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This paper addresses the local output feedback setpoint control of viscous Burgers’-like equations in
the presence of large input delays. We first study the case of a viscous Burgers’ equation with delayed
Neumann boundary control. The boundary measurement is selected as a Dirichlet trace. The control design
consists of a predictor feedback that systematically achieves the local exponential stabilization of the plant
around the equilibrium point of interest. In the second part of the paper, we extend this procedure to the case
of the local stabilization of a viscous Burgers’-like equation defined on a ring (i.e., with periodic boundary
conditions). Due to the possible occurrence of eigenvalues of geometric multiplicity two, the control
design problem is addressed in the framework of a multi-input multi-output system. This is achieved
by considering two delayed distributed inputs, possibly with distinct delays, and two pointwise Dirichlet
measurements.
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1. Introduction

The Burgers’ equation is a convection—diffusion PDE that appears in a number of fields such as fluid
mechanics, traffic flow or acoustics (Onder Efe & Ozbay, 2004). This equation is often seen as a
simplified 1-D version of the Navier—Stokes equation used to model wave propagation and shock flows
(Burgers, 1948). Due to its nonlinear nature, the Burgers’ equation exhibits interesting phenomena
mixing hyperbolic and parabolic PDEs behaviors depending on the relative contributions of inertia and
viscous forces (Taigbenu, 2013). Therefore, due to its combined low complexity (Burger’s equation is
often seen as one of the simpler nonlinear PDE) and capability to exhibit interesting phenomenon, the
Burgers’s equation has attracted much attention from the control community. Both local (Burns & Kang,
1991; Choi et al., 1993) and global (Krstic, 1999) stabilization results for the Burgers’ equation have been
reported in the literature. These control design problems have been extended to the case of Burgers’ PDE—
ODE systems (Akram & Mitra, 2022; Hasan & Tang, 2022) used to model, e.g., actuator dynamics (Liu
& Kirsti¢, 2000). Sampled-data control of the Burger’ equation with robustness to small input delays was
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2 H. LHACHEMI AND C. PRIEUR

studied in Pan er al. (2024). Adaptive control was reported in Kobayashi (2001); Smaoui (2005). The
case of a Burgers’ equation with periodic boundary conditions was studied in Smaoui (2005). Extensions
to nonlocal nonlinearities were investigated in Gumus & Kalantarov (2022). While most of the reported
approaches are concerned with the stabilization at zero of the Burgers’ equation, setpoint control for
constant (Krstic, 1999) and spatially varying (Krstic ez al., 2008, 2009) equilibrium conditions have also
been studied. Related works dealing with the local feedback stabilization of viscous Hamilton—Jacobi
PDEs have been reported in Bekiaris-Liberis & Bayen (2014); Bekiaris-Liberis & Vazquez (2019).

This paper is concerned with the local output feedback setpoint control of an input-delayed viscous
Burgers’ equation. It is well-known that time delays are ubiquitous in control engineering applications.
This is why feedback control in the presence of input delays has been extensively studied, particularly
in the context of finite-dimensional systems (Artstein, 1982; Richard, 2003). The extension of this topic
to infinite-dimensional systems, particularly to the control of Partial Differential Equations (PDEs), has
attracted much attention in the recent years (Nicaise ef al., 2009; Hashimoto & Kirstic, 2016; Wang
& Sun, 2018; Lhachemi & Prieur, 2020). This includes the cases of uncertain (Lhachemi et al., 2019;
Wang et al., 2021a,b), stochastic (Guan et al., 2024) and spatially varying (Qi & Krstic, 2020; Lhachemi
etal.,2021) input delays with possible application to multi-agent systems (Qi et al., 2019). However, the
stabilization problem of the Burgers’ equation in the presence of arbitrarily long delays, which is the topic
of this paper, remains largely unexplored. We consider first the control problem of the local exponential
stabilization of a viscous Burgers’ equation with delayed Neumann boundary control and a boundary
measurement selected as a Dirichlet trace. Similarly to Krstic (1999), the control strategy aims at
stabilizing the plant around an arbitrarily given spatially constant steady-state. This is achieved by taking
advantage of recent procedures developed for the exponential stabilization of linear parabolic PDEs in the
presence of input/output delays (Katz & Fridman, 2021; Lhachemi & Prieur, 2022b, 2023) that rely on
spectral reduction methods (Russell, 1978; Coron & Trélat, 2004, 2006) and predictor feedback (Artstein,
1982; Bekiaris-Liberis & Krstic, 2012; Karafyllis & Krsti¢, 2017). For an arbitrary value of the input
delay, we assess that the proposed control design procedure systematically achieves the local exponential
setpoint control of the plant. In the second part of the paper, we extend this control design procedure to
the case of the local setpoint control of a viscous Burgers’-like equation defined on a ring (i.e., with
periodic boundary conditions, see e.g., Smaoui, 2005). The particularity of this setting is that it may lead
to the occurrence of modes of geometric multiplicity two. This requires to address the control design
problem in the framework of a multi-input multi-output system. This is achieved by considering two
delayed distributed inputs, possibly with distinct delays in the two channels, and two pointwise Dirichlet
measurements.

The paper is organized as follows. The case of the boundary control of the input delayed
viscous Burgers’s equation with Dirichlet measurement is studied in Section 2. Then, the case
of periodic boundary conditions is reported in Section 3. Concluding remarks are provided in
Section 4.

NoraTion. Spaces R” are endowed with the Euclidean norm || - ||. The corresponding induced norms
of matrices are also denoted by || - ||. For any two vectors X and Y of arbitrary dimensions, col(X,Y)
stands for the vector [X T, ¥ T]T. The space of square integrable functions on (0, 1) is denoted by L(0, 1)
and is endowed with the usual inner product (f, g) = fol f(x)g(x) dx and with associated norm denoted
by || - |l;2. For an integer m > 1, H™(0, 1) denotes the m-order Sobolev space and is equipped with its
usual norm || - || zw. The space of essentially bounded functions on (0, 1) is denoted by L°°(0, 1) and its
usual norm is denoted by || - ||; . For a symmetric matrix P € R**", P > 0 (resp. P > 0) means that P
is positive semi-definite (resp. positive definite).

9202 YOJBI\ 9Z UO J8sN (DS4N) BuLEleD) BIUES P [e49pa- 9PEPISISAIUN Ad 008G L8/S | 0JBUP/Z/Z /o101 E/DWEW/WOD dNO"olWapeoe)/:sdjy WoIj PaPEOjUMOQ



INPUT-DELAYED VISCOUS BURGERS’ EQUATION

2. Viscous Burgers’ equation
2.1.  Problem setting

We consider in this section the input delayed Burgers’ equation described by

Z,(t,x) = eZ(t,x) — Z(t,x)Z,(t,x)
Z.(,0)=0

Z.(@t,1)=ul—nh)

Z(0,x) = Zy(x)

(2.1a)
(2.1b)
(2.1c)
(2.1d)

for > 0 and x € (0, 1). Here we have the parameter £ > 0 and the input delay 4 > 0. The state at time
t of the PDE is given by Z(t, -), the command u(f) is assumed to be such that u(r) = 0 for t < 0 and the
initial condition is Z,. The system output is selected as the left Dirichlet trace, which is described by:

y(0) = Z(1,0).

2.2)

We are interested in designing an output feedback control strategy ensuring that Z(, x) locally converges
in H'-norm to a given constant steady-state Z, € R. Introducing z(#,x) = Z(t,x) — Z, we have that

2 (1,x) = €2, (1, X) — Z,2,(1,x) — 2(t, X)2, (1, ) (2.32)
z,(1,0) =0 (2.3b)
@& D) =u(@—h) (2.3¢)
200,3) = 2(0) = Zy) — Z, (2.3d)
while the output is expressed by
y(1) = z(1,0) = y(1) — Z,. 2.4
2.2.  Spectral reduction
We introduce the unbounded operator
Af = —é‘f// _|_Zef/
defined on the domain
9 = {f e B0, 1) : fO0) =f' (1) =0].
Defining p(x) = ¢~%*/¢ and w(x) = %e_zex/g we have o/f = —%(pf’)’. Noting that w > 0, we can

introduce the space L2, which is defined as the space L? endowed with the inner product (f, g) 2 =

1w()c) (x)g(x) dx and with associated norm denoted by || - |;2. In this space, <7 is self-adjoint.
0 y L2 P J
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4 H. LHACHEMI AND C. PRIEUR

Its eigenvalues (1), are described by
ZZ
ry =0, An:4—e+8n27t2, Vn > 1.
&

From the Sturm-Liouville theory, we know that the associated unit eigenvectors (¢,),,~, form a Hilbert
basis of Lfv; they are described by

Po(x) =eif Z, =0 or ¢yx)=+/Z,/(1 —e %/e)if Z, #0,

while

72 02a2\ V2 7
¢,(x) = (2—“’3 + mr ) &%ex/(28) (—e sin(nmx) — 2nw cos(nnx)) , Vn>1.
& & &

This implies that —a7 is a Riesz spectral operator that generates a C,-semigroup. In particular:
Af =D 2l b2 S
n>0
with

D(e/) = 1f € L2O.1) = D 1h,PI{f. )z 1P < 00

n>0
Using an integration by parts, it can be seen that, for all f € D(<?), ano Ay (f, ¢n>i2 = <J2{f’f>La, =
fol p(X)|f'(x)|? dx. First, this identity implies the existence of constants C;, C, > 0 such that

CFIZ, <>+ 1) (8,07 < CIfI 25)

n>0

for all f € D(<7). Second, this identity and the Riesz spectral properties of <7 imply that, for all f €
D(47), the series expansion f = ano (f , ¢n)L2 ¢, holds in H?-norm. Then, the continuous embedding

H'(0,1) € L®(0,1) implies that f(£) = X, (- ¢,);2 ¢, () for all f € D(«/) and all ¢ € [0,1]. In
the rest of this section, we introduce for any integer N > 1 the notation

Gnf= 2 Sl b

n>N+1

As it is more convenient to handle homogeneous PDEs, we introduce the change of variable:

2
w(t,x) = z(t,x) — Eu(t —h). (2.6)
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 5

Defining v = it and owing to (2.3), we infer that

i(r) = v(1) (2.72)
w,(t,x) = —dw(t,x) + r(t,x) + a(x)u(t — h) + b(x)v(t — h) (2.7b)
w(£,0) =w, (1,1) =0 (2.7¢)
w(0,x) = wy(x) (2.7d)
where b(x) = —"72, a= —%(pb’)’ =¢&—Zx,r(t,x) = —z(t,x)z,(t,x) and wy(x) = z,(x) where we have

used u(—h) = 0. In order to perform the spectral reduction of (2.7), we define the following coefficients

of projection: z,(f) = (z(t,~),¢n)L)2v, w, () = <W(I")’¢n)L3/ r,(t) = (r(t,‘),qbn)L}zV, a, = (a, ¢n)L,Zv and
b, = (b.¢,), . Then, the projection of (2.7) into the Hilbert basis (¢,,),,- reads

() = v(t) (2.8a)

w, () = —=A,w, () +1,(O) +a,ut —h)+ byt —h), n=>0. (2.8b)

Noting that the change of variable formula (2.6) gives
w, () =z,) +but—h), n>0, (2.9)
we deduce from (2.8) that the projection of (2.3) in original z coordinates reads:
2, = —=X,z,() +r,(0) + Bu(t—h), n=>0 (2.10)
where B, = a, — A,b,. Using two integration by parts to compute a,, we infer that g, =

—p(Hb' (e, (1) = e‘Ze/‘eqﬁn(l) = O(1) as n — +oo0. Finally, considering classical solutions, the
measurement (2.4) is expressed as the series expansion:

y(@) =z(t,0) = w(t,0) = Z w, ()¢, (0). (2.11)

n>0

2.3.  Control strategy

We fix § > 0 the desired exponential decay rate for the closed-loop system trajectories. Then we fix
Ny > 0 so that A Not+1 > 8. For an arbitrarily given N > N, + 1, which will be specified later, we
introduce the following observer dynamics:

W, (1) = 2, (t) + bu(t — h) (2.12a)
N

2,(0) = =15, (0) + But—h) — 1, [vak(t)qsk(m - )7(1‘)] ,0<n<N, (2.12b)
k=0

2,(0) = —2,2,(0) + But —h), Ng+1<n<N (2.12¢)

9202 YOJBI\ 9Z UO J8sN (DS4N) BuLEleD) BIUES P [e49pa- 9PEPISISAIUN Ad 008G L8/S | 0JBUP/Z/Z /o101 E/DWEW/WOD dNO"olWapeoe)/:sdjy WoIj PaPEOjUMOQ



6 H. LHACHEMI AND C. PRIEUR

where [, € R stand for the observer gains. This type of control strategy for parabolic PDEs was suggested
in pioneer works such as Sakawa (1983) in an input delay-free context. Then, as suggested in Katz
& Fridman (2021); Lhachemi & Prieur (2022a, 2023) for the case of linear reaction—diffusion PDEs,
the input delay 2 > 0 can be compensated by introducing a predictor component. More precisely, let
ZNo — [Zo --- 2N0]T, Ay = diag(—Ag, ..., —ry,) and B, = [Bo --- ,BNO]T. Then, we define the
Artstein transformation (Artstein, 1982) as:

'
280(t) = MM 2N (1) +/ . MR (7 de. (2.13)
—

This allows the introduction of the predictor feedback (Karafyllis & Krsti¢, 2017):
~No
u(t) = KZ,” (1) (2.14)

for r > 0 where K € RPN+ gtands for the feedback gain.

REMARK 2.1. The well-posedness of the closed-loop system in terms of classical solutions for the PDE
in homogeneous coordinates w with initial condition z;, € HZ%(0,1) so that z(’)(O) = z(’)(l) = 0, with
null control in negative times (#(t) = 0 for T < 0) and zero initial condition for the observer (Z,(0) =
0) follows from standard results on analytic semigroups (Pazy, 2012, Thm. 6.3.1 and 6.3.3) and the
invertibility of the Artstein transformation (Bresch-Pietri ef al., 2018). Owing to the change of variable
(2.6) this implies the well-posedness in original coordinates z. These classical solutions are defined on a
maximal interval of existence [0, T) for some T > 0. Moreover, following the arguments of Pazy (2012,
Thm. 6.3.3) and owing to (2.5), if ||w(z, -) ||1311 remains bounded on a time interval of the type [0, t,,) for
agivent, > 0,thenT > 1,,.

The statement of the main result of this section requires the introduction of the following matrices:

e
. - Bng+1 By ~
Ay = diag(—Aynyq15---5—Ay), By = |:¢1+(;N0+1 ¢1+ANi| ,Cy = [¢0(0) ¢N0(O)], C =
Pnp+1(0) on(0) T
I:\/I+AN0+1 ¢1+ANi|’L:[ZO lNo] ’
Ag+ BoK MLC, 0 MLC, A
o 0 Ay-LG 0 —LC | | L |
B, K 0 A 0 0
0 0 0 A 0

E=[Ay+ByK VLC, 0 LT, ML .

RemARK 2.2. Note that the pair (A, ®B,) satisfies the Kalman rank condition for controllability. This
is a direct consequence of the fact that A is diagonal with simple eigenvalues while the entries 8, =
e %! £¢,(1) of B, are all non zero. In a similar fashion, the pair (4,, C,) satisfies the Kalman rank
condition for observability.
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 7

2.4. Local exponential stability assessment

Treorem 2.1. Lete > 0and Z, € R. Let § > 0 and Ny > 0 be such that Ay, > 8. Let K € RI*(MNo+D)

and L € RNo+! be such that Ag+ByK and A — LC,, have a spectral abscissa strictly less than —§ < 0.
Let h > 0 be given. For a given N > N, + 1, assume that there exist ,Q; > 0, 0, > 0,« > 1 and
B,y > 0 such that

@1 < O, @2 < 0, @3’1 < O, @3’2 < 0 (215)

where

o, = |:FTP+PDI;}LPZ(SP+Q1 Ii-i;]JrEerE 2.168)

(~)2=2y[—(l—l)AN+l+8+l]+,BM¢ (2.16b)
o o

O3, = —e "0, +ay||#yal K K (2.16¢)

O3y = —¢ "0, + ay | Zybl ;KK (2.16d)

~ 2
with Q) = diag(Q,,0,0,0) and My, = >,y |¢i'fi)n| < +o00. Then there exist constants R,M > 0

such that for any initial condition Z, € H>(0, 1) so that Zy(0) = Zy(1) = 0 with [|Zy — Z,ll;n < R,
the trajectories of the closed-loop system composed of the plant (2.1), the Dirichlet measurement (2.2)
and the controller (2.12-2.14) with null control in negative times (u(t) = 0 for T < 0) and zero initial
condition for the observer (z,,(0) = 0) satisfy

N
1Z(t.) = Zl50 + sup |u(D)* + D 2,0 < Me™>|Z, — Z,I13,

T€[t—h,t] n=1

for all + > 0. Moreover, for any given & > 0, the constraints (2.15) are always feasible for N selected
large enough.

Proof. Step 1 - finite dimensional model. The first step of the proof consists in writing a model capturing
the N + 1 first modes of the PDE and the dynamics (2.12-2.14) of the controller. To do so we define the
error of observation e, = z,, — 2n for all 0 < n < N, as well as the scaled quantities z, = 2n /144,

and ¢, = ,/1+ A,e,. Then we define the vectors EM = [¢, ... eNO]T, ENNo = [ay, 4y - EN]T

and ZV-No = [2N0+1 - EN]T. In view of (2.12) and based on (2.9) and (2.11), we obtain that
ZNo (t) = AgZNo (1) 4+ Bou(t — h) + LCEN (1) + LC,EN =N (1) + Lt (1) (2.17a)
ZVNo(ry = A, ZVNo(r) + B u(t — h) (2.17b)
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8 H. LHACHEMI AND C. PRIEUR

where ¢ = an N41 P2 (0)w,. Recalling (2.13) and introducing the second Artstein transformation:

t
ZNNop) =eA1”ZN‘N°(t)+/ heAl("”%lu(r)dr (2.18)

—

we infer from (2.14) that

20 = (Ao + BoKIZ + M (LCE™ + LE BV 4 L¢ ) (2.192)
SV WA N v/ (2.19b)

Finally, the combination of (2.10) and (2.12b-2.12c¢) gives

EN = Ay — LC)EN — LCEN™™ — L¢ +R,, (2.20a)

EN7No — A EN=No L R, (2.20b)

with the vectors R; = col(ry,...,ry,) and R, = col( /T + ANg+1"Ng+15 - - -+ /1 + Ayry). Hence,
introducing the vector

X = col (22V0,EN0,ZQV*NO, EN—NO) , 2.21)
we infer from (2.19-2.20) that

X =FX+%¢+GR (2.22)

-
where R = col(R,, Rz) and G = [8 (I) 8 (I)i| . Furthermore, we obtain from (2.14) and (2.19a) that
- . AN ANo
u=KX, v=u=KZ,", Z,” = Ecol(X,?) (2.23)

where K = [K 00 O].

Step 2 - Lyapunov functional candidate. With now (2.22-2.23) in hands, we can proceed with the
stability analysis. Let P,Q; > 0, 0, > 0, @ > 1 and 8,y > 0 be such that (2.15) holds. We consider
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 9

the functional defined by V(¢) = V(1) + V() + V,(¢) + V5(t) where

Vo(t) = X(t) ' PX(r) + y Z (14 2w, (1)? (2.24a)
n>N+1

t

V(1) = / e B 70 ()T 0,230 (v)de (2.24b)
(t—h)+
t . .

V(1) = / e B ZN ()T 0,730 (1) de (2.24¢)
(t=h)+

0 t

Vi) =g / / e 209 1y (s)|* ds do (2.244)

—h Jt+6

with (z — k), = max(¢ — &,0) and for some g > 0 to be selected later. Defining X = col(X, ¢, R), the
computation of the time derivative of V for ¢t > h gives

i F'P+PF+25P P¥ PG )
V42V =X" Z7p 0 0 [X+2y > (+r)(=k,+ 5w,
G'P 0 0 n=N+1

+2y D (L4 2){r, + ault = h) + byt — h}w,
n>N+1

N T 4 N N
+(20) 02y — P2 - T 0 ZY by
A T 2 A A
+ (Zﬁ,v‘)) 0,28 — e 270t — )T 0,20 (¢ — )

t
+ ghlu(®)* — ¢ / e 209 ()| ds.

t—h

The use of Young’s inequality along with (2.23) gives

1 . .
2 D" (L+ A a,ut —hyw, < D (41w, +allZyall 2 = W TKTKZY (= b,
n>N+1 n>N+1

1 X 2
2 D> A+ abyt—hw, <= > (144w +allZyb| 5 2t — i) 'K TKZ)" (- b,
n>N+1 & SNt "

1
2 D0 (A hrw, <— D7 (L4, w, o |1 Byl
n>N+1 n>N+1

where the later holds for any @’ > 0 to be defined later. We now note that ||<%’Nr||12‘2 = ||r||i2 —
W w

SN2 with quvzl r2 = RT$Q2R where we introduced the matrix £2 = diag(l,...,1,1/(1 +

n=1"n

Ang41)s -+ 1/ (L +Ay)) > 0. Finally, since ¢ = anNH ¢, (0)w,, Cauchy—Schwarz inequality gives
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10 H. LHACHEMI AND C. PRIEUR

;2 < M¢ an Ne1(1+ )»n)wﬁ. Combining all the latter estimates and using (2.23), we obtain

V+28V <X'0 X+ D A+ 0w+ 20— ) 0;,Z)°1— h) (2.25)
n>N+1
+ 20— )T 03,250 — ) —25'1/h|u<s)|2ds+ay||r||L2_
11—

where

F'P+PF+25P+¥ PY PG o
O, = ZTp -8 0 +ETQ,E
G'p 0 —oyf
r =2 1 ! ! A+5+1+1 + BM
n =Y a 22 )" a  2d ¢
with & = 0, + ghK 'K and E = [E 0].
Step 3 - estimate of the nonlinearity. We now address the evaluation of the term || r||2 withr = —zz,.
This is done similarly to Lhachemi (2023) in the case of the Kuramoto—Sivashinsky Equatlon but, this
time, in an input-delayed context. First we note that

1
Ir@. )72 = /0 W)z (t )2, (1, %)% dx < llz(t, ) |7 2t )17

for some constant > 0. Moreover, since for any f € H' (0, 1) we have f(x) = f(a) + f; f(s) ds for all
x,a € [0,1], we deduce that |[fl|7 < 2IIfI|3,. Hence, [Ir(z, )7, < 2nllz(t )}, Using (2.6) we have
2(t,x) = w(t, x) — b(x)u(t — h), which gives

2
a2 = 8 (I, )3 + 1612 e = ) (2.26)

We focus on the estimation of the term ||w(z, ')”311‘ Since w(t,-) € D(&), we obtain from (2.5) that
[lw(z, )||H1 < C1 ano(l + kn)wn(t)2. Based on (2.9) we have

N N
DA+ a)w, (0 <2 (1 +1,)z,(0% + 2.5 ylult — h)[?
n=0 n=0
where .7,y = ZnN=()(1 + A,,)b2. Furthermore we have
N

DA+ Az < 201+ AgIIZMN A+ 21 + Ay ) IEM P + 21 + i) 21 ZV N0 |1 4 20 EN Mo 2.
n=0
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 11

From the Artstein transformations (2.13) and (2.18) we infer that

t
X - N B
IZVo)2 < 2)|e™ "2 Z3° 11> + 2k sup e AO%HZ/ u()|? d,
t€[0,h] t—h

t
. - . o
1ZNNoy2 < 21l A2 ZE 0% + 2k sup e A”%uz/ lu(t)|* dr.
7€(0,h] t—h

Putting these estimates together, we infer the existence of constants Cs, Cy, Cs, Cg > 0 such that

lw(t, 120 + 1607 lutt — b))

t
< C3X(0)TPX(r) + C4/ lu(m)*dr + Cs D~ (1+ k,)w, (> + Cglu(t — h)[*. (2.27)
t=h n=N+1

for all t > 0.
Step 4 - introduction of an a priori estimate. Let o > 0 to be defined later. Assuming that the
following a priori estimate holds:

W@ )3+ 1517 [u@ — h)* < o? (2.28)

for some 7 > 0, we obtain from (2.26) that
I < 8002 (1w 3 + 1612 4G — W)

Hence, combining this latter estimate with (2.27) and using the subsequent inequality into (2.25), we
obtain under the a priori estimate (2.28) that

VD +26V@H <XOTO[ XD+ D L+ A)Lw,OF + 20 G —h) 65,2} G — h)
n>N+1

. . t
+ 200G~ 03,2300 — ) + q’/ lu(s)|* ds
i—h

where @] , = @1’a+8a/ynC302diag(P, 0,0), I, = I,+8a'ynCsa?, 03, =065, +8a’'ynCeo*K 'K,
qd = 8a'ynCyo? — g2,

Step 5 - selection of the decision variables o', q,o. From the assumptions of the theorem, we have
N >Ny+1,P,0; >0,0, >0, > 1and B,y > 0 so that (2.15) holds. From o« > 1 we have

1 — 1/a > 0. We also recall that 2 > 0. Hence, invoking the Schur complement, we select @’ > 0
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12 H. LHACHEMI AND C. PRIEUR

sufficiently large so that

F'P+PF+2P+Q, PY PG o
ZTp -8B 0 +ETQ,E<0
G'p 0 —ayQ

14
Iy =@2+J(1+AN+1) <0

with 1 — é — 2a, > 0. Then we set g = 8’y nC, ePho? > O giving ¢ = 0. We finally fix o > 0 small
enoughsothat &) , <0, Iy, | <0and ®;; < 0.Since 1 — & - W > 0, we obtain that I'; < I'y. | <0

foralln > N + 1 This shows that, for any 7 > h so that the a priori estimate (2.28) holds we have
V(t) + 28V (f) < 0. A similar argument on the time interval (0, #) shows that, also under the a priori
estimate (2.28), V(7) +28V(®) < 0.

Step 6 - stability estimate. From (2.27), using (2.14), and recalling that Q; > 0, we infer the existence
of a constant C; > 0 so that

Lo w2, + 1613, u(t — B)|* < C;V (1) for £ € [0, h];

2. w2, + 1612 lutt = B < CV () + C;V(t — h) for t > h.

Let z, € H?%(0,1) with 75(0) = z;(1) = 0 be selected so that V(0) < o2/ (2C;) where the control
is assumed to be zero in negative times (u(t) = 0 for T < 0) and with zero initial condition for the
observer (z,(0) = 0). Let [0, T') be the maximal interval of existence of the system trajectories for some
T > 0. The inequality V(0) < o2/ (2C5) implies that

w(0, )71 + [1BII3,: [u(=h)[* < C;V(0) < 02/2 < 0.

Hence, a continuity argument shows that 7 > A, (2.28) holds for all 7 € [0, /], and V 428V < 0on
(0, h), giving V(1) < e~ 291y (0) for all 7 € [0, h]. Thus, for ¢ € [k, 2h] N [0, T), we have

lw(t, M2 + 161 u(t = h)* < C V(@) + C V(e —h) < CV () + C,V(0) < G,V (1) + 022

Since V(h) < V(0) < o2/ (2C;), a continuity argument shows that 7 > 2k, (2.28) holds for all 7 €
[0,2h], and V 4 28V < 0 on (h, 2h), giving V(1) < e~ 2C=My(h) < e=25"y(0) for all # € [k, 2h], hence
V() < e 2'v(0) for all ¢ € [0,2h]. Proceeding by induction, we infer that T = +oo while (2.28) and
V(1) < e28V(0) hold for all # > 0. The claimed stability estimate now follows from the estimates (2.5),
the change of variable (2.6) and the definition of V.

Step 7 - feasibility of the constraints. It remains to show that the constraints (2.15) are feasible
provided N > N, + 1 is selected to be large enough. To do so, the application of Lhachemi & Prieur
(2022a, Lemma in Appendix) to the matrix F+8I shows that the solution P > 0to F T P+PF+25P = —I
is such that ||P|| = O(1) as N — +oo. Fixing now arbitrarily & > 1 while setting 8 = +/N, y = 1/N,
0, = ez‘shay ||,@Na||i2 (K"TK+1) > 0and 0, = e%hay ”'%Nb”iz (K"K +1) > 0 we conclude from the
application of the Schur complement that (2.15) hold for N > N, + 1 selected large enough. d
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 13

3. Burgers’ equation with periodic boundary conditions
3.1. Problem setting

We consider in this section the problem of output feedback stabilization of the input delayed Burgers’
equation with periodic boundary conditions described by:

Z,(t,%) = 6Z, (1, %) — Z(t, ) Z,(t,x) + by (X1t (t — hy) + by (Xt (t — hy) (3.1a)
Z(t,0) = Z(t, 1) (3.1b)
Z,(1,0) = Z (1, 1) 3.1c)
Z(0,x) = Zy(x) (3.1d)

fort > 0 and x € (0,1). Here we have the parameter ¢ > 0, the functions b,,b, € L2(O, 1) and the
input delays 0 < hy < h,. The state at time ¢ of the PDE is given by Z(z, -), the commands u, (t), u,(¢)
are assumed to be such that u;(t) = u,(tr) = 0 for T < 0, and the initial condition is Z,. The system
outputs are selected as two in-domain Dirichlet traces, which are described by:

(0 =2(t.8)), y0) =Z(.8), (3.2)

for some ¢, ¢, € [0, 1) with ¢ < ¢&,.

Our objective is the design of an output feedback control strategy ensuring that Z(z,x) locally
converges in H'-norm to a given constant steady-state Z, € R. Introducing z(t,x) = Z(t,x) — Z, we
have that

7,(t,x) = ez, (t,x) — Z,z,(t,x) — 2(t,X)Z,(t,X) + by (XDu (t — hy) + by (X)uy (t — hy) (3.3a)
z(1,0) = z(1, 1), (3.3b)
2,(1,0) = z,(t, 1) (3.3¢)
2(0,x) = zo(x) (3.3d)

fort > Oand x € (0,1). Here we have ¢ > 0, by,b, € L2(O, 1), and the input delays O < h; < h,. The
system outputs are expressed as:

0 =z2t8) =00 =Z, 50 =218 =00 -7, (3.4)

for some 0 < ¢; < ¢, < 1. Note that we exclude here the case £, = 1 due to the periodic condition
(3.3b).

Remark 3.1. It will appear in the sequel that, in the case Z, = 0, all the modes of the plant, except the
first one, are of geometric multiplicity two. This motivates the need for the introduction of two distinct
scalar control inputs, as well as two distinct outputs. These points will be further discussed latter on to
establish necessary and sufficient conditions for the both controllability and observability of the modes.
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14 H. LHACHEMI AND C. PRIEUR

3.2.  Spectral reduction

To study the eigenelements of the problem, we introduce
df =—ef' +Z,f
defined on
(/) = {f € HAO.1) : f(0) = (1), /O =f (D)}
Its eigenvalues (1), .7, are given by
Ay = den’m? + i2Z,nw, Vnel
while the associated eigenvectors
¢,(x) = ", Vnel

form a Hilbert basis of L2(0, 1). It can be shown that p (<) # @, hence <7 is a closed operator. Then
—./ is a Riesz spectral operator that generates a C-semigroup. In particular:

Af =D ) b0

nez

with

D() = [f e L20.1) : > InPl{f.8,)1* < oo] .

nez

Using an integration by parts, we have for all real-valued f € D(&/) that >, - A, | (f, qbn) > =
(f.f) = ey I @Pdx + Z, [} f/()f () dx. Consider first the case Z, # 0. Young’s inequal-
ity gives ‘ I f’(x)de‘ < g Jo P @Pdx + 2 [P dx, showing that § fi |/ dx —

Zz 1 1 72 1 .. . .
= Jo F@Pdx < 3,z Ml {0, 12 < 3 [ I @12dx + 3% [y [f(x)[*. This implies the existence
of constants C;, C, > 0 such that, for any real valued function f € D(&/),

T < D 0+ a) P = 0+ 2 (- 0) P +2 D (v + Re L)1 {f.8,) > < GlIf 17,

nez n>1

(3.5)

forall f € D(&7) withv = (1 + Zgz) /€. The latter inequalities also hold in the case Z, = 0. Combining
this result with the Riesz spectral properties of <7, we deduce that, for all f € D(7), the series expansion
f = Y=0(f-¢,) ¢, holds in H*-norm. Then the continuous embedding H'(0,1) C L>(0, 1) implies

that f(2) = X, (- ¢,) ¢, (¢) forall ¢ € [0, 1].
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 15

We use in this section, for any integer N > 0, the notation

‘%Nfz z (f’¢n>¢:1'

[n|>N+1

We are now ready to perform the spectral reduction of (3.3).We note r = —zz,. We introduce the
Fourier coefficients: z,(f) = (z(t, 4, ¢n), r, () = (r(t, 9, q)n), by, = (bl, q>n) and b, , = (bz, ¢>n). Then the
projection of (3.3) into the Hilbert basis {¢, : n € Z} gives

2,(1) = —A,2,(1) + 1, (0) + by yuy (t — hy) + by uy (t — hy), n€ (3.6)

Considering classical solutions, the measurements (3.4) are expressed as the series expansion:

5,0 =D 7,0¢,(c), ie{l,2). (3.7)

nez

The dynamics (3.6) is expressed in the complex field. However, the original problem (3.3) is in the
real field: z(z,x) € R while u; (x), u,(x) € R. Since ¢, = ¢_,,, this implies that z, (f) = z_,(¢). Hence,
the dynamics (3.6) is equivalently rewritten as:

Zo(t) = _)\Ozo(t) + ro(t) + bl,oul (t — hl) + bz’ouz(t - hz), (383)
Z,(t) = =F,Z,( + R, () + G| u; (t — h)) + Gy up(t —hy), n>1 (3.8b)
. | Reg, _ |Rea, —Ima, __ |Rer, _ |Reby, _ |Reby,
with 2, = |:Imzni|’ Fn = [Im A, Rexr, |’ Ry = 1m r. | Gin = | m by, and Goy = | by, |
Furthermore, the system outputs (3.7) is written as

5i(t) = b()zo(0) + D H, Z,(0), i€ {1,2) 3.9)

n>1

with H; , = 2[Re ¢, (¢) —Im ¢, ()]

3.3.  Control strategy

Let § > 0 be the desired exponential decay rate for the closed-loop system trajectories. We fix Ny > 0
so that —Re A, < —8 < O for all [n| > N, + 1. For an arbitrarily given N > N, + 1, which will be
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16 H. LHACHEMI AND C. PRIEUR
specified later, we introduce the following observer dynamics:

20(t) = _)\.020(0 + bl’oul(l — hl) + bZ,Ouz(t — ]’lz)

N
— 1l H%(mzo(r) + D H 2 (1) - § (r)]

k=1
N A
—hy {¢o(§2)20(f) + ZHz,ka(t) - 5’2(0} (3.102)
k=1

2,(t) = —F,Z,(t) + Gy ,u; (t — ) + Gy ,u, (t — hy)

N
~Ly, [%(cozom + D H 2 (1) — m)]

k=1
N
- Lz,n [¢0(§2)20(1‘) + ZHz,ka(f) - 5’2(1‘)] , 1 <n <N, (3.10b)
k=1
Z,(t) = —F,Z,(t) + Gy u; (t — hy) + Gy (t — hy), Ng+1<n <N (3.10c)

where [} y,l,p € Rand L, ,, L, , € R?*! stand for the observer gains.
In order to compensate the input delays /;,h, > 0, we need to introduce a predictor component.

. . T . T
With ZN0 = [Zo A ZJO] s Ay = diag(=2g, =Fy,....=Fy)), Bip = [bl,O Gly - GIN()]

+
and B, j = [bz,o G; Lo G{NO] . We also define the Artstein transformation:

2
AOEVATIORSY / . MUTNTOR, (7 dr. (3.11)
i=17thi

This allows the introduction of the predictor feedback:
u, () = K, 2200, u,(t) = K, 2 () (3.12)
1) = B2y, Upll) = Boly :
for t > 0 where K;,K, € R'*CNo+D represent the feedback gains. Defining u = col(u;,u,) and

K = col(K;, K,), we deduce that u(r) = KZQVO (t) fort > 0.
The statement of the main result of this section requires the introduction of the following matrices:

~ T
By = [e#Byy e By o] Ay = diag(—Fyyppoo o —Fy) Biy = [Glyer - Gly] s
T
T T 5, hy—h
B, = [Gz,zvo+1 Gz,zv] By = [eM2By By Crg = [@0(6) Hyy oo Higls Cop =
~ 1 1
[60(6) Hay ... Hayy]s Co = col(Cyg,Cop), €y = [——HR“N()HHU\,O+1 —ﬁReANHLN],

~ 1 1 ~ ~ ~ T T T
C2,1 - |: /1+R6AN0+1H2’N0+1 M /1+RC)LNH2’N]’ Cl - COl (Cl,l’CZ,l)’Ll = [11,0 Ll,l . we LLNO] N
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 17

.
T T
L,= [lz,o Ly, ... L2,N0] L=[L; L],

Ay+B,Kk LC, 0 LC,

L
0 Ay —LC, 0 —LC _
F = _ 0 0 1 ’Dg: L
BK 0 A 0 8

0 0 0 A

ReMark 3.2. In the case Z, # 0, we observe that the eigenvalues A, = den’m? + i2Z,nm, n € Z,
are simple. Hence, one single input, say u; while u, = 0, is sufficient to stabilize the plant provided
by, # 0 for all integers |n| < Nj,. Indeed we have for n > 1 that det [G;,, —F,G;,] = —|b;,[*Im 1, =

=2|b;, |?Z,n7, hence the pair (—F,,, G;,) is observable if and only if Z, # 0 and b; , # 0. Similarly, the
necessity to introduce a second measurement only appears in the case Z, = 0. Indeed we have forn > 1

_Hi,;an
(—=F,.H,,) is observable if and only if Z, # 0.
Let us consider the case Z, = 0. Let B, = [Bl,o BZ,O]- It can be observed from the Hautus test

H; ; .
that det [ in | = 4l¢,(¢)|*Im A, = 8Z,nm where we have used that ¢, (x) = ¢*"™*. So, the pair

that (A, BO) satisfies the Kalman condition if and only if (A, B) satisfies the Kalman condition, that
Reb,; Reb,;

is if and only if (i) either b;, # 0 or b, # 0; and (ii) the determinant A, ; = Imb. . Imb
’ ’ ’ Lk 2,k

Im (b 4by;) # Oforall 1 <k <N,

Note that, because Bo depends explicitly on the delays &, h, > 0, the computation of the feedback
gain K also depends on A, h, > 0. It is worth mentioning that an alternative to the classical Arststein
transformation rendering the computation of the feedback gain independent of the delays has been
reported in Tsubakino et al. (2016).

Consider now the pair (A,, Cy). Recalling that ¢ = 1, the application of the Hautus test
shows that the latter pair satisfies the Kakman condition if and only if the determinant A, ;, =
4 Re ¢ (¢)) —Im¢y(g))

Re ¢ (5,) —Im¢y(5,)
¢, < 1, we deduce that (A, Cy)) satisfies the Kalman condition if an only if {, — ¢ & S, 5, =
{B.1<k=<N, 1| <m=2k}.

= 4sin (2kn(§1—§2)) # Oforalll < k < Ny. With 0 < ¢ <

3.4. Local exponential stability assessment

Theorem 3.1. Lete > 0,Z, e R, by, b, € L2(0, D)and 0 < ¢ <&, < 1.Letd > 0and Ny > 0 be such
that —Re A, < —6 forall |n| > N+ 1. Assume that (i) either by 5 # 0 or by o # 0; (i) Im (b ;by ;) # 0
forall 1 < k < Ny; and (iii) ¢, — &) ¢ Sg,No = {% , 1 <k <Ny, m=> 1}. Let0 < h; < h, be given.
Let K € R2XCNotD and [ € RCNo+DX2 be such that A, + EOK and Ay — LC, are Hurwitz with spectral
abscissa strictly less than —6 < 0. For a given N > N, + 1, assume that there exist P, 01,0, > 0, a > 1
and B, By, ¥ > 0 such that

O, <0, 0, <0, O5,<0, O3,<0 (3.13)
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18 H. LHACHEMI AND C. PRIEUR

where

_[FTP+PF+2P+Q PY
O, = [ TP s (3.14a)
1 v
@, =2y{—(1——)Rexr 54— M M 3.14b
2 V[ ( a) eN+r*'+a]+ﬁ1¢4+ﬁz¢z (3.14b)
@3,1 = _6728h1Q1 + O‘V||t%Nb1||12‘2K1TK1 (3.14¢)
O35 = — 120, + ay | Zyby |1 1K) K, (3.14d)

. ~ . . 32
with 0 = diag(Q, + 0,.0,0,0), B = diag(B,. B,) and My; = >, 1oy L < 400, Then there
exist constants R, M > 0 such that for any initial condition Z, € H? (0,1) so that Z;(0) = Z,(1) and
Z(/) 0) = Z(/)(l) with [|Zy — Z,|ly, < R, the trajectories of the closed-loop system composed of the plant
(3.1), the Dirichlet measurements (3.2) and the controller (3.10-3.12) with null control in negative times

(u(r) = 0 for T < 0) and zero initial condition for the observer (z,,(0) = 0) satisfy

N
1Z(t.) = Zl70 +  sup [u()* + 200 + D_N1Z,01* < Me™>1|Zy — Z, |17,

reli—hi] —r

for all t > 0. Moreover, for any given A, h, > 0, the constraints (3.13) are always feasible for N selected
large enough.

Proof. Step 1 - finite dimensional model. Let ey = z5 — 20, E, =7, — Zn foralll < n < N,
and define E, = /T + Rex,E,. Then we define the vectors EM = [¢y E| ... E;VFO]T, EN "N =

. T . . T
[E;OJrl E;] and ZVN—No = [Z;\,—O+1 Z;\,—] . From (3.6) and (3.10) we infer that

2N = AyZN0 4 B guy (¢ — hy) + By gty (t — hy) + LCHEN + LE BN N0 4 L¢ (3.152)
EN(t) = (Ag — LC)ENY — LC,EN™™ — ¢ + R, (3.15b)
2NN = A ZVN0 LB (= hy) + Byt — hy) (3.15¢)
EN-No — o EN-Mo 4 R, (3.15d)

where ¢ = col(¢},8,), §; = 2 sn-+1 $u(61)2,, and the vectors

Ry =col(rg, Ry ., Ry)s Ry = col( [14Re Ay, o Rygsrs- - y/1 +ReANRN).

9202 YOJBI\ 9Z UO J8sN (DS4N) BuLEleD) BIUES P [e49pa- 9PEPISISAIUN Ad 008G L8/S | 0JBUP/Z/Z /o101 E/DWEW/WOD dNO"olWapeoe)/:sdjy WoIj PaPEOjUMOQ



INPUT-DELAYED VISCOUS BURGERS’ EQUATION 19

Based now on (3.11) and defining the second Artstein transformation

2t
ZQI_NO(I) _ eA'hZZN_NO(t) + Z/ eAl(t-Q—hz—h,'—t)Bi’lui(T) dr (3.16)
i=1 7 1=hi
the introduction of the vector
X = col (20, %0, Z) Mo EN-0) (3.17)
yields
X=FX+ %¢+GR (3.18)
T
~ ~ 07100
where R = col(R|,R,) and G = 000 I

Step 2 - Lyapunov functional candidate. Now the proof relies on the introduction of the functional
defined by V(1) = V(1) + V1 (1) + V 5(1) + V1 (1) + V5 (2) where

Voo =X0OTPXO+y D v+ i)l®l

[n|>N+1
=X PX®) +2y Y. (v+Ren)lm®)? (3.19a)
n>N+1
d AN, AN,
vl,i(z)=/ e BN Z0 ()T 0,230 (v)de (3.19b)
(t—=hi)+
0 t
Vai(t) = g; / / e 2= 1y(5)|% ds b (3.19¢)
—h; Jt+6

with (# — h;) , = max(¢ — h;,0) and for some g; > O to be selected later. Introducing X = col(X, ¢, I~€),
the computation of the time derivative of V for t > h, > h; gives

F'P+PF+25P PY PG
V42sv=XT ZTp 0 0 |X+4y > (+Rern)(—Rek,+8)lznl®
GTP 0 0 n>N+1

+4y D v+ RerRe (I + by iy (t = hy) + by pua(t — h2))Zn)
n>N+1

SNo T o 5No  —28hy AN AN
+(2°) @2y — M0 — )T 01240 )

! Note the slight difference of approach in the definition of the Artstein transformation (3.16) compared to (3.11). Mimicking
(3.11), a natural choice would have been to define 22]7]\]0 (0 =2ZN"No@r) + Z%zl ]tt—h, eAl(’_hi_T)B,-,lui(r) dr. In that case,

one gets ZZ_NO = Alzj‘v_NO + [e=1M By 4128, | | u. The main issue is that || [e~4171B | e~A172B, ]|l is in general
unbounded as N — +o0 while such a boundedness property is crucial for ensuring the feasibility of the constraints (3.13). This
issue is solved by adopting the Artstein transformation (3.16) for which the resulting input matrix B; = [eAl (hy *hl)Bl 1 B2 ]
where hy > hy, is bounded in norm as N — +00.
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N\ T AN 280y AN 2 N
+(200) " 02y — P20 — 1) T 022401 ~ o)

t t
+qihluy ) = g1 / e 209141 ()12 ds + gahalua (01 — g2 / e 209y () ds.

t—hy t—hy
Proceeding with similar estimations that the ones reported in the proof of Theorem 2.1, we obtain using
in particular Young’s inequality that

V+26V<XTO, X+2 > (v+Rer,)l s, (3.20)
n>N+1

SN 5N 5N SN
+ 23t — hy) O3, 2,0 (t — hy) + Z3°(t — hy) T 03,2, (t — Iy)
t t
— g M / luy (5)|* ds — gpe= " / luy () [* ds + o'y [|]|7
t—hy t—hy

where

FTP+PF+25P+¥ P¥ PG

O, = £Tp -8B 0
G'P 0 —ayR
1 1 1 1
F”=2y — I—E—E Rekn—I—S—l— &—i_ﬂ % +,31M¢’1+,32M¢2

for any o’ > 0 to be determined later and with the matrices ¥ = O + ¢, K| K| + ¢,1,K, K, K; =
[K; 0 0 0] and 2 = diag(Ly, 41, 1/(1 +Redy s )y, - 1/(1 + ReAg)ly) = 0.

Step 3 - estimate of the nonlinearity. We can now address the evaluation of the term ||r||i2 where

r = —zz,. Proceeding as in the proof of Theorem 2.1, we have ||r(t, ~)||12‘2 < 2||z(t, ~)||;L{1. In view of
(3.5), we infer as in the proof of Theorem 2.1 the existence of a constant C; > 0, which does not depend

on ¢/, g; and g,, so that

2
l2(t, )71 < CX@OTPX(5) +C3 Y / (P dr +C; > (v+Rek)z, (0% (321
i=1 J1h n=N+1

Step 4 - introduction of an a priori estimate. Let 0 > 0 to be defined later. Assuming that the
following a priori estimate holds:

2@ )7 <o (3.22)

for some 7 > 0, we obtain that ||r(z, ~)||i2 < 202|z(3, ~)||§11. Hence, combining this latter estimate with

(3.21) and using the subsequent inequality into (3.20) with (3.13), we obtain under the a priori estimate
(3.22) that

1
|u1<s>|2ds+q’2/ lua (5)|° ds

t—hy

L L ~ 1
V@H+25V@H XD O XD +2 D (v +Rer) [z + 4} /
n>N+1 1=hy
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where O] , = 0, + 2a'y C302diag(P,0,0), I = I, + 2a'y C302, ¢, = 20y Cy02 — ge= 200,

Step 5 - selection of the decision variables o', q,,q,,0. From the assumptions of the theorem, we
have N > Ny +1,P,0;,0, > 0, > 1 and B;, B,y > 0 so that (3.13) holds. From « > 1 we have
1 — 1/a > 0. We also recall that 2 > 0. Hence, invoking the Schur complement, we select @’ > 0
sufficiently large so that

F'P+PF+25P+Q PY PG
ZTP -B 0 <0
G'P 0 —ayR2

14

with 1 — 1 — -1 > 0. Then we set ¢; = 2o’y C3¢%"i62 > 0, giving ¢} = 0. We finally fix o > 0 small
enough so that @{’a < 0 and F1</+1 < 0. Since 1 — é — % > 0, we obtain that I, < F1</+1 < 0 for
all n > N + 1. This shows that, for any 7 > h, > h; so that the a priori estimate (3.22) holds, we have
V(f) +28V(f) < 0. A similar argument on the time intervals (0, #;) and (%, h,) shows that, also under
the a priori estimate (3.22), V(7) + 28V (7)) < 0.

Step 6 - stability estimate. From (3.21), (3.12) and (3.19), and because Q,, Q, > 0, we deduce the

existence of a constant C, > 0 so that ||z(z, -)||1%I1 < C,4V(¢) for t > 0. From now, the claimed stability

estimate is obtained as in the proof of Theorem 2.1 for initial conditions selected so that V(0) < 2/ Cy.
Step T - feasibility of the constraints. This is completed by proceeding as in the proof of Theorem 2.1.
|

4. Conclusion

This paper has addressed the control design problem of local output feedback stabilization of the Burgers’
equation in the presence of an arbitrarily long input delay. The reported control strategy relies on spectral
reduction methods coupled with a predictor feedback. This strategy systematically achieves the local
exponential stabilization of the plant provided the order of the controller is selected to be large enough.
This approach has been extended to the case of a Burgers’ equation with periodic boundary conditions.
This latter setting has required the conduction of the control design procedure in a multi-output multi-
output framework, with possibly distinct input delays. Even if the presentation was focused on the case of
the setpoint control for constant equilibrium positions Z, of the Burger’ equation, the reported approach
also extends to spatially varying equilibrium conditions as studied in Krstic et al. (2008, 2009) when
considering two boundary controls.

Data availability statement

No new data were generated or analysed in support of this research.
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