGREE), VELOCITY (IN M/S),
POSITION (IN M), AND THE EXTERNAL ACCELERATION (EA) (IN M/S2),
FOR THE THREE ALGORITHMS, OVER THREE a CASES

& State PVA-SO3) | cascaded-IEKF | cascaded-
with adaptation IEKF
Rotation 0.39 7.64 9.90
1.0 Velocity 0.06 1.01 1.82
' Position 0.08 2.55 7.30
EA 0.02 0.54 0.69
Rotation 0.39 1.87 6.40
0.6 Velocity 0.06 0.34 1.09
’ Position 0.08 1.36 4.30
EA 0.02 0.20 0.48
Rotation 0.39 1.15 3.78
0.3 Velocity 0.06 0.17 0.51
’ Position 0.08 0.66 2.06
EA 0.02 0.12 0.28

VIl. CONCLUSION AND FUTURE WORK

This letter proposed a novel algorithm, PVA-SO(3), for
estimating the position, velocity, and attitude of a rigid
body using position and MARG sensor measurements. PVA-
SO(3) treats external acceleration, which is measured by the
accelerometer along with gravity and appears in the kinematic
equation of velocity, as an unknown input affecting both the
dynamic model and the output function. The effectiveness

of PVA-SO(3) is demonstrated through Monte Carlo sim-
ulations and compared with a cascaded approach, where
attitude is first estimated using the invariant extended Kalman
filter (IEKF), and an IEKF integrated with threshold-based
adaptation, then used for position and velocity estimation.
Simulation results showed that PVA-SO(3) outperforms the
cascaded methods.
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