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Observer-Based Output Feedback for an Age-Dependent SIRD Model

Candy Sonveaux “, Christophe Prieur
and Joseph J. Winkin

Abstract—This article deals with control of an epidemic on
the basis of an age-dependent susceptible-infected-recovered-
deceased model and an appropriate immunization strategy. Ini-
tially, the well-posedness and the stability of the open-loop system
are examined, and it is shown that nonnegative control laws reduce
the peak number of infections. The use of a high gain observer is
then proposed to ensure the possible implementation of any kind
of such feedback law, showing that the stability of the resulting
closed-loop system is preserved. Finally, nhumerical simulations
are conducted to validate the approach.

Index Terms—Dynamical analysis, epidemic control, nonlinear
system, observer-based output feedback, stability.

I. INTRODUCTION

Understanding the dynamics of an epidemic is crucial for effective
intervention. Actions can include treating infected individuals or en-
hancing immunity through vaccination, for instance. A key question
regarding epidemics is how to implement an age-dependent immu-
nization strategy, given that disease propagation often depends on age
factors, as seen in various studies on cattle diseases, AIDS, measles,
etc., (see [3], [5], [8], [16], and [20]).

This article addresses this question using a control theory-based
approach, which is the case of articles such as [2], for instance, but here
applied to some age-dependent modeling, and with output feedback.
This is an alternative approach compared to the one developed in [7], for
instance, where optimal control strategies are developed. The classical
susceptible-infected-recovered (SIR) model of [13] is extended to in-
clude a deceased category and classes of age, forming an age-dependent
SIRD model. Each individual falls into an age class and a health state
(susceptible, infected, recovered, or deceased). The model is described
by a set of 4n nonlinear ordinary differential equations, where n is the
number of age classes. Hence, the age is considered in a discrete way,
by opposition to the works of [12] and [19], for instance, and represents
the age of an individual, contrary to the work in [21], for instance, where
the infection age is considered.

To solve the immunization strategy question, feedback control ap-
proaches can be employed. This is motivated by the fact that, with
nonnegative feedback, it is shown here that, in the case of one class of
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age or an arbitrary number of classes of age whose parameters are all
identical for each class of age, the maximum number of infections is
decreased as compared to no action. But given the typically unknown
full state of the system, output feedback strategies are necessary for
practical implementation. In this article, the use of a high gain observer
is proposed to end up with an estimation of the infected population and
an observer-based age-dependent output feedback law that eradicates
the disease asymptotically.

The rest of this article is organized as follows. In Section II, the model
is presented. Then, Section III is dedicated to the analysis of the open-
loop dynamics. Section IV addresses the observer issue, leading to an
observer-based output feedback law. Numerical simulations illustrating
the analytical results are performed in Section V on an example inspired
by literature results on COVID-19 and real data. Finally, Section VI
concludes this article.

Il. MODEL FORMULATION

This section describes the age-dependent SIRD epidemic model used
in the study, inspired by [4] and [6], with an added immunization input.
The population is divided into four classes of health: susceptible (S),
infected (I), recovered (R), and deceased (D). The model accounts for
age by considering n age classes, resulting in a set of 4n nonlinear
ordinary differential equations

B (1) = —ASx (1) X7, 2 — pbi (1) Sk (1)
L () = 25k (0) Sjoy 4 — (vre +0,) () (D)
B (t) = yp, In(t)
and
dR,
— (1) = 7, T () + pibi (1) S (8) @)

for k=1,...,n. Here, Sy, I, Ry, and D; are the numbers of
susceptible, infected, recovered, and deceased individuals in the
kth age class, respectively. The sum terms indicate that a suscep-
tible individual in age class k can be infected by contact with
any other age class. Models (1)—(2) are based on the assumption
of a closed population, where the total number of individuals (in-
cluding deceased ones) per class of age, Ni,k=1,...,n, is con-
stant. Therefore, in the remaining part of this article, we will fo-
cus on model (1), whose state at time ¢ will be denoted by x(t) =
(S1(t)y .y Sn(t), I (1), ..., In(t), Di(t),...,D,(¢))T. The param-
eters My,; € [0, N;], g, € (0,1] and yp, € (0, 1] are age-dependent
and represent the social contact (average contact per unit of time from
an individual of the kth class of age with individuals of the jth class),
recovery rate, and death rate, respectively. The transmission probability
is denoted by XA. These parameters need to be calibrated, thanks to
parameters identification approaches. Concerning the coefficients Mj,;,
these can be obtained using data from tools like Socrates (social contact
rates) [22], [23]. The input 0y (¢) represents the immunization rate
for susceptible individuals in age class k at time ¢, with py € (0, 1]
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being the probability of successful immunization. This model assumes
perfect immunization, where immunized individuals do not contract
the disease. Hence, immunization can be seen as an ideal vaccination.

IIl. DYNAMICAL ANALYSIS

This section is devoted to the analysis of the open-loop model. First,
the nonnegativity and boundedness of the state variables are established,
ensuring consistency with the physical meaning of the problem. The
state denoted by x should remain in the set

B:={(S1...9n,I1...I,,D1...D,) € R®" : 0 < S < N,
Oglk SNk,OSDk SNkaI'k:L,’I’L}

Additionally, a property of global pointwise attractivity (defined below)
of the equilibria of the open-loop model is demonstrated.

In the following lemma, the space of control inputs L% (R+)
corresponds to the set of all locally essentially bounded (measurable)
functionson R : L2 (Ry) :={f : R, — R: for any compact subset
K of Ry, 3 Ck such that | f(t)| < Ck for almost all ¢ in K'}.
Lemma 1: Let ), € LS.(R4) such that for Kk =1,...,n and for
all t > 0, 05 (t) > 0. Then the compact set 13 is positively invariant for
model (1).

The proof of this lemma relies on the concept of essential nonnegativ-
ity (see [17] or [18] for detailed arguments). It confirms that the model is
well-defined for representing numbers of individuals. Moreover, it can
be applied to the model (1) in closed-loop with a nonnegative feedback
law in L;2.(R ). This regularity condition on 0}, ensures the existence
of a unique global solution for all ¢ > 0 and =y € B, as a consequence
of [14, Th. 3.3].

Moreover a set of equilibria X* of a dynamical system z(t) =
f(z(t)) is called globally pointwise attractive if every solution of
the dynamical system converges to one equilibrium of this set, i.e.,
for every initial condition z(0) = xg, lim;_, x(t) exists in X*. This
concept, inspired by the one of pointwise stability (see, for instance, [ 10,
Definition 3.1]), does not require Lyapunov stability, which is not
relevant for epidemic models.

Lemma 2 [State feedback]: Fork =1,...,n,let0(t) = O (x(t))
be a control of feedback-type where Oy, : B — R is locally Lipschitz
such that 6, € Li3.(R). Then the set of disease-free equilibria of
model (1)

X*:{xeB:[k:OandeSk:O,kzl,...,n}

is globally pointwise attractive.

Proof: In what follows, consider any x; € X}, where X denotes
the set of equilibria of the extended model (1)—(2), and the correspond-
ing input denoted by 0* = (67, ..., 0%). Therefore, it follows from the
last ODE of (1) that I} equals O for k = 1,...,n. Moreover, the first
equations of (1) and (2) imply that 0} S, = 0. Three cases can be consid-
ered: either S € (0, N], and then 0} = 0, or S} = 0 and 0} # 0, or
Sy = 05 = 0.Furthermore, since there is no condition on the other vari-
ables and since they may take any value in [0, IV} ], it follows that there
is an infinity of possible equilibrium points =} = (S7,..., 5%, IT =
0,....,Ix =0,Ry,...,R;,Dy,..., D), and those points correspond
to the disease-free case.

LaSalle’s theorem (see for instance, [14, Th. 4.4]) leads to the
conclusion about the global pointwise attractivity of the set X*.
Indeed, Consider v = (Sy,...,Sn,I1,..., I, R1,..., R,) such that
(v,D1,...,D,) € BCR' where B is the compact set of all
(v, Dy,...,D,) € R* such that (S;...S,, I1...I,,D;y...D,) € B
and Ry = Ny — Sk — I, — Dy, which is positively invariant with
respect to models (1)—(2) by Lemma 1. Now, consider the function
V which is defined on the set B by V (v, D1,..., D) = > 7 _(Sk +

I}, + Ry) > 0. Thetime derivative of V along the trajectories of models
(1)—(2) is given by

V(v) = dSk | dly

dt dt

dR;

=N —p (1) <
+— ;kak()fo

k=1

on B. Therefore, by LaSalle’s theorem, any solution of (1)—(2) starting
in B converges to the set X as time goes to infinity. Moreover, since
%,t(t) < 0and Sk (t) > 0forallt > 0, it follows that Sy (¢) converges
to a constant S The same applies to Ry, (¢) that is increasing and upper
bounded by NV, for all ¢ > 0. Therefore, it converges to a constant [2}.
It follows that D, = Ny — S — Ry — I}, converges to D; = Ny, —
S; — Rj. The convergence of any trajectory of model (1) toward an
equilibrium x* € X* follows, as well as the convergence of the control
0 (t) toward Oy (x*). O

We conclude this section by showing that the use of a nonnegative
control of feedback-type has, in the case of one class of age, the property
of reducing the maximum number of infected individuals over time,
thereby decreasing hospital burden. Since the following result and its
proof are concerned with a single class of age, the indices are not
relevant, and therefore, omitted there.

Proposition 1: Consider two trajectories x(¢) and Z(t) of model (1)
where n = 1, with the same initial conditions z(0) = Z(0) € B such
that

1(0) = 1(0) > 1 3)

~ N
S(0) = 8(0) > 7(”;\; ) _, z )

Assume that the first trajectory x(-) is obtained without control, i.e.
such that 6(¢) = 0 for all ¢ > 0, whereas the second one, Z(-), is such
that 36 > Osuchthat6(t) > 0Vt € [0,6] and O(¢) > 0 V¢t > 4. Then,
the maximum number of infected individuals, under the effect of the
input (t), is smaller than the one without input, i.e., max;>o I(t) <
maxy>o I (t).

Remark 1: Conditions (3) and (4) are natural when an epidemic
starts. Moreover, this proposition implies that, in order to decrease the
maximum number of individuals in the case of one class of age, it is
better to act than to do nothing. Furthermore, this directly extends to
the case of an arbitrary number of classes of age where the coefficients
are all identical for each class of age. The extension of Proposition 1 to
the case of several classes of age with nonidentical coefficients remains
an open question.

Proof: When only one class of age is considered, the dynamics of the
infected individuals are given by I(t) = (S (t) — ~)I(t) and the dy-
namics for the susceptible are given by S(t) = (—a (t) — pd(t))S(t).

Thanks to (3) and (4), | (0) > 0. Therefore, the trajectories for the
infected individuals are initially increasing. Furthermore, the functions
I(t) and I(t) tend to O as time tends to infinity, by Lemma 2. Hence,
there exist times 7" and T’ where I(T) and I(T) equal 1(0) and 1(0),
respectively. Since the functions I(¢) and I(t) are continuous on [0, T
and [0, 7], it follows that max,cjo 7 I(t) and max,(o 7 I(t) are
reached at times t,, and %,,, such that [ (tm) =0 and I(%,,) = 0 and
0 < I(tm), I(tm) < N. This implies that S(t,,) = S(fy,) =: S =
1. Moreover, after t,, and £,,, the susceptible trajectories remain

lower than I since they are decreasing. It follows that I(t) <0

and T (t) <0 for all t > t,, and t > #,,, respectively. This implies
that max;e(o, ) {(t) = max;>o [(t) =: Imax and maxco 77 I(t) =
max>o I (t) =: Imax
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Now, considering 42 = % (where the set {(S, ) : ST —

~I = 0} is of Lebesgue measure zero) and integrating, one gets

8 _ Tmax 7]
/ ol rde:—/ a1+p0([)dl
s S Io I

and

a(S = Sp) —yIn (5;) =

where z(0) = #(0) is used and O(I) := O(t(I)), for t € [0,t,,]. The
function 6 can be defined since I is an injective function (the latter is
strictly increasing, since I(t) > 0) for all ¢ < t,,. It follows that:

_ Imax oI
Imax = 71‘1‘504’1111 (l) +IO* 2/ le (5)
« o « a /i, 1

ilnax 0
7a(1_max - IO) 7p/ @dl
I

0

In the case where no input is considered, (5) still holds with 0 replaced
by 0. Hence

s
_ max 9 I _
Imax = Tmax + & / 0D 4y > 1.
a J

0

because Iy > o, O(1) > 0 on some interval [Io, Ip + 7], for some
n>0,and0 < Iy < I < Ipay. O

IV. OBSERVER-BASED OUTPUT FEEDBACK DESIGN

The feedback considered in the previous section may need the use of
state variables which are not measured. Typically indeed, in epidemics,
one usually measures the number of dead individuals in each class
of age only. Therefore, the goal of this section is to propose the use
of an observer for practical implementation for any candidate state
feedback, under the form of an observer-based output feedback law,
which is based only on such measurements. The technique used in
this work is inspired by the separation principle introduced in [1] for
multi-input—multioutput systems.

Assume that there exists a given bounded nonnegative state feedback

O(z) = (01(x),...,0n(x)) (6)

defined a priori. It could be the one proposed in [18], which is a satu-
rated linearizing state feedback. One could also, for instance, consider
extending the approach proposed in [15], where an optimal control
law is implemented for an SIRD model that does not account for age.
The question that is considered here is the following: is it possible to
design a feedback law based only on the outputs, that would lead to the
asymptotic eradication of the disease?

First, a change of variable is introduced to rewrite model (1) as a
chain of integrators. Furthermore, as mentioned previously, in the case
of epidemic, data on the dead individuals can be collected. Therefore,
in the following, model (1) is used where only the equations of Sy, I,
and D, are kept due to the constant population assumption, with
outputs given by yi(¢t) = Di(t), k = 1,...,n. Let us thus perform
the following change of variable, for k = 1,...,n:

21k = Dy,

zok = Yy, Ik

Z3k :"ka {)\Skzjvkjlj—(’yRk-‘r’ka)Ik} (7)
g=1

Letting 2z = (211, 221, 231, 2125 222, 2325 - - -  Z1ns Z2ns Z3n ), this

change of variable implies that z € Z where the set
Z = {Z €R® 10 < 21y, < Ni,,0 < 205, < yp, Ny,
— (Yry +7Dy) 226 < 23k

n
< Nevp A Y Crjzaj — (Ve +70,) 225 Vh=1,.. -,n}

j=1

®)

corresponds to the set B for the original variables where Cj; =
My;(Njyp,;)~". In what follows, it is assumed that:

My; #0 forallk,j . )

This implies that this change of variable is invertible (since
>0y My;N; I # 0) provided that at least one I; 7 0. Assumption
(9) is plausible in the context of human contacts as long as the number of
age classes is not too high, see, e.g., [22] for real data. If this number is
large, it would be more appropriate to deal with a distributed parameter
system with a continuum of age classes, see, e.g., [19]. Then, assuming
that z,; # O for at least one j, the nominal coordinates can be obtained

by
Dy = 211

_ -1
I = zok.vp,,

" 1
Sk = (2sx + (YR, +7D),) 228) <7Dk)\zckg’22j> . (10

j=1

Notice that the use of the assumptions above, which guarantee the
well-posedness of the change of coordinates (7) and (10), is related
to the local unobservability of system (1) at any equilibrium z* € X*.
However, this is not an issue for our purpose, as shown in the analysis
below.

Besides, along any state trajectory, whenever zp; = 0 for all j,
the variable .S, can be set to the equilibrium S} for the susceptible
individuals in the kth class of age. Notice that this value does not
need to be computed since the state feedback can be assumed to be
0 in this case. Indeed, no more immunization is required when the
equilibrium is reached. In practice, one does not need to compute the
output feedback: whenever z%.’ygt is smaller than 1 for all k, it can
justbe set to 0. This does not affect the eradication of the disease since it
is achieved in open-loop. Proceeding in this way also avoids numerical
ill-conditioning.

One can notice that the fact that zo; =0 for all j =1,...,n is
equivalent to the fact that /; = 0 for all j = 1, ..., n. Therefore, this
implies that z3; = 0 for all j = 1,...,n, in view of the change of
variable (7).

Hence, in the new variables, model (1) becomes

zlk (t) = ng(t)

2.:2k (t) = Z3k (t)

0 ={ itz =0 0
3 T hw(2(8),u(2(¢))), otherwise

where Zo9 = (2’21, 222, . -
hi(2(t), u(2(1)) = (23(t) + (YR, + 1D, ) 226 (1))

n > i—1 Crjzas(t)
> i=1 Crjzas(t)

., Zoy ) and

X |:A i Chjz2j(t) — prur(2(t))
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— (vep +0,) | + (VR +70,) 7 226 (8) (11b)

and where

u(z(t)) = (ur(z(t)), - - - un(2(1)))

with ug (2) = 0 (2) if 2 € Z and uy(2) = 0 otherwise, and 0, is ob-
tained from the kth component of the given bounded non-negative state
feedback (6), combined with the change of variable (10). This control is
introduced to be defined even if the observer states are not necessarily
in Z.

Model (11) can be rewritten as

{é(t) = Az(t) + Bo (2(t),u (2(1)))
y(t) = Hz(t)

with 2(0) = 2o, where z € Z C R3" is the state vector,u € Y C R"™,
is the control input (i.e., the exact state feedback) and y € ) C R™ is
the measured output. The matrices A, B, and H are given by A =
blockdiag[A, . . ., A]s, .30, B = blockdiag[B, ..., Blsn, and H =

blockdiag[f{ s+« -y H] 3, respectively, where

(12)

13)

A= ,B:(o 0 I)T,H:(l 0 o)

o O O
[ R R
o = O

whereas the function ¢ = (¢x)kr=1,... . gathers all nonlinearities.
Therefore, it corresponds to the right-hand side of the final equation
in system (11a).

In order to establish the main result of this section, namely, Theo-
rem 1, some additional properties are needed. They are stated in the
following lemma. Next, the desired observer-based output feedback
will be obtained using the high-gain observer (16). For this proof, the
uniform norm on R3” will be used.

Lemma 3: LetU denote the bounded set of admissible input values,
ie.,

U={U=(Uy,..,U) €ER":0< Uy < Oyp, k=1,...,n}

where g, is a uniform upper bound on the input components. Then,
the function ¢ : Z x U — R™ is Lipschitz continuous.

Proof: Let us show that any component ¢y is Lipschitz on Z x
U i.e. that there exists a constant L > 0 such that Vz 2’ € Z and
YU, U e U

16 (2,U) — o (2, U < LlI(2,U) = (2, U)]. (14)

For this purpose, let us define the sets Z,:={z¢€ Z: 295 =
Oforall j € {1,...,n}}and 2, := Z\ Z,.

1) Pick any (z,U) and (2',U’) € Zy x U. Clearly, ¢(z,U) and
¢r(z,U’) are equal to zero, hence (14) holds for any L > 0. This
implies that the function ¢y, is Lipschitz on the set Zy x U.

2) Let z€ 2, and 2’ € Zy,. Defining the auxiliary function
fk (212, 2’3) = | Z?:l ij2’3j|(2?:1 ijz2j)—1’ it follows from
the definition of ¢y, that:

x(2,U) = ¢i (2", U")| = |n (2, U))|

n
< | (231 + (Vry +7Dx) 228) | )“chjzéj + |prUs|

j=1

+fr(z2,23) + (’YRk +’YD,C)} + (’YRk +’7Dk)222k

n

< (14 (vry +90,)) 2 = 21 |2 D Crjza; + |pali

j=1
+ (22, 28) + (Ymy + 10, )] + (VRi +70,) 112 = 2]
Hence
|6k (2,U) — ¢(2,U)| < (14 (&, +70,)) 12 = 2|l
x |:)\'chijij +gsup +fk(22723) + (’YR,C +7Dk)
j=1

+ (e, +70,)° 2 = 2. (15)

The fraction term is smaller than a constant. Indeed, using the fact that
Yr; +7vp; <1 forall j, where I' := ,ax (Yry + YD, ), and the
=1,...,n

fact that 0 < .S; < IV for all j over the domain of interest, yields

n n -1
fu(z2,23) < Chjlzsy] (Z Ckﬂz;‘)
P i=1

_ Z;L:1 Chj HWDJ)»S]' St Ciizo— (’YRj +7Dj) 22]'}}

n
> ie1 Crjz2;
n
Z =1 lezzz

< )»Zij’YDjN]' el

ni + F-
> i1 Crjzog

j=1
Then, noticing that
anzlo Cjzzzl n

221

n
> i1 Crjzaj

Ci
n 2235
1=1 Zj:l Ck] 72;
29170
_ N i
=1 O (14327 Crj 225
29170 ]J;l Cri 221
one gets fi(22,23) < K =13 " Crjvp,Nj > 1y C—;i +71.
Therefore, it follows from inequality (15) that:

o (2,U) = ¢ (2',U")| < L]z = 2|

where L = (1+T)[x Z;-lzl Crjvp; Nj + Osup + K + [+I2>0
is independent of U and U".

3) By using arguments similar to those used for the previous case,
it can be shown that, on the set Z; x U, the gradient of the
function ¢ (-, -) = h(+,-) is bounded. Hence, the function ¢y, is
also Lipschitz on this set.

It follows from the items above that the function ¢y (-, -) is Lipschitz
onZ xU. O
The main result of this article is stated in the following theorem.

Theorem 1 [Observer-based output feedback]: Let © be a bounded
nonnegative state feedback and define the control law w as in (12) using
the change of variable (10). Consider the high-gain observer given by

2(t) = AZ(t) + B(2(t), u(2(t))) + G(y(t) — HA(1)), (0) = 4
(16)
where the control input is given by the observer state feedback u(Z),
the matrix G denotes the observer gain, defined by

i i i\ T
G = blockdiag[G1, . . ., Glsnsn » Gi:(% & &g)

and the parameters Bf, 7 =1,2,3 are chosen such that the roots of
s3 + Bis® + Bis + Bi are in the open left-half plane, fori = 1,. .., n.
Then, there exists €* > 0 such that, for every 0 < € < €*,
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(a) the estimation error of the state converges toward 0 as time tends
to oo. This ensures that 1 () — I(t) converges toward 0 as time tends to
oo, where [ (t) denotes the estimated number of infected individuals;

(b) the equilibrium set

Z*::{ZEZ:Z%:ng207k=1,...7n}

of system (13) under observer-based feedback is asymptotically stable
and globally pointwise attractive. Therefore, the number of infected
individuals converges toward 0 as time tends to co.

Proof: For the analysis part, one can replace the observer dynamics
by the equivalent dynamics of the scaled estimation error

C_ Zik — Zik
ik = — 375
fork = 1,...,n, where z;, refers to the state component z;, of system

(13) in closed-loop with observer-based feedback.
It follows that 2 = z — D(e)n where:

T
n= (7]1177721717317 . -777171777277,’77371)

D(€) = blockdiag|[D, . . ., D]spxsn
e 0 0
D=0 ¢ 0
0 0 1

The closed-loop system is then given by

{Z"(t) = Az(t) + B¢ (2(t), u(2(t) — D(e)n(t))) a7
en(t) = Aon + eBg (2(1), 2(t) — D(e)n(t))
where Ay = blockdiag[}io1 ey Aon}gnxz,»n, with
-Ai 1 0
Ao, = |-y 0 1
-85 0 0

and g(z, z — D(e)n) =

P(z,u(z = D(€)n)) — ¢(z — D(€)n, u(z — D(e)n)).

In the following, the notation x = (27, nT)T will be used. Clearly,
the set of equilibria of model (17) is given by x* := Z* X Ogsan.
LaSalle’s theorem implies the conclusion about the attractivity of the
set x*. Indeed, consider the function V : Z x R® — R given for all
X € Z x R, by

n

Vix) = Z(Nk —z1) + 1" Pp >0
k=1

where P = PT is the positive definite matrix solution of the Lyapunov
equation PAg + AT P = —1I (observe that such a matrix exists thanks
to the exponential stability of the matrix Ag). The time derivative of V'
along the trajectories of model (17) is given by

n

V(x) = Z —zok + 1 P 0" Piy
k=1

i 1
= > —zan+ - [(Aon + By(z. 2 — D(m)" Py
k=1
+n" P (Aon + €Bg(z,z — D(e)n))]
n 1
k=1

+2¢(Pn, Bg(z,z — D(e)n))]

~ 1
< 3zt - [l + 26l Pl | By(z, 2~ D)l
k=1

thanks to the Cauchy-Schwarz inequality. Moreover, using a Lips-
chitz constant L of the function ¢ (whose existence is guaranteed by
Lemma 3) yields the following inequalities:

. n 1
V) <D~z + - [=IInll* + 2¢[[Pn]| LI D(e)nl]
k=1

~ -1
<>t [7 +2|P|| ZIDE)] | Inll* <0

k=1

for all 0 < e < €* where €* is chosen such that e*||D(e*)|| = W.

Moreover, one can notice that V( X) = 0 iff 251, = 0 (hence z3;, =
0), for all k, and n = 0. Hence, by LaSalle’s theorem, any solution
starting in Z x R3 converges to the set x*. Furthermore, in view of the
dynamics of z1;, and the nonnegativity of zo, in Z, it follows that 21, is
increasing and bounded, hence it converges to a point z},.. Therefore, x
converges to apoint in x*. The definition of x* concludes the proof. The
change of variable (10) leads to the conclusion regarding the infected
individuals. g

Remark 2: Consider model (1) with an output feedback of type (12),
based on the high-gain observer (16) via the change of variable (7). It
follows from Theorem 1 and the inverse change of variable (10) that for
all k € {1,...,n} the number of infected individuals I (t) converges
to zero as ¢ tends to infinity. Hence, given an initial condition z(0) € B,
typically such that I, (0) # O for at least one k, there exists a finite time
T > Osuch that I, (t) < 1, hence, |I(t)| = 0, forallk, forall ¢t > T.
This ensures the effective eradication of the disease, since the variables
I, (t) are meant to represent numbers of individuals.

V. NUMERICAL SIMULATIONS

This section presents numerical simulations illustrating Lem-
mas 1, 2, and Theorem 1. These simulations use academic examples
with parameters chosen to closely resemble a real epidemic. The model
is divided into six age classes: [0 — 29), [29 — 39), [39 — 49), [49 —
59), [59 — 90), 90+ using real data for the social contact matrix from
Socrates, an online tool cited in [23] and [22]. Data from the first
COVID-19 wave in France are used, acknowledging that an SIRD
model without loss of immunity is not ideal for COVID-19 but still pro-
vides a good illustration. The recovery and death rates are based on [9],
focusing on the French Provence-Alpes-Cote d’ Azur region, with rates
of 0.1722 and 0.0242, respectively. For the simulations, the parameters
emphasize that older individuals are harder to heal and more likely
to die from the disease: vg = (0.3 0.3 0.3 0.1 0.1 0.1)7T,
vp = (0.001 0.01 0.01 0.04 0.05 0.15)7.Thedisease trans-
mission probability is A = 0.5, meaning that the probability to catch
the disease is equal to 50%, and perfect immunization is assumed,
so pr = 1 for all k. Moreover, real data from [11] are used for the
population distribution by age class in the French Vaucluse department
84. The initial conditions assume a few infected individuals at the
disease’s start: Io = (0 0 20 30 0 0)7, with no recovered or
deceased individuals. The initial susceptible individuals are computed
as S;(0) = Ny, — I;,(0). Finally, the simulation stops when fewer than
one infected individual remains in the entire population.

A. Open-Loop Case

This part presents the numerical simulation in the open-loop case.
Figs. 1 and 2 show the dynamics of the infected and susceptible
individuals without control. Fig. 1 demonstrates that the number of
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Figl. 1. Dynamics of the proportion of infected individuals without con-
rol.
1

09+

0.8

0.7

0.6

0.5+

045 50 100 150 200 250
Fig.'[2.I Dynamics of the proportion of susceptible individuals without
control.

infected individuals converges to zero after 240 days, indicating that
the hypothetical epidemic will disappear by then. Moreover, the highest
number of infected individuals occurs in the youngest age class, despite
having no infections initially. This is likely due to their high contact
rate and larger population size of this class of age. To avoid hospital
burden, minimizing infections across all age groups is crucial, justifying
the need for a feedback law, which will be discussed later. Fig. 2 shows
that susceptible individuals also reach an equilibrium, varying by age
class, as predicted by Lemma 2. Furthermore, as alluded to in Lemma 1,
the states remain nonnegative.

B. Observer-Based Output Feedback

In this part, the control (12) is defined based on the saturated state
feedback proposed in [18]. To maintain consistency with reality, the
feedback is applied 10 days after the onset of the epidemic. An upper
bound saturation of the state feedback is fixed at 0.011 to maintain
physical meaning, as shown in Fig. 7. This value, determined through
trial and error, achieves a vaccination rate of 0.75% of the population
per day, serving as a threshold. Fig. 3 illustrates that this control
law can be practically implemented, assuming this maximum rate
is satisfied. Furthermore, to use the law of [18], one has to define
threshold values fk and §k. In the simulation, I~k is arbitrarily set
to0 20 for all k and Sy, = (v, + vp, ) In(A Y27y My;)~" for all k.
Under this feedback, disease eradication is achieved with a smaller
peak of infected individuals compared to the open-loop case, reducing
the proportion from 0.0759 to 0.0038. Similarly, the proportion of
dead individuals decreases from 0.0891 in open-loop to 0.0037 with
feedback. Since the control is a state feedback, it is necessary to

0.8

0.6

0.5F

0.4+

0.3F

0.2+

0 20 40 60 80 100 120 140

Fig. 3.

Percentage of vaccinated people per day.

Fig. 4. Dynamics of the proportion of infected individuals with state
feedback.
1.8 T
— [0-29)
1.6 — (29-39)
— [39-49)
[49-59)
1.4 s [59-90)
90+
12
1l
0.8
0.6
0.4
0.2
00 20 40 60 80 100 120 140
Fig. 5. Dynamics of the proportion of infected individuals with

observer-based output feedback, for e = 0.01.

design an observer-based output feedback for practical use. Theorem 1
shows that this law can be implemented with an observer-based output
feedback, ensuring faster disease eradication compared to the open-loop
case, as is the case for state feedback. This can be observed for the
state feedback case in Fig. 4 and is in accordance with Lemma 2.
Moreover, this is illustrated for the output feedback case in Fig. 5,
where the initial conditions for the estimated states (at time 10) are
given by f10 = 0.057;¢ and 5’10 = 0.154,. Notice that in this case,
the observer-based output feedback law is also implemented 10 days
after the onset of the epidemic. The estimated closed-loop trajectory
of the infected individuals converges to the disease-free equilibrium.
The peak of infected individuals is slightly higher with observer-based
feedback, with a maximal total proportion of 0.0038 which is still
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Fig. 6. Dynamics of the estimation error of the infected individuals,

I—1,fore=0.01.
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Fig. 7. Dynamics of the constrained control law.

significantly lower than the 0.0759 in the open-loop case. Furthermore,
Fig. 6illustrates Statement (a) of Theorem 1, by showing the estimation
performance for the infected state. Indeed, the error numerically tends to
0 as time increases. Hence, relying solely on data concerning deceased
individuals, an age-dependent vaccination policy is implemented. This
policy is shown in Fig. 7 and provides insights into prioritizing age
groups for vaccination to minimize the peak of infected individuals. The
law recommends focusing effort on the class of age [0 — 29), [59 — 90)
and a bit on [49 — 59), and it is also time dependent.

VI. CONCLUSION

This article presents the dynamical analysis of an age-dependent
SIRD model, focusing on global pointwise asymptotic stability. An
observer-based output feedback law, which decreases the peak of
infected individuals compared to no action (in the case of one class of
age), is obtained for practical use. Future research could explore finding
the optimal feedback to minimize the number of deaths, satisfying
constraints on the state, such as limiting the maximum number of
infected individuals to the hospital bed capacity. Additionally, incorpo-
rating long-term immunity with boosters in a modified SIRDS model,
performing numerical simulations with real data, and extending the
analysis to sampled-data high-gain observers are potential improve-
ments.
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