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Output Feedback Stabilization of
Reaction-Diffusion Equations in H2-norm

Hugo Lhachemi and Christophe Prieur

Abstract— This paper studies the problem of boundary
output feedback stabilization of reaction-diffusion partial
differential equations (PDEs) in H2-norm. While most of the
control strategies reported in the literature embrace the
case of the either L2- of H1-norm, very few address the
case of the H2-norm. This is achieved in this paper for
reaction-diffusion PDEs with spatially varying coefficients
and with a either Neumann or Robin boundary control (but
excludes the case of a Dirichlet boundary control) by lever-
aging spectral reduction methods. The obtained results are
extended to two application cases that both specifically
require the study of the system trajectories in H2-norm. The
first one is concerned with the derivation of a robustness
result with respect to unbounded in-domain perturbations
that include the case of weighted local Dirichlet and Neu-
mann traces. The second one embraces the case of a
saturated Neumann measurement for the local exponential
stabilization of the plant with explicit estimation of a subset
of the domain of attraction.

Index Terms— Reaction-diffusion PDEs, H2-norm, output
feedback, robustness, saturated measurement.

I. INTRODUCTION

The problem of feedback stabilization of reaction-diffusion
equations has received many attention in the past and is still an
active topic of research. As the energy associated with a heat
equation is naturally described by the L2-norm, stabilization
results for reaction-diffusion PDEs are often reported in the
literature in L2-norm. Since convergence in L2-norm does
not ensure the pointwise convergence of the state, numerous
extensions to the stabilization problem in H1-norm have been
reported. The case of higher regularity norms, such as the
H2-norm, is far rarer with very few references. The H2-
norm stabilization of a heat equation on a disk was studied
in [22] using a state-feedback. Attractors properties in H2-
norm of heat equations were investigated in [23]. Sliding-mode
control for the stabilization of a heat equation in H2-norm was
proposed in [16], [17]. State feedback stabilisation in H2-norm
of heat transfers between 2 medium through a membrane was
solved in [1]. Backstepping design for the stabilization of a
2D heat - 1D heat cascade was reported in [6] with state of
the 2D-heat evaluated in H2-norm.

This paper presents one of the very first contributions re-
garding the boundary output feedback stabilization of reaction-
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diffusion PDEs in H2-norm. The considered class of reaction-
diffusion PDEs includes spatially variable coefficients, generic
Dirichlet/Neumann/Robin boundary condition, and either Neu-
mann or Robin boundary control (but at the exclusion of a
Dirichlet boundary control scheme). The adopted approach
relies on spectral reduction methods [4], [18] and requires a
detailed study of the asymptotic behavior of the coefficients
of the unbounded control operator once projected onto the
Hilbert basis formed by the eigenfunctions of the underlying
Sturm-Liouville operator. We show that a suitable level of
regularity for studying the system trajectories in H2-norm
is achieved in the case of Neumann or Robin boundary
controls. We also show that such a regularity level fails in
the Dirichlet boundary control scheme, which prevents the
application of the proposed method in that particular case.
Note that this procedure relies on the introduction of a suitable
lifting function that allows to equivalently write the boundary
control problem into an homogeneous one by transferring
the control from the boundary into the domain. There is no
unicity in the choice of the lifting function, but a particular
choice has, in general, no impact whatsoever in the subsequent
developments. This is not the case in our study: the choice
of a particular lifting function does play a role to ensure
a sufficient level of regularity of the previously mentioned
coefficients of projection. The reported stability analyses all
rely on the introduction of a functional that is shown to be
equivalent to the H2-norm. However, it appears that its time
derivative along the system trajectories is not well-defined.
We circumvent this issue by studying a family of “truncated
versions” of the functional while mitigating in the stability
analyses the terms that are neglected. In that sense, stability
assessment in H2-norm is derived without providing an actual
H2 Lyapunov functional for the closed-loop system.

The obtained results are extended to two case studies
for which the study of the system trajectories in H2-norm,
compared to the classical L2- or H1-norms, is required. The
first one is devoted to the derivation of robustness results
with respect to unbounded reaction terms. This captures, e.g.,
the case of weighted localized Neumann traces. The second
one considers the case of an output feedback by means of
a saturated Neumann trace. Actuator and sensor saturation
mechanisms are known for introducing severe constraints on
control design procedures [2], [8] as they introduce harmful
nonlinear phenomena with multiple equilibrium points and
bounded domains of attraction [3]. The impact of the satura-
tion of the output was studied in [12] in the case of a Dirich-
let measurement using a generalized sector condition [20,
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Lem. 1.6] and in H1-norm (see also [11] for the case of
a saturated input). However, as described in the conclusion
section of [12], the method reported therein does not apply
to the case of a saturated Neumann measurement due to an
unsufficient level of regularity of the H1-norm. We show in
this paper that this can be achieved in H2-norm.

The paper is organized as follows. The problem description
and its spectral reduction with detailed key asymptotic esti-
mations is reported in Section II. State and output feedback
stabilization results in H2-norm are presented in Section III. A
robustness result for unbounded reaction terms is proposed in
Section IV. The case of a saturated Neumann measurement is
investigated in Section V. Concluding remarks are formulated
in Section VI.

A preliminary version of this work, focused on the case
of a saturated Neumann measurement (topic of Section V of
the present paper), was presented at CDC 2024 [14] in the
case of reaction-diffusion equations with constant coefficients,
Neumann/Robin boundary condition, and Neumann boundary
control. This is extended in this paper to the case of reaction-
diffusion equations with spatially varying coefficients, Dirich-
let/Neumann/Robin boundary condition, and Neumann/Robin
boundary control.

Notation. The real spaces Rn are endowed with the Eu-
clidean norm ‖x‖ =

√
x>x. The associated induced matrix

norms are also denoted by ‖ · ‖. For any two vectors x and y
of arbitrary dimensions, we define col(x, y) = [x>, y>]>. The
space of square integrable functions on (0, 1) is denoted by
L2(0, 1) with the usual inner product 〈f, g〉 =

∫ 1

0
f(x)g(x) dx

and associated norm denoted by ‖ · ‖L2 . For any given integer
m ≥ 1, the Sobolev space of order m is denoted by Hm(0, 1)
with the usual norm defined by ‖f‖2Hm =

∑m
k=0 ‖f (k)‖2L2 .

For a symmetric matrix P ∈ Rn×n, P � 0 (resp. P � 0)
means that P is positive semi-definite (resp. positive definite).

II. PROBLEM DESCRIPTION AND SPECTRAL REDUCTION

A. Problem description

Consider the reaction-diffusion equation described by

zt(t, x) = (pzx)x(t, x) + q(x)z(t, x), (1a)
cos(θ0)z(t, 0)− sin(θ0)zx(t, 0) = 0, (1b)
cos(θ1)z(t, 1) + sin(θ1)zx(t, 1) = u(t), (1c)
z(0, x) = z0(x) (1d)

for t > 0 and x ∈ (0, 1). Here we have θ0 ∈ [0, 2π),
θ1 ∈ (0, π) ∪ (π, 2π), p ∈ C1([0, 1];R) with p > 0 and
q ∈ C0([0, 1];R). For the upcoming developments, we will
need the additional regularities p ∈ C3([0, 1];R) and q ∈
C2([0, 1];R); see in particular Lemma 2. Up to a change of
sign, we may assume without loss of generality that θ0 ∈
[0, π), θ1 ∈ (0, π). The control is u(t) ∈ R. The state is
z(t, ·) ∈ L2(0, 1). The initial condition is z0 ∈ H2(0, 1)
with cos(θ0)z0(0) − sin(θ0)z′0(0) = 0 and cos(θ1)z0(1) +
sin(θ1)z′0(1) = u(0).

The control objective is to achieve the exponential stabi-
lization of the reaction-diffusion equation in H2-norm. This
is achieved by adopting spectral-reduction-based methods.

Remark 1: As we shall see, the reported strategy does not
work in the case of a Dirichlet boundary control. This is why
we exclude the case θ1 ∈ πZ. ◦

B. Spectral reduction
The first step consists of writing an equivalent homogeneous

representation for (1). To do so, we introduce an arbitrary
function ϕ : [0, 1]→ R of class C2 that satisfies

cos(θ0)ϕ(0)− sin(θ0)ϕ′(0) = 0, (2a)
cos(θ1)ϕ(1) + sin(θ1)ϕ′(1) = 1. (2b)

Remark 2: Define for any η > 1 the function

ϕη(x) = cηx
η, cη =

1

cos(θ1) + η sin(θ1)
(3)

provided cos(θ1)+η sin(θ1) 6= 0. It is easy to see that ϕ = ϕη
satisfies (2). ◦

We can now define the change of variable formula:

w(t, x) = z(t, x)− ϕ(x)u(t). (4)

Owing to the PDE dynamics (1) and defining v = u̇, we can
write

u̇ = v, (5a)
wt = (pwx)x + qw + au+ bv, (5b)
cos(θ0)w(t, 0)− sin(θ0)wx(t, 0) = 0, (5c)
cos(θ1)w(t, 1) + sin(θ1)wx(t, 1) = 0, (5d)
w(0, x) = w0(x) (5e)

where
a = (pϕ′)′ + qϕ, b = −ϕ (6)

and w0 = z0 − ϕu(0).
We introduce the Sturm-Liouville operator

Af = −(pf ′)′ − qf

defined on

D(A) = {f ∈ H2(0, 1) | cos(θ0)f(0)− sin(θ0)f ′(0) = 0,

cos(θ1)f(1) + sin(θ1)f ′(1) = 0}.

It is well known that A is selfadjoint and generates a C0
semigroup. As proven in [24, Theorem 4.3.1, Page 72], the
eigenvalues (λn)n≥1 of A are simple and form an increasing
sequence with

lim
n→+∞

λn
n2

= π2

(∫ 1

0

√
1

p(x)
dx

)−2
. (7)

Moreover, the associated unit eigenvectors φn in L2(0, 1) form
a Hilbert basis. In view of the definition of A, they satisfy:

Aφn = −(pφ′n)′ − qφn = λnφn (8a)
cos(θ0)φn(0)− sin(θ0)φ′n(0) = 0, (8b)
cos(θ1)φn(1) + sin(θ1)φ′n(1) = 0. (8c)

Finally, assuming that p ∈ C2([0, 1];R), we know from [15]
that

‖φn‖L∞ = O(1), ‖φ′n‖L∞ = O(
√
λn) (9)
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as n→ +∞.
The homogeneous PDE plant (5) can be written in abstract

form as

u̇(t) = v(t), (10a)
wt(t, ·) = −Aw(t, ·) + au(t) + bv(t), (10b)
w(0, ·) = w0. (10c)

Define the following coefficients of projection zn(t) =
〈z(t, ·), φn〉, wn(t) = 〈w(t, ·), φn〉, an = 〈a, φn〉, and bn =
〈b, φn〉. In particular, one has for classical solutions that
z(t, ·) =

∑
n≥1 zn(t)φn with convergence of the series in

L2-norm while w(t, ·) =
∑
n≥1 wn(t)φn with convergence of

the series in H2-norm. In view of (4) we have

wn(t) = zn(t) + bnu(t), n ≥ 1 (11)

while the projection of (10) onto (φn)n≥1 gives

u̇(t) = v(t), (12a)
ẇn(t) = −λnwn(t) + anu(t) + bnv(t). (12b)

Combining the two latter equations we obtain the following
representation in original z coordinates:

żn(t) = −λnzn(t) + βnu(t) (13)

with βn = an − λnbn.
The system trajectory is expanded in original coordinates

as
z(t, ·) =

∑
n≥1

zn(t)φn (14)

while, in homogeneous coordiantes,

w(t, ·) =
∑
n≥1

wn(t)φn. (15)

C. Asymptotic behavior of the coefficients of projection
an and bn

A crucial point in this study relies in the asymptotic
behavior of an and bn. We first study the term bn in the next
lemma.

Lemma 1: Assume that p ∈ C2([0, 1];R). Let ϕ : [0, 1] →
R satisfying (2) be of class C2. Then we have (

√
λnbn)n≥1 ∈

`2(N).
Proof: Let us first derive an equivalent expression for

βn. By definition of the functions a we have

an =

∫ 1

0

(pϕ′)′φn dx+

∫ 1

0

qϕφn dx. (16)

Two successive integrations by parts give:∫ 1

0

(pϕ′)′φn = [pϕ′φn − ϕpφ′n]
1
0 +

∫ 1

0

ϕ(pφ′n)′ dx.

We infer from (2a) and (8b) that1 ϕ′(0)φn(0)−ϕ(0)φ′n(0) =
0. Moreover we have (pφ′n)′ = −Aφn−qφn = −λnφn−qφn
and b = −ϕ, hence∫ 1

0

ϕ(pφ′n)′ dx = λnbn −
∫ 1

0

ϕqφn dx.

1We have
[
ϕ(0) −ϕ′(0)
φn(0) −φ′n(0)

] [
cos(θ0)
sin(θ0)

]
= 0 with

[
cos(θ0)
sin(θ0)

]
6= 0, hence

the determinant of the 2× 2 matrix is zero.

Putting together the four last identities, we get

βn = an − λnbn = p(1) (ϕ′(1)φn(1)− ϕ(1)φ′n(1)) .

Combining the above identity with (8c), we infer that[
βn/p(1)

0

]
=

[
ϕ′(1) −ϕ(1)

cos(θ1) sin(θ1)

] [
φn(1)
φ′n(1)

]
.

In view of (2b), the determinant of the above 2× 2 matrix is
ϕ′(1) sin(θ1) + ϕ(1) cos(θ1) = 1. By inverting the matrix,
we deduce that φn(1) = βn sin(θ1)/p(1) and φ′n(1) =
−βn cos(θ1)/p(1). Then, we have

βn = p(1) {− cos(θ1)φ′n(1) + sin(θ1)φn(1)} (17)

=
p(1)

sin(θ1)
φn(1)

= O(1)

as n → +∞ due to (9). We have used here (8c) combined
with the fact that sin(θ1) 6= 0 because θ1 ∈ (0, π). We thus
infer that

bn =
an − βn
λn

= O(1/λn)

as n→ +∞. In view of (7), we do have
√
λnbn ∈ `2(N).

Remark 3: Although the coefficients an, bn depend explic-
itly on the selected lifting function ϕ, it is observed from (17)
that the coefficient βn = an − λnbn is independent of the
particular selection of ϕ. ◦

Remark 4: The result of Lemma 1 does not hold true in
the case of a Dirichlet boundary control, i.e., θ1 = 0. Indeed,
in that case (17) shows that βn = −p(1) cos(θ1)φ′n(1) =
O(
√
λn). Therefore, we can only ensure that bn = an−βn

λn
=

O(1/
√
λn) as n → +∞. There is no hope to improve

these estimates in general. Indeed, consider the case p = 1,
q = 0, and θ0 = θ1 = 0 for which λn = n2π2 and
φn(x) =

√
2 sin(nπx). In that case βn = (−1)n+1nπ

√
2,

hence bn = an−βn
λn

∼ (−1)n
√

2/nπ and
√
λnbn = (−1)n

√
2,

giving (
√
λnbn)n≥1 /∈ `2(N). For this reason, as it will appear

for example in the proof of Theorem 1, the approach reported
in this paper fails in the case of a Dirichlet boundary control
(θ1 = 0). ◦

Remark 5: Note that (17) implies that βn 6= 0. Otherwise,
we infer form (8c) that[

sin(θ1) − cos(θ1)
cos(θ1) sin(θ1)

] [
φn(1)
φ′n(1)

]
= 0

that implies φn(1) = φ′n(1) = 0. Since φn is a solution to the
second order ordinary differential equation (8a), we infer by
Cauchy uniqueness that φn = 0. This contradicts the fact that
φn is an eigenfunction of A. ◦

As it will be key in the next stability analyses, we also wish
to show that (

√
λnan)n≥1 ∈ `2(N). However, this property is

false in general. Indeed, consider the case θ0 = 0, θ1 = π/2
while p > 0 and q are two constant functions. Then we have
λn = p(n− 1/2)2π2 − q and φn(x) =

√
2 sin((n− 1/2)πx)

for all n ≥ 1. In this context, a possible lifting function that
satisfies (2) is ϕ(x) = x2/2, giving a(x) = p + qx2/2. A
direct computation shows that

an =

∫ 1

0

a(x)φn(x) dx
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=
p
√

2

(n− 1/2)π
+

q
√

2

(n− 1/2)2π2

(
(−1)n−1 − 1

(n− 1/2)π

)
implying that (

√
λnan)n≥1 /∈ `2(N). Note however that this

result may be different for an other particular choice of the
lifting function ϕ. Indeed, if one selects ϕ(x) = x3/3 that
also satisfies (2), we have a(x) = 2px+ qx3/3 that gives

an =
2p
√

2(−1)n−1

(n− 1/2)2π2
+
q
√

2(−1)n−1

(n− 1/2)2π2

(
1− 2

(n− 1/2)2π2

)
implying that (

√
λnan)n≥1 ∈ `2(N). Therefore, it appears that

the particular choice of the lifting function ϕ may be crucial
to enforce the property (

√
λnan)n≥1 ∈ `2(N). This is the

objective of the next result.
Lemma 2: Assume that p ∈ C3([0, 1];R) and q ∈

C2([0, 1];R). Let ϕ : [0, 1] → R of class C2 be selected so
that (2) holds along with ϕ(0) = ϕ′(0) = ϕ′′(0) = 0. Then
we have (

√
λnan)n≥1 ∈ `2(N).

Proof: Recalling that an is expressed by (16) we have

an =

∫ 1

0

(pϕ′)′φn dx+

∫ 1

0

qϕφn dx. (18)

The proof will be complete if we can show that each of the
two integral terms is a O(1/λn).

Let us start with the first integral term of (18). Multiplying
both sides of (8a) by (pϕ′)′, we have for n large that∫ 1

0

(pϕ′)′φn dx

= − 1

λn

∫ 1

0

(pϕ′)′(pφ′n)′ dx− 1

λn

∫ 1

0

(pϕ′)′qφn dx.

In view of (9) we have
∫ 1

0
(pϕ′)′qφn dx = O(1). Using

integration by parts, we have∫ 1

0

(pϕ′)′(pφ′n)′ dx

= [(pϕ′)′pφ′n]
1
0 −

∫ 1

0

p(pϕ′)′′φ′n dx

= [(pϕ′)′pφ′n − p(pϕ′)′′φn]
1
0 +

∫ 1

0

{p(pϕ′)′′}′φn dx.

Since we have ϕ′(0) = ϕ′′(0) = 0 we get∫ 1

0

(pϕ′)′(pφ′n)′ dx

= p(1) {(pϕ′)′(1)φ′n(1)− (pϕ′)′′(1)φn(1)}

+ p(0)(pϕ′)′′(0)φn(0) +

∫ 1

0

{p(pϕ′)′′}′φn dx

= −p(1)φn(1) {(pϕ′)′(1) cot(θ1) + (pϕ′)′′(1)}

+ p(0)(pϕ′)′′(0)φn(0) +

∫ 1

0

{p(pϕ′)′′}′φn dx

where we have used (8c) along with sin(θ1) 6= 0. In view
of (9) we infer that

∫ 1

0
(pϕ′)′(pφ′n)′ dx = O(1). Overall, this

shows that
∫ 1

0
(pϕ′)′φn dx = O(1/λn).

Let us now study the second integral term of (18). Multi-
plying both sides of (8a) by qϕ, we have for n large that∫ 1

0

qϕφn dx

= − 1

λn

∫ 1

0

qϕ(pφ′n)′ dx− 1

λn

∫ 1

0

q2ϕφn dx.

In view of (9) we have
∫ 1

0
q2ϕφn dx = O(1). Using integra-

tion by parts, we have∫ 1

0

qϕ(pφ′n)′ dx

= [qϕ(pφ′n)]
1
0 −

∫ 1

0

(qϕ)′(pφ′n) dx

= [pqϕφ′n − p(qϕ)′φn]
1
0 +

∫ 1

0

{p(qϕ)′}′φn dx.

Since ϕ(0) = ϕ′(0) = 0 we get∫ 1

0

qϕ(pφ′n)′ dx

= p(1) {q(1)ϕ(1)φ′n(1)− (qϕ)′(1)φn(1)}

+

∫ 1

0

{p(qϕ)′}′φn dx

= −p(1)φn(1) {q(1)ϕ(1) cot(θ1) + (qϕ)′(1)}

+

∫ 1

0

{p(qϕ)′}′φn dx

where we have again used (8c) along with sin(θ1) 6= 0.
Invoking (9) we deduce that

∫ 1

0
qϕ(pφ′n)′ dx = O(1). Overall,

this shows that
∫ 1

0
qϕφn dx = O(1/λn).

In all the subsequent developments, we assume that ϕ is
selected as stated in the conditions of Lemma 2. In particular,
one can select ϕ = ϕη as defined by (3) for any η > 2
provided cos(θ1) + η sin(θ1) 6= 0.

D. Equivalent representation of the H2-norm

Considering two norms ‖ · ‖1 and ‖ · ‖2 defined on the
same vector space X , we write ‖x‖1 . ‖x‖2 if there exists a
constant γ > 0 such that ‖x‖1 ≤ γ‖x‖2 for all x ∈ X .

Our objective is to study the system trajectories of (1) in
H2-norm. This will be achievable thanks to the following
result.

Lemma 3: Let ν ∈ R be selected such that
• if θ0 ∈ [0, π/2] and θ1 ∈ [0, π/2]

ν > max(q); (19a)

• if θ0 ∈ [0, π/2] and θ1 ∈ (π/2, π)

ν > max(q) +
p(1)2| cot(θ1)|2

min(p)
+ p(1)| cot(θ1)|; (19b)

• if θ0 ∈ (π/2, π) and θ1 ∈ [0, π/2]

ν > max(q) +
p(0)2| cot(θ0)|2

min(p)
+ p(0)| cot(θ0)|; (19c)

• if θ0 ∈ (π/2, π) and θ1 ∈ (π/2, π)

ν >max(q) +
(p(0)| cot(θ0)|+ p(1)| cot(θ1)|)2

min(p)

+ p(0)| cot(θ0)|+ p(1)| cot(θ1)|. (19d)
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Then we have

‖f‖2H2 . ‖(A+ ν)f‖2L2 =
∑
n≥1

(λn + ν)2 〈f, φn〉2 . ‖f‖2H2

for all f ∈ D(A). We also have λn + ν ≥ λ1 + ν > 0 for all
n ≥ 1.

Proof: Let f ∈ D(A) be arbitrary. Using an integration
by parts, we first note that

〈Af, f〉 = −
∫ 1

0

(pf ′)′f + qf2 dx

= p(0)f(0)f ′(0)− p(1)f(1)f ′(1)

+

∫ 1

0

p|f ′|2 − qf2 dx. (20)

Since f ∈ D(A) we either have f(0) = 0 if θ0 = 0 or f ′(0) =
cot(θ0)f(0) if θ0 ∈ (0, π). Similarly, we either have f(1) = 0
if θ1 = 0 or f ′(1) = − cot(θ1)f(1) if θ1 ∈ (0, π). Hence,
invoking the continuous embedding H1(0, 1) ⊂ L∞(0, 1), we
deduce that 〈Af, f〉 . ‖f‖2H1 .

Assume for the moment that we have the existence of a
ν ∈ R such that ‖f‖2H1 . 〈(A + νI)f, f〉. This implies
in particular that λn + ν ≥ λ1 + ν > 0 for all n ≥ 1,
hence ‖f‖2H1 . 〈(A + ν)f, f〉 =

∑
n≥1(λn + ν)〈f, φn〉2 .∑

n≥1(λn + ν)2〈f, φn〉2 = ‖(A + ν)f‖2L2 . Recalling that
Af = −(pf ′)′ − qf = −pf ′′ − p′f ′ − qf with p > 0, we
infer that f ′′ = − 1

p (A + νI)f − p′

p f
′ + ν−q

p f . This implies
that ‖f‖2H2 = ‖f‖2H1 + ‖f ′′‖2L2 . ‖f‖2H1 + ‖(A+ ν)f‖2L2 .
‖(A + ν)f‖2L2 . ‖f‖H2 , giving the claimed conclusion. It
only remain to show that we can always find a ν ∈ R such
that ‖f‖H1 . 〈(A + νI)f, f〉. To do so, we consider four
different cases.

Consider first the case θ0 ∈ [0, π/2] and θ1 ∈ [0, π/2]. Since
f ∈ D(A) we either have f(0) = 0 hence f(0)f ′(0) = 0
if θ0 = 0 or f ′(0) = cot(θ0)f(0) hence f(0)f ′(0) =
cot(θ0)f(0)2 ≥ 0 if θ0 ∈ (0, π). In both cases, f(0)f ′(0) ≥ 0.
Proceeding similarly, we infer that −f(1)f ′(1) ≥ 0. We
thus deduce from (20) that 〈Af, f〉 ≥ min(p)‖f ′‖2L2 −
max(q)‖f‖2L2 . Therefore ‖f‖H1 . 〈(A + νI)f, f〉 for any
given ν > max(q).

Consider now the case θ0 ∈ [0, π/2] and θ1 ∈ (π/2, π)
for which we still have f(0)f ′(0) ≥ 0 but −f(1)f ′(1) =
cot(θ1)f(1)2 = −| cot(θ1)|f(1)2 ≤ 0. Hence we have from
(20) that 〈Af, f〉 ≥ −p(1)| cot(θ1)|f(1)2 + min(p)‖f ′‖2L2 −
max(q)‖f‖2L2 . Note that, for any ξ ∈ {0, 1}, f(ξ)2 =

f(x)2 + 2
∫ ξ
x
f(s)f ′(s) ds hence |f(ξ)|2 ≤ |f(x)|2 +

2
∫ 1

0
|f(s)||f ′(s)|ds ≤ |f(x)|2 + 2‖f‖L2‖f ′‖L2 . Integrating

and using Young’s inequality, we deduce that

|f(ξ)|2 ≤
(

1 +
1

α

)
‖f‖2L2 + α‖f ′‖2L2 (21)

for all ξ ∈ [0, 1] and any α > 0. This shows with ξ = 1 that

〈(A+ νI)f, f〉

≥
(
ν −max(q)− p(1)| cot(θ1)|

(
1 +

1

α

))
‖f‖2L2

+ (min(p)− p(1)| cot(θ1)|α)‖f ′‖2L2

for all α > 0. Hence, we look for ν ∈ R such that there exists
α > 0 so that

ν −max(q)− p(1)| cot(θ1)|
(

1 +
1

α

)
> 0 (22a)

min(p)− p(1)| cot(θ1)|α > 0. (22b)

The former conditions imposes that ν > max(q) +
p(1)| cot(θ1)|. Under that condition, (22) is equivalent to the
existence of α > 0 such that

p(1)| cot(θ1)|
ν −max(q)− p(1)| cot(θ1)|

< α <
min(p)

p(1)| cot(θ1)|
.

The existence of such a α > 0 is possible if and only if (19b)
holds.

The case θ0 ∈ (π/2, π) and θ1 ∈ [0, π/2] follows the same
arguments, giving the condition (19c).

The last case is θ0 ∈ (π/2, π) and θ1 ∈ (π/2, π) for
which cot(θ0) < 0 and cot(θ1) < 0, giving 〈Af, f〉 ≥
−p(0)| cot(θ0)| − p(1)| cot(θ1)|f(1)2 + min(p)‖f ′‖2L2 −
max(q)‖f‖2L2 . Using now (21) for ξ ∈ {0, 1} we infer that

〈(A+ νI)f, f〉

≥
(
ν −max(q)− p(0)| cot(θ0)|

(
1 +

1

α

)
−p(1)| cot(θ1)|

(
1 +

1

β

))
‖f‖2L2

+ (min(p)− p(0)| cot(θ0)|α− p(1)| cot(θ1)|β)‖f ′‖2L2

for all α, β > 0. Hence, we look for ν ∈ R such that there
exist α, β > 0 so that

ν −max(q)− p(0)| cot(θ0)|
(

1 +
1

α

)
− p(1)| cot(θ1)|

(
1 +

1

β

)
> 0,

min(p)− p(0)| cot(θ0)|α− p(1)| cot(θ1)|β > 0.

Note in particular that the first inequality implies that α > 0
must be selected such that

ν −max(q)− p(0)| cot(θ0)|

− p(1)| cot(θ1)| − p(0)| cot(θ0)|
α

> 0. (23)

Hence, we have to select β > 0 such that

min(p)− p(0)| cot(θ0)|α
p(1)| cot(θ1)|

> β >

p(1)| cot(θ1)|
ν −max(q)− p(0)| cot(θ0)| − p(1)| cot(θ1)| − p(0)| cot(θ0)|

α

.

This is possible if and only if ν ∈ R is selected such that

ν >
p(1)2| cot(θ1)|2

min(p)− p(0)| cot(θ0)|α
+ max(q) + p(0)| cot(θ0)|

+ p(1)| cot(θ1)|+ p(0)| cot(θ0)|
α
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for some α ∈
(

0, min(p)
p(0)| cot(θ0)|

)
. This latter condition

implies in particular that (23) holds true. The mini-
mization of the right-hand side of the latter inequal-
ity for α ∈

(
0, min(p)

p(0)| cot(θ0)|

)
is achieved for α =

min(p)
p(0)| cot(θ0)|+p(1)| cot(θ1)| , giving (19d).

We always assume in the rest of the paper that ν ∈ R is fixed
in accordance with Lemma 3. This allows the introduction, for
any α0 > 0, of the fractional operator [21]

(A+ νI)α0f =
∑
n≥1

(λn + ν)α0〈f, φn〉

defined on

D((A+ νI)α0)

= {f ∈ L2(0, 1) |
∑
n≥1

(λn + ν)2α0〈f, φn〉2 <∞}.

It can be checked that

D((A+ νI)1/2) =

{
H1(0, 1) if θ0 ∈ (0, π)
H1

(0)(0, 1) if θ0 = 0
(24)

where H1
(0)(0, 1) = {f ∈ H1(0, 1) | f(0) = 0}.

III. STABILIZATION IN H2-NORM

We report in this section control design procedures for the
feedback stabilization of the reaction-diffusion equation (1) in
H2-norm.

A. State feedback control strategy

Let δ > 0 be the desired exponential decay rate for the
closed-loop system trajectories. Let N0 ≥ 0 be such that
−λN0+1 < −δ < 0. Defining Z1 =

[
z1 . . . zN0

]>
we

have
Ż1 = A1Z1 + B1u (25)

where A1 = diag(−λ1, . . . ,−λN0
) and B1 =[

β1 . . . βN0

]>
. Since A1 is diagonal with simple

eigenvalues while each entry βn of B1 is non zero (see
Remark 5), we infer from the Hautus test that the pair
(A1,B1) is controllable. Hence, we define a feedback gain
matrix K =

[
k1 . . . kN0

]
∈ R1×N0 such that A1 −B1K

is Hurwitz with spectral abscissa strictly less than −δ < 0.
Introducing the state feedback

u = −KZ1 (26)

we obtain the following result.
Theorem 1: Let p ∈ C3([0, 1];R) with p > 0, q ∈
C2([0, 1];R), θ0 ∈ [0, π), and θ1 ∈ (0, π). Let δ > 0 and
N0 ≥ 0 be such that −λN0+1 < −δ. Let K ∈ R1×N0 be such
that A1−B1K is Hurwitz with spectral abscissa strictly less
than −δ < 0. Then there exists C > 0 such that the classical
solutions to the closed-loop system formed by the PDE (1)
and the control (26) satisfy

‖z(t, ·)‖H2 ≤ Ce−δt‖z0‖H2

for all t ≥ 0.

Proof: Let ν ∈ R be fixed in accordance with Lemma 3.
Let us define the functional

V∞(X,w) = Z>1 PZ1 +
∑

n≥N0+1

(λn + ν)2〈w, φn〉2 (27)

for all X ∈ RN0 and all w ∈ D(A). Here, for some γ > 0
to be defined later on, we have P = P (γ) � 0 solution to
the Lyapunov equation (A1 −B1K)>P + P (A1 −B1K) +
2δP + γI = 0. Owing to the change of variable formulas (4)
and (11), and in view of Lemma 3, V∞ is equivalent to the
H2-norm. Since it is not possible, in general, to differentiate
V∞ along the system trajectories (see Remark 6), we introduce
the associated family of “truncated” functionals defined by

VM (X,w) = Z>1 PZ1 +

M∑
n=N0+1

(λn + ν)2〈w, φn〉2 (28)

for all M ≥ N0 + 1. The computation of the time derivative
of VM along the system trajectories (12) and (25) gives

V̇M + 2δVM

= Z>1 ((A1 −B1K)>P + P (A1 −B1K) + 2δP )Z1

+ 2

M∑
n=N0+1

(λn + ν)2 ((−λn + δ)wn + anu+ bnv)wn.

Using Young’s inequality we infer that 2(λn + ν)2wnanu =
2((λn + ν)3/2wn)((λn + ν)1/2anu) ≤ 1

α (λn + ν)3w2
n +

α(λn + ν)a2nu
2, hence 2

∑M
n=N0+1(λn + ν)2wnanu ≤

1
α

∑M
n=N0+1(λn + ν)3w2

n + αSau2 for any α > 0, where
Sa =

∑
n≥N0+1(λn + ν)a2n < ∞ because of Lemma 2 and

is independent of M . Similarly, one has 2
∑M
n=N0+1(λn +

ν)2wnbnv ≤ 1
α

∑M
n=N0+1(λn+ν)3w2

n+αSbv2 for any α > 0,
where Sb =

∑
n≥N0+1(λn + ν)b2n <∞ because of Lemma 1

and is independent of M . Combining (25) and (26), we also
infer that v = u̇ = −KŻ1 = −K(A1−B1K)Z1. Combining
everything together, we infer that

V̇M + 2δVM

≤ −
(
γ − α(Sa‖K‖2 + Sb‖K(A1 −B1K)‖2)

)
‖Z1‖2

+ 2

M∑
n=N0+1

(λn + ν)2Γnw
2
n (29)

where Γn = −
(
1− 1

α

)
(λn+ν) +ν+ δ. Since, by Lemma 3,

λn + ν > 0 for all n ≥ 1, we infer that Γn ≤ ΓN0+1 for all
n ≥ N0+1 provided α > 1. Recalling that −λN0+1 < −δ, we
can fix α > 1 sufficiently large, independently of the integer
M and of γ > 0, so that ΓN0+1 = −λN0+1+δ+

λN0+1+ν

α ≤ 0,
implying that 2

∑M
n=N0+1(λn+ν)2Γnw

2
n ≤ 0. Finally, we can

fix γ > 0 large enough, also independently of the integer M ,
such that γ − α(Sa‖K‖2 + Sb‖K(A1 −B1K)‖2) ≥ 0. This
shows that V̇M + 2δVM ≤ 0, hence VM (t) ≤ e−2δtVM (0)
for all t ≥ 0. Since γ > 0, hence P = P (γ) � 0, has been
selected independently of the integer M , we have VM (t) →
V∞(t) as M → +∞. We thus infer that V∞(t) ≤ e−2δtV∞(0)
for all t ≥ 0, which completes the proof.

Remark 6: It is worth noting that one cannot compute the
derivative of V∞ defined by (27) along the system trajectories
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(12) and (25) because the series
∑
λ3n 〈w, φn〉

2 is not conver-
gent, in general. This is why a family of truncated versions
VM , defined by (28), of V∞ is considered. We note from (29)
that, in general, V̇M (t) → −∞ as M → +∞ when α > 1.
In that matter, neither V∞ nor VM are Lyapunov functionals.
This highlights the fact that the result of Theorem 1 ensures
the stability of the system in H2-norm without providing an
actual Lyapunov functional for the H2-norm. ◦

B. Output feedback control strategy
We extend the result of the previous section to the case of

an output feedback control strategy by considering either the
case of a Dirichlet measurement:

y(t) = z(t, ξp) (30)

or a Neumann measurement

y(t) = zx(t, ξp) (31)

for some ξp ∈ [0, 1]. Using the change of variable formula (4)
and in view of (15) we have

y(t) =
∑
n≥1

cnwn(t) + µpu(t)

= C1Z1(t) +
∑

n≥N0+1

cnwn(t) + µpu(t) (32)

where C1 =
[
c1 . . . cN0

]
with cn = φn(ξp) and µp =

ϕ(ξp) in the case of the Dirichlet measurement (30) while
cn = φ′n(ξp) and µp = ϕ′(ξp) in the case of the Neumann
measurement (31). In view of (9), we have in both cases that

cn = O(
√
λn). (33)

Since A1 is diagonal with simple eigenvalues, the Hautus
test shows that the pair (A1, C1) is observable if and only if
cn 6= 0 for all 1 ≤ n ≤ N0. Under this conditions, the adopted
control strategy takes the following form. Let N ≥ N0 + 1 be
an integer to be selected later. The controller is written as

ŵn = ẑn + bnu, (34a)
˙̂zn = −λnẑn + βnu, (34b)

− ln

{
N∑
k=1

ckŵk + µpu− y

}
, 1 ≤ n ≤ N0, (34c)

˙̂zn = −λnẑn + βnu, N0 + 1 ≤ n ≤ N, (34d)

u = −
N0∑
n=1

knẑn. (34e)

The controller gain is K =
[
k1 . . . kN0

]
∈ R1×N0 while

the observer gain is L =
[
l1 . . . lN0

]> ∈ RN0 . This type
of control strategy is inspired by the seminal work [19] with
its recent extensions [5], [7], [9], [10], [13].

Theorem 2: Let p ∈ C3([0, 1];R) with p > 0, q ∈
C2([0, 1];R), θ0 ∈ [0, π), θ1 ∈ (0, π), and ξp ∈ [0, 1]. Let
δ > 0 and N0 ≥ 0 be such that −λN0+1 < −δ. Assume that
cn 6= 0 for all 1 ≤ n ≤ N0. Let K ∈ R1×N0 and L ∈ RN0 be
such that A1−B1K and A1−LC1 are Hurwitz with spectral
abscissa strictly less than −δ < 0. Then, for any sufficiently

large integer N ≥ N0 + 1, there exists a constant C > 0 such
that the classical solutions to the closed-loop system formed
by the PDE (1), the either Dirichlet (30) or Neumann (31)
measurement, and the controller (34) satisfy

‖z(t, ·)‖H2 +

N∑
n=1

|ẑn(t)| ≤ Ce−δt
{
‖z0‖H2 +

N∑
n=1

|ẑn(0)|

}
(35)

for all t ≥ 0.
Proof: Let ν ∈ R be fixed in accordance with Lemma 3.

Let us define the observation error en = zn− ẑn for 1 ≤ n ≤
N . For N0+1 ≤ n ≤ N , let us introduce the scaled quantities
ẽn = (λn + ν)en and z̃n = ẑn/(λn + ν). We next define
the vectors Ẑ1 =

[
ẑ1 . . . ẑN0

]>
, E1 =

[
e1 . . . eN0

]>
,

Z̃2 =
[
z̃N0+1 . . . z̃N

]>
, and Ẽ2 =

[
ẽN0+1 . . . ẽN

]>
.

Thus, defining,

X = col(Ẑ1, E1, Z̃2, Ẽ2),

we infer from (13) and (34) that

Ẋ = FX + Lζ (36)

with ζ =
∑
n≥N+1 cnwn,

F =


A1 −B1K LC1 0 LC̃2

0 A1 − LC1 0 −LC̃2

−B̃2K 0 A2 0
0 0 0 A2

 , L =


L
−L
0
0


where A2 = diag(−λN0+1, . . . ,−λN ), B̃2 =[

βN0+1

(λN0+1+ν)
. . . βN

(λN+ν)

]>
, and C̃2 =[

cN0+1

(λN0+1+ν)
. . . cN

(λN+ν)

]
. In addition, with the augmented

vector X̃ = col(X, ζ), we obtain that

u = −KẐN0 = −K̃X, v = u̇ = EX̃ (37)

where K̃ =
[
K 0 0 0

]
and E =

−K
[
A1 −B1K LC1 0 LC̃2 L

]
.

Let us define the functional

V∞(X,w) = X>PX +
∑

n≥N+1

(λn + ν)2 〈w, φn〉2 (38)

for X ∈ R2N and w ∈ D(A). Here, P � 0 is to be
defined. We also introduce the following associated “truncated
versions”:

VM (X,w) = X>PX +

M∑
n=N+1

(λn + ν)2 〈w, φn〉2 (39)

for arbitrary integers M ≥ N + 1. The time derivative of VM
along (12b) and (36) reads

V̇M + 2δVM = X>(F>P + PF + 2δP )X + 2X>PLζ

+ 2

M∑
n=N+1

(λn + ν)2 ((−λn + δ)wn + anu+ bnv)wn.

Invoking now Young’s inequality, we infer that
2
∑M
n=N+1(λn + ν)2wnanu ≤ 1

α

∑M
n=N+1(λn +

ν)3w2
n + αSa,Nu2 and 2

∑M
n=N+1(λn + ν)2wnbnv ≤
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1
α

∑M
n=N+1(λn + ν)3w2

n + αSb,Nv2 for any α > 0,
where Sa,N =

∑
n≥N+1(λn + ν)a2n < ∞ and

Sb,N =
∑
n≥N+1(λn + ν)b2n < ∞ with Sa,N ,Sn,N → 0

as N → +∞. Since ζ =
∑
n≥N+1 cnwn, Cauchy-Schwartz

inequality gives

ζ2 ≤ 2

(
M∑

n=N+1

cnwn

)2

+ 2

 ∑
n≥M+1

cnwn

2

≤ 2

M∑
n=N+1

c2n
(λn + ν)2

M∑
n=N+1

(λn + ν)2w2
n

+ 2
∑

n≥M+1

c2n
(λn + ν)2

∑
n≥M+1

(λn + ν)2w2
n

≤ 2Sζ,N
M∑

n=N+1

(λn + ν)2w2
n + 2RM‖(A+ νI)w‖2L2

where Sζ,N =
∑
n≥N+1

c2n
(λn+ν)2

and RM =∑
n≥M+1

c2n
(λn+ν)2

. These two series are finite due to
(7) and (33). In particular one as Sζ,N → 0 as N → +∞
and RM → 0 as M → +∞. Recalling that X̃ = col(X, ζ)
the combination of the latter estimates along with (37) gives

V̇M + 2δVM ≤ X̃>ΘX̃ + 2

M∑
n=N+1

(λn + ν)2Γnw
2
n

+ 2βRM‖(A+ νI)w‖2L2

for any α, β > 0 where

Θ =

[
Θ1,1 PL
L>P −β

]
+ αSb,NE>E, (40a)

Γn =

{
−
(

1− 1

α

)
(λn + ν) + ν + δ

}
+ βSζ,N (40b)

with Θ1,1 = F>P + PF + 2δP + αSa,NK̃>K̃. Selecting
α > 1, we infer that Γn ≤ ΓN+1 for all n ≥ N + 1. We thus
infer that

V̇M + 2δVM ≤ X̃>ΘX̃ + 2ΓN+1

M∑
n=N+1

(λn + ν)2w2
n

+ 2βRM‖(A+ νI)w‖2L2

for any α > 1 and any β > 0.
Assume for the moment that we may find N ≥ N0 + 1,

P � 0, α > 1, and β > 0, all independently of the integer
M , such that

Θ � 0, Γ1,N+1 ≤ 0. (41)

We thus infer that V̇M + 2δVM ≤ 2βRM‖(A +
νI)w‖2L2 . Integrating over the time interval [0, t] we de-
duce that VM (X(t), w(t, ·)) ≤ e−2δtVM (X(0), w0) +
2βRM

∫ t
0
e−2δ(t0−τ)‖Aw(τ, ·)‖2L2dτ . Letting M → +∞,

we have RM =
∑
n≥M+1

c2n
(λn+ν)2

→ 0, hence
V∞(X(t), w(t, ·)) ≤ e−2δtV∞(X(0), w0) for all t ≥ 0.
The claimed stability estimate (35) easily follows from the
definition (38) of V∞, Lemma 3, and the change of variable
formulas (4) and (11).

It remains to show that we can select N ≥ N0 + 1
sufficiently large, P � 0, α > 1, and β > 0, all independently
of the integer M , such that (41) holds. Note first that the
quantities Θ and Γn as defined by (40) are independent of the
integer M . We start by fixing α > 1 arbitrarily. We then note
that F + δI is Hurwitz with ‖C̃2‖ = O(1) and ‖B̃2‖ = O(1)
as N → +∞. The application of the lemma in appendix of
[10] to the matrix F + δI implies that the solution P � 0 to
F>P +PF +2δP = −I satisfies ‖P‖ = O(1) as N → +∞.
We define

β =

{
1√
Sζ,N

if Sζ,N 6= 0

N otherwise
. (42)

We deduce that Γ1,N+1 → −∞ as N → +∞. Noting finally
that ‖L‖ =

√
2‖L‖ and ‖K̃‖ = ‖K‖ are independent of N

while ‖P‖ = O(1) and ‖E‖ = O(1) as N → +∞, we infer
from the Schur complement that Θ � 0 for N ≥ N0 + 1
sufficiently large. This completes the proof.

Remark 7: Following the proof of Theorem 2, the order
N ≥ N0 +1 of the controller dynamics (34) can be computed
by testing the feasibility of the two constraints (41). It is
observed that, for a given value of N , they can be easily
written as linear matrix inequality (LMIs) conditions of the
decision variables α > 1, β > 0, and P � 0. ◦

IV. A ROBUSTNESS RESULT WITH RESPECT TO
UNBOUNDED REACTION TERMS

A. Problem setting
We consider in this section the case of a reaction-diffusion

equation of the form

zt(t, x) = (pzx)x(t, x) + q(x)z(t, x) +D(z(t, ·)), (43a)
cos(θ0)z(t, 0)− sin(θ0)zx(t, 0) = 0, (43b)
cos(θ1)z(t, 1) + sin(θ1)zx(t, 1) = u(t), (43c)
z(0, x) = z0(x) (43d)

for t > 0 and x ∈ (0, 1) with θ0 ∈ [0, π), θ1 ∈ (0, π), p ∈
C3([0, 1];R) with p > 0, and q ∈ C2([0, 1];R). Here, the term
D(z(t, ·)) captures a linear unbounded reaction term. A typical
example is given by local Dirichlet and/or Neumann traces of
the form:

D(z(t, ·)) = d1(x)z(t, ξ1) + d2(x)zx(t, ξ2)

for some ξ1, ξ2 ∈ [0, 1] with spatially varying weighting
functions d1(x) and d2(x). More precisely, for ν ∈ R fixed
in accordance with Lemma 3 and based on the definition of
the fractional operator (A+ νI)α0 as introduced immediately
after the proof of Lemma 3, we assume that D : H2(0, 1)→
D((A + νI)1/2) is linear with existence of α0 ∈ (0, 1) and
Ld > 0 such that

‖D(w)‖H1 ≤ Ld‖(A+ νI)α0w‖L2 (44)

for all w ∈ D((A + νI)α0). Note that D((A + νI)1/2) is
characterized by (24). Furthermore, in view of (7) and (9),
the Lipschitz condition (44) holds for the Dirichlet trace with
α0 > 1/4 and for the Neumann trace for α0 > 3/4.

Our objective is to show that the control strategy (34)
achieves the exponential stabilization of (43) in H2-norm for
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sufficiently small D in the sense that both Lipschitz constant
Ld, introduced in (44), and ‖D(b)‖H1 , with b defined by (6),
are small enough.

Remark 8: While the case of a Dirichlet trace of the type
D(z(t, ·)) = d1(x)z(t, ξ1) could be handled, using a similar
procedure that the one reported in this section, in the case of
a stability study conducted in H1-norm, the case of Neumann
trace of the type D(z(t, ·)) = d2(x)zx(t, ξ2) does require the
study of the system trajectories in H2-norm. ◦

B. Spectral reduction

We adopt the approach and the definitions of Subsection II-
B. Considering the change of variable formula (4), we infer
from (43) that

u̇ = v, (45a)
wt = −Aw + au+ bv +D(w − bu), (45b)
w(0, x) = w0(x). (45c)

Defining dn = 〈D(z), φn〉 = 〈D(w − bu), φn〉, the projection
of (45b) onto (φn)n≥1 gives

ẇn(t) = −λnwn(t) + anu(t) + bnv(t) + dn(t). (46)

In view of (11), we deduce that

żn(t) = −λnzn(t) + βnu(t) + dn(t).

Based on the either Dirichlet (30) or Neumann (31) measure-
ment, we still consider the output feedback control strategy
described by (34).

C. Stabilization result

Theorem 3: Let p ∈ C3([0, 1];R) with p > 0, q ∈
C2([0, 1];R), θ0 ∈ [0, π), θ1 ∈ (0, π), and ξp ∈ [0, 1]. Let
δ > 0 and N0 ≥ 0 be such that −λN0+1 < −δ. Assume that
cn 6= 0 for all 1 ≤ n ≤ N0. Let K ∈ R1×N0 and L ∈ RN0

be such that A1 − B1K and A1 − LC1 are Hurwitz with
spectral abscissa strictly less than −δ < 0. Then, for any
sufficiently large integer N ≥ N0 + 1, there exist constant
C,R > 0 such that the classical solutions to the closed-loop
system formed by the PDE (43), the either Dirichlet (30) or
Neumann (31) measurement, and the controller (34) satisfy
the stability estimate in H2-norm (35) for any linear mapping2

D : H2(0, 1)→ D((A+νI)1/2) such that (i) ‖D(b)‖H1 < R;
and (ii) there exist α0 ∈ (0, 1) and Ld ∈ (0, R) such that (44)
holds.

Proof: Let δ+ > δ be such that −λN0+1 < −δ+ and
A1 −B1K and A1 −LC1 are Hurwitz with spectral abscissa
strictly less than −δ+ < 0. With the same notations as in the
proof of Theorem 2, we have

Ẋ = FX + Lζ +D (47)

where, defining d̃n = (λn + ν)dn,
we introduce the matrix D =[
01×(N0+1) d1 . . . dN0

01×(N−N0) d̃N0+1 . . . d̃N
]>

.

2ν ∈ R fixed in accordance with Lemma 3.

Consider now the functionals (38) and (39). The computation
of the time derivative of VM along (46) and (47) reads

V̇M + 2δ+VM = X>(F>P + PF + 2δ+P )X + 2X>PLζ

+ 2X>PD + 2

M∑
n=N+1

(λn + ν)2(−λn + δ+)w2
n

+ 2

M∑
n=N+1

(λn + ν)2 (anu+ bnv + dn)wn.

We infer that 2X>PD ≤ 2‖X‖‖PD‖ ≤ ε‖X‖2 + ‖P‖
2

ε ‖D‖
2

and 2
∑M
n=N+1(λn + ν)2dnwn ≤ ε

∑M
n=N+1(λn + ν)3w2

n +
1
ε

∑M
n=N+1(λn + ν)d2n, for any ε > 0. Owing to the proof

of Lemma 3, we infer the existence of a constant γ1 > 0
such that ‖P‖2‖D‖2 +

∑
n≥N0+1(λn+ν)d2n ≤ γ1‖D(z)‖2H1 .

Following now the same approach that the one developed in
the proof of Theorem 2, we infer that

V̇M + 2δ+VM ≤X̃> [Θ + εI] X̃ + 2

M∑
n=N+1

Γε,n(λn + ν)2w2
n

+ 2βRM‖(A+ νI)w‖2L2 +
γ1
ε
‖D(z)‖2H1

for any α, β, ε > 0, where Θ is defined by (40a) with δ ← δ+
while

Γε,n =

{
−
(

1− 1

α
− ε

2

)
(λn + ν) + ν + δ+

}
+ βSζ,N .

Selecting α > 1 and 0 < ε < 2(1− 1
α ), we infer that Γε,n ≤

Γε,N+1 for all n ≥ N + 1. This implies that

V̇M + 2δ+VM ≤ 2Γε,N+1

M∑
n=N+1

(λn + ν)2w2
n

+ X̃> [Θ + εI] X̃ + 2βRM‖(A+ νI)w‖2L2 +
γ1
ε
‖D(z)‖2H1 .

Proceeding exactly as at the end of the proof of Theorem 2, we
can fix N ≥ N0 + 1 large enough, P � 0, α > 1, and β > 0,
all independently of the integer M , such that Θ ≺ 0 and
Γ0,N0+1 < 0. Noting that Γε,N0+1 = Γ0,N0+1+ ε

2 (λN0+1+ν),
one can select 0 < ε < 2(1 − 1

α ) small enough such that
Θ + εI � 0 and Γε,N0+1 ≤ 0. This shows that

V̇M + 2δ+VM ≤2βRM‖(A+ νI)w‖2L2 +
γ1
ε
‖D(z)‖2H1 .

Integrating on the time interval and letting M → +∞, we
infer that

V∞(X(t), w(t, ·)) ≤ e−2δ+tV∞(X(0), w0)

+
γ1
ε

∫ t

0

e−2δ+(t−s)‖D(z(s, ·))‖2H1 ds

for all t ≥ 0. Since δ+ > δ, there exists a con-
stant γ2 > 0 such that

∫ t
0
e−2δ+(t−s)‖D(z(s, ·))‖2H1 ds ≤

γ2 sups∈[0,t] e
−2δ(t−s)‖D(z(s, ·))‖2H1 . Furthermore, in view of

(4) we have D(z) = D(w)−D(b)u = D(w)+D(b)K̃X hence
‖D(z)‖H1 ≤ ‖D(w)‖H1 + ‖D(b)‖H1 |u| ≤ ‖D(w)‖H1 +
‖D(b)‖H1‖K̃‖‖X‖ with, based on (44) and Lemma 3,
‖D(w)‖2H1 ≤ L2

d‖(A + νI)α0w‖2L2 ≤ L2
d

(λ1+ν)2(1−α0) ‖(A +

νI)w‖2L2 ≤ γ3L
2
d‖w‖2H2 for some constant γ3 > 0. Overall,
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in view of (38), this shows the existence of a constant γ4 > 0
such that

V∞(X(t), w(t, ·)) ≤ e−2δtV∞(X(0), w0)

+ γ4C
2
d sup
s∈[0,t]

e−2δ(t−s)V∞(X(s), w(s, ·))

for all t ≥ 0 with Cd = max(Ld, ‖D(b)‖H1). This implies
that (

1− γ4C2
d

)
sup
s∈[0,t]

e2δsV∞(X(s), w(s, ·))

≤ V∞(X(0), w0)

for all t ≥ 0. Hence, for any linear mapping D : H2(0, 1)→
D((A + νI)1/2) such that Cd = max(Ld, ‖D(b)‖H1) < R
with 0 < R < 1/

√
γ4, we infer that

sup
s∈[0,t]

e2δsV∞(X(s), w(s, ·)) ≤ V∞(X(0), w0)

1− γ4R2

for all t ≥ 0. The claimed conclusion follows from the
definition (38) of V∞, Lemma 3, and the change of variable
formulas (4) and (11).

V. CASE OF A SATURATED NEUMANN MEASUREMENT

A. Problem description and control strategy
We consider the case of the Neumann measurement (31)

but in the presence of a saturation:

ysat(t) = sat(y(t)) = sat(zx(t, ξp)). (48)

The saturation function sat : R→ R is defined as

sat(y) =

 y if |y| ≤ l;

l
y

|y|
if |y| ≥ l (49)

for some given level of saturation l > 0. The control objective
is to achieve the local output feedback stabilization of the PDE
plant (1) using the saturated Neumann measurement (48) while
estimating a subset of the domain of attraction. As we shall
see, the stability assessment of the system trajectories in H2-
norm is crucial in this context.

Let δ > 0 be the desired exponential decay rate and let an
integer N0 ≥ 1 be selected such that −λN0+1 < −δ < 0. Let
N ≥ N0+1 be arbitrarily fixed for the time-being. The control
strategy mimics (34) but in the case of a saturated Neumann
measurement:

ŵn = ẑn + bnu, (50a)
˙̂zn = −λnẑn + βnu

− ln

{
N∑
k=1

ckŵk + µpu(t)− sat(y)

}
, 1 ≤ n ≤ N0,

(50b)
˙̂zn = −λnẑn + βnu, N0 + 1 ≤ n ≤ N, (50c)

u(t) = −
N0∑
n=1

knẑn (50d)

with ck = φ′k(ξp) and µp = ϕ′(ξp) while the controller gain
is K =

[
k1 . . . kN0

]
∈ R1×N0 and the observer gain is

L =
[
l1 . . . lN0

]> ∈ RN0 .

B. Stability analysis

The adopted approach relies on the use a classical sector
condition for the study of saturation maps in the context of
finite-dimensional systems. More precisely, let the deadzone
nonlinearity Φ : R→ R be defined, for all y ∈ R, by

Φ(y) = sat(y)− y.

Then, one can carry on the stability analysis and estimation of
the domain of attraction thanks to the following generalized
sector condition borrowed from [20, Lem. 1.6].

Lemma 4: Let l > 0 be arbitrarily fixed and define the
saturation map by (49). For any y, ω ∈ R such that |y−ω| ≤ l
we have Φ(y)(Φ(y) + ω) ≤ 0.

We adopt the definitions and notations of Subsection III-B.
We introduce the additional matrices

H1 =
[
C1 C1 (λN0+1 + ν)cN0+1 . . . (λN + ν)cN C̃2

]
H2 = µp +

∑N
n=1 bncn, H = H1 − H2K̃, and Ẽ =

−K
[
A1 −B1K LC1 0 LC̃2 L L

]
. We also define

for z ∈ L2(0, 1) and ẑ ∈ RN , whose components are denoted
by ẑk for 1 ≤ k ≤ N , the following projection operators.

Π(z, ẑ) =


Π1(ẑ)

Π2(z, ẑ)
Π3(ẑ)

Π4(z, ẑ)


with

Π1(ẑ) =

 ẑ1...
ẑN0

 , Π2(z, ẑ) =

 〈z, φ1〉L2(0,1) − ẑ1
...

〈z, φN0
〉L2(0,1) − ẑN0

 ,

Π3(ẑ) =


ẑN0+1

λN0+1+ν

...
ẑN

λN+ν

 ,

Π4(z, ẑ) =


(λN0+1 + ν)

(
〈z, φN0+1〉L2(0,1) − ẑN0+1

)
...

(λN + ν)
(
〈z, φN 〉L2(0,1) − ẑN

)
 .

Finally, we define RNz =
∑
n≥N+1〈z, φn〉φn.

Theorem 4: Let p ∈ C3([0, 1];R) with p > 0, q ∈
C2([0, 1];R), θ0 ∈ [0, π), θ1 ∈ (0, π), and ξp ∈ [0, 1]. Let
ν ∈ R be fixed in accordance with Lemma 3. Let δ > 0 and
N0 ≥ 0 be such that −λN0+1 < −δ. Assume that cn 6= 0
for all 1 ≤ n ≤ N0. Let K ∈ R1×N0 and L ∈ RN0

be such that A1 − B1K and A1 − LC1 are Hurwitz with
spectral abscissa strictly less than −δ < 0. For a fixed integer
N ≥ N0 + 1, assume that there exist a symmetric positive
definite P ∈ R2N×2N , positive real numbers α > 1 and
β, µ, T > 0, a matrix G ∈ R1×2N , and a real number d ∈ R
such that

Θ1 � 0, Θ2 � 0, Θ3 ≤ 0 (51)
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where

Θ1 =

 Θ1,1 PL −TG> + PL
L>P −β −dT

−TG+ L>P −dT −2T


+ αSb,N Ẽ>Ẽ,

Θ1,1 = F>P + PF + 2δP + αSa,NK̃>K̃,

Θ2 =

 P 0 (H −G)>

0 1
Sζ,N 1− d

H −G 1− d µl2

 ,
Θ3 =

{
−
(

1− 1

α

)
(λN+1 + ν) + ν + δ

}
+ βSζ,N .

Define the ellipsoid

E =

{
(w, ẑ) ∈ D(A)× RN |Π(w, ẑ)>PΠ(w, ẑ)

+ ‖RN (A+ νI)w‖2L2 <
1

µ

}
.

Then, the closed-loop system composed of the PDE (1), the
saturated Neumann measurement (48), and the controller (50),
is locally exponentially stable in H2-norm in the sense that
there exists M ≥ 1 such that for any initial conditions z0 ∈
H2(0, 1) and ẑ(0) =

[
ẑ1(0) . . . ẑN (0)

]> ∈ RN such that
(z0−ϕu(0), ẑ(0)) ∈ E , the system trajectory satisfies the H2

stability estimate (35) for all t ≥ 0. Moreover, the constraints
(51) are always feasible for N selected to be large enough.

Proof: Due to the presence of the saturation map, the
finite-dimensional dynamics (36) becomes

Ẋ = FX + Lζ + LΦ(y). (52)

Then, the introduction of the augmented vector X̌ =
col(X, ζ,Φ(y)) gives

u = −KẐN0 = −K̃X, v = u̇ = EX̌. (53)

Let N ≥ N0 + 1, P � 0, α > 1, β, µ, T > 0, G ∈ R1×2N ,
and d ∈ R be fixed as in the statement of the theorem. We
consider the functionals (38) and (39). The computation of the
time derivative of VM along (12b) and (52) gives

V̇M + 2δVM

= X>(F>P + PF + 2δP )X + 2X>PL(ζ + Φ(y))

+ 2

M∑
n=N+1

(λn + ν)2 ((−λn + δ)wn + anu+ bnv)wn.

Proceeding as in the proof of Theorem 2 while including the
impact of the extra term 2X>PLΦ(y), we infer that

V̇M + 2δVM ≤ 2

M∑
n=N+1

(λn + ν)2Γnw
2
n

+ X̌>

Θ1,1 PL PL
L>P −β 0
L>P 0 0

+ αSb,N Ẽ>Ẽ

 X̌

+ 2βRM‖(A+ νI)w‖2L2

where Γn =
{
−
(
1− 1

α

)
(λn + ν) + ν + δ

}
+ βSζ,N for all

n ≥ N + 1.
In order to handle the term 2X>PLΦ(y), we have to use

the sector condition from Lemma 4. More precisely, provided
X ∈ R2N and w ∈ D(A) are such that |y− (GX + dζ)| ≤ l,
Lemma 4 gives Φ(y)(Φ(y)+GX+dζ) ≤ 0. This implies that

V̇M + 2δVM ≤ X̌>Θ1X̌ + 2

M∑
n=N+1

(λn + ν)2Γnw
2
n

+ 2βRM‖(A+ νI)w‖2L2

as soon as |y − (GX + dζ)| ≤ l. With α > 1 and in view of
(51), we deduce that Γn ≤ Θ3 ≤ 0 for all n ≥ N + 1 while
Θ1 � 0. This implies that

V̇M + 2δVM ≤ 2βRM‖(A+ νI)w‖2L2 , ∀M ≥ N + 1 (54)

for all X ∈ R2N and w ∈ D(A) so that |y−(GX+dζ)| ≤ l. In
order to express this latter condition, we expand the Neumann
measurement (31) as follows:

y
(32)
=
∑
n≥1

cnwn + µpu =

N∑
n=1

cnwn + ζ + µpu

(11)
=

N∑
n=1

cnzn +

(
µp +

N∑
n=1

bncn

)
u+ ζ

=

N∑
n=1

cnẑn +

N∑
n=1

cnen +

(
µp +

N∑
n=1

bncn

)
u+ ζ

=

N0∑
n=1

cnẑn +

N0∑
n=1

cnen +

N∑
n=N0+1

(λn + ν)cnz̃n

+

N∑
n=N0+1

cn
λn + ν

ẽn +

(
µp +

N∑
n=1

bncn

)
u+ ζ

= H1X +H2u+ ζ
(53)
= HX + ζ.

In particular, one has |y−(GX+dζ)| = |(H−G)X+(1−d)ζ|.
Hence we infer that (54) holds as soon as

|(H −G)X + (1− d)ζ| ≤ l. (55)

We finally need to establish a connection between the
constraint (55) and the functional V∞ defined by (38). To do
so, consider X ∈ R2N and w ∈ D(A) so that V∞(X,w) ≤
1/µ. From Θ2 � 0 and the Schur complement, we have

1

µl2
[
H −G 1− d

]> [
H −G 1− d

]
�
[
P 0
0 1

Sζ,N

]
.

Recall that ζ =
∑
n≥N+1 cnwn and Sζ,N =∑

n≥N+1
c2n

(λn+ν)2
< +∞. Hence, the use of Cauchy-

Schwartz inequality gives ζ2 ≤ Sζ,N
∑
n≥N+1(λn + ν)2w2

n.
So, we deduce from the two latter inequalities that

1

µl2
|(H −G)X + (1− d)ζ|2 ≤

[
X
ζ

]> [P 0
0 1

Sζ,N

] [
X
ζ

]
= X>PX +

1

Sζ,N
ζ2 ≤ V∞(X,w) ≤ 1

µ
, (56)
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which implies that (55) hold true. Therefore, (54) is satisfied
as soon as V∞(X,w) ≤ 1/µ.

Let now (w0, ẑ(0)) ∈ E , which implies that
V∞(X(0), w0) < 1/µ. We want to show that
V∞(X(t), w(t, ·)) < 1/µ for all t ≥ 0. We proceed by
contradiction: assume that there exists t > 0 such that
V∞(X(t), w(t, ·)) ≥ 1/µ. Then, a continuity argument shows
the existence of t0 > 0 such that V∞(X(t), w(t, ·)) < 1/µ
for all t ∈ [0, t0) while V∞(X(t0), w(t0, ·)) = 1/µ.
Using the estimate (56), we infer that (54) is satisfied
for all t ∈ [0, t0]. Integration both sides of the inequality
over the time interval [0, t0] gives VM (X(t0), w(t0, ·)) ≤
e−2δt0VM (X(0), w0)+2βRM

∫ t0
0
e−2δ(t0−τ)‖Aw(τ, ·)‖2L2dτ .

Since RM → 0 as M → +∞, we get to the limit that
V∞(X(t0), w(t0, ·)) ≤ e−2δt0VM (X(0), w0) < 1

µ , giving a
contradiction. This shows that V∞(X(t), w(t, ·)) < 1/µ for
all t ≥ 0. Owing to (56), we infer that (54) holds for all t ≥ 0.
Integrating first the latter equation and then letting M → +∞
shows that V∞(X(t), w(t, ·)) ≤ e−2δtVM (X(0), w0) for all
t ≥ 0. The claimed H2-stability estimate easily follows from
the definition (38) of V∞ and Lemma 3.

It remains to show that the conditions (51) can always be
satisfied for N sufficiently large. To do so, we fix α > 1
arbitrarily and we set G = 0, d = 0, β by (42), and T =
N . Proceeding as in the proof of Theorem 2, the solution
P � 0 to F>P + PF + 2δP = −I satisfies ‖P‖ = O(1) as
N → +∞, hence the use of the Schur complement implies
that Θ1 � 0 and Θ3 ≤ 0 for N ≥ N0 + 1 sufficiently large.
This fixes the order N of the observer along with the decision
variables P, β, T ; only the decision variable µ > 0 remains
free. Applying again the Schur complement, we deduce that
Θ2 � 0 for µ > 0 selected to be sufficiently large. This
completes the proof.

Remark 9: It is worth mentioning that (56) fails in the case
of the study of the system trajectories in H1-norm. Indeed, in
the case of the H1-norm, V∞ is defined by

V∞(X,w) = X>PX +
∑

n≥N+1

(λn + ν) 〈w, φn〉2 .

In that case, the power “1” of the term (λn + ν) in the
above series is insufficient to upper bound the residue of
measurement ζ =

∑
n≥N+1 cnwn. Indeed, Cauchy-Schwarz

does imply that ζ2 ≤
∑
n≥N+1

c2n
λn+ν

×
∑
n≥N+1(λn + ν)w2

n

but, since cn = φ′n(ξp) = O(
√
λn), the first series is not

convergent, in general. This motivates (and actually makes
necessary with the adopted approach) the study of the system
trajectories in H2-norm. ◦

C. Numerical example
We illustrate the result of Theorem 4. To do so we consider

the reaction-diffusion equation (1) in the case p = 1, q = 5,
θ0 = 0, and θ1 = π/4, giving an open-loop unstable plant. The
saturated Neumann measurement (48) is localized at ξp = 0.45
with saturation level l = 1. The controller and observer
gain are set as K = 5.72 and L = 35.45. Considering
the exponential decay rate δ = 0.5, the conditions (51) of
application of Theorem 4 are found feasible for N = 3.

(a) State z(t, x)

0 0.1 0.2 0.3 0.4 0.5

Time (s)

0

0.5

1

1.5

O
u
tp

u
t

z
x
(t,

p
)

sat(z
x
(t,

p
))

(b) Output zx(t, ξp) and saturated output sat(zx(t, ξp))

Fig. 1. Closed-loop system

We consider the initial condition z0(x) = 2.3(x − 2x2/3)
along with zero initial conditions of the observer, i.e. ẑ(0), that
are such that (z0, ẑ(0)) ∈ E . Therefore, Theorem 4 ensures
the exponential decay of the associated system trajectory with
guaranteed decay rate of δ = 0.5. The time domain behavior
of the closed-loop system is depicted in Fig. 1 and is compliant
with the theoretical predictions. In particular, we observe the
convergence to zero of the PDE state despite a significant
saturation of the system output, as depicted in Fig. 1(b).

VI. CONCLUSION

This paper has reported the study of the output feedback
stabilization of reaction-diffusion equations in H2-norm. Two
application cases have been reported. The first one deals with
robustness results with-respect to unbounded in-domain reac-
tion terms that can capture, e.g., local Dirichlet and Neumann
traces. The second one embraces the case of a saturated Neu-
mann measurement. It is worth noting that the reported study
excludes the case of a Dirichlet boundary control. Indeed, as
discussed in Remark 4, the Dirichlet boundary control scheme
presents a lower level of regularity when projected onto the
Hilbert basis of eigenfunctions. This prevents the application
of the reported control design strategy. How to circumvent this
issue remains an open question.
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