IMA Journal of Mathematical Control and Information (2025) 42, 1-15
https://doi.org/10.1093/imamci/dnat026

#? observer design for a class of semilinear hyperbolic PDEs

FRANTHIESCOLLY VIEIRA DE CARVALHO
Postgraduate Program in Automation and Systems Engineering, Center of Technology—UFSC,
Campus Universitdrio Reitor Jodo David Ferreira Lima, Floriandpolis, SC 88040-900, Brazil

DANIEL COUTINHO AND GUSTAVO ARTUR DE ANDRADE*
Department of Automation and Systems Engineering, Center of Technology—UFSC, Campus
Universitdrio Reitor Jodo David Ferreira Lima, Florianopolis, SC 88040-900, Brazil
*Corresponding author. Email: gustavo.artur@ufsc.br

AND

MoHAMED MAGHENEM AND CHRISTOPHE PRIEUR
GIPSA-lab, Université Grenoble Alpes, CNRS, Grenoble-INP, F-38000 Grenoble, France

[Received on 31 March 2025; revised on 19 July 2025; accepted on 20 August 2025]

This work presents the design of a boundary state observer for one-dimensional heterodirectional
semilinear hyperbolic partial differential equations. The observer equations are formulated using two
correction signals derived from boundary measurements, with one being applied to the source term and
another one at the boundaries. To ensure the stability and convergence of the estimation error, sufficient
design conditions are derived using Lyapunov theory. These conditions guarantee the exponential stability
of the estimation error in the .#2 sense, and they are expressed in the form of linear matrix inequalities
providing a computational framework for the observer design. A numerical example is presented to
validate the proposed methodology.
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1. Introduction

The study of hyperbolic partial differential equations (PDEs) has been the focus of numerous works,
mostly because these equations can describe a wide range of processes, such as the flow of fluids in
open channels or in gas pipelines (Bastin & Coron, 2016), stratified storage tanks (Kreuzinger et al.,
2008), vibration dynamics of the mining cable elevators (Wang et al., 2023), traffic density (Karafyllis
etal.,2019), heat exchangers (Shang et al., 2000) and hydrogen production systems based on electrolyzer
devices (Majumdar et al., 2023).

A central challenge in the practical application of such processes lies in estimating their internal
states and parameters, as this often depends on a limited set of measurements typically obtained from the
system’s boundary conditions. Most of the results (considering infinite-dimensional tools) for boundary
observer design can be divided into three main approaches. In the backstepping methodology, the original
system is transformed into a stable target system using a Volterra integral transformation (see Vazquez
et al. (2026) for more details). This approach has been extensively applied in various studies addressing
estimation problems, including the design of adaptive boundary-observers for both linear (Ghousein
et al., 2020; Teng et al., 2023) and semilinear systems (Holta & Aamo, 2022), solutions to estimation
challenges involving unstable time-fractional linear PDEs (Lv et al., 2019) and the estimation of states
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2 F. V. DE CARVALHO ET AL.

for linear (Bernard & Krstic, 2014; Deutschmann et al., 2016b) or semilinear partial integro-differential
equations (Deutschmann et al., 2016a). Practical applications span diverse areas such as rotary drilling
systems (Di Meglio et al., 2014; Mlayeh et al., 2018) and image encryption systems (Sano & Redaud,
2024). Additionally, systems interconnected with ordinary differential equations (ODEs) have garnered
significant interest in the literature. Notable examples include observer design for n+m hetero-directional
linear PDEs coupled at both boundaries (Auriol & Argomedo, 2023), estimation problems involving
anti-collocated observers for under-actuated linear ODE-PDE coupled systems (Andrade et al., 2020;
Mathiyalagan er al., 2022) and collocated observers for linear PDEs bidirectionally coupled with non-
linear ODEs (Irscheid et al., 2023). Further challenges include the design of collocated observers for
semilinear systems (Hasan et al., 2016) and heterogeneous quasilinear traffic flow systems (Yu et al.,
2021; Guan et al., 2024).

The second approach leverages the semigroup framework, where the system is reformulated in such
a way that the temporal evolution (governed by the semigroup) and the spatial dynamics (described
by the spatial operator) are treated independently. This separation simplifies both the design and
stability analysis. This approach proves useful in addressing unknown-input observer-design problems
for semilinear PDE—ODE coupled systems (Cristofaro & Ferrante, 2023) and, from the same perspective,
in handling state estimation for semilinear PDEs with linear time-invariant boundary conditions (Ferrante
et al., 2020), as well as in designing extended Kalman filter-based observers for the semilinear case
(Afshar et al., 2024).

In contrast, the observer can be fully designed considering Lyapunov-based methods, with stability
conditions expressed in terms of linear matrix inequalities (LMIs). This technique has proven to be an
effective option for addressing estimation problems in semilinear damped wave equations (Terushkin
& Fridman, 2019), boundary observer design for both linear and quasilinear strict hyperbolic systems
(Castillo et al., 2013) and high-gain observer design for quasilinear integro systems (Kitsos et al., 2022).

Apart from the latter three main approaches, one can cite the method of characteristics for boundary
observer design. However, to the best of our knowledge, this approach can only be applied to linear and
semilinear cases in which the characteristic lines are perfectly known. Examples of its application can
be found in Strecker & Aamo (2017) and Strecker et al. (2020) for semilinear systems.

In this paper, the problem of state estimation is considered for dynamic systems governed by semi-
linear hyperbolic PDEs with measurements collected at the system boundaries. It is assumed that
the model non-linearities at the source term and the boundaries satisfy Lipschitz-like conditions. The
proposed observer structure is a copy of the original system with additional correction signals (one at
the source term and other one at the boundaries), which are proportional to the estimation error output.
By analysing the estimation-error dynamics and applying Lyapunov theory, we derive sufficient and
numerically tractable conditions for the observer design that ensure exponential convergence of the
estimation error in the .#? norm. This stability condition is formulated in terms of LMISs, enabling
efficient resolution of the design problem through semi-definite programming. Moreover, numerical
simulations are presented to demonstrate the effectiveness of the proposed method, along with a
performance comparison against a classical early-lumping Linear Quadratic Regulator (LQR) design.

The rest of this paper is organized as follows. In Section 2, we introduce the system and a key lemma
that support the observer design methodology proposed in Section 3. An illustrative example is presented
in Section 4 to demonstrate the potential of the proposed approach, and Section 5 concludes this paper.

Notation

The notation in this paper is standard. N and R represent, respectively, the sets of natural and real
numbers, and R” and R"*™ denote the sets of n-dimensional real vectors and n x m real matrices,
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#? OBSERVER DESIGN FOR SEMILINEAR HYPERBOLIC PDES 3

respectively. For matrices M € R and § € R™", M is the transpose of M and S > 0 means
that S is symmetric positive definite. /,, and O, ,,, are the n-dimensional identity matrix and an n x m
matrix of zeros, respectively, with their dimensions often omitted when they can be inferred from the
context. (%O([O, T]))" stands for the set of n-dimensional continuous functions on the interval [0, 7],
(‘51 ([0, T]))n is the equivalent class of continuous functions on [0, T'] that have first-order continuous
derivatives on (0,7T) and (32(0, 1))" is the set of equivalence classes of measurable functions f :
[0,1] — R” for which |[f(x)]| 2 = ( fol If()[)1/? < oo. For any interval I C R, the space
(€°I; £%(0, 1)))" is the space of continuous mappings I > t — u(t,x) € (Z2(0,1))". Similarly, for
any interval I C R, the space (€1(I; £%(0, 1)))" is the space of continuously differentiable mappings
I3 1— u(t,x) € (L%0,1)"

2. Problem statement

Consider the following class of semi-linear hyperbolic hetero-directional system:

du(t,z) + A, 0,u(t,z) = f,(ut,2),v(2), 2.1)
v(t,z) — A, 0,v(t,2) = f,(u(t,2),v(1,2)), 2.2)
u(t,0) = Gow(t) + g, (w(), (2.3)
v(t, 1) = Gow(t) + g,(w (1)), (24)
w(t) = [ﬁg éﬂ 2.5)
() = Cw(t), (2.6)

where t € [0,400) and z € [0, 1] denote time and space, respectively. The states are given by u =
T T . .

[”1 e un] and v = [vl e vm] , with n,m € N, w are the boundary conditions and y denotes the

available measurements. The matrices G4, € R+ Gb ¢ Rm*(+m) and the non-linear functions

gu’l(w) gv,l (W)
g.(w) = : and g,(w) = :
8unW) 8ymW)

define the coupling between the PDEs at the boundaries, while

fu,l(u’ V) fv,l(u’ V)
fuu,v) = and f, (u,v) = :
Jun (s v) Sy (Us V)

stand for the coupled PDE source terms. Finally, the diagonal matrices

A, =diag{A,..., A}, A, =diag{d, 1,0 A )

>*n > “n+m
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4 F. V. DE CARVALHO ET AL.

with A; > 0, fori = 1, ...,n+m, define, respectively, the positive and negative propagation speeds, and
C e ROmx(tm jndicates the measurable boundary conditions.
The initial conditions of (2.1)—(2.4) are given by

u©0,2) =up2),  v(0,2) =), Vzel01], 2.7

where 1, € (Z([0, 11))" and v € (Z([0,11))" are given functions.

AssumpTION 1. There exist F,; € qu”,Fw- € Raxm, G,; € R™=n G, € R™™ fori = 1,2, such that
the following hold:

u u
f, (1, v1) = fo(tg vl 2 < || [Foua Fvﬁl][vi _Vi] R (2.8)
Uy —up
I, ey, v1) = f, g v)ll g2 < [[[Fun Fial | P (2.9
u u 1
I8,y vy) — 8, (g )l < [ [Guy Gyl [vi_vj : (2.10)
u u 1
g, (uy,vi) — 8@z, v)Il < |[Ghn G2l [Vi—v; : 2.11)

for all (uy,uy) € (L%([0,11))" and (v}, v,) € (L2([0, 11))".
The system (2.1)—(2.4) under Assumption 1 is well-posed in the following .Z 2 sense (Hayat, 2021).

Lemma 1. If Assumption 1 holds, then for any 7 > 0 and any (1, v,) € (32([0, 1]))"+m, the Cauchy
problem of (2.1)—~(2.4), with initial conditions (#(0, z), v(0,z)) = (i, V), has a unique solution (u,v) €

(€°([0, TD), 22((0, 1))

. Moreover,

(e, ), vt Dl g2 = ¢ (T) I(ug, vo)ll 2, ¥Vt € [0,T1, (2.12)

where ¢ (T) is a constant depending only on 7.

In this paper, we are interested in designing a state observer for the semi-linear PDE system as defined
in (2.1)—(2.4) based only on the boundary measurements y(¢) as defined in (2.6) with guarantees of
convergence in the .#2-norm setting. The subsequent section proposes a sufficient (and numerically
tractable via semidefinite programming) condition to ensure that the estimation-error dynamics is
asymptotically stable in the £ sense.

3. State-observer design

The proposed observer structure is a copy of the original system (2.1)—(2.4) plus two injection terms
(one at the source term and another one at the boundaries) as described below:

d,0u(t,2) + A, d,(t,2) = f,(u(t,2), D(t,2)) + K(2) (y() — $(D)), (3.1)
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#? OBSERVER DESIGN FOR SEMILINEAR HYPERBOLIC PDES 5

I(1,2) — A, 3,0(t,2) = f,(i(t,2), 9(1,2)) + K9 (@) (y(1) — 3(1)), (3.2)

i(1,0) = GoW(t) + g, () + K5 (y() — $(1)), (3.3)

b(t, 1) = GIiv () + ,00(0) + KY (v(1) = 5(1), (3.4)

. la@ )

W(t) = [0 ([’ 0)]’ (3.5)

(@O = Ow(), (3.6)
where it = [, -+ @,]" andd = [p, --- 9,,]" are the observer states; and K%(z) : [0, 1] — Rnx(tm),

K(z) : [0,1] — Rmxtm) gb ¢ Rux(ntm) gb o Rmx(4m) are the observer gains to be determined,
with K¢ and K¢ being sufficiently smooth functions for all z € [0, 1].
Next, let us consider the following notation:

u(t,z) == u(t,z) — u(t,z), v(t,2) :=v(t,z) —v(t,2), W) :=w(E) —w(). (3.7)

Then, by subtracting (3.1)—(3.4) from (2.1)—(2.4) we obtain the following error dynamics:

3,i(t,2) + A, 3.i(t.2) = f, — KL@)F(), (3.8)
9,9(1,2) — A, 8,0(t,2) = f, — K4 @)3(0), (3.9)
i(1,0) = (G2 — KbOW(n) + 3, (3.10)
(1, 1) = (G5 — K CO)w(n) + 8, (3.11)

where

fu =1, (t,2),v(t.2)) — f, (u(t.2) — i(t,2), (£, 2) — ¥(t,2)),
fo =1, W(t,2),v(t,2)) — f, (u(t,2) — i(t,2), (1, 2) = ¥(1,2)),
8y = 8, u(t,2),v(t,2)) — g, (u(t,2) — u(t,2),v(t,2) — V(t,2)),
8, =8, u(t,2),v(t,2)) — g, (u(t,2) — u(t,2),v(t,2) — v(t,2)).

The well-posedness of (3.8)—(3.11), under Assumption 1, is established in the following lemma,
which is based on Karafyllis & Krstic (2019). Although Karafyllis & Krstic (2019) focus on the scalar
case, their result can be extended with minor modifications to address the case of n x m hyperbolic PDEs.

Lemma 2. If Assumption 1 holds and the induced norm of the matrix functions K‘Lf(z) and K‘,f(z) are
bounded, for all z € [0, 1], then, for any 7 > 0 and any (u, vy) € ((51 (10, 1]))n+m, the Cauchy problem
n+m

of (2.1)~(2.4), with initial conditions (i, v), has a unique solution (u, v) € (‘51 ([0, T1), ([0, 1])) .
Moreover,

[ u(t, ), v(@, Nligr = e (T) II(ug, vo)llgr, V2 € [0,T1, (3.12)

where ¢, (T) is a constant depending only on 7.
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6 F. V. DE CARVALHO ET AL.

Motivated by Bastin & Coron (2016), and in order to derive numerical and tractable conditions for
designing the observer gains such that the error dynamics is asymptotically stable, let us consider the
following Lyapunov functional candidate:

i) [erep, 0 i 2)
V(t)=/0 [W’Z)} [ 0 e’“sz] [g(t’z)}dz, (3.13)

where P, € R"”" and P, € R™ ™ are positive definite diagonal matrices, and w, and p, are positive
scalars. In addition, the distributed observer gains Kff (z) and Kf (z) are constrained to be as follows:

Ki(z) = etk?, Ké(z) =e ™K9, z€l0,1], (3.14)

where K¢ € R"™(1+m and K4 e R™* ™) are matrices to be determined.

In the following text, we introduce the main result of this paper, which provides a sufficient condition
in terms of LMISs to determine the observer gains K¢, K¢, K? and K%, ensuring the .#? stability of the
error dynamics.

THeOREM 1. Consider the PDE system in (2.2)—(2.6), under Assumption 1, and the error system as defined
in (3.8)—(3.11). Let o, u,, and p,, be given positive scalars. Suppose there exist positive definite diagonal
matrices P, € R"™" and P, € R™™; matrices L¢ e R ntm [d ¢ Rmxntm) jb o Rrx(itm) apd
le’ € Rmxtm) and positive scalars o}, 05, 8; and §,, such that the following LMI holds:

£2(0,,0,) = * * *

P6,,6,) —A * * * 0

-c'L] 0 D, * * <0, V [91 } €O, (3.15)
0 0 A(PyG,—L,C) PpA—X 2
0 0 A(PyG, —L,C) 0 —PyA

where

2
2(6,,6y) = —A,PO).6) + > 8F] F; + 2aP(6.6,)

i=1

2
@ =—P A+ Y 0,G[G, A = diag(8,1,,5,1,,),
i=1
P, = diag{e™ P, P}, P, = diag{P,,e""P },
A =diag{A,, A}, Y = diag{o1,,0,1,,},
Gl = [Gu,l Gv,l] > GZ = [Gu,Z Gv,2] >
Fl = [Fu,l Fv,l] ’ F2 = [Fu,2 FV,2] ’ (3.16)
i ]
L = P s L = 7 ’

AM = diag{,uuAu,/LvAV}, P(91,92) = dlag{@lpu,QZPV}

G20z Jequisydeg gz uo Jasn OS4N Aq 0262928/9Z05BUP/E/Z /o101 . /oW EW/W0D"dNno"ojWwapede//:sdRY Wolj papeojumoq
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o= L

Then, the error dynamics as defined in (3.8)—(3.11), with

and

K K
o | = diagP L Py, |- | =Py L, (3.18)
Ky K
has a well-posed solution in the sense of Lemma 2 and is exponentially stable in the .#> sense. Moreover,
the .#%-norm of the state trajectory satisfies:

[i‘(” Z)” < |2 [’fo(Z)] H e, Vi>0, (3.19)
v(t,2) ||| o2 & [ V0@ ||| o2
where

g, = min{e *“A, A} and €, = max{A,,e""A }, (3.20)

with A, and A, representing the smallest eigenvalues of P, and P, respectively, and A_u and A_V the largest
eigenvalues of P, and P,, respectively.

Proof. Consider the Lyapunov functional defined in (3.13). Then, along the solutions of (2.1)—(2.4) and
(3.8)—(3.11), the time-derivative of V() is given by

1
V() = 2/ &, z)TP(z)Bté(t, dz =V, () +V, () + V,.(0), (3.21)
0
where
a2 P, 0 | |etEP, 0
E(t,2) = [W’Z)] P(z) = [ 0 Pv(z)} = [ 0 GMPV] (3.22)
1 1

V() = —2/ i(t,2) " P, (2) A, d.ii(t, 2)dz + 2/ (t,2) " P,(2) A,d,9(t,2)dz (3.23)

0 0

1 1 1
V(1) = 2/ i(t,2) ' P, ()f dz + 2/ ¥(t,2) TP, (2)fdz = 2/ £(t,2) ' PR)fdz (3.24)
0 0 0

1

1
V(1) =2 / i(t,2) " P,(2)¢,(t,2)dz — 2 / 5(t,2) " P,(2)¢, (1, 2)dz
0 0

1
=-2 / £(t,2)P(2)¢(t,2)dz (3.25)
0
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8 F. V. DE CARVALHO ET AL.

with

% e 9] _ K@i _ g e K@)
f= L} C(t,z) = [ i Z)} = [K‘j et (t)} =K (2)5(1) and K 4(z) = [K‘V’ (Z)] (3.26)

Applying the integration by parts formula to (3.23) yields

z=1

1
Va(t):—[ﬁ(t,z)TPu(z)Auﬁ(t,z)] .t / i(t,2)" A,d,P,(2)ii(t, 2)dz
0

7=

z=1

1
+ i 9P @A) - / 5(1,0)T AP, (Q)F(1, )dz
0

7=

= () P AW + ((G, — K,O)w(t) + 8) ' PyA (G, — K,O)W(®) + )

1
- / £(6,2) T A, PQE(1.2)dz, (3.27)
0

where

b b ~
G, = [gz} . K, = [?;,} and § = [gu} . (3.28)
% v

v

Next, from the definition of ¢ (¢, z) in (3.26) and the expression of the distributed observer gains in (3.14),
the term V.(¢) can be cast as follows:

1
V() = -2 / £(t,2) Ly(t)dz, (3.29)
0

where L is the parametrization of the product P(z)K;(z) as detailed below:

4] = _[errep, 0 e, 00 ([KG] _[PuK
L, = I:L“f] = P(9)K,(z) —|: 0 eMVZPviH: 0 e M, K“)i = Pva . (3.30)

Taking (3.21), (3.24), (3.27) and (3.29) into account, V(t) can be cast as follows:

1 1
V() = V(1) + / V,(t,z)dz = / (V) + V,(1,2) dz, (3.31)
0 0
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#? OBSERVER DESIGN FOR SEMILINEAR HYPERBOLIC PDES 9

where
w0 [P, A+ (G, — K,O)TPyAG, — K,C) (G, — K,C)TPyA] [W(1)
Vd(t)_[ g ] [ 1 APO(be—K,(:C) ’ ’ PyA ’ g |
(3.32)
£t [-4,PQ) —L,C PQ [&(t.2)
Vo(t,2) = | w(t) -L,07 00 w(o) |. (3.33)

f P(2) 0 0 f

Next, from Assumption 1 and the error boundary conditions in (3.10) and (3.11), the following
constraints can be associated with & (¢, z), w(¢), f and g:

/o1 [é(};z)T [F%F] —(}J F%Z)} dz =0 (3.34)
/o1 [S(JQLZ)T [FJOFZ —(;,,J F(};Z)} dz 20 (335)
[2(:)]T [G]TOGI —OIJ [v;(:)} 20 (3.36)
[VE(?]T [GZTOGZ —(}m} [Wg(t)} =0 (337)

Hence, by applying the #-Procedure (Boyd et al., 1994) to incorporate (3.34)—(3.37) into the
dissipation inequality V(¢) + 2aV(#) < 0 leads to the following inequality constraint:

1
/ p(t,2) T @)p(t,2)dz <0, Vzel01], (3.38)
0
where
é(t’ Z) Tl (Z) * * *
_| f | P@ -A * *
p(t’z) - w(t) > T(Z) - —CTL;:F 0 Tz *
2 0 0 A(PyG,—L,C) PyA—X%
2
T1() = —A,PQ) + D 8§F]F,+2aP(), (3.39)

i=1

2
Y, =-P A+ 0,G/ G+ (G]Py— CTL))Py' A(PyG), — L,C),
i=1
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10 F. V. DE CARVALHO ET AL.

for positive scalars 8;,8,, 0, and o,, with A = diag{é,/,,5,1,,}, ¥ = diag{o,I,,0,1,,} and

L Kl
v

Now, the inequality in (3.38) is satisfied if ' (z) < 0, for all z € [0, 1], which can be cast as follows:

T,() * * *
Piz) —-A * *
-CTL] 0 P, *

0 0 APYG,—L,C) PyA—X

0 0 T

» 0
(APy)

N (APyG), — Lbc))T
0

0
(GZPO B CTLZ)A <0,Vze[0,1], (3.41)

0

where @, is as defined in (3.16). Hence, by applying the Schur’s complement to the above matrix
inequality leads to the following condition:

T, (2) * * * *
P(z) —-A * * *
-CTL] 0 @, * * <0, Vzel0,1], (3.42)
0 0 A(PyG,—L,C) P)A—%  «
0 0 A(PyG, —L,C) 0 —PyA

From convexity arguments, notice that (3.15) is a sufficient condition for (3.42) to hold by defining
0, = e " and 6, = e/* and the fact that z € [0, 1] implies 6 € O, with & representing the convex hull
of @ as defined in (3.17). Moreover, from the fact that K‘,f (z) and K‘vi (z) are bounded for all z € [0, 1],
the well posedness of solution follows directly from Lemma 2, which completes the proof. g

RemARK 1. A necessary condition for the feasibility of (3.15) is that £2(0;,6,) < 0 for all (6;,6,) € ©.
Since 2 (0, 6,) is a function of the magnitude of |[fu ”?ZZ and va ||‘2gz and does not depend on the observer
gains, the proposed method cannot handle open-loop unstable systems in which the instability is due to
the source terms. On the other hand, the proposed method can deal with open-loop unstable systems due
to the boundary conditions as illustrate later in Section 4.

REMARK 2. Although the robustness properties of the proposed approach were not explicitly analysed,
the design conditions can be readily adapted to account for uncertainties in the vector functions
£, 1,(),8,() and g, () through the Lipschitz-based constraints defined in (2.8)—(2.11).

4. Illustrative example

In the following text, an academic example is presented to illustrate the potentials of the proposed
approach for the state estimation of semi-linear hyperbolic PDEs from boundary observation in the .#>
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sense. To this end, consider the following second-order semi-linear PDE:

du(t,z) + ou(t, 2) = f,(u(t, 2),v(1,2)) 4.1)

Ov(t,2) — 20.v(1,2) = f,(v(t,2)) (4.2)

u(t,0) = u(t, 1) — 0.2v(t,0) 4.3)

v(t, 1) = 0.2u(t, 1) + 1.2v(t,0) (4.3)
o Tu@ 1y

w(n) = y(0) = [va, 0)] : (44)

where

fou,v) =02u—0.1v  f,(v) =0.5 . 4.5)

1+2
Note that system (4.1)—(4.4) is open-loop unstable due to the boundaries and also Assumption 1 holds
with

Fu,l = 02 FV,I = _01 Fu’z = 0 FV,2 = 05

Then, the observer provided by Theorem 1, for o« = 0.3 and u,, =, = 1, is given by

3,0u(t,2) + ,0u(t,2) = f,((t,2), D(t,2)) + K2 (y(1) — 3(1)) (4.6)
a9(1,2) — 20.9(t,2) = f,(0(1,2)) + e kY (y(©) — $(D)) 4.7)
i(1,0) = fi(z, 1) — 0.25(¢,0)) + K5 (y() — $(1)) (4.8)
D(t, 1) = 0.24(t, 1) + 1.20(2,0)) + K2 (y() — 3(1)) (4.8)
o (A
where
K¢ = [-0.5099 0.0667], K¢ =[-1.9229 1.2928], (4.10)

K5 = [1.000 —0.2000] and K% = [0.2000 1.2000] .

For initial conditions
1(0,7) = sin(wz), v(0,z) =cos(wz), u(0,2) =0andv(0,z7) =0 (4.11)

the #2-norm of the estimation error (&i(z, z), ¥(z, 7)) is depicted in Fig. 1. As expected, it turns out that
the .#2-norm of the error dynamics converges to zero in less than 4/a = 11.5 s.

In the previous study, perfect knowledge of the model parameters was assumed. However, in practical
applications, accurately determining certain model parameters can be challenging. Therefore, it is
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L%(t) norm

0 1 1 S —
0 2 4 6 8 10

Time [s]

FiG. 1. |I(@, V) || o2 response for the initial condition defined in (4.11).

25

10 15 20

Time 3]

o
o

Fic. 2. ||(it, V) || 2 response corresponding to the initial condition defined in (4.11), under random uncertainties of up to +10%
in the coefficients of (4.3)—(4.4).

important to assess the observer’s performance under parametric uncertainty. To this end, we evaluate
the observer using an inaccurate model in which the parameters in (4.1)-(4.4) vary randomly within
+10% of their nominal values, following a uniform distribution. The .#%>-norm of the error dynamics is
depicted in Fig. 2. As shown, the error dynamics converge to zero in all tested cases, demonstrating the
robustness of the observer to model uncertainties.

The performance of the proposed state observer is compared with that of a classical early-lumping
design based on LQR theory. A finite-dimensional approximation of the linearized system (4.1)—(4.4)
was obtained using an upwind numerical discretization scheme with 300 spatial grid points. The observer
gains were tuned to minimize the convergence time of the estimation error dynamics.
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150

100

L5(t) norm

50|

O L 1 T
0 2 4 6 8 10

Time s

Fi6. 3. ||(&, V) || o2 response for the initial condition defined in (4.11).

Figure 3 presents the ¥ 2_norm of the estimation error (i(z, z), ¥(t, 7)) over time. While both observers
achieve similar convergence times, the early-lumping LQR design results in significantly higher error
magnitudes and exhibits pronounced oscillations before settling. In contrast, the proposed observer
provides smoother and more accurate estimation, highlighting its superior performance.

5. Concluding remarks

This paper addressed the problem of boundary observer design for a class of semilinear hyperbolic PDE
systems subject to non-linear boundary conditions. In particular, the non-linearities (at the source and
boundaries) are assumed to satisfy Lipchitz-like conditions, and the proposed observer is a copy of
the system with two correction terms (one at the source and another at the boundaries), which are a
function of the boundary measurements. Based on Lyapunov theory and semidefinite programming, a
numerically tractable condition is proposed to design the observer gains such that the estimation error
dynamics is exponentially stable in the .#2 sense. An illustrative example consisting of an open-loop
unstable PDE (with positive and negative propagation speeds) shows the potential of the proposed result.
Numerical experiments also showed that the methodology is robust against parameter uncertainties.
Finally, the proposed observer was compared in simulations with an early-lumping design. Importantly,
the convergence of the error dynamics with the early-lumping observer has not been established for the
considered example. In this scenario, the proposal performs better than the classical LQR early-lumping
design. Future research will be concentrated on extending the approach to deal with 7] stability.
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