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Output Feedback Stabilization of
Reaction-Diffusion Equations in H*-norm

Hugo Lhachemi and Christophe Prieur

Abstract—This paper studies the problem of boundary
output feedback stabilization of reaction-diffusion partial
differential equations (PDES) in H2-norm. While most of the
control strategies reported in the literature embrace the
case of the either L°- of H'-norm, very few address the
case of the H2-norm. This is achieved in this paper for
reaction-diffusion PDEs with spatially varying coefficients
and with a either Neumann or Robin boundary control (but
excludes the case of a Dirichlet boundary control) by lever-
aging spectral reduction methods. The obtained results are
extended to two application cases that both specifically
require the study of the system trajectories in H>-norm. The
first one is concerned with the derivation of a robustness
result with respect to unbounded in-domain perturbations
that include the case of weighted local Dirichlet and Neu-
mann traces. The second one embraces the case of a
saturated Neumann measurement for the local exponential
stabilization of the plant with explicit estimation of a subset
of the domain of attraction.

Index Terms— Reaction-diffusion PDEs, H?-norm, output
feedback, robustness, saturated measurement.

[. INTRODUCTION

The problem of feedback stabilization of reaction-diffusion
equations has received many attention in the past and is still an
active topic of research. As the energy associated with a heat
equation is naturally described by the L?-norm, stabilization
results for reaction-diffusion PDEs are often reported in the
literature in L?-norm. Since convergence in L?-norm does
not ensure the pointwise convergence of the state, numerous
extensions to the stabilization problem in H '-norm have been
reported. The case of higher regularity norms, such as the
H?-norm, is far rarer with very few references. The H?-
norm stabilization of a heat equation on a disk was studied
in [22] using a state-feedback. Attractors properties in H2-
norm of heat equations were investigated in [23]. Sliding-mode
control for the stabilization of a heat equation in H2-norm was
proposed in [16], [17]. State feedback stabilisation in H 2_norm
of heat transfers between 2 medium through a membrane was
solved in [1]. Backstepping design for the stabilization of a
2D heat - 1D heat cascade was reported in [6] with state of
the 2D-heat evaluated in H?-norm.

This paper presents one of the very first contributions re-
garding the boundary output feedback stabilization of reaction-
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diffusion PDEs in H?-norm. The considered class of reaction-
diffusion PDEs includes spatially variable coefficients, generic
Dirichlet/Neumann/Robin boundary condition, and either Neu-
mann or Robin boundary control (but at the exclusion of a
Dirichlet boundary control scheme). The adopted approach
relies on spectral reduction methods [4], [18] and requires a
detailed study of the asymptotic behavior of the coefficients
of the unbounded control operator once projected onto the
Hilbert basis formed by the eigenfunctions of the underlying
Sturm-Liouville operator. We show that a suitable level of
regularity for studying the system trajectories in H?2-norm
is achieved in the case of Neumann or Robin boundary
controls. We also show that such a regularity level fails in
the Dirichlet boundary control scheme, which prevents the
application of the proposed method in that particular case.
Note that this procedure relies on the introduction of a suitable
lifting function that allows to equivalently write the boundary
control problem into an homogeneous one by transferring
the control from the boundary into the domain. There is no
unicity in the choice of the lifting function, but a particular
choice has, in general, no impact whatsoever in the subsequent
developments. This is not the case in our study: the choice
of a particular lifting function does play a role to ensure
a sufficient level of regularity of the previously mentioned
coefficients of projection. The reported stability analyses all
rely on the introduction of a functional that is shown to be
equivalent to the H?-norm. However, it appears that its time
derivative along the system trajectories is not well-defined.
We circumvent this issue by studying a family of “truncated
versions” of the functional while mitigating in the stability
analyses the terms that are neglected. In that sense, stability
assessment in H2-norm is derived without providing an actual
H? Lyapunov functional for the closed-loop system.

The obtained results are extended to two case studies
for which the study of the system trajectories in H2-norm,
compared to the classical L2- or H'-norms, is required. The
first one is devoted to the derivation of robustness results
with respect to unbounded reaction terms. This captures, e.g.,
the case of weighted localized Neumann traces. The second
one considers the case of an output feedback by means of
a saturated Neumann trace. Actuator and sensor saturation
mechanisms are known for introducing severe constraints on
control design procedures [2], [8] as they introduce harmful
nonlinear phenomena with multiple equilibrium points and
bounded domains of attraction [3]. The impact of the satura-
tion of the output was studied in [12] in the case of a Dirich-
let measurement using a generalized sector condition [20,



IEEE TRANSACTIONS AND JOURNALS TEMPLATE

Lem. 1.6] and in H'-norm (see also [11] for the case of
a saturated input). However, as described in the conclusion
section of [12], the method reported therein does not apply
to the case of a saturated Neumann measurement due to an
unsufficient level of regularity of the H'-norm. We show in
this paper that this can be achieved in H2-norm.

The paper is organized as follows. The problem description
and its spectral reduction with detailed key asymptotic esti-
mations is reported in Section II. State and output feedback
stabilization results in H2-norm are presented in Section III. A
robustness result for unbounded reaction terms is proposed in
Section IV. The case of a saturated Neumann measurement is
investigated in Section V. Concluding remarks are formulated
in Section VI.

A preliminary version of this work, focused on the case
of a saturated Neumann measurement (topic of Section V of
the present paper), was presented at CDC 2024 [14] in the
case of reaction-diffusion equations with constant coefficients,
Neumann/Robin boundary condition, and Neumann boundary
control. This is extended in this paper to the case of reaction-
diffusion equations with spatially varying coefficients, Dirich-
let/Neumann/Robin boundary condition, and Neumann/Robin
boundary control.

Notation. The real spaces R™ are endowed with the Eu-
clidean norm ||z|| = V2T z. The associated induced matrix
norms are also denoted by || - ||. For any two vectors x and y
of arbitrary dimensions, we define col(z,y) = [z ",y ] ". The
space of square integrable functions on (O 1) is denoted by
L?(0,1) with the usual inner product (f, g) fo z)dx
and associated norm denoted by || - || 2. For any g1ven 1nteger
m > 1, the Sobolev space of order m is denoted by H™(0,1)
with the usual norm defined by [|f[|%. = > 1 IIF )22
For a symmetric matrix P € R"*™, P > 0 (resp. P > 0)
means that P is positive semi-definite (resp. positive definite).

[I. PROBLEM DESCRIPTION AND SPECTRAL REDUCTION
A. Problem description

Consider the reaction-diffusion equation described by

zt(t, ) = (pz2)2(t, x) + q(2)2(t, x), (1a)
cos(fo)z(t,0) — sin(fy)z,(t,0) = 0, (1b)
cos(61)z(t,1) + sin(01) 2z, (¢, 1) = u(t), (Ic)
2(0,x) = zo(x) (1d)

for ¢ > 0 and =z € (0,1). Here we have 6y € [0,2m),
6, € (0,m) U (m,27), p € CY([0,1];R) with p > 0 and
q € C°([0,1];R). For the upcoming developments, we will
need the additional regularities p € C3([0,1];R) and ¢ €
C%(]0,1];R); see in particular Lemma 2. Up to a change of
sign, we may assume without loss of generality that 6y €
[0,7), 6, € (0,7). The control is u(t) € R. The state is
2(t,-) € L2(0,1). The initial condition is zy € H?(0,1)
with cos(0p)z0(0) — sin(fy)z,(0) = 0 and cos(f1)zo(1) +
sin(f1)z((1) = uw(0).

The control objective is to achieve the exponential stabi-
lization of the reaction-diffusion equation in H?2-norm. This
is achieved by adopting spectral-reduction-based methods.

Remark 1: As we shall see, the reported strategy does not
work in the case of a Dirichlet boundary control. This is why
we exclude the case 6; € wZ. o

B. Spectral reduction

The first step consists of writing an equivalent homogeneous
representation for (1). To do so, we introduce an arbitrary
function ¢ : [0,1] — R of class C? that satisfies

cos(6o)(0) — sin(0o)¢’(0) = 0, (2a)
cos(61)p(1) +sin(01)' (1) = 1. (2b)
Remark 2: Define for any 1 > 1 the function
1
on(T) =y, ey = 3)

cos(f1) + nsin(61)

provided cos(61)+nsin(f1) # 0. It is easy to see that ¢ = ¢,
satisfies (2). o
We can now define the change of variable formula:

p(@)u(t). )

Owing to the PDE dynamics (1) and defining v = %, we can
write

w(t,z) = z(t,x) —

=, (52)
wy = (pWy)x + qu + au + bu, (5b)
cos(fo)w(t,0) — sin(bp)wy(t,0) = 0, (5¢)
cos(f1)w(t, 1) + sin(fy)w,(¢,1) =0, (5d)
w(0, ) = wo(z) (5¢)

where
=(¢) tap, b=—¢ (6)

and wy = 2o — ¢u(0).
We introduce the Sturm-Liouville operator
Af ==@f) —af
defined on
D(A) = {f € H*(0,1) | cos(flp)f(0) —sin(6o) f'(0) = 0,
cos(61)f (1) + sin(61) f(1) = 0}.

It is well known that A is selfadjoint and generates a C°
semigroup. As proven in [24, Theorem 4.3.1, Page 72], the
eigenvalues (A,)n>1 of A are simple and form an increasing

sequence with
< / 35 ) ™

Moreover, the associated unit eigenvectors ¢,, in L*(0, 1) form
a Hilbert basis. In view of the definition of A, they satisfy:

lim — =
n——+00 n2

Ad)n = _(qu);z)/ - Q¢n = )\n¢n (83)
cos(0o)dn (0) — sin(By) ., (0) = 0, (8b)
cos(01)pn (1) + sin(h1)¢), (1) = 0. (8¢c)

Finally, assuming that p € C%([0,1];R), we know from [15]

that
[¢nllLe = O), ¢} llLe = O(/An) 9)



AUTHOR et al.: TITLE

as n — +oo.
The homogeneous PDE plant (5) can be written in abstract
form as

u(t) = v(t), (10a)
wy(t, ) = —Aw(t, ) + au(t) + bu(t), (10b)
w(0, ) = wo. (10¢)

Define the following coefficients of projection z,(t) =
(2(t, ), dn)s wn(t) = (w(t,+), dn), an = (a,¢p), and b, =
(b, ¢n). In particular, one has for classical solutions that
z(t,") = >, 51 2n(t)on with convergence of the series in
L%-norm while w(t,-) = 3", o, wy,(t)¢, with convergence of
the series in H2-norm. In view of (4) we have

wp(t) = 2, () + byu(t), n>1 (11)

while the projection of (10) onto (¢,,)n>1 gives
u(t) = v(t), (12a)
Wn () = = Anwn(t) + anu(t) + byo(t). (12b)

Combining the two latter equations we obtain the following
representation in original z coordinates:

Zn(t) - *Anzn(t) + 5nu(t)

with 8, = an — A\pby,.
The system trajectory is expanded in original coordinates

13)

as
Z(t7 ) = Z Z’n(t)qsn (14)
n>1
while, in homogeneous coordiantes,
w(t,) =Y wn(t)gn. (15)

n>1

C. Asymptotic behavior of the coefficients of projection
a, and b,

A crucial point in this study relies in the asymptotic
behavior of a,, and b,,. We first study the term b,, in the next
lemma.

Lemma 1: Assume that p € C?([0,1];R). Let ¢ : [0,1] —
R satisfying (2) be of class C*. Then we have (\/Anbn)n>1 €
2(N).

Proof: Let us first derive an equivalent expression for
By. By definition of the functions a we have

1 1
apn = / (p") pp d + / qodn dz.
0 0

Two successive integrations by parts give:

(16)

1 1 1
/ (p¢") bn = [P b — 0PI, +/ ©(pgy,) dx.
0 0

We infer from (2a) and (8b) that' ¢’(0)¢,,(0) — ¢(0)¢’,(0) =
0. Moreover we have (p¢!,) = —Adn — qpn, = —Andn — qbn
and b = —, hence

1 1
/ o) diz = Anby, — / adn dz.
0 0

wetave | 200 75 O] [oontoe) | = 0w [ G0y # 0. hence

the determinant of the 2 X 2 matrix is zero.

Putting together the four last identities, we get

Combining the above identity with (8c), we infer that
Bu/p)| _ [ ¥/ (1) —p(1)] [én(1)
0 cos(fy) sin(01)]| |#L,(1)]"
In view of (2b), the determinant of the above 2 X 2 matrix is
¢'(1)sin(61) + ¢(1) cos(61) = 1. By inverting the matrix,
we deduce that ¢,(1) = B,sin(f;)/p(1) and ¢, (1) =
—Bn cos(f1)/p(1). Then, we have

Brn = p(1) {—cos(61)¢;, (1) +sin(f1)pn (1)}  (17)
~p(1)
= sin(eny )
—oQ)

as n — +oo due to (9). We have used here (8c) combined
with the fact that sin(6;) # 0 because ¢, € (0, 7). We thus
infer that
o= P = 001/

as n — +oo. In view of (7), we do have v/\,b,, € (*(N). m

Remark 3: Although the coefficients a,,, b,, depend explic-
itly on the selected lifting function ¢, it is observed from (17)
that the coefficient 5, = a, — A,b, is independent of the
particular selection of . o

Remark 4: The result of Lemma 1 does not hold true in
the case of a Dirichlet boundary control, i.e., §; = 0. Indeed,
in that case (17) shows that 3, = —p(1)cos(61)¢), (1) =
O(\V/\,). Therefore, we can only ensure that b,, = % =
O(1/v/A,) as n — +oo. There is no hope to improve
these estimates in general. Indeed, consider the case p = 1,
g = 0,and 6§y = 6, = 0 for which A\, = n?r? and
bn(z) = V/2sin(nrz). In that case B, = (—1)"TlnmV/2,
hence b,, = % ~ (=1)"v/2/n7 and /A, b, = (—1)"V2,
giving (v Auby )n>1 ¢ ¢2(N). For this reason, as it will appear
for example in the proof of Theorem 1, the approach reported
in this paper fails in the case of a Dirichlet boundary control
(61 = 0). o

Remark 5: Note that (17) implies that 8,, # 0. Otherwise,
we infer form (8c) that

sin(6,) —008(01):| {qﬁn(l)} _ 0
cos(fy) sin(6q) | |9, ()|
that implies ¢, (1) = ¢/,(1) = 0. Since ¢,, is a solution to the
second order ordinary differential equation (8a), we infer by
Cauchy uniqueness that ¢,, = 0. This contradicts the fact that
¢n, 1s an eigenfunction of A. o
As it will be key in the next stability analyses, we also wish
to show that (v/A,ay,)n>1 € £2(N). However, this property is
false in general. Indeed, consider the case 6y = 0, 6, = 7/2
while p > 0 and ¢ are two constant functions. Then we have
An = p(n —1/2)%72 — q and ¢, (z) = V2sin((n — 1/2)7x)
for all » > 1. In this context, a possible lifting function that
satisfies (2) is ¢(z) = 2?/2, giving a(z) = p + qz?/2. A
direct computation shows that

ap = /01 a(x)pp(z) dz
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_ p\/i + q\ﬁ ((_1)n1 _ 1)

C (n—1/2)r  (n—1/2)2x2 (n—1/2)7
implying that (v/Anan)n>1 € ¢2(N). Note however that this
result may be different for an other particular choice of the
lifting function ¢. Indeed, if one selects ¢(z) = 23/3 that
also satisfies (2), we have a(z) = 2pz + gz /3 that gives

_2pV2(=1)"t gV2(=1)n ! <1 B 2 )
= =122 T (n— 1/2)2n2 (n—1/2)2x2

implying that (v/A,an)n>1 € £2(N). Therefore, it appears that
the particular choice of the lifting function ¢ may be crucial
to enforce the property (v Anan)n>1 € £2(N). This is the
objective of the next result.

Lemma 2: Assume that p € C3([0,1];R) and q €
C%([0,1];R). Let ¢ : [0,1] — R of class C? be selected so
that (2) holds along with ©(0) = ¢'(0) = ¢"(0) = 0. Then
we have (v/Anan)n>1 € 2(N).

Proof: Recalling that a,, is expressed by (16) we have

1 1
an :/ (p¢") on do:+/ qpdn dx.
0 0

The proof will be complete if we can show that each of the
two integral terms is a O(1/)\,).

Let us start with the first integral term of (18). Multiplying
both sides of (8a) by (py’)’, we have for n large that

1
/O (pe") o dz

(18)

1 /! 1 !
=3 (pe") (pey,) da — 7/ (pe") qpy d.
n 0 n 0

In view of (9) we have fol(p<p’)’q¢n dz = O(1). Using
integration by parts, we have

/ (oY (8L, d
1 ! INIT g1
= [(p¢) P )y — /O p(pe)" o, df
= [(p¢") P}, — PP buly +/0 {p(pe")"} ¢ da.
Since we have ¢/(0) = " (0) = 0 we get
/ (o) (06,
=p(1) {(p¢") (1), (1) — (pe")" (1) ¢n(1)}
+2(O)pe') 00,0 + (oo g
= —p(1)¢n(1) {(p¢) (1) cot(61) + (pe')" (1)}

1 p(0) ()" (0) (0) + / (p(pg')"Y $n da

where we have used (8c) along with sin(¢;) # 0. In view
of (9) we infer that fol (p¢") (pgh,) dx = O(1). Overall, this
shows that [ (pg') b dz = O(1/A,,).

Let us now study the second integral term of (18). Multi-
plying both sides of (8a) by gy, we have for n large that

1
/ qeon dx
0

1 [t 1 !
= /qtp(pfbil)’dx—*A /q2<ﬂ¢ndx-
n Jo n

0

In view of (9) we have fol ¢?¢d, dr = O(1). Using integra-
tion by parts, we have

/ qe(pey,) dz
0 1 L
= lap )]} - / (40) (pdl) da

1
= [papdl, — p(gp) dnly + /0 {r(qp)'} ¢n dz.

Since ¢(0) = ¢'(0) = 0 we get

/O qe(pey,) dx

=p(1) {g(1)e(1)¢,, (1) = (g9) (1) Pn(1)}
+/O {p(gp)'} ¢n da

= —p(1)¢n(1) {g(1)(1) cot(61) + (q) (1)}
+ /0 {p(ap)'} én dx

where we have again used (8c) along with sin(6;) # 0.
Invoking (9) we deduce that fol qe(p@l,) dz = O(1). Overall,
this shows that [ gpo, do = O(1/A,,). m

In all the subsequent developments, we assume that ¢ is
selected as stated in the conditions of Lemma 2. In particular,
one can select ¢ = ¢, as defined by (3) for any n > 2
provided cos(#;) + nsin(6y) # 0.

D. Equivalent representation of the H?-norm

Considering two norms || - ||y and || - || defined on the
same vector space X, we write |z||; < ||x||2 if there exists a
constant y > 0 such that ||z||; < v|jz||2 for all z € X.

Our objective is to study the system trajectories of (1) in
H?2-norm. This will be achievable thanks to the following
result.

Lemma 3: Let v € R be selected such that

o if 0y €[0,7/2] and 6, € [0, 7/2]

v > max(q); (19a)

. lfgo € [0,71'/2] and 0, € (7'(/2,7(')
p(1)?] cot (1) ?
min(p)

. lfgo € (7T/2,7T) and 0, € [0,77'/2]
p(0)?] cot(6)|?
min(p)

o ifby € (n/2,m) and 0, € (1/2,7)
(p(0)] cot(Bo)| + p(1)] cot(61)])*

min(p)
+p(0)| cot(0o)[ + p(1)[ cot(61)]-

v > max(q) + + p(1)| cot(61)]; (19b)

v > max(q) + + p(0)| cot(fy)|; (19¢)

v >max(q) +

(19d)
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Then we have

113 S ICA+0)fIF2 = D+ 0)° (£, 60)° S IIF e

n>1

Sor all f € D(A). We also have A, + v > A1 +v > 0 for all
n > 1.

Proof: Let f € D(A) be arbitrary. Using an integration
by parts, we first note that

(Af,f) = — /0 (of)'f +qf* do
= p()£(0)£(0) — p(L)F(1) /(1)
+/O Pl = qf? da.

Since f € D(A) we either have f(0) =0if 6o = 0 or f'(0) =
cot(fy) f(0) if Oy € (0, ). Similarly, we either have f(1) =0
if 67 = 0 or f'(1) = —cot(f1)f(1) if 6; € (0, 7). Hence,
invoking the continuous embedding H*(0,1) C L>(0,1), we
deduce that (Af, f) < || f1|%:-

Assume for the moment that we have the existence of a
v € R such that ||f||%2: < ((A+ vI)f, f). This implies
in particular that A\, + v > A\ +v > 0 for all n > 1,
hence |15 S ((A+ 0)f ) = Soy O+ 0)f 60)% S
Yoo On + v)2(f,én)? = [[(A + v)f||3.. Recalling that
Af = —(pf'") — qf = —pf" = p'f' —qf with p > 0, we
infer that " = —2(A +vI)f — [ f’ ”;qf. This implies
that || f[[3. = ||f||H1 +70z2 < 1712 AN A+ )11 S
(A +v)fl32 S || f|lm,. giving the clalmed conclusion. It
only remain to show that we can always find a v € R such
that || fllg: < ((A+ vI)f, f). To do so, we consider four
different cases.

Consider first the case 0y € [0,7/2] and 6, € [0,7/2].
f € D(A) we either have f(0) = 0 hence f(0)f’(
if B0 = 0 or f/(0) = cot(fy)f(0) hence f(0)f'(0) =
cot () f(0)2 > 0if 6y € (0, 7). In both cases, f(0)f(0) >0
Proceeding similarly, we infer that —f(1)f’(1) > 0. We
thus deduce from (20) that (Af, f) > min(p)|f/|2. —
max(q)|f[2.. Therefore || fll: < ((A+ vI)f, f) for any
given v > max(q).

(20)

Since
) =0

Consider now the case 6y € [0,7/2] and 0; € (7/2,7)
for which we still have f(0)f'(0) > 0 but —f(1)f'(1) =
cot(61)f(1)2 = —|cot(61)|f(1)? < 0. Hence we have from

(20) that (Af, f) > —p(1)] cot(6,)|f (1 )2 + min(p)| f[122 —

max( 12 Note that, for any & € {0,1}, f(£)?
f@)? + zf f'(s)ds hence [f(&)> < |f(x)]* +
2 [ £ ()IIf( )Ids§ [F(@)[2 + 2[| ]| z2] /]| - Integrating

and using Young’s inequality, we deduce that

FOP < (142 ) 1718 + ol

for all £ € [0,1] and any « > 0. This shows with £ = 1 that

(A+vDf. )
> (v - maxto) = sl cor(@n)] (1+ 1) ) 171

— p(1)| cot(¥1)|o)[|£'[|72

21

+ (min(p)

for all o > 0. Hence, we look for v € R such that there exists
a > 0 so that

1
v —max(q) — p(1)| cot ()| (1 + a) >0 (22a)
min(p) — p(1)| cot(61)]a > 0. (22b)
The former conditions imposes that v > max(q) +

p(1)| cot(61)|. Under that condition, (22) is equivalent to the
existence of v > 0 such that

p(1)| cot(6:)| min(p)

v —max(q) — p(1)| cot(6y)] p(1)] cot(61)]
The existence of such a a > 0 is possible if and only if (19b)
holds.

The case 6y € (7/2,m) and 6, € [0, 7/2] follows the same
arguments, giving the condition (19c).

The last case is 6y € (w/2,7) and 6, € (7/2,7) for
which cot(6y) < 0 and cot(6;) < 0, giving (Af, f) >

—p(0)[cot(fo)| — p(1)[cot(61)|f(1)* + min(p)[lf'|[7. —
max(q)||f||32. Using now (21) for £ € {0,1} we infer that

(At vV f)
> ( _ max(q) — p(0)] cot (60)| (1 n ;)

p(1)] cot(6)) (1 n ;)) T

~ p(0)] cot(fo)ax — p(1)] cot(8:)]8) 17|

for all o, 8 > 0. Hence, we look for v € R such that there
exist o, 8 > 0 so that

<a<

+ (min(p)

v — max(g) — p(0)| cot(6)| (1 * (1y>

—p(1)| cot(61)| (1 + ;) >0,
min(p) — p(0)| cot(fo)|a — p(1)] cot(61)|8 > 0.

Note in particular that the first inequality implies that o > 0
must be selected such that

~ p(0)] ot (6)|
— p(1)] cot(6y)] — PLOLcot )]

v — max(q)
> 0. (23)

Hence, we have to select 3 > 0 such that

min(p) — p(0)| cot(bo)|er
p(1)[cot(61)]

> [ >

p(1)|cot(6)
— p(0)] cot(6)| — p(1)] cot(01)] — ELZEEI

v — max(q)

This is possible if and only if v € R is selected such that

mm(p()l) 'E )|(co>t|(00)|a + max(q) + p(0)| cot(6o)|

1 o) cot(y)] + PO <0t (@)

V)l +
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min(p) . ..
,Woﬁeo)‘). This latter condition

implies in particular that (23) holds true. The mini-
mization of the right-hand side of the latter inequal-

. min(p)
ity for a € 07W0§%)|
min(p)

PO eot(@0) Tp(Deot(7]» &1Ving (19d). =

We always assume in the rest of the paper that v € R is fixed
in accordance with Lemma 3. This allows the introduction, for
any ag > 0, of the fractional operator [21]

for some a € (0

is achieved for o =

(A+vDf =" (A +1)*(f, bn)
n>1
defined on
((.A—&-VI)O‘U)
={f € L*0,1) | > (A +v)**(f, ¢n)* < 00}

n>1

It can be checked that
D((A+vI)'/?) = {

where H, (0,1) = {f € H'(0,1) | f(0) =0}.

HY0,1) if 9 € (0,7)

H)(0,1) if 6 = 0 24)

Il. STABILIZATION IN H?-NORM

We report in this section control design procedures for the
feedback stabilization of the reaction-diffusion equation (1) in
H?-norm.

A. State feedback control strategy

Let 6 > 0 be the desired exponential decay rate for the
closed-loop system trajectories. Let Ny > 0 be such that

—ANg+1 < —0 < 0. Defining Z; = [zl ZNO]T we
have

Zl = A121 + gB]’U/ (25)
where A, = diag(—A1,...,—An,) and B, =
[61 BNO]T Since A; is diagonal with simple

eigenvalues while each entry /3, of %B; is non zero (see
Remark 5), we infer from the Hautus test that the pair
(Ay,94) is controllable. Hence, we define a feedback gain
matrix K = [k kn,| € RY*MNo such that Ay — 81K
is Hurwitz with spectral abscissa strictly less than —6 < 0.
Introducing the state feedback

uw=—-KZ7 (26)

we obtain the following result.

Theorem 1: Ler p € C3([0,1];R) with p > 0, ¢ €
C%([0,1;R), 6y € [0,7), and 0; € (0, 7). Let 5 > O and
No > 0 be such that —A\n,+1 < —6. Let K € RY*No pe such
that A1 —B1 K is Hurwitz with spectral abscissa strictly less
than —9 < 0. Then there exists C > 0 such that the classical
solutions to the closed-loop system formed by the PDE (1)

and the control (26) satisfy
[ 2(t

Mz < Ce™ 20| 2

forallt > 0.

Proof: Let v € R be fixed in accordance with Lemma 3.
Let us define the functional

Ve X,w) = Z/PZi+ > (A + )% (w, ¢n)
n>No+1

for all X € R™o and all w € D(A). Here, for some v > 0
to be defined later on, we have P = P(v) > 0 solution to
the Lyapunov equation (4; — B, K) P + P(A; — B, K) +
26 P 4+ vI = 0. Owing to the change of variable formulas (4)
and (11), and in view of Lemma 3, V,, is equivalent to the
HZ2-norm. Since it is not possible, in general, to differentiate
Vs along the system trajectories (see Remark 6), we introduce
the associated family of “truncated” functionals defined by

27)

M

ZIPZi+ Y (n+v)*(w, ¢n)’
n=Nop+1

Vu(X,w) = (28)

for all M > Ny + 1. The computation of the time derivative
of Vs along the system trajectories (12) and (25) gives

Vi + 26V
= 7 (A, — B, K) P+ P(A; — B, K) + 26P) 7,
M
+2 Z A +2)2 (A + 0wy + anu + byv) w
n=Nop+1

Using Young’s inequality we infer that 2(\, + v)?w,a,u =
2((An + 1) Pwa)(An + 1) 2apu) < é()‘n + v)Pwp +
a(M\, + v)a2u?, hence QZﬁNOH(/\n + v)2wpanu <
éZiiNo-H()‘" + v)3w2 + aS,u? for any o > 0, where
Sa = Y psngt1(An + v)as, < oo because of Lemma 2 and
is 1ndependent of M. Similarly, one has ZZn Not1(An +

v)2wpbpv < Zn Not1 (An+v)2wh +aSyv? for any o > 0,
where S, = Zn>No+1()\ + )b < oo because of Lemma 1
and is independent of M. Combining (25) and (26), we also
infer that v = v = —K Z; = —K(A; — %8, K)Z;. Combining
everything together, we infer that

Vs + 26V
< — (v — a(SIK|? + Syl K (A1 —

M
+2 Z (An + )T w?

n=Nop+1

B1K)|*) 12,1

(29)

where T, = — (1 — 1) (A, +v) + v +6. Since, by Lemma 3,
An +v >0 for all n > 1, we infer that I';, < 'y, 41 for all
n > Ny+1 provided o > 1. Recalling that — Ay, 41 < —6, we
can fix o > 1 sufficiently large, independently of the integer
M and of v > 0, so that Ty, 41 = —ANO+1+5+M <0,
implying that 2 Zn Not1(An+2)°Tpwy < 0. Finally, we can
fix v > 0 large enough, also independently of the integer M,
such that v — a(S, || K||? + Sp|| K (A; — B1K)|[?) > 0. This
shows that Vs 4 20Va; < 0, hence Vi (t) < e=2%V3,(0)
for all t > 0. Since v > 0, hence P = P(v) > 0, has been
selected independently of the integer M, we have Vy,(t) —
Vao(t) as M — +00. We thus infer that V. () < e~2'V,(0)
for all ¢ > 0, which completes the proof. [ ]

Remark 6: It is worth noting that one cannot compute the
derivative of V, defined by (27) along the system trajectories
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(12) and (25) because the series 3 A3 (w, ¢,,)” is not conver-
gent, in general. This is why a family of truncated versions
Vs, defined by (28), of V. is considered. We note from (29)
that, in general, VM(t) — —o00 as M — +oo when o > 1.
In that matter, neither V., nor Vj; are Lyapunov functionals.
This highlights the fact that the result of Theorem 1 ensures
the stability of the system in H?2-norm without providing an
actual Lyapunov functional for the H?-norm. o

B. Output feedback control strategy

We extend the result of the previous section to the case of
an output feedback control strategy by considering either the
case of a Dirichlet measurement:

y(t) = 2(t,&p) (30)
or a Neumann measurement
y(t) = z2(t, &) (€29)

for some &, € [0, 1]. Using the change of variable formula (4)
and in view of (15) we have

y(t) = Z Cnwn(t) + ﬂpu(t)

n>1
=C1Z:(t) + Z cnWy (t) + ppu(t)  (32)
n>No+1
where C1 = [ cny| with ¢, = ¢,,(&,) and p, =

(&) in the case of the Dirichlet measurement (30) while
en = ¢ (&p) and p, = ¢'(&,) in the case of the Neumann
measurement (31). In view of (9), we have in both cases that

cn = O0(VAn). (33)

Since A; is diagonal with simple eigenvalues, the Hautus
test shows that the pair (A;,C4) is observable if and only if
¢, # 0 for all 1 < n < Ny. Under this conditions, the adopted
control strategy takes the following form. Let NV > Ny +1 be
an integer to be selected later. The controller is written as

(34a)
(34b)

Wy, = Zp + bpu,

Zn = —Ankn + Bru,

N
—ln{chwwupu—y}, 1 <n<No, (340)
k=1

No
w=— kutn. (34¢)
n=1

The controller gain is K = [kl kNO] e R*No while
the observer gain is L = [ll INO]T € RNo, This type
of control strategy is inspired by the seminal work [19] with
its recent extensions [5], [7], [9], [10], [13].

Theorem 2: Let p € C3([0,1];R) with p > 0, ¢ €
C%([0,1;R), 6o € [0,m), 61 € (0,7), and &, € [0,1]. Let
d > 0 and Ny > 0 be such that —An,+1 < —0. Assume that
cn #0foralll <n < Ngy. Let K € R™>No qnd L € RN pe
such that Ay — 81K and Ay, — LCy are Hurwitz with spectral
abscissa strictly less than —0 < 0. Then, for any sufficiently

large integer N > Ny + 1, there exists a constant C' > 0 such
that the classical solutions to the closed-loop system formed
by the PDE (1), the either Dirichlet (30) or Neumann (31)
measurement, and the controller (34) satisfy

N N
”Z(tv )”H2 + Z |2n(t)‘ < Ceiét {”ZOHH2 + Z |2n(0)|}
n=1 n=1

(35)

for all t > 0.
Proof: Let v € R be fixed in accordance with Lemma 3.
Let us define the observation error ¢,, = z,, — 2, for 1 < n <
N. For Ng+1 <n < N, let us introduce the scaled quantities
én = (M +v)e, and Z, = £,/(A, + v). We next define

the vectors Zl = [21 éNO]T, FE| = [el eNO]T,
Zy = [ZNgt1 in] . and By = [éng41 én]
Thus, defining,
X = COl(Zl, El, ZQ, Eg),
we infer from (13) and (34) that
X =FX+LC (36)
with C = ZnZN-i—l CnWn,
A —B1K LG, 0 LCh L
r— ~0 A —LC; 0 —LCs L= —-L
—Bo K 0 As 0 0
0 0 0 Ay 0
where Ay = diag(T—)\NOH, ceoy —AN), By =
BNg+1 Jé] =
Civgs177) Gwioy| > and Oy =
(A;S'j'rﬁ oy |- In addition, with the augmented

vector X = col(X, ), we obtain that

u=-Kz¥ =_-KX, wv=u=EX (37)
where K = = [K 0 0 0] and E =
-K[A -8 K LC; 0 LC, L.

Let us define the functional
V(X w) = XTPX+ > (A +v)*(w,6)>  (38)

n>N+1

for X € R?Y and w € D(A). Here, P = 0 is to be
defined. We also introduce the following associated “truncated
versions”:

M
Vu(X,w)=XTPX+ Y (n+v)*(w,¢.)”  (39)
n=N+1
for arbitrary integers M > N + 1. The time derivative of Vj,
along (12b) and (36) reads

Vi +26Viy = X (FTP+ PF +25P)X +2X " PL(

M
+2 Z (A + )% ((—An + 0wy, + anu + byv) wy,.
n=N+1

Invoking now Young’s inequality, we infer that
M M

22n=N+1(>\" + y)2wnanu < éZn=N+1()‘n +

v3w2 + a8, yu® and 2 ZﬁiNH(An + V) wpbv <
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éE:I:N-H()‘n + v)Pw2 + a8, yv? for any a > 0,
where Sonv = Yoy (A + v)ai < oo and
Sb,N = Zn>N+1()‘n + V)b% < oo with Sa,Nysn,N — 0
as N — +o0. Since = >_, 5y CnWn, Cauchy-Schwartz
inequality gives

M 2
C2 <2 < Z cnwn> +2
n=N+1
M M

<2 ) (ACW > O+ v)wl

n=N+1 n n=N+1

c
+2 Z Owt+0)? Z (A + v)?wl
n>M+1 VT n>M+1
M
< 2S¢ N Z (A +1)2w2 + 2Ry ||(A + vDwl2.
n=N+1

2

E CnWn

n>M+1

S

2
Zn2N+1 ()\nc#)z and RM =
DM %11)2 These two series are finite due to
(7) and (33). In particular one as S¢ ;v — 0 as N — +oo
and Ry; — 0 as M — +o0o. Recalling that X = col(X, ()
the combination of the latter estimates along with (37) gives

where S(,N =

M
Vi +20Vy < XTOX 42 ) (A +2)Thwy,
n=N+1
+ 28Ry [|(A+ vhwl|7s
for any «, 8 > 0 where
_|©11 PL
©= LTP -

T, = {_ (1 - ;) (A + 1) +1/+5} +BS¢,n  (40b)

] aSyNETE, (40a)

with ©; 1 = FTP 4+ PF + 25P + aS, nK T K. Selecting
a > 1, we infer that I'), < I'yy; for all n > N + 1. We thus
infer that
M
VM + 2(5VM S XT@X + QFN+1 Z ()\n + V)Q’u)i
n=N+1
+ 28R ||(A + vDwl|2,

for any « > 1 and any 8 > 0.

Assume for the moment that we may find N > Ny + 1,
P >0, a >1,and $ > 0, all independently of the integer
M, such that

0 <0,

vy 0. 41

We thus infer that Vi, + 20Va; < 2BRu|(A +
vI)wl||3,. Integrating over the time interval [0,¢] we de-
duce that Vi (X(t),w(t,))) < e 2V (X(0),wo) +
28R [y =200~ | Aw(r, )3 d7. Letting M — oo,
we have Ry YonsM41 Ootsr 0, hence
Voo (X (1), w(t,-)) < e 2%V, (X(0),wp) for all t > 0.
The claimed stability estimate (35) easily follows from the

definition (38) of V,,, Lemma 3, and the change of variable
formulas (4) and (11).

It remains to show that we can select N > Ng + 1
sufficiently large, P > 0, & > 1, and 3 > 0, all independently
of the integer M, such that (41) holds. Note first that the
quantities © and I, as defined by (40) are independent of the
integer M. We start by fixing o > 1 arbitrarily. We then note
that F' + 61 is Hurwitz with ||Cy|| = O(1) and |8, = O(1)
as N — +oo. The application of the lemma in appendix of
[10] to the matrix F' 4 41 implies that the solution P > 0 to
FTP+PF+25P = —I satisfies ||P|| = O(1) as N — +o0.

We define . s 40
1
B=4 VEen TN 42)
N otherwise

We deduce that I'y y41 — —oo as N — 4-oc. Noting finally
that ||£]| = v/2||L|| and ||K|| = ||K|| are independent of N
while ||P|| = O(1) and ||E| = O(1) as N — 400, we infer
from the Schur complement that © < 0 for N > Ny + 1
sufficiently large. This completes the proof. [ ]

Remark 7: Following the proof of Theorem 2, the order
N > Ny+1 of the controller dynamics (34) can be computed
by testing the feasibility of the two constraints (41). It is
observed that, for a given value of N, they can be easily
written as linear matrix inequality (LMIs) conditions of the
decision variables o > 1, 8 > 0, and P > 0. o

[V. A ROBUSTNESS RESULT WITH RESPECT TO
UNBOUNDED REACTION TERMS

A. Problem setting

We consider in this section the case of a reaction-diffusion
equation of the form

z(t, ) = (p2a)a(t, @) + q(x)2(t,2) + D(2(L, ),  (432)
cos(0p)z(t,0) — sin(fy)z,(t,0) = 0, (43b)
cos(01)z(t, 1) + sin(61 )z, (¢, 1) = u(¢), (43¢)
2(0,z) = zo(x) (43d)

for t > 0 and € (0,1) with 6y € [0,7), 6, € (0,7), p €
C3([0,1]; R) with p > 0, and ¢ € C?([0, 1]; R). Here, the term
D(z(t,-)) captures a linear unbounded reaction term. A typical
example is given by local Dirichlet and/or Neumann traces of
the form:

D(z(t,-)) = di(x)z(t,&1) + da(2) 20 (1, &2)

for some &1,&; € [0,1] with spatially varying weighting
functions d;(z) and da(z). More precisely, for v € R fixed
in accordance with Lemma 3 and based on the definition of
the fractional operator (A + vI)®° as introduced immediately
after the proof of Lemma 3, we assume that D : H?(0,1) —
D((A + vI)*/?) is linear with existence of ay € (0,1) and
Ly > 0 such that

ID(w)llar < Lall(A+ v 1) wl| > (44)

for all w € D((A + vI)®°). Note that D((A + vI)'/?) is
characterized by (24). Furthermore, in view of (7) and (9),
the Lipschitz condition (44) holds for the Dirichlet trace with
ap > 1/4 and for the Neumann trace for oy > 3/4.

Our objective is to show that the control strategy (34)
achieves the exponential stabilization of (43) in H?-norm for
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sufficiently small D in the sense that both Lipschitz constant
L, introduced in (44), and ||D(b)|| g, with b defined by (6),
are small enough.

Remark 8: While the case of a Dirichlet trace of the type
D(z(t,-)) = di(x)z(¢,&1) could be handled, using a similar
procedure that the one reported in this section, in the case of
a stability study conducted in H'-norm, the case of Neumann
trace of the type D(z(t,-)) = da(x)z,(t, &) does require the
study of the system trajectories in H2-norm. o

B. Spectral reduction

We adopt the approach and the definitions of Subsection II-
B. Considering the change of variable formula (4), we infer
from (43) that

U=, (45a)
wy = —Aw + au + bv + D(w — bu), (45b)
w(0,x) = wo(x). (45¢)

Defining d,, = (D(2), ¢») = (D(w — bu), ¢,,), the projection
of (45b) onto (¢n,)n>1 gives

Wy (1) = = Apwn () + anu(t) + bpv(t) + dp(t). (46)

In view of (11), we deduce that
Zn(t) = =Anzn(t) + Bru(t) + dn(t).

Based on the either Dirichlet (30) or Neumann (31) measure-
ment, we still consider the output feedback control strategy
described by (34).

C. Stabilization result

Theorem 3: Let p € C3([0,1];R) with p > 0, ¢ €
C%([0,1;R), 6 € [0,m), 61 € (0,7), and &, € [0,1]. Let
0 > 0 and Nog > 0 be such that —An,+1 < —0. Assume that
cn # 0 forall 1 <n < Ny. Let K € R™*No gnd [ ¢ RNo
be such that Ay — 81K and A1 — LC1 are Hurwitz with
spectral abscissa strictly less than —6 < 0. Then, for any
sufficiently large integer N > Ny + 1, there exist constant
C, R > 0 such that the classical solutions to the closed-loop
system formed by the PDE (43), the either Dirichlet (30) or
Neumann (31) measurement, and the controller (34) satisfy
the stability estimate in H?-norm (35) for any linear mapping*
D : H?(0,1) — D((A+vI)Y?) such that (i) |D(b)|| i < R;
and (ii) there exist ag € (0,1) and Ly € (0, R) such that (44)
holds.

Proof: Let 64 > 0 be such that —Apn,41 < —04 and
A1 —*B1K and A; — LC; are Hurwitz with spectral abscissa
strictly less than —d < 0. With the same notations as in the
proof of Theorem 2, we have

X=FX+L(+D A7)
where,  defining  d, = A 4+ V),
we introduce the matrix D =
[01x(No+1) 1 dny O1x(N—Ny)  dNp+1 dn]

2y € R fixed in accordance with Lemma 3.

IDW)IF: < LilI(A + vD)*w|i, <

Consider now the functionals (38) and (39). The computation
of the time derivative of Vj; along (46) and (47) reads

Vi +20.Vay = X (FTP+ PF +25,P)X +2X " PL(
M
+2XTPD+2 > (A +)*(=An + 00w
n=N+1

M
+2 Z (A + )2 (anu + byv + dy) wh.
n=N+1

We infer that 2X " PD < 2| X||||[PD| < €| X%+ @HDH2
and QZgiN-H()‘n + V)2dnwn < 6z:n]\/[:N-|-1()‘n + 1/)311)721 +
15 M vii(An +v)d2, for any e > 0. Owing to the proof
of Lemma 3, we infer the existence of a constant v; > 0
such that || P|*[|D[|* + 32,5 vy 1 (An +2)d5 < 1[D(2) 13-
Following now the same approach that the one developed in
the proof of Theorem 2, we infer that
M
Vi +20, Vi <XT[@+el] X +2 Y Ten(An+v)°w)
n=N+1

v
+ 28R ||(A+ vDwlis + 2 IDE) 7

for any «, 3, € > 0, where O is defined by (40a) with § < &
while
1 €

rm:{_(l_
’ a 2

Selecting o > 1 and 0 < € < 2(1 — 1), we infer that I'c ,, <
¢ n41 for all n > N 4 1. This implies that

M
Vi +20, Vi < 20envin (A + )%
n=N+1

+ X7 [0+ el X + 28Ry |[(A+vDw|Fe + 2[D()F.

) (An+v)+u+6+} + B8 N

Proceeding exactly as at the end of the proof of Theorem 2, we
can fix N > Ny + 1 large enough, P > 0, a > 1, and 8 > 0,
all independently of the integer A/, such that © < 0 and
Lo,Np+1 < 0. Noting that T n,+1 = To v 1+ 5(Ang+1+v),
one can select 0 < ¢ < 2(1 — é) small enough such that
O+ €l 20 and I'c 5,41 < 0. This shows that

VM + 2(5+V]\4 SQﬁRN[H(A + UI)’LUH%2 + %HD(Z)H%{1

Integrating on the time interval and letting M — +oo0, we
infer that

Vio (X (1), (2, ) < €2+ Voo (X (0), wo)

t
n / &2 D(2(s, )2 ds
0

€
for all ¢ > 0. Since d; > J, there exists a con-
stant 7o > 0 such that fot e 20+ D(2(s,))||5 ds <
Y2 SUPe(o 4] e~ 2(=9)||D((s, -))||%: . Furthermore, in view of
(4) we have D(z) = D(w)—D(b)u = D(w)+D(b) K X hence
ID()|ar < D)l + PO |arful < D) +
ID@O)|| g2 || K|||| X || with, based on (44) and Lemma 3,
Sy 1A +

atr)2d—a0)
v w||?, < v3L3||wl|/%. for some constant 3 > 0. Overall,

+
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in view of (38), this shows the existence of a constant 4 > 0
such that

Voo (X (1), w(t, ) < > Vio (X(0), wo)
+mCq sup e PTIVG (X (s),w(s, )
s€[0,t]
for all ¢ > 0 with Cy = max(Lg, |D(b)||g1). This implies
that
(1 - ’7403) sup GQJSVOO (X(S)a w(s, ))
s€[0,t]
< Voo (X(0), wo)
for all ¢ > 0. Hence, for any linear mapping D : H*(0,1) —
D((A + vI)'/?) such that Cy = max(Lg, ||D(D)||s) < R
with 0 < R < 1/,/74, we infer that
Voo (X (0), wo)
1-— 74R2
for all ¢ > 0. The claimed conclusion follows from the

definition (38) of V,,, Lemma 3, and the change of variable
formulas (4) and (11). [ |

sup eQJSVOO(X(S)a w(s, )) <
s€[0,t]

V. CASE OF A SATURATED NEUMANN MEASUREMENT
A. Problem description and control strategy

We consider the case of the Neumann measurement (31)
but in the presence of a saturation:

Ysat (1) = sat(y(t)) = sat(z:(t, &p)).- (48)
The saturation function sat : R — R is defined as
y iffyl<i
sat(y) = lﬁ if y| > 1 (49)

for some given level of saturation > 0. The control objective
is to achieve the local output feedback stabilization of the PDE
plant (1) using the saturated Neumann measurement (48) while
estimating a subset of the domain of attraction. As we shall
see, the stability assessment of the system trajectories in H?2-
norm is crucial in this context.

Let 6 > 0 be the desired exponential decay rate and let an
integer Ny > 1 be selected such that —An,41 < —6 < 0. Let
N > Ny+1 be arbitrarily fixed for the time-being. The control
strategy mimics (34) but in the case of a saturated Neumann
measurement:

Zn = —Ankn + 571,“

N
-1, {chwk + ppu(t) — sat(y)} , 1<n< Ny,
k=1

(50a)

(50b)

Zn=—Anin+ Bau, No+1<n<N, (50c)
No

u(t) == knn (50d)
n=1

with ¢, = ¢.(§p) and p, = ¢’'(§,) while the controller gain
is K = [k;l k:NO] € RNo and the observer gain is

L=1[4 In,] | € RM.

B. Stability analysis

The adopted approach relies on the use a classical sector
condition for the study of saturation maps in the context of
finite-dimensional systems. More precisely, let the deadzone
nonlinearity ¢ : R — R be defined, for all y € R, by

®(y) = sat(y) — v

Then, one can carry on the stability analysis and estimation of
the domain of attraction thanks to the following generalized
sector condition borrowed from [20, Lem. 1.6].

Lemma 4: Let | > 0 be arbitrarily fixed and define the
saturation map by (49). For any y,w € R such that |y—w| <1
we have ®(y)(P(y) + w) < 0.

We adopt the definitions and notations of Subsection III-B.
We introduce the additional matrices
Hi=[C1 Ci (ANot1 +V)eng+1 (Av +v)en  Cs)

= pp + ij:lbncna H = H — HQR, and E =

~K[A —-®B,K LC; 0 LC, L L]. We also define
for z € L%(0,1) and 2 € RY, whose components are denoted
by 2 for 1 < k < N, the following projection operators.
IT; (2)
A HQ(Z7 2)
II(2,2) = .
(2,2) 5(2)
1_[4(257 2’)
with
21 <Zv ¢1>L2(0,l) — %
Hl(é) = ) HQ(sz) = 9
ZNo (2, ¢N0>L2(0,1) — 2N,
ENg+1
ANg+1+V
H3<2) = )
ZN
ANFV
(ANgt+1 + ) ((Za ONo+1)12(0,1) — 2N0+1)
H4(Z, 2) = :

(AN +v) (<Z’¢'N>L2(O,1) - éN)

Finally, we define Rz =) -y (2, én)bn.

Theorem 4: Let p € C3([0,1;R) with p > 0, ¢ €
C%([0,1;R), 6o € [0,7), 61 € (0,7), and &, € [0,1]. Let
v € R be fixed in accordance with Lemma 3. Let § > 0 and
No > 0 be such that —An,41 < —0. Assume that c, # 0
for all 1 < n < Ny Let K € R>*No gnd I € RN
be such that Ay — 81K and A, — LC1 are Hurwitz with
spectral abscissa strictly less than —0 < 0. For a fixed integer
N > Ny + 1, assume that there exist a symmetric positive
definite P € R2N*2N - positive real numbers o > 1 and
By, T >0, a matrix G € RY2N | and a real number d € R
such that

©: 20, 62>=0, 63<0 (51)
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where
@171 PL —-TGT + PL

O = LTP - —dT

~TG+L"P —dT —2oT

+ Osz7NE~'TE~‘,
©1,1=FTP+PF+20P+aS,nK'K,
P 0 (H-G)T

Q=] 0 Sow 1—d |,

H-G 1-d pl?

6)3:{— (1—;) ()\N+1+V)+V+5}+BSQN'

Define the ellipsoid

E= {(w,é) € D(A) x RN |TI(w, 2) " PI(w, 2)

1
+ RN (A+ vDw|Fz < M}'

Then, the closed-loop system composed of the PDE (1), the
saturated Neumann measurement (48), and the controller (50),
is locally exponentially stable in H?-norm in the sense that
there exists M > 1 such that for any initial conditions zy €
H2(0,1) and £(0) = [21(0) 2n(0)] " € RY such that
(20 — ou(0), 2(0)) € &, the system trajectory satisfies the H>
stability estimate (35) for all t > 0. Moreover, the constraints
(51) are always feasible for N selected to be large enough.

Proof: Due to the presence of the saturation map, the
finite-dimensional dynamics (36) becomes

X =FX + L+ LB(y). (52)

Then, the introduction of the augmented vector X =
col(X, ¢, P(y)) gives

w=—-KzN = KX, v=1u=EX. (53)

Let N>No+1,P~0,a>1, B, u,T>0,GecR¥X¥2N,
and d € R be fixed as in the statement of the theorem. We
consider the functionals (38) and (39). The computation of the
time derivative of V3, along (12b) and (52) gives

Vir + 26V

=X (FTP+4+ PF+25P)X +2X " PL({ + ®(y))

M
+2 Z A+ )2 (=M + 0wy + anu + bpv) wy,.
n=N-+1

Proceeding as in the proof of Theorem 2 while including the
impact of the extra term 2X " PL®(y), we infer that

M
Vi +20Var <2 ) (An +)°Thw)

n=N+1
) 0,1 PL PL N\
+XT(|£TP -8 0| +aSNyEE|X
LTP 0 0

+ 28Ry ||(A + vw|7

where I';, = {— (1 — é) A +v)+v+ 5} + BS¢,n for all
n>N+1.

In order to handle the term 2X " PL®(y), we have to use
the sector condition from Lemma 4. More precisely, provided
X € R?YN and w € D(A) are such that |y — (GX + d¢)| <,
Lemma 4 gives ®(y)(®(y) + GX +d¢) < 0. This implies that

M
Vi + 26V < XTO,X 42 Z A\ + V)2ani
n=N+1
+ 28R ||[(A+ v w3,

as soon as |y — (GX + d¢)| < 1. With & > 1 and in view of
(51), we deduce that I',, < ©3 < 0 for all n > N + 1 while
©1 =X 0. This implies that

Var 4 20Var < 28Ry |[(A+vDw||2:, YM > N +1 (54)

forall X € R?Y and w € D(A) so that |y—(GX+d()| < 1.In
order to express this latter condition, we expand the Neumann
measurement (31) as follows:

N
(32)
Yy = chwn+ﬂpu: chwn+<+ﬂpu

n>1

N N

(11

= § CnZn + (ﬂp + § bncn> U+C
n=1

n=1

N N N
= chén + Z Cnén + (,up + ancn> u—+C
n=1 n=1 =

n=1

n=1

= N X + Hyu+ ¢ 2 HX +¢.
In particular, one has |y—(GX +d¢)| = |(H—-G) X +(1—-d)(|.
Hence we infer that (54) holds as soon as

(H - @)X +(1—d)¢ <1 (55)

We finally need to establish a connection between the
constraint (55) and the functional V., defined by (38). To do
so, consider X € R*N and w € D(A) so that Voo (X, w) <
1/p. From ©9 = 0 and the Schur complement, we have

1 P 0
—[H-G 1-d'[H-G 1-d] = 1
e 0 ==
Recall that ¢ = > -y, cuw, and Seny =

2
SnsNt1 iy < too. Hence, the use of Cauchy-
Schwartz inequality gives ¢* < S¢ n YNt (An + v)2w?2.
So, we deduce from the two latter inequalities that

d 1 &I

. (56)

1 2
MJH—®X+O—®QS[
1

:XTPX+S ? < Vol X,w) <

==

¢N
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which implies that (55) hold true. Therefore, (54) is satisfied
as soon as Voo (X, w) < 1/p.

Let now (wo,2(0)) € &, which implies that
Voo (X(0),w9) < 1/p. We want to show that
Voo (X (t),w(t,-)) < 1/p for all ¢ > 0. We proceed by
contradiction: assume that there exists ¢ > 0 such that
Voo (X (t),w(t,-)) > 1/u. Then, a continuity argument shows
the existence of to > 0 such that Voo (X (1), w(t,-)) < 1/u
for all ¢ € [0,¢9) while Voo(X(to),w(to,:)) = 1/p.
Using the estimate (56), we infer that (54) is satisfied
for all t € [0,%o]. Integration both sides of the inequality
over the time interval [0,%o] gives Vas (X (to), w(to,-)) <
e~ 200V (X (0), wo)+2BR foto e~ 20— Aw(r,-)||2.dr.
Since Ry — 0 as M — 400, we get to the limit that
Voo (X (to), w(to, ")) < e 2V (X(0),wo) < 5, giving a
contradiction. This shows that Voo (X (t),w(¢,)) < 1/u for
all ¢ > 0. Owing to (56), we infer that (54) holds for all ¢ > 0.
Integrating first the latter equation and then letting M — 400
shows that V.. (X (t),w(t,-)) < e2%Vp(X(0),w) for all
t > 0. The claimed H?-stability estimate easily follows from
the definition (38) of V,, and Lemma 3.

It remains to show that the conditions (51) can always be
satisfied for N sufficiently large. To do so, we fix a > 1
arbitrarily and we set G = 0, d = 0, 5 by (42), and T =
N. Proceeding as in the proof of Theorem 2, the solution
P=0to FTP+ PF +25P = —I satisfies | P|| = O(1) as
N — 400, hence the use of the Schur complement implies
that ©; < 0 and ©3 < 0 for N > Ny + 1 sufficiently large.
This fixes the order N of the observer along with the decision
variables P, 3,T; only the decision variable 1 > 0 remains
free. Applying again the Schur complement, we deduce that
O = 0 for p > 0 selected to be sufficiently large. This
completes the proof. [ |

Remark 9: It is worth mentioning that (56) fails in the case
of the study of the system trajectories in H'-norm. Indeed, in
the case of the H!-norm, V., is defined by

Vo (X,w) = X TPX + > (A +v) (w, )"
n>N+1

In that case, the power “1” of the term (A, + v) in the
above series is insufficient to upper bound the residue of
measurement { = » -y 41 CnWn. Indeed, Cauchy-Schwarz

2
does imply that * < 37 - vy x4 X Y sy (A +1)wy
but, since ¢, = ¢,,(&,) = O(VA,), the first series is not
convergent, in general. This motivates (and actually makes
necessary with the adopted approach) the study of the system
trajectories in H2-norm. o

C. Numerical example

We illustrate the result of Theorem 4. To do so we consider
the reaction-diffusion equation (1) in the case p = 1, ¢ = 5,
6o = 0, and 0; = 7 /4, giving an open-loop unstable plant. The
saturated Neumann measurement (48) is localized at §, = 0.45
with saturation level [ = 1. The controller and observer
gain are set as K = 5.72 and L = 35.45. Considering
the exponential decay rate § = 0.5, the conditions (51) of
application of Theorem 4 are found feasible for N = 3.

0 01 02 03 o4 050
Time (s)
(a) State z2(t,z)
1.5 T T
/\ Zx(t’fp)
5 1F sat(zx(t,gp))
a
5
O o5t
o 1 1 T
0 0.1 0.2 0.3 0.4 0.5
Time (s)

(b) Output 2z (¢,&p) and saturated output sat(zz (¢, £p))

Fig. 1. Closed-loop system

We consider the initial condition 2o(z) = 2.3(z — 222/3)
along with zero initial conditions of the observer, i.e. 2(0), that
are such that (zo,£(0)) € &. Therefore, Theorem 4 ensures
the exponential decay of the associated system trajectory with
guaranteed decay rate of § = 0.5. The time domain behavior
of the closed-loop system is depicted in Fig. 1 and is compliant
with the theoretical predictions. In particular, we observe the
convergence to zero of the PDE state despite a significant
saturation of the system output, as depicted in Fig. 1(b).

VI. CONCLUSION

This paper has reported the study of the output feedback
stabilization of reaction-diffusion equations in H?-norm. Two
application cases have been reported. The first one deals with
robustness results with-respect to unbounded in-domain reac-
tion terms that can capture, e.g., local Dirichlet and Neumann
traces. The second one embraces the case of a saturated Neu-
mann measurement. It is worth noting that the reported study
excludes the case of a Dirichlet boundary control. Indeed, as
discussed in Remark 4, the Dirichlet boundary control scheme
presents a lower level of regularity when projected onto the
Hilbert basis of eigenfunctions. This prevents the application
of the reported control design strategy. How to circumvent this
issue remains an open question.
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