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Abstract
Output feedback control design for a class of reaction-diffusion equations with
Dirichlet anti-collocated sensing and actuation subject to in-domain disturbances is
addressed. Within this setting, we design a finite-dimensional dynamic output feed-
back controller ensuring closed-loop exponential stability and input-output stability
with an explicit estimate of the input-output gain. The approach is based on the spec-
tral decomposition of the open-loop infinite-dimensional system and on the use of a
suitable Lyapunov functional candidate. Sufficient conditions in the form of matrix
inequalities are given to ensure closed-loop stability. These conditions are shown to
be always feasible and are employed to devise an optimal controller design algorithm
based on the solutions to some linear matrix inequalities.

Keywords Partial differential equations · output feedback control · robust control ·
LMIs · Lyapunov methods

1 Introduction

Modeling dynamical systems via partial differential equations (PDEs) is very common
in many applications as it allows to describe the behavior of distributed-parameters
systems in an effective way. Distributed-parameters systems naturally appear in many
applications as boundary control of flow dynamics (see [4]), control of cable-driven
systems (as considered in [27]), and reduction of traffic congestion (see e.g., [44]).
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Concerning, reaction-diffusion dynamical systems, these systems are described by
parabolic PDEs and can be used to capture heat distribution in media [35] and the
cooling in heterogeneous materials [14]. Due to the wide range of applications in
which reaction-diffusion dynamical systems find a place, in the past years researchers
have been focusing on the analysis, control, and estimation of systems modeled via
reaction-diffusion PDEs. In particular, several results exist in the context of back-
stepping both for observer [39] and control design [6], the reader is referred to [17,
40] for complete monographs on this topic. However, backstepping design inher-
ently leads to infinite-dimensional controllers that are hard to implement in practice.
To overcome this limitation, more recently researchers have developed new tools to
design finite-dimensional controllers for reaction-diffusion PDEs. These techniques
are based on a modal decomposition of the reaction-diffusion dynamics. First results
relying on modal decomposition can be traced back in the late 80’s in the work
by M. J. Balas; see [1–3] where the problem of designing finite-dimensional con-
trollers for general distributed-parameters systems is explored from several angles. In
[28], a model reduction approach is presented to design optimal controllers, in an LQ
sense, for general linear infinite-dimensional systems. More recently, in [31] the use
of Koopman operator-based reduced-order models has been used to design optimal
and feedback controllers for general systems governed by PDE dynamics. In [32],
boundary state feedback control for a delayed reaction-diffusion partial differential
equation is addressed via modal decomposition. The use of modal decomposition for
the design of finite-dimensional observer-based controllers is analyzed in [9, 12, 16].
The limitations in these last references have been later overcome in [15] by relying
on a direct Lyapunov approach that is inspired by [32]. An extension of the results
in [15] to the case of boundary control design in the presence of boundary measure-
ments is proposed in [18]. In [22], the results in [18] are extended to deal with the
set-point regulation problem for reaction-diffusion equations with a delayed boundary
control. Extensions to reaction-diffusion PDEs affected by isolated nonlinearities are
presented in [20, 26, 38].

1.1 Contributions and Organization of the Paper

This works focuses on the control of a reaction-diffusion PDE subject to exoge-
nous in-domain disturbances. We assume that the control is applied at the boundary
of the spatial domain and that the state is not fully accessible. In particular, we
suppose that only the value of the state at the opposite boundary is measured.
More precisely, we focus on boundary output feedback with Dirichlet anti-collocated
sensing and actuation. Within this setting, we address internal and input-output sta-
bilization. Specifically, we design a general finite-dimensional controller ensuring:
zero-disturbance closed-loop global exponential stability of the origin and optimal
input-output performance with respect to exogenous disturbances. The study of input-
output stability propertieswith respect to disturbances has beenwidely investigated for
linear and nonlinear finite-dimensional control systems (see [41] for an introduction of
this property). The extension to distributed parameter systems is less considered, even
if some results exist (mostly in the context of input-to-state stability), see, e.g, [11, 24,
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25, 36, 43], just to mention a few. Inspired by [18], the approach we pursue is based
on a blend of Lyapunov theory and the classical Sturm-Liouville theory developed for
parabolic partial differential equation (see [29, 45]). Nevertheless, as opposed to [18],
we do not rely on an observer-based control architecture, but opt for a more general
controller. Notice that this is particularly relevant when performance guarantees are
sought. Indeed, as pointed out in [33], not anyoutput feedback controller is an observer-
based controller. Therefore, sticking to observer-based controllers may prevent from
achieving ideal performance. In addition, the design of optimal observer-based con-
trollers is generally more difficult from a numerical standpoint. The main contribution
of this paper lies on the establishment of sufficient conditions for simultaneous internal
and input-output stability. More precisely, in Section 4, we provide sufficient condi-
tions, in the form of general Lyapunov-like inequalities, to ensure zero-input global
exponential stability and a explicit bound on the controlled output norm. These con-
ditions, thanks to a spectral decomposition of the reaction-diffusion dynamics and the
selection of a quadratic Lyapunov functional, lead to stability conditions in the form
of some matrix inequalities. These inequalities depend on a truncated approximation
of order N of the original plant dynamics. One remarkable feature of our conditions
is that, as shown in Section 4.4, they are always feasible provided that N is large
enough. In Section 5, a numerically affordable optimal controller design is proposed.
In particular, we show that the considered optimal controller design problem can be
cast as semidefinite (SDP) program, i.e., an optimization problem with linear objec-
tive over linear matrix inequalities (LMIs) constraints. SDP programs are well-known
to be efficiently solvable via interior point algorithms implemented in off-the-shelf
software; see [7]. The effectiveness of the approach is showcased in Section 6 in a
numerical example.

A preliminary version of this work was presented in the conference paper [37].
This paper not only generalizes the results in [37], but also provides complete proofs,
includes new results (all the results in Section 4.4 are new, Proposition 3 extends the
design in [37, Section VI] to allow for non-strictly proper controllers), and presents
additional numerical illustrations.

2 Notation and Preliminaries

The sets R≥0 and R>0 represent the set of nonnegative and positive real scalars,
respectively. The symbol Sn+ denotes the set of real n × n symmetric positive definite
matrices, andC− is the (open) left half-plane. For a matrix A ∈ R

n×m , A� denotes the
transpose of A and,whenn = m,He(A) stands for A+A�. For a squarematrix A,σ(A)

stands for the spectrum of A, spabs(A) is the spectral abscissa of A, i.e, spabs(A) :=
max{�(λ) : λ ∈ σ(A)}, and ‖A‖ is the spectral norm of A. For a symmetric matrix
A, positive definiteness (negative definiteness) and positive semidefinitenes (negative
semidefiniteness) are denoted, respectively, by A � 0 (A ≺ 0) and A � 0 (A 	 0).
Given symmetric matrices A, B ∈ R

n×n , A 
 B means that A − B 
 0. Also,
λmin(A) (respectively λmax(A)) denotes the smallest (respectively largest) eigenvalue
of the symmetric matrix A. In partitioned symmetric matrices, the symbol � stands
for a symmetric block. For a vector z ∈ R

n , ‖z‖ denotes its Euclidean norm. Let
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g : X → Y , where X and Y are Banach spaces, the Fréchet derivative of g at z and is
denoted by Dg(z).When X ⊂ R, the following equivalent notations are used to denote
the Fréchet derivative of g at z: g′(z), ġ(z), and d

dx g(z). Let U ⊂ R be bounded and

f : U → R.We denote by ‖ f ‖L2 = (
∫

U | f (z)|2dz)
1
2 , theL2-norm of f . In particular,

L2(U ) is the set of equivalence classes of measurable functions f : U → R such that
‖ f ‖L2 is finite. The symbol Ck(U ) denotes the set of functions f : U → R that are
k-times continuously differentiable on U . Let m ≥ 1 be an integer, the Sobolev space
of order m is denoted by Hm(U ) and the corresponding norm is denoted by ‖·‖Hm .
In particular

Hm(U ) := { f ∈ L2(U ) : f ,
d

dx
f , . . . ,

dm−1

dxm−1 f are absolutely

continuous on U and
dm

dxm
f ∈ L2(U )},

and

‖ f ‖Hm :=
m∑

n=0

〈
dn

dxn
f ,

dn

dxn
f

〉

,

where 〈·, ·〉 denotes the standard inner product onL2(U ). The symbol �2(R) represents
the vector space of all real sequences which are square summable. Let p ∈ C1([0, 1])
and q ∈ C0([0, 1]) with p, q > 0. The Strum-Liouville operator A0 : D(A0) ⊂
L2(0, 1) → L2(0, 1) is defined as

A0 f := −(p f ′)′ + q f

on D(A0) = { f ∈ H2(0, 1) : f ′(0) = f (1) = 0}. The eigenvalues λn, n ≥ 1 of A0
are simple, non-negative, and form an increasing sequence with λn → +∞ as n →
+∞. Moreover the associated unit eigenvectors φn ∈ L2(0, 1) form an orthonormal
basis. In addition, one has

A0 f =
∑

n≥1
λn〈 f , φn〉φn,

D(A0) = { f ∈ H2(0, 1) :
∑

n≥1
|λn|2|〈 f , φn〉|2 < +∞}.

Let p∗, p∗, q∗, q∗ ∈ R be such that 0 < p∗ ≤ p(x) ≤ p∗ and 0 < q∗ ≤ q(x) ≤ q∗
for all x ∈ [0, 1], then it holds (see e.g [29]):

0 ≤ π2(n − 1)2 p∗ + q∗ ≤ λn ≤ π2n2 p∗ + q∗, (1)

for all n ≥ 1. Finally, it can be easily checked that, for all f ∈ D(A0),

〈A0 f , f 〉 =
∑

n≥1
λn〈 f , φn〉2 =

∫ 1

0
(p f ′2 + q f 2). (2)
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Moreover, for any f ∈ D(A0), we have f = ∑
n≥1〈 f , φn〉φn and that f ′ =

∑
n≥1〈 f , φn〉φ′n . Finally, if one assumes in addition that p ∈ C2([0, 1]), for all

ξ ∈ [0, 1], it holds, due to [29], that

φn(ξ) = O(1), as n →∞. (3)

3 Problem Statement

3.1 Modeling andWell-posedness

Consider the one-dimensional reaction-diffusion systemwithDirichlet boundarymea-
surement and regulated output described for t > 0 and x ∈ (0, 1)

zt (t, x) = (p(x)zx (t, x))x + (qc − q(x))z(t, x)+ m(x)d(t),

zx (t, 0) = 0, z(t, 1) = u(t),

z(0, x) = z0(x),

y(t) = z(t, 0).

(4)

The state z(t, ·) is shown to be in H2(0, 1), z0 ∈ H2(0, 1) is the initial condition,
y ∈ R is a boundarymeasurement and the to-be-regulated output, qc ∈ R is a constant,
u ∈ R is the control input and d ∈ R is the disturbance input with m ∈ L2(0, 1) (a
stronger assumption on m is introduced later). The objective is to design a finite-
dimensional controller to achieve input-output stability (IOS) with respect to the in-
domain disturbance input d and regulated output y.

For sufficiently smooth input, it is possible to reformulate the boundary control
problem (4) on an extended state space in such a way that we obtain the associated
system of the abstract non-homogeneous Cauchy problem. This is classically done to
solve boundary control problems (see [10, Sec 3.3]). Introduce the change in variable

w(t, x) := z(t, x)− x2u(t), (5)

and define an auxiliary input v(t) := u̇(t). This leads to the following in-domain
control system, for t > 0 and x ∈ (0, 1),

wt (t, x) = (p(x)wx (t, x))x + (qc − q(x))w(t, x)

+ a(x)u(t)+ b(x)v(t)+ m(x)d(t),

wx (t, 0) = 0, w(t, 1) = 0,

u̇(t) = v(t),

w(0, x) = w0(x) u(0) = u0,

y(t) = w(t, 0),

(6)
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with a, b ∈ H1(0, 1) defined, for all x ∈ [0, 1], by a(x) := 2p(x) + 2xp′(x) +
(qc − q(x))x2, and b(x) := −x2. The initial condition is given by u0 ∈ R and
w0(x) = z0(x)− x2u(0), for all x ∈ [0, 1].

Our objective is to design a finite-dimensional linear time invariant controller that
renders the closed-loop system exponentially stable in the H1-norm while achieving
a quadratic performance specification on the controlled output y. In particular, this
controller is aimed at achieving IOS for the infinite-dimensional system (4) with
respect to the disturbance d. To this end, we suppose that plant (6) is controlled by the
following dynamic output feedback controller K

K :
[

ẋc

v

]

=
[

Ac Bc

Cc Dc

] [
xc

ym

]

, (7)

where Ac ∈ R
nc×nc , Bc ∈ R

nc , Cc ∈ R
1×nc and Dc ∈ R

1×2 are to be designed and

ym :=
[

y
u

]

stands for the measured output, which includes the plant output as well as the state u.
Introduce the operator A defined by

Aζ :=
⎡

⎣
(p(·)wx (·))x + (qc − q(·))w + a(·)u + b(·)(Ccxc + Dc ym)

Ccxc + Dc ym

Acxc + Bc ym

⎤

⎦

for all ζ = (w, u, xc) in the domain D(A) := {(w, u, xc), w ∈ H2(0, 1) : w′(0) =
w(1) = 0, u ∈ R, xc ∈ R

nc }, and the operator B : R→ L2(0, 1)×R×R
nc defined

by Bd = (md, 0, 0)� for all d ∈ R. Consider the following norm

‖ζ‖1 :=
√
‖w‖2H1 + u2 + x�c xc.

We can rewrite system (6) in closed loop with the dynamic output feedback controller
(7) as the following abstract control system

ζ̇ = Aζ + Bd . (8)

The well-posedness of the Cauchy Problem with the dynamics (8) is solved in the
next proposition, being inspired by [21] and [30, Corollary 4.2.5]

Proposition 1 Given T > 0, d ∈ C1([0, T ]) and (w0, u0, xc0) ∈ H2(0, 1)×R×R
nc

satisfying the compatibility condition:

w′0(0) = w0(1) = 0,

there exists a unique solution (w, u, xc) : [0, T ] → H2(0, 1) × R × R
nc in

C1((0, T );L2(0, 1) × R × R
nc ) to the Cauchy problem given by (8) with the initial

condition
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(w, u, xc)(0) = (w0, u0, xc0) . (9)

Proof To prove the result, first recall (see e.g., [10, Example 2.2.1] for a slightly
different dynamics) that A is the infinitesimal generator of a C0-semigroup on
L2(0, 1) × R × R

nc . Now, due to the claimed regularity of d in the assumptions
of Proposition 1, we can apply [30, Corollary 4.2.5], and we get, for all (w0, u0, xc0)

in D(A), the existence of a solution to the Cauchy problem given by (8) and (9).
Uniqueness can be easily proven by following wholly similar arguments as in [10,
Theorem 5.1.3]. The regularity of the solution of this Cauchy problem as claimed
in Proposition 1 follows from property (i) of [30, Theorem 4.2.4, page 107]. This
concludes the proof of Proposition 1. ��

Remark 1 By inverting the change of variable given by (5), i.e. by letting z(t, x) =
w(t, x) + x2u(t), we get a similar result on the existence and uniqueness of the
Cauchy problem given by (4) in closed loop with the controller (7), where u̇ = v, with
a compatible initial condition.

3.2 Output-Feedback Control Problem

Next, we state the problem we solve in this paper.

Problem 1 Given p ∈ C1([0, 1]), q ∈ C0([0, 1]) with p, q > 0 and qc ∈ R. Design
the control parameters Ac, Bc, Cc and Dc such that there exist three positive numbers
ψ , ν and ρ so that the following properties hold for the closed-loop system (8):

– the origin of the closed-loop system is zero-input globally exponentially stable.
That is, for all initial condition ζ0 = (w0, u0, xc0) in D(A), the solution ζ =
(w, u, xc) to (8) with the initial condition (9) and d ≡ 0 is maximally defined on
[0,∞) and satisfies

‖ζ(t)‖1 ≤ ψe−νt‖ζ(0)‖1 , ∀t ≥ 0 ; (10)

– for any d ∈ C1([0,∞)) and any ζ0 = (w0, u0, xc0) in D(A), the corresponding
solution to the closed-loop system (8) is bounded and such that the following
bound holds

|y(t)| ≤ ψe−νt‖ζ(0)‖1 + ρ

√∫ t

0
d(θ)2dθ , ∀t ≥ 0. (11)

�
Inequality (11) corresponds to an input-output stability (IOS) bound for the closed-
loop system (8). The main contribution of this paper is to design an optimal controller
K that minimizes the value of the gain ρ. In the following section, we provide an
explicit estimate of the IOS gain ρ.
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4 Stability Analysis

In this section we provide sufficient conditions for the existence of a solution to
Problem 1. To this end, first we propose sufficient conditions ensuring the satisfaction
of the properties outlined in Problem 1. Then, building upon these conditions, we
construct a Lyapunov functional leading to sufficient conditions for the solution to
Problem 1 in the form of quadratic inequalities.

4.1 Sufficient Conditions for Stability

The result given next provides Lyapunov-like sufficient conditions for the solution to
Problem 1.

Proposition 2 Assume m in H1(0, 1) and that there exist a Fréchet differentiable func-
tional V : H1(0, 1) × R × R

nc → R≥0 and c1, c2, c3, χ ∈ R>0 such that for each
d ∈ R and ζ ∈ D(A) ∩ C1([0, 1])

c1 ‖ζ‖21 ≤ V (ζ ) ≤ c2 ‖ζ‖21 , (12)

DV (ζ )(Aζ + Bd) ≤ −c3V (ζ )+ χ2d2. (13)

Then, the origin of the closed-loop system (8) is zero-input globally exponentially
stable and (11) holds with

ψ =
√
2c2
c1

, ν = c3
2

, ρ = √2
χ√
c1

. (14)

Proof Given d ∈ C1([0,∞)) and the initial condition ζ0 = (w0, u0, Xc0) be in the
domainD(A)∩C1(0, 1). Consider the solution ζ : [0, T ] → D(A)∩C1([0, 1]) to (8)
with the initial condition (9). Due to the Duhamel formula (see e.g., [10, Chapter 5]),
noting by Tcl the semigroup generated by A for the closed-loop system (8), it holds,
for all t ≥ 0,

ζ(t) = Tcl(t)ζ0 +
∫ t

0
Tcl(t − s)Bd(s) ds .

Then by the smoothing effect of the heat equation (see e.g. [8]), and due to m in
H1(0, 1), it holds Aζ(t) + Bd(t) is in H1(0, 1) × R × R

nc , for all t > 0, and the
left-hand side of (13) makes sense on (0,∞). Moreover, letting W(t) = V (ζ(t)), it
holds, for all t ≥ 0,

Ẇ(t) = DV (ζ(t))(Aζ(t)+ Bd(t)).

Using (13), one gets, for all t ≥ 0,

Ẇ(t) ≤ −c3W(t)+ χ2d(t)2.
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Therefore, from comparison lemma, we have:

W(t) ≤ e−c3tW(0)+ χ2
∫ t

0
e−c3(t−θ)d(θ)2dθ, ∀t ≥ 0.

Notice that for all t ≥ 0, one has:

∫ t

0
e−c3(t−θ)d(θ)2dθ ≤

∫ t

0
d(θ)2dθ

which allows one to conclude that for all t ≥ 0

W(t) ≤ e−c3tW(0)+ χ2
∫ t

0
d(θ)2dθ.

Finally by using (12), it follows that for all t ≥ 0

‖ζ(t)‖1 ≤ e−
c3
2 t
√

c2
c1
‖ζ(0)‖1 +

χ√
c1

√∫ t

0
d(θ)2dθ. (15)

Using the inequality (a + b)2 ≤ 2a2 + 2b2 for all a, b ∈ R, we have

‖ζ(t)‖21 ≤
2c2
c1

e−c3t‖ζ(0)‖21 + 2
χ2

c1

∫ t

0
d(t)2dt . (16)

In particular, (16) implies (10) and (11) for any initial condition in D(A) and any
d ∈ C1([0,∞)). Since y(t) = w(t, 0) and w(t, 1) = 0, we have

y(t)2 =
(∫ 1

0
wx (t, s)ds

)2

≤
∫ 1

0
w2

x (t, s)ds ≤ ‖w(t)‖2H1 . (17)

Then, given that

‖w(t)‖2H1 ≤ ‖ζ(t)‖21
using (17) and (16), we get

y(t)2 ≤ 2c2
c1

e−c3t‖ζ(0)‖21 + 2
χ2

c1

∫ t

0
d(t)2dt .

Thus we have that (11) holds with (14) and the proof is concluded. ��
Remark 2 Inequality (15) in the proof corresponds to a classical input-to-state stability
(ISS) bound for the closed-loop system (21) with respect to the disturbance d. The ISS
asymptotic gain is equal to the IOS gain ρ = √2 χ√

c1
given in (14) to-be-minimized

[41].
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4.2 Spectral Representation

In this paper, we rely on a spectral decomposition approach that is useful for control
design problems for single linear parabolic equations.A similar approach is considered
in [19]. To this end, we introduce the following invertible change of variables

T : L2(0, 1)× R× R
nc → �2(R)× R× R

nc

(w, u, xc) �→ ({〈w,φn〉}n∈N, u, xc).

where the sequence {φ}n∈N is defined Section 2. In particular, by defining

wn := 〈w,φn〉, an = 〈a, φn〉, bn = 〈b, φn〉, mn = 〈m, φn〉

thanks to the properties of the Strum-Liouville operator A0 outlined in Section 2, the
dynamics of the closed-loop system (7)-(8) in the coordinates ({wn}n∈N, u, xc) write

ẇn = (−λn + qc)wn + anu + bnv + mnd, ∀n ∈ N,

u̇ = Ccxc + Dc ym,

ẋc = Acxc + Bc ym,

ym =
[∑

i≥1 φi (0)wi

u

]

, v = Ccxc + Dc ym .

(18)

Let N0 ≥ 1 be given such that −λn + qc < 0 for all n ≥ N0 + 1. We now introduce
an arbitrary integer N ≥ N0 that is selected later. Define

x p := [w1 . . . wN ]�, x := [
x�p u x�c

]�
,

Bu := [a1 . . . aN ]�, Bv := [b1 . . . bN ]�,

C p :=
[
φ1(0) . . . φN (0)

]
, Bd :=

[
m1 . . . m N 0

]�
,

A0 := diag(−λ1 + qc, . . . ,−λN + qc),

A :=
[

A0 Bu

0 0

]

, B :=
[

Bv

1

]

, C :=
[

C p 0
0 1

]

.

(19)

Consider the following finite-dimensional truncation of (18)

ẋ =
[

A + B DcC BCc

BcC Ac

]

︸ ︷︷ ︸
A1

x +
[

B Dc

Bc

]

︸ ︷︷ ︸
B11

ỹ +
[

Bd

0

]

︸ ︷︷ ︸
B12

d
(20)

where

ỹ :=
[∑

i≥N+1 φi (0)wi

0

]

.
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Using this notation, the dynamics of the closed-loop system (18) can be represented
as follows:

ẋ = A1x + B11 ỹ + B12d
ẇn = (−λn + qc)wn + anu + bnCcxc + bn DcCx p + bn Dc ỹ + mnd,

∀n ≥ N + 1.
(21)

4.3 Quadratic Conditions for Stability

Proposition 2 provides sufficient conditions for input-output stability (IOS) for the
closed-loop system in the form of functional inequality. In this section we provide a
specific structure for the functional V in Proposition 2, which allows one to cast the
solution of Problem 1 in the solution to some matrix inequalities.

Define

Mφ(N ) :=
∑

n≥N+1

φn(0)2

λn
(22)

which is finite since by assumption p ∈ C2([0, 1]); recall (1) and (3). In particular,
since

φn(0)2

λn
= O

(
1

n2

)

as n →∞

the following fact holds true.

Fact 1 Let Mφ be defined as in (22). Then

Mφ(N ) = O

(
1

N

)

as N →∞.

The main result of this section is given next.

Theorem 1 Let N ≥ N0. Suppose there exist P ∈ S
N+nc+1
p , Ac ∈ R

nc×nc , Bc ∈
R

nc , Cc ∈ R
1×nc , Dc ∈ R

1×2 and α, β, χ, η ∈ R>0 such that:

� :=
⎡

⎣
He(P(A1 + ηI ))+ α||b||2L2 Q�Q P B12 P B11 + α||b||2L2 Q�Dc

∗ α ‖m‖2L2 − χ2 0
∗ ∗ α ‖b‖2L2 D�c Dc − β I2

⎤

⎦ 
 0, (23)

�n :=
(

−λn

(

1− 3

2α

)

+ qc + η + β

2
Mφ(N )

)

≤ 0, ∀n ≥ N + 1, (24)

where

Q := [
DcC Cc

]
. (25)
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Then, the parameters Ac, Bc, Cc, Dc solve Problem 1. In particular (11) holds with:

ρ =
√

2
min{λmin(P),p∗,q∗}χ .

Proof Let �N be the projection from H1 × R × R
nc to R

N × R × R
nc defined by

using the notation in (19), for all ζ ∈ H1 × R × R
nc , by �N (ζ ) = x . Consider the

following Fréchet differentiable Lyapunov functional:

V : D(A0)× R× R
nc → R

ζ �→ �N (ζ )�P�N (ζ )+
∑

n≥N+1
λn〈w,φn〉2 = x�Px +

∑

n≥N+1
λn〈w,φn〉2.

Define c1 := min{λmin(P), p∗, q∗} and c2 := max{λmax(P), p∗, q∗}. Let ζ be in
D(A) ∩ C1(0, 1) and d in R. Then (12) holds with this choice of c1 and c2. Consider
the first term of the functional V :

V1(x) := x�Px,

and the closed-loop system (21). Then,

DV1(x)ẋ =x� He(P A1)x + 2 ỹ�B�11Px + 2x�P B12d.

Recalling (20), one gets

DV1(x)ẋ =
⎡

⎣
x
d
ỹ

⎤

⎦

�
�1

⎡

⎣
x
d
ỹ

⎤

⎦ , (26)

where

�1 :=
⎡

⎣
He(P A1) P B12 P B11

� 0 0
� � 0

⎤

⎦ .

Now, consider

V2(w) :=
∑

n≥N+1
λn〈w,φn〉2.

Using the assumed regularity of ζ , we have that w is in H2(0, 1), and thus∑
n≥N+1 λ2nw

2
n <∞. Therefore, by Lebesgue’s dominated convergence theorem and

using (18), we obtain

DV2(w)ẇ = 2
∑

n≥N+1
λn((−λn + qc)w

2
n + anuwn

+bnvwn + mndwn). (27)
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Therefore, by combining (26) and (27), one gets

DV (ζ )ζ̇ + 2ηV (ζ ) =
⎡

⎣
x <

d
> ỹ

⎤

⎦

�
�2

⎡

⎣
x <

d
> ỹ

⎤

⎦+ 2
∑

n≥N+1
λn[(−λn + qc + η)w2

n

+ anuwn + bnvwn + mndwn],
(28)

where

�2 := �1 +
⎡

⎣
2ηP 0 0

� 0 0
� � 0

⎤

⎦ .

Using Young’s inequality, we have:

2
∑

n≥N+1
λnanwnu ≤ 1

α

∑

n≥N+1
λ2nw

2
n + α||a||2L2u2,

2
∑

n≥N+1
λnbnwnv ≤ 1

α

∑

n≥N+1
λ2nw

2
n + α||b||2L2v

2,

2
∑

n≥N+1
λnmnwnd ≤ 1

α

∑

n≥N+1
λ2nw

2
n + α||m||2L2d2,

(29)

for any α > 0. Now recall that

v = [
Q 0 Dc

]
⎡

⎣
x
d
ỹ,

⎤

⎦ ,

where Q is defined as in (25). Therefore, we have

v2 = [
x� d ỹ

]
⎡

⎣
Q�
0

D�c

⎤

⎦
[

Q 0 Dc
]
⎡

⎣
x
d
ỹ

⎤

⎦ .

Hence, using (29), from (28) one gets

DV (ζ )ζ̇ + 2ηV (ζ ) ≤
⎡

⎣
x <

d
> ỹ

⎤

⎦

�
�3

⎡

⎣
x <

d
> ỹ

⎤

⎦+ 2
∑

n≥N+1
λn

((

−1+ 3

2α

)

λn + qc + η

)

w2
n,

(30)
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with

�3 :=
⎡

⎣
A�1 P + P A1 + α||b||2L2 Q�Q P B12 P B11 + α||b||2L2 Q�Dc

� α ‖m‖2L2 0
� � α ‖b‖2L2 D�c Dc

⎤

⎦ .

To conclude the proof, observe that

ỹ� ỹ =
⎛

⎝
∑

i≥N+1
φi (0)wi

⎞

⎠

2

.

Therefore, by using Cauchy-Schwarz inequality, one gets the following

ỹ� ỹ ≤Mφ(N )
∑

i≥N+1
λiw

2
i ,

where Mφ(N ) is defined as in (22). Notice that the above bound is well defined due
to Mφ(N ) being finite and w ∈ D(A0), which in turn, thanks to (2), ensures that∑

i≥N+1 λiw
2
i is finite. Hence, for any β > 0,

βMφ(N )
∑

i≥N+1
λiw

2
i − β ỹ� ỹ ≥ 0. (31)

Combining (30) and (31), we obtain

DV (ζ )ζ̇ + 2ηV (ζ ) ≤
⎡

⎣
x <

d
> ỹ

⎤

⎦

�
�4

⎡

⎣
x <

d
> ỹ

⎤

⎦

+ 2
∑

n≥N+1
λn

(

−λn

(

−1+ 3

2α

)

+ qc + η + β

2
Mφ(N )

)

w2
n,

(32)

where �4 := �3 − diag{0(N+1+nc)×(N+1+nc), 0, β I2}. The latter implies that, for
all d ∈ R and ζ ∈ D(A) ∩ C1(0, 1), we have

DV (ζ )(Aζ + Bd)− χ2d�d

≤ −2ηV (ζ )+
⎡

⎣
x <

d
> ỹ

⎤

⎦

�
�

⎡

⎣
x <

d
> ỹ

⎤

⎦+ 2
∑

n≥N+1
λn�nw2

n .
(33)

Thus, by using (23) and (24), from (33), one gets, for all ζ ∈ (D(A)∩C∞(0, 1))×R×
R

nc and for all d ∈ R, DV (ζ )(Aζ +Bd) ≤ −2ηV (ζ )+χ2d2. The previous equation
reads as (13) and the proof of Theorem 1 is complete, by applying Proposition 1. ��
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4.4 Feasibility Guarantees

The conditions in Theorem 1 are formulated based on the value of N . Clearly, as
N gets larger, the “truncation error” gets smaller, which suggest that eventually the
conditions in Theorem 1 become feasible. In this subsection, wemake this aspect clear
and show that conditions in Theorem 1 are always feasible provided that N is taken
large enough. Similar considerations appear in [15, 18]. Before stating the main result
of this subsection, next we provide some instrumental results.

Lemma 1 Let N ≥ N0, Ac, Bc, Cc, Dc, and α > 0 be given. The following items are
equivalent

(i) There exist P ∈ S
N+nc+1
p , β, χ, η ∈ R>0 such that (23) and (24) hold;

(ii) There exist P ′ ∈ S
N+nc+1
p , β ′, χ ′ ∈ R>0 such that

�′ :=
⎡

⎣
He(P ′(A1 + ηI ))+ ||b||2L2 Q�Q P ′B12 P ′B11 + ||b||2L2 Q�Dc

� ‖m‖2L2 − χ ′2 0
� � ‖b‖2L2 Dc D�c − β ′ I2

⎤

⎦ 
 0, (34)

�′n :=
(

−λn

(

1− 3

2α

)

+ qc + η + αβ ′

2
Mφ(N )

)

≤ 0, ∀n ≥ N + 1. (35)

Proof The proof easily follows from the fact that the matrix� in (23) is homogeneous
in α. ��
Lemma 2 Define

A+0 := diag(−λ1 + qc, . . . ,−λN0 + qc), B+v :=
[
b1 b2 . . . bN0

]�
,

B+u :=
[
a1 a2 . . . aN0

]�
, A+1 :=

[
A+0 + B+v H+ B+u + B+v K

H+ K

]

,
(36)

where H+ ∈ R
1×N0 and K ∈ R. Then, for any N ≥ N0

σ
(

A + B
[
H+ 01×(N−N0) K

]) = σ(A+1 ) ∪ {−λ j + qc
}N

j=N0+1 . (37)

Proof First observe that

A + B
[
H+ 01×(N−N0) K

] =
⎡

⎣
A+0 + B+v H+ 0 B+u + B+v K

B−v H+ A−0 B−u + B−v K
H+ 0 K

⎤

⎦ , (38)

where A−0 , B−v , and B−u are defined such that

A0 = diag(A+0 , A−0 ), Bv =
[

B+v
B−v

]

, Bu =
[

B+u
B−u

]

. (39)
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In particular, notice that by construction

σ(A−0 ) = {−λ j + qc
}N

j=N0+1 . (40)

Now let

⎡

⎣
IN0 0 0
0 0 1
0 IN−N0 0

⎤

⎦ . (41)

Observe that T is nonsingular and that T−1 = T . By using (38), simple computations
reveal that

G := T (A + B
[
H+ 01×(N−N0) K

]
)T−1 =

⎡

⎣
A+0 + B+v H+ B+u + B+v K 0

H+ K 0
B−v H+ B−u + B−v K A−0

⎤

⎦ .

In particular, by relying on the block-triangular structure of G and the definition of
A+1 in (36), it turns out that σ(G) = σ(A+1 ) ∪ σ(A−0 ). Therefore, since G is similar
to A + B

[
H+ 01×(N−N0) K

]
, by using (40), the proof is completed. ��

Lemma 3 Let H+ ∈ R
1×N0 , K ∈ R, L+ ∈ R

N0×1, and N ≥ N0. Select

Ac = A0 + Bv

[
H+ 01×(N−N0)

]−
[

L+
0(N−N0)×1

]

C p, Bc =
[[

L+
0(N−N0)×1

]

Bu

]

,

Cc =
[
H+ 01×(N−N0)

]
, Dc =

[
0 K

]
.

(42)

Define

C+p :=
[
φ1(0) φ2(0) . . . φN0(0)

]
.

Then

σ(A1) = σ(A+1 ) ∪ {−λ j + qc
}N

j=N0+1 ∪ σ(A+0 − L+C+p ), (43)

where A+1 is defined in (36).

Proof Let

U :=
[

IN+1 0[
IN 0N×1

] −IN

]

. (44)
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Observe thatU is nonsingular and thatU−1 = U . Straightforward computations yield

U A1U−1 =

⎡

⎢
⎢
⎣

A + B
[
H+ 01×(N−N0) K

] −
[

Bv H+ 0
H+ 0

]

0 A0 −
[

L+
0

]

C p

⎤

⎥
⎥
⎦ .

In particular, this shows that

σ(A1) = σ

⎛

⎜
⎝A + B

[
H+ 01×(N−N0) K

]

︸ ︷︷ ︸
R

⎞

⎟
⎠ ∪ σ

(

A0 −
[

L+
0

]

C p

)

. (45)

Notice that the matrix R corresponds to the matrix in the lefthand side of (37). There-
fore, from Lemma 2, one has

σ(R) = σ(A+1 ) ∪ {−λ j + qc
}N

j=N0+1 . (46)

On the other hand, from the structure of the matrix A0 (defined in (19)), it follows
that

σ

(

A0 −
[

L+
0

]

C p

)

= σ(A+0 − L+C+p ) ∪ {−λ j + qc
}N

j=N0+1 . (47)

Hence, by combining (45),(46), and (47), one gets (43). This concludes the proof. ��
We now state a fact that is exploited later.

Fact 2 The pair

([
A+0 B+u
0 0

]

,

[
B+v
1

])

is controllable and the pair
(

C+p , A+0
)

is observable.

Remark 4.1 The above controllability property follows directly from the controllabil-
ity of the pair (A+0 , B+v ), which in turn follows from the structure of A+0 and the fact
that the entries of Bv are nonzero. Analogous considerations hold for the observability

of the pair
(

C+p , A+0
)
.

Now we are in a position to state the main result of this subsection.

Proposition 4.1 There exist N ≥ N0, Ac, Bc, Cc, Dc, α, χ, η, β > 0, and P ∈ S
2N+1

such that (23) and (24) hold.
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Proof To show the result, we rely on Lemma 1. In particular, we show that there exist
N ≥ N0, Ac, Bc, Cc, Dc, α, χ ′, η′, β ′ > 0, and P ′ ∈ S

N+1+nc such that (34) and (35)
hold. For the sake of notation, henceforth we omit the ′. At this stage, notice if

[
He(P A1)+ ||b||2L2 Q�Q P B11 + ||b||2L2 Q�Dc

� ‖b‖2L2 D�c Dc − β I2

]

≺ 0, (48)

then (34) holds with χ large enough and η small enough. Let A+1 be defined as in (36).
Pick H+, K , and L+ such that the spectra of, respectively, A+1 and A+0 − L+C+p are
contained inC−. Notice that this is possible thanks to Fact 2. Now, let Ac, Bc, Cc, and
Dc be selected as in (42). Then, from Lemma 3 it follows that the spectrum of A1 is
contained in C−. More in particular,

σ(A1) = σ(A+1 ) ∪ {−λ j + qc
}N

j=N0+1 ∪ σ(A+0 − L+C+p ).

This, along with the fact that the sequence {−λ j + qc}Nj=N0+1 is strictly decreasing,
implies that, for all N ≥ N0,

spabs(A1) = max{spabs(A+1 ), spabs(A+0 − L+C+p ),−λN0+1 + qc},

where spabs(A) is the spectral abscissa of a matrix A. In particular, spabs(A1) does
not depend on N . From the Bounded Real Lemma; see, e.g., [13, Theorem 3.1, page
52] one has that, since σ(A1) ⊂ C

−, for any β > 0 such that

β > (sup
ω∈R

‖WN ( jω)‖)2, (49)

where1

WN (s) := ‖b‖L2(Q(s I − A1)
−1B11 + Dc)

there exists P ∈ S
2N+1+ such that (48) holds. We now provide a bound on

‖WN‖∞ := (sup
ω∈R

‖WN ( jω)‖).

For all N ≥ N0

‖WN‖∞ ≤ ‖b‖L2‖Q‖‖B11‖‖�N‖∞ + ‖b‖L2‖Dc‖, (50)

1 Notice that WN depends on N via the dependency on N of A1, Q, and B11.
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with �N (s) := (s I − A1)
−1 for all s ∈ C. In particular, from (25) and the definition

of controller parameters in (42) has

‖Q‖ = ‖ [K H+] ‖, ‖B11‖ =

∥
∥
∥
∥
∥
∥
∥
∥

⎡

⎢
⎢
⎣

0 Bv K
0 K[

L+
0(N−N0)×1

]

Bu

⎤

⎥
⎥
⎦

∥
∥
∥
∥
∥
∥
∥
∥

, ‖Dc‖ = |K |.

Notice that since by assumption a, b ∈ H1(0, 1) (see Section 3), there exist � such
that2

max{‖Bv‖, ‖Bu‖} ≤ �, ∀N ≥ N0, (51)

this in turn implies that, for all N ≥ N0, ‖B11‖ ≤ �2, for some �2 > 0. Therefore,
from (50) one gets, for all N ≥ N0,

‖WN‖∞ ≤ ‖�N‖∞‖b‖L2 max{‖Q‖,�2}2 + ‖b‖L2 |K |. (52)

Recall that, since σ(A1) ⊂ C
−, then from [5, Proposition 11.2.2, page 647]

�N ( jω) =
∫ ∞

0
e(− jωI+A1)t dt, ∀ω ∈ R.

Therefore

‖�N‖∞ ≤
∫ ∞

0
‖eA1t‖dt . (53)

Next we provide a bound on ‖eA1t‖. To this end, define E := T U , where T and U
are defined, respectively, in (41) and (44). Then

Ã1 := E−1A1E =
[

J11 J12
0 J22

]

(54)

with, by using the definitions in (39),

J11 :=
⎡

⎣
A+0 + B+v H+ B+u + B+v K 0

H+ K 0
B−v H+ B−u + B−v K A−0

⎤

⎦ , J12 :=
⎡

⎣
B+v H+ 0

H+ 0
B−v H+ 0

⎤

⎦

J22 :=
[

A+0 − L+C+p L+C−p
0 A−0

]

2 Recall that Bv and Bu are, respectively, the coordinates of the functions b, a ∈ H1(0, 1) with respect to
the basis {φi }N1 .
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where C−p is defined such that C p =
[
C+p C−p

]
. Observe that, as discussed earlier in

the proof, there exists �3 > 0 such that

‖J12‖ ≤ �3, ∀N ≥ N0. (55)

Notice that by construction E−1 = U T and that ‖T ‖ = ‖U‖ = 1. Therefore, for all
t ≥ 0

‖eA1t‖ = ‖EeÃ1t E−1‖ ≤ ‖eÃ1t‖. (56)

Thus, we focus on bounding ‖eÃ1t‖. To this end, we rely on the following claim,
whose proof is presented later. ��
Claim 1 Let h� ∈ ( 1

2 spabs(A1), 0
)
. There exists N � ≥ N0 and l1, l2 > 0 such that the

following holds. For all N ≥ N �, there exists P ∈ S
2N+1+ such that

He(P( Ã1 − h� I )) 
 0, ‖P‖ = l1N , ‖P−1‖ = l2. (57)

�
Let h�, N �, l1, l2, and P ∈ S

2N+1+ , be as in Claim 1. Then, from [5, Fact 11.18.9, page
699] the following holds

‖eÃ1t‖ ≤
√

l1N

l2
eh�t , ∀t ≥ 0, N ≥ N �.

Combining this bound with (53) and (56) yields

‖�‖∞ ≤ 1

|h�|

√
l1N

l2
, ∀N ≥ N �.

Thus from (52) one has, for all N ≥ N �

‖W‖∞ ≤ ‖b‖L2
max{‖Q‖,�2}2

|h�|
︸ ︷︷ ︸

c1

√
l1N

l2
+ ‖b‖L2 |K |

︸ ︷︷ ︸
c2

.

Following (49), pick

β = 2c21l1N

l2
+ 2c22. (58)

Then, for all N ≥ N �, there exists P ∈ S
2N+1+ such that (48) holds. To conclude the

proof, let α > 3
2 . We show that (35) holds for N ≥ N � large enough. From Fact 1,
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one has that there exists k > 0 and N > N0 such that

Mφ(N ) ≤ k

N
, ∀N ≥ N .

Pick N ′ ≥ max{N , N �}. Then, with β as in (58), one gets

β

2
Mφ(N ) ≤ k

2c21l1N
l2

+ 2c22
2N︸ ︷︷ ︸

g(N )

, ∀N ≥ N ′. (59)

Let N ′′ > N ′ such that

αg(N ′′)− λN ′′
(

1− 3

2α

)

+ qc < 0. (60)

Notice that such N ′′ exists since {gN } converges to a finite value when N goes to
infinity, the sequence {λn} goes to infinity when N goes to infinity, and

(
1− 3

2α

)
< 0.

Therefore, since the sequence {λn} is strictly increasing, from (59) and (60) one obtains

−λn

(

1− 3

2α

)

+ qc + αg(N ′′) < 0, ∀n ≥ N ′′.

This ensures that (35) holds with N = max{N ′′ − 1, 1}, α > 3
2 , and η small enough.

Thus, since, as shown earlier, for all N ≥ N �, (48) holds, the result is proven by taking
N = max{N ′′ − 1, 1}. This concludes the proof. ��
Proof of Claim 1 Weprove the result in two steps. First, we show that there exists γ > 0
such that the following holds. For any N ≥ N0, there exists P1 ∈ S

N+1+ such that

He(P1(J11 − h� I )) ≺ 0, ‖P1‖ ≤ γ. (61)

Consider the following partitioning of the matrix J11

⎡

⎣
A+0 + B+v H+ B+u + B+v K 0
H+ K 0
B−v H+ B−u + B−v K A−0

⎤

⎦ =
[

S11 0

S21 A−0

]

and observe that, thanks to (51), for any N ≥ N0, max{‖B−v ‖, ‖B−u ‖} ≤ � . This in
turn implies that

‖S21‖ ≤ � ′, ∀N ≥ N0 (62)

for some positive � ′. Now, let R1 ∈ S
N0+1+ such that

F1 := He(R1(S11 − h� I )) ≺ 0.
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Notice that such R1 exists since by construction spabs(J11) < h�. Pick

P1 := diag(R1, υ IN−N0) (63)

where υ is positive scalar that is selected later. Then, bearing in mind that A−0 is
diagonal, one has

Z1 := He(P1(J11 − h� I )) =
[

F1 υS�21
� 2υ(A−0 + h� I )

]

. (64)

From Schur complement lemma, it follows that

Z1 ≺ 0 ⇐⇒ F1 − 1

2
υS�21(A−0 − h� I )−1S21 ≺ 0. (65)

Hence, by using (62), the following inequality can be established, for all N ≥ N0

F1 − υS�21(A−0 − h� I )−1S21 
 (λmax(F1)+ 1

2
υ� ′2‖(A−0 − h� I )−1‖)I . (66)

Now observe that, since A−0 is diagonal, for all N ≥ N0

(A−0 − h� I )−1 = (A−0 )−1 − 1

h�
I .

Hence, by using (40) and the fact that the sequence {λ j } is strictly increasing, one has,
for all N ≥ N0

‖(A−0 − h� I )−1‖ ≤ 1

h�
+ max

j∈{N0+1,...,N }
1

λ j − qc
= 1

h�
+ 1

λN0+1 − qc
=: τ. (67)

Thus, by combining (65) and (66), if υ ∈
(
0, |λmax(F1)|

2τ� ′2
)
, one gets, (61) with P1 as in

(63) and

γ := max

{

‖R1‖, |λmax(F1)|
2τ� ′2

}

. (68)

Step 2. Consider the following partitioning of the matrix J22

[
A+0 − L+C+p L+C−p
0 A−0

]

=:
[

G11 G12

0 A−0

]

.

Let R2 ∈ S
N0+ be such that

F2 := He(R2(G11 − 2h� I )) ≺ 0.
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Such a R2 exists since by construction spabs(G11) < 2h�. Now, select

P2 = diag(R2, ν I ), (69)

where ν is a positive scalar to be selected later. Then

Z2 := He(P2(J22 − 2h� I )) =
[

F2 R2G12

� 2ν(A−0 − 2h� I )

]

.

Now notice that by construction for all N , ‖C p‖ =
√
2N . Hence, for all N ≥ N0

‖G12‖ ≤ ‖L+‖√2N .

From Schur complement lemma, for all N ≥ N0, the following equivalence holds

Z2 ≺ 0 ⇐⇒ F2 − 1

2ν
R2G12(A−0 − 2h� I )−1G�12R2 ≺ 0. (70)

Consider the following inequality, for all N ≥ N0,

F2 − 1

2ν
R2G12(A−0 − h� I )−1G�12R2 
 (λmax(F2)+ κ2N

2ν
‖(A−0 − 2h� I )−1‖)I ,

(71)

where κ := √2‖R2‖‖L+‖. Hence, by slightly adapting (67), one has for all N ≥ N0

F2 − 1

2ν
R2G12(A−0 + 2h� I )−1G�12R2 


(

λmax(F2)+ τκ2N

2ν

)

I . (72)

Thus, by selecting

ν = |λmax(F2)|τκ2N

2
, (73)

from (70)-(71)-(72), one has for all N ≥ N0, Z2 
 0. In particular from the definitions
of Z2 and P2, it follows that, if (73) holds, then for all N ≥ N0,

Z2 :=
[
He(R2(G11 − h� I )) R2G12

� 2ν(A−0 − h� I )

]


 X :=
[
2h� R2 0

� 2νh� I

]

. (74)

Step 3. Let for all N ≥ N0, P := diag{δP1, P2}, where P1 and P2 are defined,
respectively, in (63), (69) and δ is a positive scalar that is selected later. Henceforth,
we assume that the scalar ν defining H is selected as in (73). Then, from (54), by using
the definitions of Z1 and Z2, respectively, in (64) and (74), one has for all N ≥ N0

W1 := He(P( Ã11 − h� I )) =
[
δZ1 δP1 J12
� Z2

]

.
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Hence, by using the inequality in (74), one obtains

W1 

[
δZ1 δP1 J12
� X

]

.

The latter inequality, thanks to Schur complement lemma and standard bounding, leads
to the following implication

λmax(Z1)+ δγ 2� 2
3 ‖X−1‖ ≤ 0  ⇒ W1 
 0. (75)

where γ and �3 are defined, respectively, in (68) and (55). From the definition of X ,
one has that

‖X−1‖ = 1

2|h�| max

{

‖R−12 ‖,
1

ν

}

. (76)

Select

δ ∈
(

0, γ 2� 2
3

1

2|h�| ‖R−12 ‖.
)

.

Pick N � ≥ N0 such that, for all N ≥ N �

1

ν
≤ ‖R−12 ‖,

1

δ
|P1| ≤ ν. (77)

Notice that such a value exists since, from (73), ν goes to zero as N goes to infinity.
Then, by combining (75), (76), and (77), one gets, for all N ≥ N , W1 
 0. Hence,
(57) holds with

P = diag{δP1, P2}, l1 := |λmax(F2)|τκ2N

2
, l2 := max

{
1

δ
‖P−11 ‖, ‖R−12 ‖

}

.

This concludes the proof. ��

5 Optimal Control Design

Notice that (23) is a nonlinearmatrix inequality in the decisionvariables P, Ac, Bc, Cc,

and Dc. Therefore, (23) is hard to exploit from a numerical standpoint for the design
of the controller. To overcome this drawback, next we provide sufficient conditions in
the form of linear matrix inequalities to design the controller parameters. To achieve
this goal, we adapt the approach introduced in [34] for the design of dynamical output
feedback controllers. This leads to the result given next that establishes sufficient
condition in the form of LMIs for the design of a full-order controller, i.e., nc = N+1,
for the solution to Problem 1.
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Proposition 3 Suppose that there exist N ≥ N0, α′, β, η, χ ∈ R>0, X , Y ∈ S
N+1
p ,

L ∈ R
1×N+1, F ∈ R

N+1×2, W ∈ R
N+1×N+1, and Dc ∈ R

1×2 such that

[
Y I
� X

]

� 0, (78)

− λN

(

1− 3

2
α′
)

+ qc + η + β

2
Mφ(N ) ≤ 0, (79)

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

He(�11) �12 �13 �14 0
� −χ2 0 0 1
� � −β I2 D�c 0
� � � − α′

‖b‖2L2
0

� � � � − α′
‖m‖2L2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦


 0, (80)

where

�11 :=
[

AY + BL A + B DcC
W X A + FC

]

+ η

[
Y I
I X

]

,

�12 :=
[

Bd

X Bd

]

,�13 :=
[

B Dc

F

]

,�14 :=
[

L�
C�D�c

]

.

Then, I − Y X is nonsingular. Let U , V ∈ R
N+1×N+1 be nonsingular matrices such

that Y X + V U� = I . Pick

Ac = U−1(W − X AY −U BcCY − X B(DcCY + CcV�))V−�,

Bc = U−1(F − X B Dc), Cc = (L − DcCY )V−�.
(81)

Then, the parameters Ac, Bc, Cc, Dc solve Problem 1. In particular (11) holds with:

ρ = √
2

χ√
min{λmin(P), p∗, q∗} , P =

[
X U

U� U�(X − Y−1)−1U

]

. (82)

Proof As a first step, we show that under (78), I − Y X is nonsingular. To this end, by
Schur complement notice that (78) implies that Y − X−1 � 0. Hence, by congruence

X
1
2 Y X

1
2 − I � 0. where X

1
2 denotes the principal square root of X . This implies that

det(X
1
2 Y X

1
2 − I ) > 0. Thus, by using the following elementary identity

det(X
1
2 Y X

1
2 − I ) = (−1)N+1 det(I − Y X),

it follows that I −Y X is nonsingular. The remainder of the proof relies on Theorem 1.
In particular, let P as in (82) and α = 1

α′ . Next, we show that under the assumptions
of the above statement, P is positive definite and that (23) and (24) hold. To this end,
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observe that since the sequence {λn} is monotonically increasing, one has that (79)
implies

−λn + qc + η + 3α′ + β

2
Mφ(N ) ≤ 0, ∀n ≥ N .

Therefore, the satisfaction on (24) follows directly from (79). Define

Y :=
[

Y I
V� 0

]

. (83)

Observe that since V and Y are nonsingular, so is Y . Simple computations reveal that

Y�PY =
[

Y I
I X

]

. (84)

This in turn, since Y is nonsingular, thanks to (78) shows that P as in (82) is positive
definite. We now show that (23) holds. Notice that, by Schur complement

(23) holds ⇐⇒ � :=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

He(P(A1 + ηI )) P B12 P B11 Q� 0
� −χ2 0 0 1
� � −β I2 D�c 0
� � � − α′

‖b‖2L2
0

� � � � − α′
‖m‖2L2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

≺ 0.

(85)

Define �2 := diag{Y�, I6}�diag{Y, I6}. Straightforward computations give

�2 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

He(Z11 + ηY�PY) Z12 Z13 Z14 0
� −χ2 0 0 1
� � −β I2 D�c 0
� � � − α′

‖b‖2L2
0

� � � � −α′

⎤

⎥
⎥
⎥
⎥
⎥
⎦

,

where Z11, Z12, Z13, and Z14 are reported in (86) (at the top of the next page).

Z11 :=
[

(A + B DcC)Y + BCcV� A + B DcC
(X(A + B DcC)+U BcC))Y + (X BCc +U Ac)V� X(A + B DcC)+U BcC

]

,

Z12 :=
[

Bd

X Bd

]

, Z13 :=
[

B Dc

X B Dc +U Bc

]

, Z14 :=
[

Y C�D�c + V C�c
C�D�c

]

.

(86)
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From (81), one has

L = CcV� + DcCY , F = X B Dc +U Bc,

W = X AY + X B(DcCY + CcV�)+U AcV� +U BcCY .
(87)

By using (87), it turns out that the matrix �2 corresponds to the matrix in the lefthand
side of (80). Hence, thanks to (80) and the fact that �2 and� are congruent, it follows
that � 
 0. This, due to the equivalence established in (85), implies that (23) holds,
thereby concluding the proof. ��

In the formulation of Problem 1, no specific requirements on the scalar ρ are consid-
ered. On the other hand, it is obvious that to minimize the effect of the disturbance d on
the closed-loop system, the control parameters should be designed so that (11) holds
with a minimal ρ. Thanks to Proposition 3, this goal can be achieved by considering
the following optimization problem

inf
X ,Y ,L,F,W ,Dc,β,χ,α′

ρ(X , Y , U , V , χ),

s.t:(78), (80), (79)
(88)

where

ρ(X , Y , U , χ) := χ
√

min

{

λmin

([
X U

U� U�(X − Y−1)−1U

])

, p∗, q∗
} .

On the other hand, as it is formulated, (88) is difficult solve due to the objective function
being nonlinear in the decision variables. To overcome this problem, one can add the
following additional constraint

[
X U

U� U�(X − Y−1)−1U

]

−min(p∗, q∗)I 	 0, (89)

and focus on the minimization of χ . It is worth to observe that, up to a congruence
transformation, (89) is equivalent to

Y�
[

X U
U� U�(X − Y−1)−1U

]

Y −min(p∗, q∗)Y�Y 	 0,

with Y be defined as in (83). The latter by using (84) and Schur complement turns out
to be equivalent to

⎡

⎢
⎢
⎣

Y I Y V
I X I 0
Y I 1

min(p∗,q∗) I 0

V� 0 0 1
min(p∗,q∗) I

⎤

⎥
⎥
⎦ 	 0. (90)
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Therefore, one can focus on the following optimization problem.

inf
X ,Y ,L,F,W ,Dc,β,χ,α′

χ2.

s.t: (78), (79), (80), (90)
(91)

When N is fixed, (91) is an SDP program and therefore it can be efficiently solved.

6 Numerical Example

In this sectionwe illustrate the effectiveness of our designmethodology on a numerical
example. We consider the following parameters for system (4): p(x) = 1, q(x) = 1,
m(x) = 1, and qc = 4. Notice that with the selection, one has spabs(A0) ≈ 0.5326,
thereby implying that the system is open-loop unstable. Numerical tests show that, for
this example, (91) is feasible for any value of N ≥ N0. In particular, for N = N0 and
η = 0.1, we obtain3

Ac =
[

1720 1860
−1.02× 104 −1.09× 104

]

, Bc =
[ −4.66 −0.089
−0.104 −0.233

]

,

Cc =
[
1.01× 104 1.09× 104

]
,

Dc =
[−0.0226 0.0016

]
, χ = 1.7659, α′ = 0.48979, β = 22.264, ρ = 3.4171.

In Fig. 1 we report a simulation of the evolution of the closed-loop system state with

z(0, x) = 1+ x2, xc(0) = 0, u(0) = z(0, 1), (92)

and

d(t) =

⎧
⎪⎨

⎪⎩

1 if t ∈ [0, 1],
−1 if t ∈ [1, 2],
0 if t > 2.

(93)

As expected, simulations suggest that the closed-loop system remains bounded. To
verify the satisfaction of (11), in Fig.2 we report the evolution of the output y from
zero initial conditions and with d as (93). Notice that in this case,

∫∞
0 d(θ)2dθ = 2.

Fig.2 shows that for all t ≥ 0, |y(t)| ≤ √2ρ ≈ 4.8324, which agrees with (11) and
shows the conservatism of out bounds. Finally, in Fig. 3, we compare the evolution
of the plant output obtained with the optimal controller and a non-optimal controller.
The picture clearly shows that the proposed optimal design leads to an improved
disturbance rejection.

3 Numerical solutions to LMIs are obtained in Matlab® using the YALMIP package [23] combined with
the solver SDPT3 [42]. Simulations of the closed-loop system are obtained by relying on a truncated model
of the reaction-diffusion dynamics obtained by considering the first 50 natural modes.
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Fig. 1 Evolution of the closed-loop system state with d and z(0), xc(0), u(0) as in (92)
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Fig. 2 Evolution of the output y for the closed-loop system with zero initial conditions and with d as in
(93)

123



49 Page 30 of 32 Journal of Optimization Theory and Applications (2025) 206 :49

0 2 4 6 8 10
-1

-0.5

0

0.5

1

y

t

Fig. 3 Evolution of the output y for the closed-loop system with the optimal controller (solid line) and a
non-optimal controller (dashed line). Simulations are obtained with d as (93) and zero initial conditions

7 Conclusion

The design of a finite-dimensional linear time-invariant controller was proposed
to achieve input-output stability (IOS) of a reaction-diffusion equation with anti-
collocated Dirichlet sensing and actuation in the presence of in-domain disturbances.
Sufficient conditions in the form of matrix inequalities were derived to solve the con-
trol design problem. By adapting the design approach in [34], we devised an optimal
controller design algorithm based on SDP programming. A numerical example was
presented to showcase the effectiveness and validity of our methodology. The exten-
sion of the results presented in this paper to the design of output feedback controllers
in the presence of actuator saturation is part of our current research activities.
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