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This paper addresses the local output feedback setpoint control of viscous Burgers’-like equations in
the presence of large input delays. We first study the case of a viscous Burgers’ equation with delayed
Neumann boundary control. The boundary measurement is selected as a Dirichlet trace. The control design
consists of a predictor feedback that systematically achieves the local exponential stabilization of the plant
around the equilibrium point of interest. In the second part of the paper, we extend this procedure to the case
of the local stabilization of a viscous Burgers’-like equation defined on a ring (i.e., with periodic boundary
conditions). Due to the possible occurrence of eigenvalues of geometric multiplicity two, the control
design problem is addressed in the framework of a multi-input multi-output system. This is achieved
by considering two delayed distributed inputs, possibly with distinct delays, and two pointwise Dirichlet
measurements.
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1. Introduction

The Burgers’ equation is a convection–diffusion PDE that appears in a number of fields such as fluid
mechanics, traffic flow or acoustics (Önder Efe & Özbay, 2004). This equation is often seen as a
simplified 1-D version of the Navier–Stokes equation used to model wave propagation and shock flows
(Burgers, 1948). Due to its nonlinear nature, the Burgers’ equation exhibits interesting phenomena
mixing hyperbolic and parabolic PDEs behaviors depending on the relative contributions of inertia and
viscous forces (Taigbenu, 2013). Therefore, due to its combined low complexity (Burger’s equation is
often seen as one of the simpler nonlinear PDE) and capability to exhibit interesting phenomenon, the
Burgers’s equation has attracted much attention from the control community. Both local (Burns & Kang,
1991; Choi et al., 1993) and global (Krstic, 1999) stabilization results for the Burgers’ equation have been
reported in the literature. These control design problems have been extended to the case of Burgers’ PDE–
ODE systems (Akram & Mitra, 2022; Hasan & Tang, 2022) used to model, e.g., actuator dynamics (Liu
& Krstić, 2000). Sampled-data control of the Burger’ equation with robustness to small input delays was
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2 H. LHACHEMI AND C. PRIEUR

studied in Pan et al. (2024). Adaptive control was reported in Kobayashi (2001); Smaoui (2005). The
case of a Burgers’ equation with periodic boundary conditions was studied in Smaoui (2005). Extensions
to nonlocal nonlinearities were investigated in Gumus & Kalantarov (2022). While most of the reported
approaches are concerned with the stabilization at zero of the Burgers’ equation, setpoint control for
constant (Krstic, 1999) and spatially varying (Krstic et al., 2008, 2009) equilibrium conditions have also
been studied. Related works dealing with the local feedback stabilization of viscous Hamilton–Jacobi
PDEs have been reported in Bekiaris-Liberis & Bayen (2014); Bekiaris-Liberis & Vazquez (2019).

This paper is concerned with the local output feedback setpoint control of an input-delayed viscous
Burgers’ equation. It is well-known that time delays are ubiquitous in control engineering applications.
This is why feedback control in the presence of input delays has been extensively studied, particularly
in the context of finite-dimensional systems (Artstein, 1982; Richard, 2003). The extension of this topic
to infinite-dimensional systems, particularly to the control of Partial Differential Equations (PDEs), has
attracted much attention in the recent years (Nicaise et al., 2009; Hashimoto & Krstic, 2016; Wang
& Sun, 2018; Lhachemi & Prieur, 2020). This includes the cases of uncertain (Lhachemi et al., 2019;
Wang et al., 2021a,b), stochastic (Guan et al., 2024) and spatially varying (Qi & Krstic, 2020; Lhachemi
et al., 2021) input delays with possible application to multi-agent systems (Qi et al., 2019). However, the
stabilization problem of the Burgers’ equation in the presence of arbitrarily long delays, which is the topic
of this paper, remains largely unexplored. We consider first the control problem of the local exponential
stabilization of a viscous Burgers’ equation with delayed Neumann boundary control and a boundary
measurement selected as a Dirichlet trace. Similarly to Krstic (1999), the control strategy aims at
stabilizing the plant around an arbitrarily given spatially constant steady-state. This is achieved by taking
advantage of recent procedures developed for the exponential stabilization of linear parabolic PDEs in the
presence of input/output delays (Katz & Fridman, 2021; Lhachemi & Prieur, 2022b, 2023) that rely on
spectral reduction methods (Russell, 1978; Coron & Trélat, 2004, 2006) and predictor feedback (Artstein,
1982; Bekiaris-Liberis & Krstic, 2012; Karafyllis & Krstić, 2017). For an arbitrary value of the input
delay, we assess that the proposed control design procedure systematically achieves the local exponential
setpoint control of the plant. In the second part of the paper, we extend this control design procedure to
the case of the local setpoint control of a viscous Burgers’-like equation defined on a ring (i.e., with
periodic boundary conditions, see e.g., Smaoui, 2005). The particularity of this setting is that it may lead
to the occurrence of modes of geometric multiplicity two. This requires to address the control design
problem in the framework of a multi-input multi-output system. This is achieved by considering two
delayed distributed inputs, possibly with distinct delays in the two channels, and two pointwise Dirichlet
measurements.

The paper is organized as follows. The case of the boundary control of the input delayed
viscous Burgers’s equation with Dirichlet measurement is studied in Section 2. Then, the case
of periodic boundary conditions is reported in Section 3. Concluding remarks are provided in
Section 4.

NOTATION. Spaces Rn are endowed with the Euclidean norm ‖ · ‖. The corresponding induced norms
of matrices are also denoted by ‖ · ‖. For any two vectors X and Y of arbitrary dimensions, col(X, Y)

stands for the vector [X�, Y�]�. The space of square integrable functions on (0, 1) is denoted by L2(0, 1)

and is endowed with the usual inner product 〈f , g〉 = ∫ 1
0 f (x)g(x) dx and with associated norm denoted

by ‖ · ‖L2 . For an integer m ≥ 1, Hm(0, 1) denotes the m-order Sobolev space and is equipped with its
usual norm ‖ · ‖Hm . The space of essentially bounded functions on (0, 1) is denoted by L∞(0, 1) and its
usual norm is denoted by ‖ · ‖L∞ . For a symmetric matrix P ∈ R

n×n, P 
 0 (resp. P � 0) means that P
is positive semi-definite (resp. positive definite).
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 3

2. Viscous Burgers’ equation

2.1. Problem setting

We consider in this section the input delayed Burgers’ equation described by

Zt(t, x) = εZxx(t, x) − Z(t, x)Zx(t, x) (2.1a)

Zx(t, 0) = 0 (2.1b)

Zx(t, 1) = u(t − h) (2.1c)

Z(0, x) = Z0(x) (2.1d)

for t > 0 and x ∈ (0, 1). Here we have the parameter ε > 0 and the input delay h > 0. The state at time
t of the PDE is given by Z(t, ·), the command u(t) is assumed to be such that u(τ ) = 0 for τ < 0 and the
initial condition is Z0. The system output is selected as the left Dirichlet trace, which is described by:

y(t) = Z(t, 0). (2.2)

We are interested in designing an output feedback control strategy ensuring that Z(t, x) locally converges
in H1-norm to a given constant steady-state Ze ∈ R. Introducing z(t, x) = Z(t, x) − Ze we have that

zt(t, x) = εzxx(t, x) − Zezx(t, x) − z(t, x)zx(t, x) (2.3a)

zx(t, 0) = 0 (2.3b)

zx(t, 1) = u(t − h) (2.3c)

z(0, x) = z0(x) = Z0(x) − Ze (2.3d)

while the output is expressed by

ỹ(t) = z(t, 0) = y(t) − Ze. (2.4)

2.2. Spectral reduction

We introduce the unbounded operator

A f = −εf ′′ + Ze f ′

defined on the domain

D(A ) =
{

f ∈ H2(0, 1) : f ′(0) = f ′(1) = 0
}

.

Defining p(x) = e−Zex/ε and w(x) = 1
ε
e−Zex/ε we have A f = − 1

w (pf ′)′. Noting that w > 0, we can
introduce the space L2

w, which is defined as the space L2 endowed with the inner product 〈f , g〉L2
w

=∫ 1
0 w(x)f (x)g(x) dx and with associated norm denoted by ‖ · ‖L2

w
. In this space, A is self-adjoint.
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4 H. LHACHEMI AND C. PRIEUR

Its eigenvalues (λn)n≥0 are described by

λ0 = 0, λn = Z2
e

4ε
+ εn2π2, ∀n ≥ 1.

From the Sturm–Liouville theory, we know that the associated unit eigenvectors (φn)n≥0 form a Hilbert
basis of L2

w; they are described by

φ0(x) = √
ε if Ze = 0 or φ0(x) =

√
Ze/(1 − e−Ze/ε) if Ze �= 0,

while

φn(x) =
(

Z2
e

2ε3 + 2n2π2

ε

)−1/2

eZex/(2ε)

(
Ze

ε
sin(nπx) − 2nπ cos(nπx)

)
, ∀n ≥ 1.

This implies that −A is a Riesz spectral operator that generates a C0-semigroup. In particular:

A f =
∑
n≥0

λn

〈
f , φn

〉
L2

w
φn

with

D(A ) =
⎧⎨
⎩f ∈ L2(0, 1) :

∑
n≥0

|λn|2|
〈
f , φn

〉
L2

w
|2 < ∞

⎫⎬
⎭ .

Using an integration by parts, it can be seen that, for all f ∈ D(A ),
∑

n≥0 λn

〈
f , φn

〉2
L2

w
= 〈A f , f 〉L2

w
=∫ 1

0 p(x)|f ′(x)|2 dx. First, this identity implies the existence of constants C1, C2 > 0 such that

C1‖f ‖2
H1 ≤

∑
n≥0

(1 + λn)
〈
f , φn

〉2
L2

w
≤ C2‖f ‖2

H1 (2.5)

for all f ∈ D(A ). Second, this identity and the Riesz spectral properties of A imply that, for all f ∈
D(A ), the series expansion f = ∑

n≥0

〈
f , φn

〉
L2

w
φn holds in H2-norm. Then, the continuous embedding

H1(0, 1) ⊂ L∞(0, 1) implies that f (ζ ) = ∑
n≥1

〈
f , φn

〉
L2

w
φn(ζ ) for all f ∈ D(A ) and all ζ ∈ [0, 1]. In

the rest of this section, we introduce for any integer N ≥ 1 the notation

RN f =
∑

n≥N+1

〈
f , φn

〉
L2

w
φn.

As it is more convenient to handle homogeneous PDEs, we introduce the change of variable:

w(t, x) = z(t, x) − x2

2
u(t − h). (2.6)
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 5

Defining v = u̇ and owing to (2.3), we infer that

u̇(t) = v(t) (2.7a)

wt(t, x) = −A w(t, x) + r(t, x) + a(x)u(t − h) + b(x)v(t − h) (2.7b)

wx(t, 0) = wx(t, 1) = 0 (2.7c)

w(0, x) = w0(x) (2.7d)

where b(x) = − x2

2 , a = − 1
w (pb′)′ = ε−Zex, r(t, x) = −z(t, x)zx(t, x) and w0(x) = z0(x) where we have

used u(−h) = 0. In order to perform the spectral reduction of (2.7), we define the following coefficients
of projection: zn(t) = 〈

z(t, ·), φn

〉
L2

w
, wn(t) = 〈

w(t, ·), φn

〉
L2

w
, rn(t) = 〈

r(t, ·), φn

〉
L2

w
, an = 〈

a, φn

〉
L2

w
and

bn = 〈
b, φn

〉
L2

w
. Then, the projection of (2.7) into the Hilbert basis (φn)n≥0 reads

u̇(t) = v(t) (2.8a)

ẇn(t) = −λnwn(t) + rn(t) + anu(t − h) + bnv(t − h), n ≥ 0. (2.8b)

Noting that the change of variable formula (2.6) gives

wn(t) = zn(t) + bnu(t − h), n ≥ 0, (2.9)

we deduce from (2.8) that the projection of (2.3) in original z coordinates reads:

żn(t) = −λnzn(t) + rn(t) + βnu(t − h), n ≥ 0 (2.10)

where βn = an − λnbn. Using two integration by parts to compute an, we infer that βn =
−p(1)b′(1)φn(1) = e−Ze/εφn(1) = O(1) as n → +∞. Finally, considering classical solutions, the
measurement (2.4) is expressed as the series expansion:

ỹ(t) = z(t, 0) = w(t, 0) =
∑
n≥0

wn(t)φn(0). (2.11)

2.3. Control strategy

We fix δ > 0 the desired exponential decay rate for the closed-loop system trajectories. Then we fix
N0 ≥ 0 so that λN0+1 > δ. For an arbitrarily given N ≥ N0 + 1, which will be specified later, we
introduce the following observer dynamics:

ŵn(t) = ẑn(t) + bnu(t − h) (2.12a)

˙̂zn(t) = −λnẑn(t) + βnu(t − h) − ln

{
N∑

k=0

ŵk(t)φk(0) − ỹ(t)

}
, 0 ≤ n ≤ N0 (2.12b)

˙̂zn(t) = −λnẑn(t) + βnu(t − h), N0 + 1 ≤ n ≤ N (2.12c)
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6 H. LHACHEMI AND C. PRIEUR

where ln ∈ R stand for the observer gains. This type of control strategy for parabolic PDEs was suggested
in pioneer works such as Sakawa (1983) in an input delay-free context. Then, as suggested in Katz
& Fridman (2021); Lhachemi & Prieur (2022a, 2023) for the case of linear reaction–diffusion PDEs,
the input delay h > 0 can be compensated by introducing a predictor component. More precisely, let

ẐN0 = [
ẑ0 . . . ẑN0

]�
, A0 = diag(−λ0, . . . , −λN0

) and B0 = [
β0 . . . βN0

]�
. Then, we define the

Artstein transformation (Artstein, 1982) as:

ẐN0
A (t) = eA0hẐN0(t) +

∫ t

t−h
eA0(t−τ)B0u(τ ) dτ . (2.13)

This allows the introduction of the predictor feedback (Karafyllis & Krstić, 2017):

u(t) = KẐN0
A (t) (2.14)

for t ≥ 0 where K ∈ R
1×N0+1 stands for the feedback gain.

REMARK 2.1. The well-posedness of the closed-loop system in terms of classical solutions for the PDE
in homogeneous coordinates w with initial condition z0 ∈ H2(0, 1) so that z′

0(0) = z′
0(1) = 0, with

null control in negative times (u(τ ) = 0 for τ < 0) and zero initial condition for the observer (ẑn(0) =
0) follows from standard results on analytic semigroups (Pazy, 2012, Thm. 6.3.1 and 6.3.3) and the
invertibility of the Artstein transformation (Bresch-Pietri et al., 2018). Owing to the change of variable
(2.6) this implies the well-posedness in original coordinates z. These classical solutions are defined on a
maximal interval of existence [0, T) for some T > 0. Moreover, following the arguments of Pazy (2012,
Thm. 6.3.3) and owing to (2.5), if ‖w(t, ·)‖2

H1 remains bounded on a time interval of the type [0, tm) for
a given tm > 0, then T > tm.

The statement of the main result of this section requires the introduction of the following matrices:

A1 = diag(−λN0+1, . . . , −λN), B̃1 =
[

βN0+1√
1+λN0+1

. . .
βN√
1+λN

]�
, C0 = [

φ0(0) . . . φN0
(0)

]
, C̃1 =[

φN0+1(0)√
1+λN0+1

. . .
φN (0)√
1+λN

]
, L = [

l0 . . . lN0

]�
,

F =

⎡
⎢⎢⎣

A0 + B0K eA0hLC0 0 eA0hLC̃1
0 A0 − LC0 0 −LC̃1

B̃1K 0 A1 0
0 0 0 A1

⎤
⎥⎥⎦ , L =

⎡
⎢⎢⎣

eA0hL
−L
0
0

⎤
⎥⎥⎦ ,

E = [
A0 + B0K eA0hLC0 0 eA0hLC̃1 eA0hL

]
.

REMARK 2.2. Note that the pair (A0,B0) satisfies the Kalman rank condition for controllability. This
is a direct consequence of the fact that A0 is diagonal with simple eigenvalues while the entries βn =
e−Ze/εφn(1) of B0 are all non zero. In a similar fashion, the pair (A0, C0) satisfies the Kalman rank
condition for observability.
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 7

2.4. Local exponential stability assessment

THEOREM 2.1. Let ε > 0 and Ze ∈ R. Let δ > 0 and N0 ≥ 0 be such that λN0+1 > δ. Let K ∈ R
1×(N0+1)

and L ∈ R
N0+1 be such that A0 +B0K and A0 − LC0 have a spectral abscissa strictly less than −δ < 0.

Let h > 0 be given. For a given N ≥ N0 + 1, assume that there exist P, Q1 � 0, Q2 
 0, α > 1 and
β, γ > 0 such that

Θ1 ≺ 0, Θ2 < 0, Θ3,1 ≺ 0, Θ3,2 � 0 (2.15)

where

Θ1 =
[

F�P + PF + 2δP + Q̃1 PL
L �P −β

]
+ E�Q2E (2.16a)

Θ2 = 2γ

{
−
(

1 − 1

α

)
λN+1 + δ + 1

α

}
+ βMφ (2.16b)

Θ3,1 = −e−2δhQ1 + αγ ‖RNa‖2
L2 K�K (2.16c)

Θ3,2 = −e−2δhQ2 + αγ ‖RNb‖2
L2 K�K (2.16d)

with Q̃1 = diag(Q1, 0, 0, 0) and Mφ = ∑
n≥N+1

|φn(0)|2
1+λn

< +∞. Then there exist constants R, M > 0

such that for any initial condition Z0 ∈ H2(0, 1) so that Z′
0(0) = Z′

0(1) = 0 with ‖Z0 − Ze‖H1 < R,
the trajectories of the closed-loop system composed of the plant (2.1), the Dirichlet measurement (2.2)
and the controller (2.12–2.14) with null control in negative times (u(τ ) = 0 for τ < 0) and zero initial
condition for the observer (ẑn(0) = 0) satisfy

‖Z(t, ·) − Ze‖2
H1 + sup

τ∈[t−h,t]
|u(τ )|2 +

N∑
n=1

ẑn(t)
2 ≤ Me−2δt‖Z0 − Ze‖2

H1

for all t ≥ 0. Moreover, for any given h > 0, the constraints (2.15) are always feasible for N selected
large enough.

Proof. Step 1 - finite dimensional model. The first step of the proof consists in writing a model capturing
the N + 1 first modes of the PDE and the dynamics (2.12–2.14) of the controller. To do so we define the
error of observation en = zn − ẑn for all 0 ≤ n ≤ N, as well as the scaled quantities z̃n = ẑn/

√
1 + λn

and ẽn = √
1 + λnen. Then we define the vectors EN0 = [

e0 . . . eN0

]�
, ẼN−N0 = [

ẽN0+1 . . . ẽN

]�
and Z̃N−N0 = [

z̃N0+1 . . . z̃N

]�
. In view of (2.12) and based on (2.9) and (2.11), we obtain that

˙̂ZN0(t) = A0ẐN0(t) + B0u(t − h) + LC0EN0(t) + LC̃1ẼN−N0(t) + Lζ(t) (2.17a)

˙̃ZN−N0(t) = A1Z̃N−N0(t) + B̃1u(t − h) (2.17b)
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8 H. LHACHEMI AND C. PRIEUR

where ζ = ∑
n≥N+1 φn(0)wn. Recalling (2.13) and introducing the second Artstein transformation:

Z̃N−N0
A (t) = eA1hZ̃N−N0(t) +

∫ t

t−h
eA1(t−τ)B̃1u(τ ) dτ (2.18)

we infer from (2.14) that

˙̂ZN0
A = (A0 + B0K)ẐN0

A + eA0h
(

LC0EN0 + LC̃1ẼN−N0 + Lζ
)

(2.19a)

˙̃ZN−N0
A = A1Z̃N−N0

A + B̃1KẐN0
A . (2.19b)

Finally, the combination of (2.10) and (2.12b–2.12c) gives

ĖN0 = (A0 − LC0)E
N0 − LC̃1ẼN−N0 − Lζ + R1, (2.20a)

˙̃EN−N0 = A1ẼN−N0 + R̃2 (2.20b)

with the vectors R1 = col(r0, . . . , rN0
) and R̃2 = col(

√
1 + λN0+1rN0+1, . . . ,

√
1 + λNrN). Hence,

introducing the vector

X = col
(

ẐN0
A , EN0 , Z̃N−N0

A , ẼN−N0
)

, (2.21)

we infer from (2.19–2.20) that

Ẋ = FX + L ζ + GR (2.22)

where R = col(R1, R̃2) and G =
[

0 I 0 0
0 0 0 I

]�
. Furthermore, we obtain from (2.14) and (2.19a) that

u = K̃X, v = u̇ = K ˙̂ZN0
A , ˙̂ZN0

A = E col (X, ζ ) (2.23)

where K̃ = [
K 0 0 0

]
.

Step 2 - Lyapunov functional candidate. With now (2.22–2.23) in hands, we can proceed with the
stability analysis. Let P, Q1 � 0, Q2 
 0, α > 1 and β, γ > 0 be such that (2.15) holds. We consider
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 9

the functional defined by V(t) = V0(t) + V1(t) + V2(t) + V3(t) where

V0(t) = X(t)�PX(t) + γ
∑

n≥N+1

(1 + λn)wn(t)
2 (2.24a)

V1(t) =
∫ t

(t−h)+
e−2δ(t−τ)ẐN0

A (τ )�Q1ẐN0
A (τ )dτ (2.24b)

V2(t) =
∫ t

(t−h)+
e−2δ(t−τ) ˙̂ZN0

A (τ )�Q2
˙̂ZN0

A (τ ) dτ (2.24c)

V3(t) = q
∫ 0

−h

∫ t

t+θ

e−2δ(t−s)|u(s)|2 ds dθ (2.24d)

with (t − h)+ = max(t − h, 0) and for some q ≥ 0 to be selected later. Defining X̃ = col(X, ζ , R), the
computation of the time derivative of V for t > h gives

V̇ + 2δV = X̃�
⎡
⎣F�P + PF + 2δP PL PG

L �P 0 0
G�P 0 0

⎤
⎦ X̃ + 2γ

∑
n≥N+1

(1 + λn)(−λn + δ)w2
n

+ 2γ
∑

n≥N+1

(1 + λn){rn + anu(t − h) + bnv(t − h)}wn

+
(

ẐN0
A

)�
Q1ẐN0

A − e−2δhẐN0
A (t − h)�Q1ẐN0

A (t − h)

+
( ˙̂ZN0

A

)�
Q2

˙̂ZN0
A − e−2δh ˙̂ZN0

A (t − h)�Q2
˙̂ZN0

A (t − h)

+ qh|u(t)|2 − q
∫ t

t−h
e−2δ(t−s)|u(s)|2 ds.

The use of Young’s inequality along with (2.23) gives

2
∑

n≥N+1

(1 + λn)anu(t − h)wn ≤ 1

α

∑
n≥N+1

(1 + λn)
2w2

n + α‖RNa‖2
L2

w
ẐN0

A (t − h)�K�KẐN0
A (t − h),

2
∑

n≥N+1

(1 + λn)bnv(t − h)wn ≤ 1

α

∑
n≥N+1

(1 + λn)
2w2

n + α‖RNb‖2
L2

w

˙̂ZN0
A (t − h)�K�K ˙̂ZN0

A (t − h),

2
∑

n≥N+1

(1 + λn)rnwn ≤ 1

α′
∑

n≥N+1

(1 + λn)
2w2

n + α′‖RNr‖2
L2

w

where the later holds for any α′ > 0 to be defined later. We now note that ‖RNr‖2
L2

w
= ‖r‖2

L2
w

−∑N
n=1 r2

n with
∑N

n=1 r2
n = R�ΩR where we introduced the matrix Ω = diag(1, . . . , 1, 1/(1 +

λN0+1), . . . , 1/(1 + λN)) � 0. Finally, since ζ = ∑
n≥N+1 φn(0)wn, Cauchy–Schwarz inequality gives
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10 H. LHACHEMI AND C. PRIEUR

ζ 2 ≤ Mφ

∑
n≥N+1(1 + λn)w

2
n. Combining all the latter estimates and using (2.23), we obtain

V̇ + 2δV ≤ X̃�Θ1,aX̃ +
∑

n≥N+1

(1 + λn)Γnw2
n + ẐN0

A (t − h)�Θ3,1ẐN0
A (t − h) (2.25)

+ ˙̂ZN0
A (t − h)�Θ3,2

˙̂ZN0
A (t − h) − qe−2δh

∫ t

t−h
|u(s)|2 ds + α′γ ‖r‖2

L2
w

where

Θ1,a =
⎡
⎣F�P + PF + 2δP + Ψ PL PG

L �P −β 0
G�P 0 −α′γΩ

⎤
⎦+ Ẽ�Q2Ẽ

Γn = 2γ

{
−
(

1 − 1

α
− 1

2α′

)
λn + δ + 1

α
+ 1

2α′

}
+ βMφ

with Ψ = Q̃1 + qhK̃�K̃ and Ẽ = [
E 0

]
.

Step 3 - estimate of the nonlinearity. We now address the evaluation of the term ‖r‖2
L2

w
with r = −zzx.

This is done similarly to Lhachemi (2023) in the case of the Kuramoto–Sivashinsky Equation but, this
time, in an input-delayed context. First we note that

‖r(t, ·)‖2
L2

w
=
∫ 1

0
w(x)z(t, x)2zx(t, x)2 dx ≤ η‖z(t, ·)‖2

L∞‖zx(t, ·)‖2
L2

for some constant η > 0. Moreover, since for any f ∈ H1(0, 1) we have f (x) = f (a) + ∫ x
a f ′(s) ds for all

x, a ∈ [0, 1], we deduce that ‖f ‖2
L∞ ≤ 2‖f ‖2

H1 . Hence, ‖r(t, ·)‖2
L2

w
≤ 2η‖z(t, ·)‖4

H1 . Using (2.6) we have

z(t, x) = w(t, x) − b(x)u(t − h), which gives

‖r(t, ·)‖2
L2 ≤ 8η

(
‖w(t, ·)‖2

H1 + ‖b‖2
H1 |u(t − h)|2

)2
. (2.26)

We focus on the estimation of the term ‖w(t, ·)‖2
H1 . Since w(t, ·) ∈ D(A ), we obtain from (2.5) that

‖w(t, ·)‖2
H1 ≤ 1

C1

∑
n≥0(1 + λn)wn(t)

2. Based on (2.9) we have

N∑
n=0

(1 + λn)wn(t)
2 ≤ 2

N∑
n=0

(1 + λn)zn(t)
2 + 2Sb,N |u(t − h)|2

where Sb,N = ∑N
n=0(1 + λn)b

2
n. Furthermore we have

N∑
n=0

(1 + λn)z
2
n ≤ 2(1 + λN0

)‖ẐN0‖2 + 2(1 + λN0
)‖EN0‖2 + 2(1 + λN)2‖Z̃N−N0‖2 + 2‖ẼN−N0‖2.
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 11

From the Artstein transformations (2.13) and (2.18) we infer that

‖ẐN0‖2 ≤ 2‖e−A0h‖2‖ẐN0
A ‖2 + 2h sup

τ∈[0,h]
‖e−A0τB0‖2

∫ t

t−h
|u(τ )|2 dτ ,

‖Z̃N−N0‖2 ≤ 2‖e−A1h‖2‖Z̃N−N0
A ‖2 + 2h sup

τ∈[0,h]
‖e−A1τ B̃1‖2

∫ t

t−h
|u(τ )|2 dτ .

Putting these estimates together, we infer the existence of constants C3, C4, C5, C6 > 0 such that

‖w(t, ·)‖2
H1 + ‖b‖2

H1 |u(t − h)|2

≤ C3X(t)�PX(t) + C4

∫ t

t−h
|u(τ )|2 dτ + C5

∑
n≥N+1

(1 + λn)wn(t)
2 + C6|u(t − h)|2. (2.27)

for all t ≥ 0.
Step 4 - introduction of an a priori estimate. Let σ > 0 to be defined later. Assuming that the

following a priori estimate holds:

‖w(t̄, ·)‖2
H1 + ‖b‖2

H1 |u(t̄ − h)|2 ≤ σ 2 (2.28)

for some t̄ ≥ 0, we obtain from (2.26) that

‖r(t̄, ·)‖2
L2

w
≤ 8ησ 2

(
‖w(t̄, ·)‖2

H1 + ‖b‖2
H1 |u(t̄ − h)|2

)
.

Hence, combining this latter estimate with (2.27) and using the subsequent inequality into (2.25), we
obtain under the a priori estimate (2.28) that

V̇(t̄) + 2δV(t̄) ≤ X̃(t̄)�Θ ′
1,aX̃(t̄) +

∑
n≥N+1

(1 + λn)Γ
′

nwn(t̄)
2 + ẐN0

A (t̄ − h)�Θ ′
3,1ẐN0

A (t̄ − h)

+ ˙̂ZN0
A (t̄ − h)�Θ3,2

˙̂ZN0
A (t̄ − h) + q′

∫ t̄

t̄−h
|u(s)|2 ds

where Θ ′
1,a = Θ1,a +8α′γ ηC3σ

2diag(P, 0, 0), Γ ′
n = Γn +8α′γ ηC5σ

2, Θ ′
3,1 = Θ3,1 +8α′γ ηC6σ

2K�K,

q′ = 8α′γ ηC4σ
2 − qe−2δh.

Step 5 - selection of the decision variables α′, q, σ . From the assumptions of the theorem, we have
N ≥ N0 + 1, P, Q1 � 0, Q2 
 0, α > 1 and β, γ > 0 so that (2.15) holds. From α > 1 we have
1 − 1/α > 0. We also recall that Ω � 0. Hence, invoking the Schur complement, we select α′ > 0
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12 H. LHACHEMI AND C. PRIEUR

sufficiently large so that

⎡
⎣F�P + PF + 2δP + Q̃1 PL PG

L �P −β 0
G�P 0 −α′γΩ

⎤
⎦+ Ẽ�Q2Ẽ ≺ 0

ΓN+1 = Θ2 + γ

α′ (1 + λN+1) < 0

with 1 − 1
α

− 1
2α′ > 0. Then we set q = 8α′γ ηC4e2δhσ 2 ≥ 0, giving q′ = 0. We finally fix σ > 0 small

enough so that Θ ′
1,a � 0, Γ ′

N+1 ≤ 0 and Θ ′
3,1 � 0. Since 1− 1

α
− 1

2α′ > 0, we obtain that Γ ′
n ≤ Γ ′

N+1 ≤ 0
for all n ≥ N + 1. This shows that, for any t̄ > h so that the a priori estimate (2.28) holds, we have
V̇(t̄) + 2δV(t̄) ≤ 0. A similar argument on the time interval (0, h) shows that, also under the a priori
estimate (2.28), V̇(t̄) + 2δV(t̄) ≤ 0.

Step 6 - stability estimate. From (2.27), using (2.14), and recalling that Q1 � 0, we infer the existence
of a constant C7 > 0 so that

1. ‖w(t, ·)‖2
H1 + ‖b‖2

H1 |u(t − h)|2 ≤ C7V(t) for t ∈ [0, h];

2. ‖w(t, ·)‖2
H1 + ‖b‖2

H1 |u(t − h)|2 ≤ C7V(t) + C7V(t − h) for t ≥ h.

Let z0 ∈ H2(0, 1) with z′
0(0) = z′

0(1) = 0 be selected so that V(0) < σ 2/(2C7) where the control
is assumed to be zero in negative times (u(τ ) = 0 for τ < 0) and with zero initial condition for the
observer (ẑn(0) = 0). Let [0, T) be the maximal interval of existence of the system trajectories for some
T > 0. The inequality V(0) < σ 2/(2C7) implies that

‖w(0, ·)‖2
H1 + ‖b‖2

H1 |u(−h)|2 ≤ C7V(0) < σ 2/2 < σ 2.

Hence, a continuity argument shows that T > h, (2.28) holds for all t̄ ∈ [0, h], and V̇ + 2δV < 0 on
(0, h), giving V(t) ≤ e−2δtV(0) for all t ∈ [0, h]. Thus, for t ∈ [h, 2h] ∩ [0, T), we have

‖w(t, ·)‖2
H1 + ‖b‖2

H1 |u(t − h)|2 ≤ C7V(t) + C7V(t − h) ≤ C7V(t) + C7V(0) < C7V(t) + σ 2/2.

Since V(h) ≤ V(0) < σ 2/(2C7), a continuity argument shows that T > 2h, (2.28) holds for all t̄ ∈
[0, 2h], and V̇ + 2δV < 0 on (h, 2h), giving V(t) ≤ e−2δ(t−h)V(h) ≤ e−2δtV(0) for all t ∈ [h, 2h], hence
V(t) ≤ e−2δtV(0) for all t ∈ [0, 2h]. Proceeding by induction, we infer that T = +∞ while (2.28) and
V(t) ≤ e−2δtV(0) hold for all t ≥ 0. The claimed stability estimate now follows from the estimates (2.5),
the change of variable (2.6) and the definition of V .

Step 7 - feasibility of the constraints. It remains to show that the constraints (2.15) are feasible
provided N ≥ N0 + 1 is selected to be large enough. To do so, the application of Lhachemi & Prieur
(2022a, Lemma in Appendix) to the matrix F+δI shows that the solution P � 0 to F�P+PF+2δP = −I
is such that ‖P‖ = O(1) as N → +∞. Fixing now arbitrarily α > 1 while setting β = √

N, γ = 1/N,
Q1 = e2δhαγ ‖RNa‖2

L2(K
�K + I) � 0 and Q2 = e2δhαγ ‖RNb‖2

L2(K
�K + I) � 0 we conclude from the

application of the Schur complement that (2.15) hold for N ≥ N0 + 1 selected large enough. �
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 13

3. Burgers’ equation with periodic boundary conditions

3.1. Problem setting

We consider in this section the problem of output feedback stabilization of the input delayed Burgers’
equation with periodic boundary conditions described by:

Zt(t, x) = εZxx(t, x) − Z(t, x)Zx(t, x) + b1(x)u1(t − h1) + b2(x)u2(t − h2) (3.1a)

Z(t, 0) = Z(t, 1) (3.1b)

Zx(t, 0) = Zx(t, 1) (3.1c)

Z(0, x) = Z0(x) (3.1d)

for t > 0 and x ∈ (0, 1). Here we have the parameter ε > 0, the functions b1, b2 ∈ L2(0, 1) and the
input delays 0 < h1 ≤ h2. The state at time t of the PDE is given by Z(t, ·), the commands u1(t), u2(t)
are assumed to be such that u1(τ ) = u2(τ ) = 0 for τ < 0, and the initial condition is Z0. The system
outputs are selected as two in-domain Dirichlet traces, which are described by:

y1(t) = Z(t, ζ1), y2(t) = Z(t, ζ2), (3.2)

for some ζ1, ζ2 ∈ [0, 1) with ζ1 < ζ2.
Our objective is the design of an output feedback control strategy ensuring that Z(t, x) locally

converges in H1-norm to a given constant steady-state Ze ∈ R. Introducing z(t, x) = Z(t, x) − Ze we
have that

zt(t, x) = εzxx(t, x) − Zezx(t, x) − z(t, x)zx(t, x) + b1(x)u1(t − h1) + b2(x)u2(t − h2) (3.3a)

z(t, 0) = z(t, 1), (3.3b)

zx(t, 0) = zx(t, 1) (3.3c)

z(0, x) = z0(x) (3.3d)

for t > 0 and x ∈ (0, 1). Here we have ε > 0, b1, b2 ∈ L2(0, 1), and the input delays 0 < h1 ≤ h2. The
system outputs are expressed as:

ỹ1(t) = z(t, ζ1) = y1(t) − Ze, ỹ2(t) = z(t, ζ2) = y2(t) − Ze, (3.4)

for some 0 ≤ ζ1 < ζ2 < 1. Note that we exclude here the case ζ2 = 1 due to the periodic condition
(3.3b).

REMARK 3.1. It will appear in the sequel that, in the case Ze = 0, all the modes of the plant, except the
first one, are of geometric multiplicity two. This motivates the need for the introduction of two distinct
scalar control inputs, as well as two distinct outputs. These points will be further discussed latter on to
establish necessary and sufficient conditions for the both controllability and observability of the modes.
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14 H. LHACHEMI AND C. PRIEUR

3.2. Spectral reduction

To study the eigenelements of the problem, we introduce

A f = −εf ′′ + Ze f ′

defined on

D(A ) =
{

f ∈ H2(0, 1) : f (0) = f (1), f ′(0) = f ′(1)
}

.

Its eigenvalues (λn)n∈Z are given by

λn = 4εn2π2 + i2Zenπ , ∀n ∈ Z

while the associated eigenvectors

φn(x) = e2inπx, ∀n ∈ Z

form a Hilbert basis of L2(0, 1). It can be shown that ρ(A ) �= ∅, hence A is a closed operator. Then
−A is a Riesz spectral operator that generates a C0-semigroup. In particular:

A f =
∑
n∈Z

λn

〈
f , φn

〉
φn

with

D(A ) =
{

f ∈ L2(0, 1) :
∑
n∈Z

|λn|2|
〈
f , φn

〉 |2 < ∞
}

.

Using an integration by parts, we have for all real-valued f ∈ D(A ) that
∑

n∈Z λn|
〈
f , φn

〉 |2 =
〈A f , f 〉 = ε

∫ 1
0 |f ′(x)|2 dx + Ze

∫ 1
0 f ′(x)f (x) dx. Consider first the case Ze �= 0. Young’s inequal-

ity gives
∣∣∣∫ 1

0 f ′(x)f (x) dx
∣∣∣ ≤ ε

2|Ze|
∫ 1

0 |f ′(x)|2 dx + |Ze|
2ε

∫ 1
0 |f (x)|2 dx, showing that ε

2

∫ 1
0 |f ′(x)|2 dx −

Z2
e

2ε

∫ 1
0 |f (x)|2 dx ≤ ∑

n∈Z λn|
〈
f , φn

〉 |2 ≤ 3ε
2

∫ 1
0 |f ′(x)|2 dx + Z2

e
2ε

∫ 1
0 |f (x)|2 . This implies the existence

of constants C1, C2 > 0 such that, for any real valued function f ∈ D(A ),

C1‖f ‖2
H1 ≤

∑
n∈Z

(ν + λn)|
〈
f , φn

〉 |2 = (ν + λ0)|
〈
f , φ0

〉 |2 + 2
∑
n≥1

(ν + Re λn)|
〈
f , φn

〉 |2 ≤ C2‖f ‖2
H1

(3.5)

for all f ∈ D(A ) with ν = (1 + Z2
e )/ε. The latter inequalities also hold in the case Ze = 0. Combining

this result with the Riesz spectral properties of A , we deduce that, for all f ∈ D(A ), the series expansion
f = ∑

n≥0

〈
f , φn

〉
φn holds in H2-norm. Then the continuous embedding H1(0, 1) ⊂ L∞(0, 1) implies

that f (ζ ) = ∑
n≥1

〈
f , φn

〉
φn(ζ ) for all ζ ∈ [0, 1].
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 15

We use in this section, for any integer N ≥ 0, the notation

RNf =
∑

|n|≥N+1

〈
f , φn

〉
φn.

We are now ready to perform the spectral reduction of (3.3).We note r = −zzx. We introduce the
Fourier coefficients: zn(t) = 〈

z(t, ·), φn

〉
, rn(t) = 〈

r(t, ·), φn

〉
, b1,n = 〈

b1, φn

〉
and b2,n = 〈

b2, φn

〉
. Then the

projection of (3.3) into the Hilbert basis {φn : n ∈ Z} gives

żn(t) = −λnzn(t) + rn(t) + b1,nu1(t − h1) + b2,nu2(t − h2), n ∈ Z. (3.6)

Considering classical solutions, the measurements (3.4) are expressed as the series expansion:

ỹi(t) =
∑
n∈Z

zn(t)φn(ζi), i ∈ {1, 2}. (3.7)

The dynamics (3.6) is expressed in the complex field. However, the original problem (3.3) is in the
real field: z(t, x) ∈ R while u1(x), u2(x) ∈ R. Since φn = φ−n, this implies that zn(t) = z−n(t). Hence,
the dynamics (3.6) is equivalently rewritten as:

ż0(t) = −λ0z0(t) + r0(t) + b1,0u1(t − h1) + b2,0u2(t − h2), (3.8a)

Żn(t) = −FnZn(t) + Rn(t) + G1,nu1(t − h1) + G2,nu2(t − h2), n ≥ 1 (3.8b)

with Zn =
[

Re zn
Im zn

]
, Fn =

[
Re λn −Im λn
Im λn Re λn

]
, Rn =

[
Re rn
Im rn

]
, G1,n =

[
Re b1,n
Im b1,n

]
and G2,n =

[
Re b2,n
Im b2,n

]
.

Furthermore, the system outputs (3.7) is written as

ỹi(t) = φ0(ζi)z0(t) +
∑
n≥1

Hi,nZn(t), i ∈ {1, 2} (3.9)

with Hi,n = 2
[
Re φn(ζi) −Im φn(ζi)

]
3.3. Control strategy

Let δ > 0 be the desired exponential decay rate for the closed-loop system trajectories. We fix N0 ≥ 0
so that −Re λn < −δ < 0 for all |n| ≥ N0 + 1. For an arbitrarily given N ≥ N0 + 1, which will be
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16 H. LHACHEMI AND C. PRIEUR

specified later, we introduce the following observer dynamics:

˙̂z0(t) = −λ0ẑ0(t) + b1,0u1(t − h1) + b2,0u2(t − h2)

− l1,0

{
φ0(ζ1)ẑ0(t) +

N∑
k=1

H1,kẐk(t) − ỹ1(t)

}

− l2,0

{
φ0(ζ2)ẑ0(t) +

N∑
k=1

H2,kẐk(t) − ỹ2(t)

}
(3.10a)

˙̂Zn(t) = −FnẐn(t) + G1,nu1(t − h1) + G2,nu2(t − h2)

− L1,n

{
φ0(ζ1)ẑ0(t) +

N∑
k=1

H1,kẐk(t) − ỹ1(t)

}

− L2,n

{
φ0(ζ2)ẑ0(t) +

N∑
k=1

H2,kẐk(t) − ỹ2(t)

}
, 1 ≤ n ≤ N0 (3.10b)

˙̂Zn(t) = −FnẐn(t) + G1,nu1(t − h1) + G2,nu2(t − h2), N0 + 1 ≤ n ≤ N (3.10c)

where l1,0, l2,0 ∈ R and L1,n, L2,n ∈ R
2×1 stand for the observer gains.

In order to compensate the input delays h1, h2 > 0, we need to introduce a predictor component.

With ẐN0 =
[
ẑ0 Ẑ�

1 . . . Ẑ�
N0

]�
, A0 = diag(−λ0, −F1, . . . , −FN0

), B1,0 =
[
b1,0 G�

1,1 . . . G�
1,N0

]�
and B2,0 =

[
b2,0 G�

2,1 . . . G�
2,N0

]�
. We also define the Artstein transformation:

ẐN0
A (t) = ẐN0(t) +

2∑
i=1

∫ t

t−hi

eA0(t−hi−τ)Bi,0ui(τ ) dτ . (3.11)

This allows the introduction of the predictor feedback:

u1(t) = K1ẐN0
A (t), u2(t) = K2ẐN0

A (t) (3.12)

for t ≥ 0 where K1, K2 ∈ R
1×(2N0+1) represent the feedback gains. Defining u = col(u1, u2) and

K = col(K1, K2), we deduce that u(t) = KẐN0
A (t) for t ≥ 0.

The statement of the main result of this section requires the introduction of the following matrices:

B̃0 = [
e−A0h1B1,0 e−A0h2B2,0

]
, A1 = diag(−FN0+1, . . . , −FN), B1,1 =

[
G�

1,N0+1 . . . G�
1,N

]�
,

B2,1 =
[
G�

2,N0+1 . . . G�
2,N

]�
, B̃1 = [

eA1(h2−h1)B1,1 B2,1

]
, C1,0 = [

φ0(ζ1) H1,1 . . . H1,N0

]
, C2,0 =[

φ0(ζ2) H2,1 . . . H2,N0

]
, C0 = col(C1,0, C2,0), C̃1,1 =

[
1√

1+Re λN0+1
H1,N0+1 . . . 1√

1+Re λN
H1,N

]
,

C̃2,1 =
[

1√
1+Re λN0+1

H2,N0+1 . . . 1√
1+Re λN

H2,N

]
, C̃1 = col

(
C̃1,1, C̃2,1

)
, L1 =

[
l1,0 L�

1,1 . . . L�
1,N0

]�
,

D
ow

nloaded from
 https://academ

ic.oup.com
/im

am
ci/article/42/2/dnaf015/8158009 by U

niversidade Federal de Santa C
atarina (U

FSC
) user on 26 M

arch 2026



INPUT-DELAYED VISCOUS BURGERS’ EQUATION 17

L2 =
[
l2,0 L�

2,1 . . . L�
2,N0

]�
, L = [

L1 L2

]
,

F =

⎡
⎢⎢⎢⎢⎣

A0 + B̃0K LC0 0 LC̃1

0 A0 − LC0 0 −LC̃1

B̃1K 0 A1 0

0 0 0 A1

⎤
⎥⎥⎥⎥⎦ , L =

⎡
⎢⎢⎣

L
−L
0
0

⎤
⎥⎥⎦ .

REMARK 3.2. In the case Ze �= 0, we observe that the eigenvalues λn = 4εn2π2 + i2Zenπ , n ∈ Z,
are simple. Hence, one single input, say u1 while u2 = 0, is sufficient to stabilize the plant provided
b1,n �= 0 for all integers |n| ≤ N0. Indeed we have for n ≥ 1 that det

[
Gi,n −FnGi,n

] = −|bi,n|2Im λn =
−2|bi,n|2Zenπ , hence the pair (−Fn, Gi,n) is observable if and only if Ze �= 0 and bi,n �= 0. Similarly, the
necessity to introduce a second measurement only appears in the case Ze = 0. Indeed we have for n ≥ 1

that det

[
Hi,n

−Hi,nFn

]
= 4|φn(ζi)|2Im λn = 8Zenπ where we have used that φn(x) = e2inπx. So, the pair

(−Fn, Hi,n) is observable if and only if Ze �= 0.
Let us consider the case Ze = 0. Let B0 = [

B1,0 B2,0
]
. It can be observed from the Hautus test

that (A0, B̃0) satisfies the Kalman condition if and only if (A0, B0) satisfies the Kalman condition, that

is if and only if (i) either b1,0 �= 0 or b2,0 �= 0; and (ii) the determinant Δb,k =
∣∣∣∣Re b1,k Re b2,k
Im b1,k Im b2,k

∣∣∣∣ =
Im

(
b1,kb2,k

) �= 0 for all 1 ≤ k ≤ N0.

Note that, because B̃0 depends explicitly on the delays h1, h2 > 0, the computation of the feedback
gain K also depends on h1, h2 > 0. It is worth mentioning that an alternative to the classical Arststein
transformation rendering the computation of the feedback gain independent of the delays has been
reported in Tsubakino et al. (2016).

Consider now the pair (A0, C0). Recalling that φ0 = 1, the application of the Hautus test
shows that the latter pair satisfies the Kakman condition if and only if the determinant Δc,k =
4

∣∣∣∣Re φk(ζ1) −Im φk(ζ1)

Re φk(ζ2) −Im φk(ζ2)

∣∣∣∣ = 4 sin
(
2kπ(ζ1 − ζ2)

) �= 0 for all 1 ≤ k ≤ N0. With 0 ≤ ζ1 <

ζ2 < 1, we deduce that (A0, C0) satisfies the Kalman condition if an only if ζ2 − ζ1 /∈ Sζ ,N0
={ m

2k , 1 ≤ k ≤ N0, 1 ≤ m ≤ 2k
}
.

3.4. Local exponential stability assessment

THEOREM 3.1. Let ε > 0, Ze ∈ R, b1, b2 ∈ L2(0, 1) and 0 ≤ ζ1 < ζ2 < 1. Let δ > 0 and N0 ≥ 0 be such
that −Re λn < −δ for all |n| ≥ N0 +1. Assume that (i) either b1,0 �= 0 or b2,0 �= 0; (ii) Im

(
b1,kb2,k

) �= 0
for all 1 ≤ k ≤ N0; and (iii) ζ2 − ζ1 /∈ Sζ ,N0

= { m
2k , 1 ≤ k ≤ N0, m ≥ 1

}
. Let 0 < h1 ≤ h2 be given.

Let K ∈ R
2×(2N0+1) and L ∈ R

(2N0+1)×2 be such that A0 + B̃0K and A0 − LC0 are Hurwitz with spectral
abscissa strictly less than −δ < 0. For a given N ≥ N0 + 1, assume that there exist P, Q1, Q2 � 0, α > 1
and β1, β2, γ > 0 such that

Θ1 ≺ 0, Θ2 < 0, Θ3,1 � 0, Θ3,2 � 0 (3.13)
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18 H. LHACHEMI AND C. PRIEUR

where

Θ1 =
[

F�P + PF + 2δP + Q̃ PL
L �P −β

]
(3.14a)

Θ2 = 2γ

{
−
(

1 − 1

α

)
Re λN+1 + δ + ν

α

}
+ β1Mφ,1 + β2Mφ,2 (3.14b)

Θ3,1 = −e−2δh1Q1 + αγ ‖RNb1‖2
L2K�

1 K1 (3.14c)

Θ3,2 = −e−2δh2Q2 + αγ ‖RNb2‖2
L2K�

2 K2 (3.14d)

with Q̃ = diag(Q1 + Q2, 0, 0, 0), β = diag(β1, β2) and Mφ,i = ∑
|n|≥N+1

|φn(ζi)|2
ν+Re λn

< +∞. Then there

exist constants R, M > 0 such that for any initial condition Z0 ∈ H2(0, 1) so that Z0(0) = Z0(1) and
Z′

0(0) = Z′
0(1) with ‖Z0 − Ze‖H1

< R, the trajectories of the closed-loop system composed of the plant
(3.1), the Dirichlet measurements (3.2) and the controller (3.10–3.12) with null control in negative times
(u(τ ) = 0 for τ < 0) and zero initial condition for the observer (ẑn(0) = 0) satisfy

‖Z(t, ·) − Ze‖2
H1 + sup

τ∈[t−h,t]
‖u(τ )‖2 + ẑ0(t)

2 +
N∑

n=1

‖Ẑn(t)‖2 ≤ Me−2δt‖Z0 − Ze‖2
H1

for all t ≥ 0. Moreover, for any given h1, h2 > 0, the constraints (3.13) are always feasible for N selected
large enough.

Proof. Step 1 - finite dimensional model. Let e0 = z0 − ẑ0, En = Zn − Ẑn for all 1 ≤ n ≤ N,

and define Ẽn = √
1 + Re λnEn. Then we define the vectors EN0 = [

e0 E�
1 . . . E�

N0

]�
, ẼN−N0 =[

Ẽ�
N0+1 . . . Ẽ�

N

]�
and ẐN−N0 =

[
Ẑ�

N0+1 . . . Ẑ�
N

]�
. From (3.6) and (3.10) we infer that

˙̂ZN0 = A0ẐN0 + B1,0u1(t − h1) + B2,0u2(t − h2) + LC0EN0 + LC̃1ẼN−N0 + Lζ (3.15a)

ĖN0(t) = (A0 − LC0)E
N0 − LC̃1ẼN−N0 − Lζ + R̃1 (3.15b)

˙̂ZN−N0 = A1ẐN−N0 + B1,1u1(t − h1) + B2,1u2(t − h2) (3.15c)

˙̃EN−N0 = A1ẼN−N0 + R̃2 (3.15d)

where ζ = col(ζ1, ζ2), ζi = ∑
|n|≥N+1 φn(ζi)zn, and the vectors

R̃1 = col(r0, R1, . . . , RN0
), R̃2 = col

(√
1 + Re λN0+1RN0+1, . . . ,

√
1 + Re λNRN

)
.
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 19

Based now on (3.11) and defining the second Artstein transformation1

ẐN−N0
A (t) = eA1h2 ẐN−N0(t) +

2∑
i=1

∫ t

t−hi

eA1(t+h2−hi−τ)Bi,1ui(τ ) dτ (3.16)

the introduction of the vector

X = col
(

ẐN0
A , EN0 , ẐN−N0

A , ẼN−N0
)

(3.17)

yields

Ẋ = FX + L ζ + GR̃ (3.18)

where R̃ = col(R̃1, R̃2) and G =
[

0 I 0 0
0 0 0 I

]�
.

Step 2 - Lyapunov functional candidate. Now the proof relies on the introduction of the functional
defined by V(t) = V0(t) + V1,1(t) + V1,2(t) + V2,1(t) + V2,2(t) where

V0(t) = X(t)�PX(t) + γ
∑

|n|≥N+1

(ν + λn)|zn(t)|2

= X(t)�PX(t) + 2γ
∑

n≥N+1

(ν + Re λn)|zn(t)|2 (3.19a)

V1,i(t) =
∫ t

(t−hi)+
e−2δ(t−τ)ẐN0

A (τ )�QiẐ
N0
A (τ )dτ (3.19b)

V2,i(t) = qi

∫ 0

−hi

∫ t

t+θ
e−2δ(t−s)|ui(s)|2 ds dθ (3.19c)

with (t − hi)+ = max(t − hi, 0) and for some qi ≥ 0 to be selected later. Introducing X̃ = col(X, ζ , R̃),
the computation of the time derivative of V for t > h2 ≥ h1 gives

V̇ + 2δV = X̃�
⎡
⎣F�P + PF + 2δP PL PG

L �P 0 0
G�P 0 0

⎤
⎦ X̃ + 4γ

∑
n≥N+1

(ν + Re λn)(−Re λn + δ)|zn|2

+ 4γ
∑

n≥N+1

(ν + Re λn)Re
({rn + b1,nu1(t − h1) + b2,nu2(t − h2)}zn

)

+
(

ẐN0
A

)�
Q1ẐN0

A − e−2δh1 ẐN0
A (t − h1)�Q1ẐN0

A (t − h1)

1 Note the slight difference of approach in the definition of the Artstein transformation (3.16) compared to (3.11). Mimicking

(3.11), a natural choice would have been to define Ẑ
N−N0
A (t) = ẐN−N0 (t) + ∑2

i=1
∫ t

t−hi
eA1(t−hi−τ)Bi,1ui(τ ) dτ . In that case,

one gets ˙̂ZN−N0
A = A1Ẑ

N−N0
A + [

e−A1h1 B1,1 e−A1h2 B2,1
]

u. The main issue is that ‖ [e−A1h1 B1,1 e−A1h2 B2,1
] ‖ is in general

unbounded as N → +∞ while such a boundedness property is crucial for ensuring the feasibility of the constraints (3.13). This
issue is solved by adopting the Artstein transformation (3.16) for which the resulting input matrix B̃1 = [

eA1(h2−h1)B1,1 B2,1
]
,

where h2 ≥ h1, is bounded in norm as N → +∞.
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20 H. LHACHEMI AND C. PRIEUR

+
(

ẐN0
A

)�
Q2ẐN0

A − e−2δh2 ẐN0
A (t − h2)�Q2ẐN0

A (t − h2)

+ q1h1|u1(t)|2 − q1

∫ t

t−h1

e−2δ(t−s)|u1(s)|2 ds + q2h2|u2(t)|2 − q2

∫ t

t−h2

e−2δ(t−s)|u2(s)|2 ds.

Proceeding with similar estimations that the ones reported in the proof of Theorem 2.1, we obtain using
in particular Young’s inequality that

V̇ + 2δV ≤ X̃�Θ1,aX̃ + 2
∑

n≥N+1

(ν + Re λn)Γn|zn|2 (3.20)

+ ẐN0
A (t − h1)

�Θ3,1ẐN0
A (t − h1) + ẐN0

A (t − h2)
�Θ3,2ẐN0

A (t − h2)

− q1e−2δh1

∫ t

t−h1

|u1(s)|2 ds − q2e−2δh2

∫ t

t−h2

|u2(s)|2 ds + α′γ ‖r‖2
L2

where

Θ1,a =
⎡
⎣F�P + PF + 2δP + Ψ PL PG

L �P −β 0
G�P 0 −α′γΩ

⎤
⎦

Γn = 2γ

{
−
(

1 − 1

α
− 1

2α′

)
Re λn + δ +

(
1

α
+ 1

2α′

)
ν

}
+ β1Mφ,1 + β2Mφ,2

for any α′ > 0 to be determined later and with the matrices Ψ = Q̃ + q1h1K̃�
1 K̃1 + q2h2K̃�

2 K̃2, K̃i =[
Ki 0 0 0

]
and Ω = diag(I2N0+1, 1/(1 + Re λN0+1)I2, . . . , 1/(1 + Re λN)I2) � 0.

Step 3 - estimate of the nonlinearity. We can now address the evaluation of the term ‖r‖2
L2 where

r = −zzx. Proceeding as in the proof of Theorem 2.1, we have ‖r(t, ·)‖2
L2 ≤ 2‖z(t, ·)‖4

H1 . In view of
(3.5), we infer as in the proof of Theorem 2.1 the existence of a constant C3 > 0, which does not depend
on α′, q1 and q2, so that

‖z(t, ·)‖2
H1 ≤ C3X(t)�PX(t) + C3

2∑
i=1

∫ t

t−hi

|ui(τ )|2 dτ + C3

∑
n≥N+1

(ν + Re λn)zn(t)
2. (3.21)

Step 4 - introduction of an a priori estimate. Let σ > 0 to be defined later. Assuming that the
following a priori estimate holds:

‖z(t̄, ·)‖2
H1 ≤ σ 2 (3.22)

for some t̄ ≥ 0, we obtain that ‖r(t̄, ·)‖2
L2 ≤ 2σ 2‖z(t̄, ·)‖2

H1 . Hence, combining this latter estimate with
(3.21) and using the subsequent inequality into (3.20) with (3.13), we obtain under the a priori estimate
(3.22) that

V̇(t̄) + 2δV(t̄) ≤X̃(t̄)�Θ ′
1,aX̃(t̄) + 2

∑
n≥N+1

(ν + Re λn)Γ ′
nzn(t̄)2 + q′

1

∫ t̄

t̄−h1

|u1(s)|2 ds + q′
2

∫ t̄

t̄−h2

|u2(s)|2 ds
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INPUT-DELAYED VISCOUS BURGERS’ EQUATION 21

where Θ ′
1,a = Θ1,a + 2α′γ C3σ

2diag(P, 0, 0), Γ ′
n = Γn + 2α′γ C3σ

2, q′
i = 2α′γ C3σ

2 − qie
−2δhi .

Step 5 - selection of the decision variables α′, q1, q2, σ . From the assumptions of the theorem, we
have N ≥ N0 + 1, P, Q1, Q2 � 0, α > 1 and β1, β2, γ > 0 so that (3.13) holds. From α > 1 we have
1 − 1/α > 0. We also recall that Ω � 0. Hence, invoking the Schur complement, we select α′ > 0
sufficiently large so that

⎡
⎣F�P + PF + 2δP + Q̃ PL PG

L �P −β 0
G�P 0 −α′γΩ

⎤
⎦ ≺ 0

ΓN+1 = Θ2 + γ

α′ (ν + ReλN+1) < 0

with 1 − 1
α

− 1
2α′ > 0. Then we set qi = 2α′γ C3e2δhiσ 2 ≥ 0, giving q′

i = 0. We finally fix σ > 0 small
enough so that Θ ′

1,a � 0 and Γ ′
N+1 ≤ 0. Since 1 − 1

α
− 1

2α′ > 0, we obtain that Γ ′
n ≤ Γ ′

N+1 ≤ 0 for
all n ≥ N + 1. This shows that, for any t̄ > h2 ≥ h1 so that the a priori estimate (3.22) holds, we have
V̇(t̄) + 2δV(t̄) ≤ 0. A similar argument on the time intervals (0, h1) and (h1, h2) shows that, also under
the a priori estimate (3.22), V̇(t̄) + 2δV(t̄) ≤ 0.

Step 6 - stability estimate. From (3.21), (3.12) and (3.19), and because Q1, Q2 � 0, we deduce the
existence of a constant C4 > 0 so that ‖z(t, ·)‖2

H1 ≤ C4V(t) for t ≥ 0. From now, the claimed stability

estimate is obtained as in the proof of Theorem 2.1 for initial conditions selected so that V(0) < σ 2/C4.
Step 7 - feasibility of the constraints. This is completed by proceeding as in the proof of Theorem 2.1.

�

4. Conclusion

This paper has addressed the control design problem of local output feedback stabilization of the Burgers’
equation in the presence of an arbitrarily long input delay. The reported control strategy relies on spectral
reduction methods coupled with a predictor feedback. This strategy systematically achieves the local
exponential stabilization of the plant provided the order of the controller is selected to be large enough.
This approach has been extended to the case of a Burgers’ equation with periodic boundary conditions.
This latter setting has required the conduction of the control design procedure in a multi-output multi-
output framework, with possibly distinct input delays. Even if the presentation was focused on the case of
the setpoint control for constant equilibrium positions Ze of the Burger’ equation, the reported approach
also extends to spatially varying equilibrium conditions as studied in Krstic et al. (2008, 2009) when
considering two boundary controls.
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No new data were generated or analysed in support of this research.
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