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Signals, and Systems

Uniting Local and Global Controllers
with Robustness to Vanishing Noise*

Christophe Prieur!

Abstract. We consider control systems for which we know two stabilizing
controllers. One is globally asymptotically stabilizing, the other one is only locally
asymptotically stabilizing but for some reason we insist on using it in a neighbor-
hood of the origin. We look for a uniting control law being equal to the local
feedback on a neighborhood of the origin, equal to the global one outside of a
larger neighborhood and being a globally stabilizing controller. We study several
solutions based on continuous, discontinuous, hybrid, time-varying controllers.
One criterion of the selection of a controller is the robustness of the stability to
vanishing noise. This leads us in particular to consider a kind of generalization of
Krasovskii trajectories for hybrid systems.

Key words. Nonlinear stabilization, Lyapunov functions, Disturbance, Errors
measurements, Generalized trajectories.

1. Problem Statement and Related Results

1.1. Introduction

In nonlinear control system theory, we now have numerous tools (backstepping,
forwarding, feedback linearization, passivation,...) to design (globally) asympto-
tically stabilizing feedbacks. However, if such feedbacks give a satisfactory answer
to the global asymptotic stabilization problem, they are not necessarily intended
to address the performance problem. As opposed to this fact, for instance via
linearization, one may design controllers addressing satisfactorily both the as-
ymptotic stabilization and the performance problems but only locally. A pratical
example of such a framework is given in [TKM]. This leads us to the idea of
uniting a local controller with a global controller, i.e. given (1) a controller #; able
to stabilize locally while providing better performance and (2) a controller u, pro-
viding global asymptotic stability, we are looking for a maybe time-varying, pos-
sibly hybrid, dynamic controller providing uniform global asymptotic stability for
the overall system while matching exactly the local controller #; when the system
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state component is in a neighborhood of the origin and matching the global con-
troller u, when this component is outside a compact set containing the origin.

1.2. Problem Statement

Let f: R" x R"™ — IR" be a locally Lipschitz function such that f(0,0) = 0. We
consider the system

x = f(x,u). (1)

We call the following the uniting problem:

Let Q be a bounded open connected neighborhood of the origin (in IR") and two
continuous controllers #;: 2 — R™ and u,: R" — R", where 2 < R” is an open
set containing clos(Q), which make the systems f;: 2 — R", x — f(x,u;(x)) and
Syt R" — R", x — f(x,uy(x)) admit the origin as an asymptotically stable equili-
brium, globally on their respective domain of definition.

We look for:

1. A bounded closed set 4 = IR” (e.g. an annulus) which separates R” in two
connected open sets C; and C, (e.g. an open ball and the complement
of a closed ball) such that we have

QcCca.

2. A control law ¢(x) (at this stage we restrict to a continuous static time-
invariant control law), satisfying, for all j in {/, g},

p(x) = u(x),  Vxe G, (2)

and such that the origin of the system x = f(x, ¢(x)) is globally asymptoti-
cally stable.

1.3. Related Results and the Organization of This Paper

Studies on the uniting problem have already been reported, in particular in [MMP)]
and [TK]. In [MMP] the solution is given in the form of a continuous static time-
invariant controller ¢ as requested above. It assumes the existence of a continuous
path of stabilizing controllers between u; and u,. Unfortunately we show by means
of an example that this assumption can be violated. Actually, for this particular
example, there is no continuous (and even discontinuous) static time-invariant
controller. This shows that dynamic extension of the control ¢ may be necessary,
this being via time variations, discrete or continuous state, i.e. the problem for-
mulation formulated above has to be considered with a more general class of
controllers. Note that in [TK] a dynamic time-invariant controller ¢(x, s) is pro-
posed but it does not satisfy our requirement (2). Specifically, along the trajecto-
ries, the proposed control converges with time to the global one u,.

We first return, in Section 2.1, to the static time-invariant continuous controller
proposed in [MMP] but we show, in Section 2.2, a system to which it cannot be
applied. In fact this system motivates us to look at obstructions for solving the
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problem via (dis)continuous static time-invariant controllers (Section 2.3). This
negative result leads us to reformulate, in Section 3, in terms of more general
controllers. A first class of such controllers is dynamic hybrid control. We
show that indeed the uniting problem can be solved in terms of weak generalized
trajectories (Section 4.1) but unfortunately not in terms of strong generalized
trajectories (Section 4.2). So finally, in Section 5, we propose a periodic static
continuous controller solving the problem in its whole generality.

2. Static Time-Invariant Controllers

2.1. A Solution to the Uniting Problem
Following the arguments and ideas of [MMP], we get:

Theorem 2.1. Let Q be a bounded open connected neighborhood of the origin in
R", and let w; and u, be two continuous functions on R". We assume the existence
of a triple (Y, V,¢) as:

* Y:[0,1] x R" — R™, a continuous path connecting u; to ug, i.e. for all x in IR",

we have
zﬁ(O,x) = ul(x)7 lex) = ug(x)a

c V:i[0,1] x R" = R, a 6" function which, for all s € [0, 1], is positive definite
and radially unbounded,
* ¢ a positive real number such that Q is contained in {x: V(0,x) < ¢}

with the following properties:

1. For each s in [0,1] and each x in R"\{0}, we have
%

— 0. 3
50/ (% (5, ) < G)
2. For each (s,x) satisfying V (s, x) = ¢, we have
aa—ls/ (s,x) <O. 4)
Under these conditions, we can find a bounded closed set A and a continuous func-
tion ¢ defined as
(p(x) = tp(y(x), x)? Vx e R", (5)

where y is a locally Lipschitz function, which solves the uniting problem.

Remark 2.2. 1. With (3) holding for s = 1, we impose that & is actually R”.
In fact this restriction is too strong. We need only that Q be sufficiently small
inside 2. This “sufficiently” is linked to the stability properties provided by u,. To
avoid making our statement of Theorem 2.1 too complicated, we have preferred
to impose Z = R".

2. The existence of some ¢ such that Q is contained in {x, V(0, x) < ¢} follows
from the fact that V is radially unbounded. However, with (4) one asks more of
such c.
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Proof. Let A be the closed set {x:c¢ < V(0,x),V(l,x) <c}. Condition (4)
implies that this set is nonempty, bounded and contains the set {x: V (0, x) = c}.
Also the sets

Cr={x:V(0,x) < c}, C,={x:c<V(1,x)}
are open and connected, with an empty intersection and satisfy R" = C;u 4 U C,.
This means that 4 has the required properties.

We now define the controller ¢(x). To do this, we introduce a function y on R”
as follows:

+ for x in Cj, we let y(x) =0,
+ for x in C,, we let p(x) = 1,
+ for x in 4, we choose y(x) as the solution of

V(y,x) =c. (6)

Condition (4) and the Implicit Function Theorem imply that y is well defined and
Lipschitz on R” and ' on R"\(0C; U 8C,) and we have

xeint(4d) < y(x)e(0,1). (7)

Then we let ¢ be the function defined by (5), and we readily have (2), for j in
{l,g}. The global asymptotic stability of the origin for the closed-loop system is a
consequence of the following three properties:
1. For each x in clos(C,), we have (from (3))
(1,0 px) <0

With continuity, it follows that there exists ¢, such that any trajectory X
with initial condition x verifying V' (1,x) > ¢ — ¢, satisfies, for x and all
t>1tg, V(1,X (1)) < V(1,x), reaches in finite time, depending only on V' (1, x),
and then remains in the set

{x:V(l,x) <c—¢g} c CuUA.

2. Similarly, using (0, x), we get the existence of ¢ such that the origin is
asymptotically stable with a basin of attraction containing the set

C s {x:V(0,x) <c+gl
3. The function y is %' on int(4) and, from (3), (4) and (6), we get

dy _ (@V/ox)(y(x), x)
5(x)f(xa p(x)) = —mﬂxa (x))
1 oV .
= —W a(?(x),x)f (x, ¥ (y(x),x))
<0.
It follows that any trajectory with initial condition x in the set

{x:V(1,x) <c—¢g5, V(0,x) = c+g} < int(4)
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satisfies, for all £ >0, V(1,X(¢)) < ¢, converges to the set {x: y(x) <0} =
clos(C)), and therefore reaches the set {x: V(0,x) < ¢+ &} in finite time
independent of x. L

2.2. A Topological Obstruction

Theorem 2.1 provides a solution to the uniting problem via a static time-invariant
continuous controller. We show in this section that we must not restrict our
attention to only such kinds of feedbacks.
Let the system be
X = —y°x, y=u (8)
The data of the uniting problem we consider are
w=-y+x, u=-y-x,  Q={(xy:x*+y'<i},  Z=R.

The fact that u; and u, are global asymptotic stabilizers can be checked with
LaSalle’s invariance theorem and the Lyapunov function 2x? + y*.

Let A be any closed set which separates R? into two connected open sets C; and
C, with C; containing Q. There exists 0 < ¢; < ¢, such that

Ac{(x,y):<x>+y <c)}
Assume the existence of a static time-invariant continuous controller ¢(x, y)
solving the uniting problem. Then we have
—-y+x i xX*+yr<d,
p(x,y) = . T 2 2
y—Xx ¢, <x"+y7,
and, in particular,
(P(C[,O) =y, (1’(%»0) = —(qg.

Since ¢; and ¢, are positive, the continuity of ¢ implies the existence of ¢, strictly
positive, such that ¢(c,0) = 0. It follows that (¢, 0) is an equilibrium of the closed-
loop system contradicting the fact that ¢(x, y) is globally asymptotically stabiliz-
ing the origin.

We have established that the conclusion of Theorem 2.1 does not hold and so
its assumptions are violated. Actually the same argument as above shows that
there is no continuous function (s, (x, y)) connecting u; to u, and providing a
globally asymptotically stabilizing controller for each s in [0, 1].

The obstruction observed with the system (8) leads to the following necessary
condition for the solvability of the uniting problem via static time-invariant con-
tinuous feedback, where we impose 2 = R” to avoid making our statement too
complicated.

Theorem 2.3. Let (u;,u,,Q) be the data of a uniting problem. If there exists a
static time-invariant continuous control as a solution for this problem, then there
exists 0 < ¢; < ¢4 such that the functions w; and u, below are homotopic:

vie{l g}, i 8" = = {(x,u), f(x,u) #0} < R" x R™,
¢ = (¢ ui(¢€))-
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Proof. Since A4 is a bounded closed set not containing the origin, there exists
0< ¢ <c¢y such that 4 is included in {(x,y): ¢; <|x| <¢,;}. The function
H:[0,1] x $"" = T defined as

H(s, &) = ([(¢g — cr)s + ailé,u([(cg — cr)s + ci€))

provides the required homotopy. Indeed, there is no equilibrium in {(x, y): ¢; <
x| < ¢y}, so we have, for all (s,&) in [0,1] x S"', f(H(s,&)) # 0. |

The necessary condition given in Theorem 2.3, written in terms of homotopy,
can also be expressed in terms of homology as in [C].

For the system (8), the set X is R® without the x- and y-axis. The image of
S! by @ in IR? is an ellipsis, intersection of the plane u+ y — x = 0 with the
cylinder x? + y? = c,2 Similarly, the one by #, is an ellipsis in the plane given by
u+ y+ x = 0. We can see that there is no continuous deformation allowing us to
go from one ellipsis to the other without crossing the x- or y-axis. So the necessary
condition is not met.

We conclude that the class of static time-invariant continuous controllers is
not rich enough to address the uniting problem. Before investigating a richer
class, we show that, in some cases, the class of static time-invariant discontinuous
controllers is also not rich enough.

2.3. Obstruction for a Solution with a Discontinuous Static
Time-Invariant Controller

In this section we want to prove a necessary condition for having a solution to the
uniting problem with a discontinuous static time-invariant controller. The closed-
loop system with such a controller has a discontinuous right-hand side. The notion
of trajectories for such a differential equation will be the Krasovskii trajectories:

Definition 2.4. Let 7y be in R and 7 > ¢y. Let @ be a locally bounded function.
We say that X defined on [ty, T) is a Krasovskii trajectory of x = ®(x) if X is
absolutely continuous and, for almost all 7 in [z9, T), we have

X(1) € K(®)(X (1)),

where K(®)(x) = (),.,Conv ®({x} 4+ &B) (B denotes the unit ball of R" and
Conv S the smaller closed convex set containing ).

Usually this distinction is not made because we have:

Lemma 2.5 [F, p. 50]. When ® is continuous each Krasovskii trajectory of
X = ®(x) is a Peano trajectory, i.e. X is C! and X = ®(X (1)), for all t.

It follows that Theorems 2.1 and 2.3 hold for Krasovskii trajectories.
In this section we impose that f'is affine in u, i.e.

o) =a(x)+ Y bi(x)u;,
i=1

where a and b are locally Lipschitz, and we have
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Theorem 2.6. Let (u;,u,y,Q,2) be the data of a uniting problem for f affine in u.
If the uniting problem is solvable, in terms of Krasovskii trajectories, with a locally
bounded static time-invariant controller, then, for any bounded open connected set
Q, with a neighborhood of the origin such that

clos(Q) c Q,
the uniting problem, with data (u;, u,, Q, 9), is also solvable in terms of Krasovskii
trajectories by a static time-invariant continuous controller.

This theorem implies that, when f'is affine in u, if the uniting problem cannot be
solved with a continuous static time-invariant controller, then it cannot be solved
with a discontinuous static time-invariant controller either. Note that this is the
case for system (8).

To prove Theorem 2.6, we need the following result:

Lemma 2.7 [CLS, Theorem 1.3]. Let ® be a locally bounded function. If the origin
is globally asymptotically stable for x = ®(x), in terms of the Krasovskii trajecto-
ries, then there exist a proper positive definite C* function V and a positive definite
continuous function W such that, for all x € R", we have

4

—_— < —W(x).
verl?(z(]l')))((x) 0x (X)U B <X)

Proof of Theorem 2.6. Let A and ¢ solve the uniting problem with ¢ a static
time-invariant locally bounded controller. Let 4 = R” be a compact set separat-
ing IR" in two connected open sets C; and C; such that we have

{0}eQc C cclos(C) c C, clos(C,) = C,. 9)
Let V and W be given by Lemma 2.7. We have, for all x in R"\{0},
LoV(x) +(x) - Ly V(x) < =W(x),

where we note ¢ - Ly V' (x) instead of ), L, V" with L, the Lie derivative along
b. Since A4 is compact and does not contain the origin and W is positive definite

and continuous, for all x in int(4), there exists p, > 0, such that, for all y in

B(x,p,) = int(4), we have
w
LV () + o) () < 2
From Theorem V.4.4 of [B], there exists a * partition of unity (¥;);cn subordi-

nate to the open covering {B(x,p.)} (i of int(4). For each i, let x; be one
arbitrary of the points such that

py < Ld(x,04).

xeint

supp(‘¥i) = B(xi, py,)-
We let ¢, = ¢(x;). By construction, we have, for all x in supp(¥;),
W(x)

L V(x)=¢;-LyV(x) < — (10)
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Now we define the function ¢ as follows:

1. Forall xin int(4), we let ¢(x) = >, Pi(x)p;.

2. Forall x in clos(C;), for all jin {/, g}, we let ¢(x) = ¢;(x).

Assuming, for the time being, that ¢ is continuous, (10) implies that the origin is
a globally asymptotically stable equilibrium of x = a(x) 4+ b(x)@(x). So (4, @)
solves the uniting problem in terms of Peano trajectories.

We check that ¢ is continuous on IR”. By construction, ¢ is continuous on
ir}t(/f) U Cy U C,. To prove that ¢ is continuous on dC; (resp. 4C,), we fix xo in
0C;. Now let ¢ > 0 be arbitrary. From (9) and the continuity of u;, there exists
n; > 0 such that, for each 5 € (0,7,],

B(xo,n7) = C; and |u;(xo) — ui(x)] < g, Vx € B(xo,7). (11)
Now, for each x in B(0,17)

+ either x is in leS(C',) and then |@(xo) — @¢(x)| = |us(x0) — w(x)| < e
+ or xisin int(A4) and then

|9(x) = §(x0)| = | D Wilx)[us(x:) — wr(x0)]|. (12)

iel(x)

where I(x) is the finite set such that, for all i in I(x), ¥;(x) # 0. Now, for
each 77 € (0,#,] and each i in I(x), we have

d(x;,0C)) < |x; — xo| < py, +in <L d(x;,04) +1n
< I min{d(x;,0C)),d(x;,0C,)} +1n.
This implies successively
d(x,0C) <n,  pg<in,  |xi—xol <n.

So with (11) and (12), we get |p(x) — @(x0)| < e. |

3. A Larger Class of Controllers and Notions of Trajectories

Theorems 2.3 and 2.6 prove that we cannot restrict ourselves to static time-
invariant discontinuous controller to solve the uniting problem. Therefore we now
consider controllers admitting the following description (see [T]):

u=g(x,s4,1), Sq = ka(x,s;,1),

where s; evolves in some finite set %, the functions ¢ and k, are locally bounded,
and s; is defined as

s (1) = lim s4(s).

1 (1) = lim 5,(s)

For this to make sense we equip # with discrete topology (i.e. every set is an
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open set). The above controller is

+ dynamic with the presence of sy,
+ time varying due to the presence of ¢,
* hybrid due to the presence of the discrete dynamics of s,.

This class of hybrid controllers has received much attention in many different
contexts. However, we have not seen it considered for the uniting problem. Nev-
ertheless, it has been studied in the closely related case of achieving high perfor-
mance in the presence of input saturation (see [DG] for instance).

This controller with a switching strategy gives rise to a nonclassical ordinary
differential equation describing the dynamics of the closed-loop system. In partic-
ular, this system is infinite-dimensional since to evaluate s, (¢) at time ¢, we need
to know s, at time instants 7, taken in (at least) one infinite sequence converging
from the left to 7. As a consequence we have to make precise what we mean by
trajectory. The most natural definition of trajectory is

Definition 3.1. Given (x,s4,7) in R” x # x R and T > #y. A function (X, Sy)
defined on [t9, T) is said to be a classical trajectory of

x:f(xv(p(xvsda[))v Sd:kd(x73;,f) (13)
with initial condition (x, s;) at time ¢ if:

1. X is absolutely continuous on [fg, T) and, for each ¢ in [tg, T), there exists
¢ > 0 such that Sy is constant on [z, 7 + &).
2. For almost all ¢ in [tg, T'), we have

X (1) = f(X(2), (X (1), Sa(2), 1)),
and, for all 7 in (7o, T), where S, has a limit as s tends to 7, s < ¢, we have
Sa(1) = ka(X(1), 84 (1), 1). (14)

3. We have
(X (20), Sa(t0)) = (x,5a)- (15)

Note that by constant for S; on [t, 7+ ¢), we mean S, right-continuous at ¢
because & is finite. In general, given (x,s,), there may be several solutions
admitting this point as the initial condition. However, there may be also none.
Note that we do not ask for (14) to hold at ¢ = ¢y and at all ¢ such that S}, (¢) does
not exist. In the following we denote by sup; the bound of the function on J and
by esssup; the essential bound. Actually, we are interested in a notion of tra-
jectories which is robust with respect to disturbances. For this reason, we intro-
duce the notion of generalized trajectory (see also [H2], [H1], and [CR]).

Definition 3.2. Given (x,s4,%) in R” x # x R and T > ¢y. A function (X, .S,)
defined on [zo, T) is said to be a weak generalized trajectory (resp. a strong gener-
alized trajectory) of (13) with initial condition (x,s,) at time fo, if X: [ty, T) — R”
is continuous, and with Sy: [t9, T) — &, we have (15) and, for each J = [1¢, 7], a
compact subinterval of [#9, T'), and, for each n in N, we can find three functions
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en, ay and d, in LS ([to, T)), a point (x,,54,) in R" x %, and a classical trajectory

(X, San) starting from (x,, s4,) at time 7o of
X = f(x,0(x +en(t), 84, 1) + an) + du(1),

16
Sq =ka(x +ey(1),57,1) (16)

defined on a right open interval containing J and satisfying

sup (X — X,,) + sup (e¢,) + esssup (a,) + esssup (d,) — 0 (17)
J J J J

n—oo

(resp. sup (X — X,,) + esssup (e,) + esssup (a,) + esssup (d,) — ()>
J J J J

(18)
and such that, for all ¢ in J, there exists NV satisfying
Sun(t) = Sq(1), Vn>N. (19)

In the above definition ¢, plays the role of a measurement noise on x which
disturbs the control computation, a, is an actuator error and d, is an external dis-
turbance of the dynamics. A generalized trajectory is a limit, when the noise van-
ishes, of disturbed classical trajectories. (For other motivations for considering
generalized trajectories, see pp. 164-165 of [H2].) As explained in Remark 1.4 of
[LS1], with the presence of d, we can omit any explicit reference on actuator
errors because f is supposed to be locally Lipschitz. So in the following we sup-
pose that in Definition 3.2, for all n in N, a,, = 0.

Of course a classical trajectory is a weak generalized trajectory and a weak
generalized trajectory is a strong generalized trajectory. Moreover, the weak gen-
eralized trajectories are a generalization of Krasovskii trajectories introduced in
Definition 2.4. Indeed, since f is assumed to be locally Lipschitz, by combining
the technique of the proof of Proposition 1.4 of [CR] with Theorem 5.5 of [H1],
we get

Lemma 3.3. In the case without discrete dynamics (i.e. without s;) and when ¢ is
locally bounded, any Krasovskii trajectory of X = f(x,9(x)) is a weak generalized
trajectory.

Remark 3.4. By invoking Zorn’s lemma exactly as in the proof of Proposition 1
of [R], we can prove that every generalized trajectory can be extended into
a maximal generalized trajectory (X,S;) defined on an interval [ty,T) with
T < 4o (i.e. for which there exists no generalized trajectory on a [ty, T') with
T’ > T and whose restriction is (X, S;) on [to, T)).

In this context, if we denote a norm by | - |, our definition of global asymptotic
stability is

Definition 3.5. The origin is said to be a weakly (resp. strongly) globally asymp-
totically stable equilibrium of the system (13) if there exists a weak (resp. strong)
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generalized trajectory and the following properties hold for all #:

1. All the weak (resp. strong) maximal generalized trajectories are defined on
[to, +0).

2. There exists a function f of class #% such that each weak (resp. strong)
generalized trajectory (X, .S,) satisfies, for all ¢ > ¢,

X ()] < B(IX (20)], 2 = 10). (20)

Remark 3.6. We observe, with Remark 2.4 and Proposition 2.5 of [LSW], that
(20) is equivalent to the set of the following two properties:

1. There exists a class-#;, function o such that we have
| X ()] < o(|X(20)]), Vt > 1. (21)
2. For any r > 0 and ¢ > 0, there exists T > ¢( such that
(X () <r = |X()|<e, Vi>T. (22)

In this paper we make the distinction of solving the uniting problem consider-
ing only the classical trajectories or by also taking into account the strong or weak
generalized trajectories. Usually this distinction is not made since we have the fol-
lowing result proved in the Appendix.

Theorem 3.7. In the case without discrete dynamics (i.e. without s4) and when ¢ is
continuous, each strong generalized trajectory is a classical trajectory.

It follows that Theorems 2.1, 2.3 and 2.6 also give a result in terms of strong
generalized trajectories.

The problem of global asymptotic stabilization for weak generalized trajecto-
ries has been considered per se in [LS1] and [LS2]. There are strong connections
with the problem of uniting local and global controllers that we are considering
here, both in the technicalities and the results. In particular, as we shall see, we
also have in our context:

+ the necessity of having a smooth Lyapunov function,
+ the need for using an hybrid controller.

4. Dynamic Time-Invariant Controller with Hysteresis

4.1. A Solution to the Uniting Problem

A very natural way to overcome the difficulties encountered with static time-
invariant continuous or discontinuous controllers is to introduce hysteresis, tak-
ing advantage of the existence of a region where both controllers #; and u, are
appropriate.

Theorem 4.1. Let (u;,u,,Q, Z) be the data of a uniting problem. There exists an
appropriate bounded closed set A such that the controller below solves the uniting
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problem in terms of weak generalized trajectories
u=g(x,5s4), Sa = ka(x,87), (23)
where sy is in {0, 1} and the functions ¢ and k, satisfy
o(x,0) = u(x) if xeclos(R"\C,), (24)
p(x,1) =uy(x) if xeR”,
and

0 if xeclos(C),
ka(x,84) = < Sa if xeint(4), (25)
1 if xeclos(Cy).

The proof of Theorem 4.1 is technical and requires us to set down some machin-
ery to handle generalized trajectories. We postpone it until Section 6.

4.2. A Problem with Strong Generalized Trajectories

By the fact that, with strong generalized trajectories, noise with very large ampli-
tude is allowed, Theorem 4.1 is not true. Precisely, for jin {/, g} and #; in IR, let X;
be the solution of

VreR' WieRu, 0D e ), (6)
Vx e R", X;(x,t) = x. (27)

We have

Theorem 4.2. Let A be the compact set and let (¢,kq) be the controller given by
Theorem 4.1 as a solution to the uniting problem in terms on weak generalized tra-
Jectories. If there exist a strictly positive real number ¢ and two compact sets E;
and Ey, subsets of A, such that, for all x in E; (resp. E;), there exists 7y = ¢ (resp.
Tyg = €) satisfying

Xi(x,ty) € E, (resp. Xy(x,7xg) € Ey), (28)
Xi(x,1) (resp. Xy(x,1)) € int(4), Vit € [0, 7y](resp. Vi € [0,74]), (29)
then (A, (p,ky)) does not solve the uniting problem in terms of strong generalized

trajectories.

Proof. For kin N we denote i, =/ if k is odd and iy, = g if k is even.
Now to prove Theorem 4.2 we exhibit recursively a cyclic strong generalized
trajectory (X, S,) and noise e, d. Let d = 0 on R.

* Let (x, 1) be an initial condition in E; x {0, 1}. From (28), there exists a time
79 > ¢ such that X, (x, 7o) is in Ej. Let #; = 7 and, for 7 € [0, 1,), we define

X(t) = Xy(x,1), Sq(t) =1, e(t) =0,
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and, for = 11, we let
X() =Xy(x,01),  Sa(tr) =0,

and we choose e(t;) such that X (¢#;) + e(#1) is in C}.
+ Now assume that (X, Sy, e) has been defined on [0, 7] with X () € E;.. We
extend the definition of (X, Sy, e) to [0, tx11] with 7 > t as follows:
There exists a time 7, > ¢ such that X; (X (%), ) is in E; . So, we let
tre1 = 4 + 7 and, for ¢ € [t, ty1 1), we define

0 if i =1
X0 =X 0= so={1 L FIh oo,
and, for ¢t = ;. , we let
0 if =g,
X(tieyr) = X, (X (t), ), Salterr) = { Ui l.l; :i]

and we choose ¢(#41) such that X (#41) + e(tx+1) isin G, .
+ We go on this way defining ultimately (X, Sy, ¢) on Rso.

By construction (X, S;) is a classical trajectory of the disturbed equation:
X=f(x,0(x+et),sa) +d(0),  sa=ka(x+e(t),s;) (30)

In particular, note that X (¢) remains in int(A4) so that S, can have switches only
at times 7;. Also e is zero except at a countable number of times. This implies that
eisin L*(Rsy), and

esssup (d) + esssup (e) = 0.
L R0

So (X, S,) is a strong generalized trajectory of the system (1) with the controller
given by Theorem 4.1 which does not tend to the origin. |

We illustrate Theorem 4.2 by considering the following system in IR?:

(X, 9) = u. (31)

The feedback u;(x,y) = —(x, y) makes the closed-loop system globally asymp-
totically stable. Moreover, the following trajectory defined on [0, +c0) is a trajec-
tory of the closed-loop system (31) with u = u;:

V=0, (x(t), (8) = (2 exp(=1),0).

Let F be the closed set F = {(x,0): x[1,2]}. Let s be a ¥ function on R?
such that

(1 if (xv,y)eF,
S(XJ)—{() if d((x,y),F) >4

Let 0 and u, be the functions defined, for all (x, y) € R?, by

9(x7 y) = s(x, y)n7 ”g(x7 )/) = ,@((x, )/), Q(X, y))ul(x> y)7
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where, for all (x, y) in R? and for all @ in [0,27], Z((x, y), 0) denotes the rotation
with center (x, y) and angle 6. Namely, u,(x, ) = w/(x, y) for (x, y) far enough of
the segment F and u,(x, y) = —u;(x, y) for (x, y) in the segment F.

Lemma 4.3.  u, makes the origin of (31) globally asymptotically stable.

Proof. There exist classical trajectories because u, is continuous. Denoting B
the unit ball in IR?, for any radius R > 3 the ball RB is forward invariant and
attractive by u,. Moreover, in a neighborhood of the origin, u, is equal to u;. So
we have Lyapunov stability. We now show the global attractivity of the origin.
For any radius R > 3 the ball RB is forward invariant, so for any (x, y) in R? the
trajectory through (x, y) is bounded. In this case, Poincaré—Bendixon’s theorem
implies that any trajectory must tend either to the origin or to a periodic trajec-
tory which must encircle the origin. However, this periodic trajectory does not
exist since the set R>o x IR is forward invariant by u,. So we have attractivity.
We conclude with Corollary 1 of [ABB]. |

We now prove that the hypotheses of Theorem 4.2 are verified by taking
E; ={(2,0)} and E; = {(1,0)}. We note that, with u, (resp. ), the trajectory
with initial condition (1,0) (resp. (2,0)) is

vie[0,log(2)],  (x(1), y(1)) = (exp(1),0)  (resp. = (2 exp(—1),0)).

So (28) and (29) hold. Hence, the controller given by (23) does not solve the unit-
ing problem in terms of strong generalized trajectories for all closed sets 4 = R
which separate IR? in two connected open sets C; and C, and such that we have F
included in A4.

5. Static Periodic Continuous Controller

Instead of enriching the class of controllers with nonsmooth components, we state
here that it is sufficient to introduce time-dependence.

Theorem 5.1. Let (u;,uy,Q, Z) be the data of the uniting problem. Suppose the
existence of four bounded open connected sets I and Z;, for all j in {1, g}, such that:

*Qcljcclos(l}]) cX;, cclos(X)) cX, cclos(Xy) c I, c 2.
* Forall jin {l,g}, clos(I}) and clos(%;) are forward invariant for the closed-
loop system (1) obtained with u = u;.

Under these conditions, we can find an appropriate bounded closed set A and a
continuous time-periodic function ¢ such that the controller u = ¢(x,t) solves the
uniting problem in terms of strong generalized trajectories.

To prove Theorem 5.1 we use the technique of the “wave” between two con-
trollers. This construction is quite similar to that in [SS], where a time-varying
continuous controller for a one-dimensional system is exhibited.
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Proof. The set A:Let C; =T}, C; = int(IR"\I;) and let finally 4 = R"\(C;uC,).
The controller: Let u_: R" — R" be any continuous function such that

uy(x) if xeRNI,
_(x) = 32
u-(x) {u;(x) if xeZ,. (32)
Similarly, let u, be any continuous function such that
uy(x) if xeRNZ,,
=4 ‘ 33
s (x) { ur(x) if xeC. (33)

Let 7; be the real numbers defined as

{s},

{s},

T, = max inf 7 = max inf
’ {xeL\Z,} {s:X,(x,0)eX,,Vr>s} {xeX\C} {s:Xi(x,1)e C;,Vr>s}

where for j in {/,g}, X; is defined by (26)—(27). These 7;’s are finite because u;
(resp. uy,) is asymptotically stabilizing the origin with the basin of attraction con-
taining clos(X;) (resp. clos(I})) which is a compact set. Let & be the following
compact set:

& ={(x,u): x e clos(X\X,),u € Conv({u;(x),uy(x)})}.
We define M and z, as follows:

dist(Z,, R"\E))
M = sup |f(x,u)|, T, = g .
(M)Eg\ (x,u)] I

With these notations, we choose 7 as any real number satisfying © > (1,+27.+1;).
Let y be a t-periodic ¥* function with value 1 on [0,7,] and on [r, + 27, + 77, 1],
and 0 on [ty + 7., 74 + 7. + 7;]. We define the controller as

u = g(x,1) = p(t)us (x) + (1 = 9(0)u_(x).
It is continuous, t-periodic and satisfies, for all ¢ and for all j in {/, g},

o(x, 1) = uj(x), Vx € clos(G)). (34)
Let x e R"” and let X be a strong generalized trajectory starting from x at ¢y of

X = f(x,0(x,1)) (35)

right maximally defined on [to, T). This is a classical trajectory because of
Theorem 3.7. We show that T = +o0. Suppose not. Then |X(x,#)| tends to +o0
for ¢ going to T. So there exists #; such that, for all > 7, X(¢) e R"\I}, and
therefore p(X (7)) = uy(X(¢)). This shows that, for ¢ > ¢, X(¢) is a trajectory of
X = f(x,uy(x)) which tends to +oco. This contradicts the hypothesis that u, is
globally stabilizing. So we must have T = +o0.

Now, the fact that we have global asymptotic stability of the origin follows
from Remark 3.6 and the following four points:

1. Let x be in int(C,) and let X be a strong generalized trajectory of (35)
starting from x. There exists #; in (o, +o0] such that X with values in
int(C,) is maximally defined on [¢, ;). It follows that the restriction of X
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on [ty, 1] is a trajectory of
5= £, uy(x). (36)

However, u, being globally asymptotically stabilizing, and clos(I;) = R"\C,
being forward invariant and containing the origin, this set is stable and
attractive. So in particular ¢, is finite and X (¢) is in clos(I}).

2. Let x be in clos(I};) and let X be a strong generalized trajectory of (35)
starting from x. Then X cannot leave clos(I}) since this set is supposed to
be forward invariant for u = u, and we have (34).

3. Let k be in Z, let ¢; be in [kt, (k+ 1)7) and let X be a strong generalized
trajectory of (35) such that x; = X (#;) is in clos(I}). Let , = (k + 1)z. We
have X (1,) in clos(I}), and:

(a) For tin [t2, o + 7,4], y is 1 s0 ¢(x, 1) = uy(x). It follows that there exists
t3 in [ty, 12 + 7,4] such that X(#3) is in clos(X,). Indeed suppose not.
Then for ¢ in [, n + 14], ¢(x,) = uy(x) and the restriction of X on
[t2,t2 + 14] is a trajectory of (36). The definition of 7, implies that
X(t, +14) is in clos(X,) which is a contradiction. So there exists 73 in
[t2,t2 + 74 such that X(#3) is in clos(X,). Then X cannot leave
clos(X,) since this set is supposed to be forward invariant for u = u,
and we have (33). So X (2 + 7,) is in clos(Z).

(b) For tin [t, + 74, t» + 7, + 7], we have no specific properties given by the
controller except that it is in Conv({u;,u,}). The definition of 7. implies
that X (#, + 7, + 7.) isin ;.

() Fortin [th + 15+ 1,00+ 74+ 7.+ 7/, yis 050 ¢(x,7) = u_(x). Then X
cannot leave clos(X;) between t, + 1, + 7. and # + 1, + 7.+ 7; be-
cause this set is supposed to be forward invariant for u = u; and we have
(32). So for ¢ in [tr + 14+ T, 12 + T4 + T + 77|, We have p(x, 1) = u(x)
and X is a trajectory of

X = f(x,u(x)). (37)

The definition of 7; implies that X (#, + 7, + 7. + 7;) is in clos(Z;).
4. Let x be in clos((C;) and let X be a generalized trajectory starting from x.
Then X cannot leave clos(C;) since this set is supposed to be forward
invariant for u = «; and we have (34). So X is a trajectory of (37). |

6. Basic Properties of Weak Generalized Trajectories and
Proof of Theorem 4.1

6.1. Basic Properties of Weak Generalized Trajectories Given by a
Controller with Hysteresis

Understanding the behavior of weak generalized trajectories is of interest on its
own. In this section we study some of the properties of such trajectories for the
system

x:f(x7¢(xvsd))7 Sd:kd(x,ATJ),
with ¢ and kg satisfying (24) and (25) but without relying on our specific problem
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of uniting a local and a global controller. In particular, in this paragraph, we do
not suppose that u; and u, are asymptotically stabilizing. We impose only that u;
and u, are two continuous functions R” — RR™.

Definition 6.1. A function (X, S;) defined on [ty, T') is said to have a switch at
time ¢ € [to, T') if Sy is not continuous at ¢.

We start by locating the points where a weak generalized trajectory may have a
switch:

Theorem 6.2. Let (X,S;) be a weak generalized trajectory defined on [ty, T) with
a switch at time t € [ty, T). Consider the sets

SH(t)={s:3t, € [t,T),tn — 1, Su(ts) — s}, (38)
ST(t) = {s: Aty € [t0, 1), ts — 1, S4(t,) — s}. (39)

« If the switch is such that 1 € S}'(t) and 0 € S(t), then X (1) is in 0C,
* or if the switch is such that 0 € S'(t) and 1 € S(t), then X (t) is in 0C,.

Proof. Suppose that, for 7 € [t9, T'), we have 1 € S7'(¢) and 0 € S(1), i.e. for each
g€ (to, T —1) there exists ' and " € [¢/,¢' + ¢] such that S;(¢') =1, S;(¢") =0
and r € [t', 1 + ¢]. Let J, be the compact interval ¢/, ¢’ + ¢]. There exists a sequence
(X, San) of classical trajectories such that, from (19), for n sufficiently large, we
have Sy, (¢') = Sq(¢') and Sy, (¢") = S4(¢"). So, for n sufficiently large, each classi-
cal trajectory must have a switch at some time ¢, € [¢/, "] with 1 € S}(¢,) and
0 € S (1,). Due to (39), there exists a sequence (¢7), 1/ < t,, which tends to 1, as p
tends to infinity and such that Sz, (¢0) = 1. Therefore, due to (38), there exists a
maximal &/ such that, for all s in [t?, 2 +¢/), we have Sy, (s) = 1 and such that

Sq(el +t7) = 0. This implies with (14) that
0 = San(ef + 1) = ka(Xa(t] + &) + en(ty + &]), 1).
So, from the definition of k;, we have X, (¢0 + &) + ¢,(t? + ¢7) in clos(C;) and
X,(s) + e,(s) in int(4 U C,), for all sin [¢7, 17 4 ¢7). By taking the limit as p and
n tend to the infinity, we get X (¢) € 0C;.
The other case is established in exactly the same way. |

The switches cannot happen too often:

Theorem 6.3. There exists a strictly positive number n such that, for every weak
generalized trajectory and for every time t, there exists at most one switch in the
interval (t,t +n).

Before proving Theorem 6.3, we establish a similar result for disturbed classical
trajectories:
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Lemma 6.4. For any D > 0, there exist strictly positive numbers ¢ and n such that,
for any disturbed classical trajectory with sup(e) < ¢ and esssup(d) < D, there is
at most one switch in (t,t + 7).

Proof. Let X; and X, be two open sets such that we have 0C; = %, 0C, < X,
and d(Z;,Z,) > 0. Let

M = sup |f(x,ug(x)) + d| < +00. (40)
xeXyuAUX;, se{l,g},deD.clos(B)

Let ¢ > 0 be such that, for all j in {/, g},
{x€dCjle|]<e} = x+ecl,. (41)
Let (X, Sy4) be a disturbed classical trajectory, defined on [y, T), of
X=f(xp(x+e(),sq) +d1),  sa=kalx+e(t),s7),

with supy, 7)(e) < ¢ and esssupy, 1)(d) < D. Since Sy is by definition constant
on [t,1+¢) for some ¢ > 0, we have S/(r) = {S,(7)} and, in each compact sub-
interval of [fg, T'), we can have at most a finite number of switches. So, suppose
this trajectory has two consecutive switches, at times ¢ < f, in [to, T). We must
have

0eS) (1), Sh(n) = {1}, X(t1)+e(t1)edCy
(resp. 1€ S)(n), SH(n) = {0}, X () +e(t1) € 0Cy),

1eSi(n), SH(n) = {0}, X () + e(tz) € 0C;
(resp. 0¢€ Sy(n), SH(t) = {1}, X () +e(t) € 0C,).

Note that, with (41), we also have X (#;) e X, (resp. X(#1) € X)) and X (1;) € X,
(resp. X(t2) € ). The continuity of X implies the existence of 7; and 7, such that
we have the following three properties (resp. the other cases):

n<h<t<hn, X(n)eZX,, X(h)ex, (42)
Vieln, b, (X(0),X(t)+e(r) e (ZuAdUZ)) x (Z,uAdUEy).
Then the definition of M and ¢ implies
dZs,Z) < |X(7) —X(0)| <M, — 1) < M(t — ty).

So, by letting 7 = (d(X,4,Z;))/ M, we get that any two consecutive times of switch
t; and #, must satisfy 1, — t; > 7. [ |

Proof of Theorem 6.3. Let D =1 and let ¢ and # be given by Lemma 6.4. Let
(X, S;) be a weak generalized trajectory defined on [zy, T). For the sake of get-
ting a contradiction, suppose it has two switches at times #; and #, < 3, with #3 =
min{#; +#/4,T}. Let t4 in [max(¢o, 11 — #/4), t1] be such that S; has two switches
on [t4,13]. Let J = [ta, 13]. Let (X,, Sun) be a sequence of classical disturbed tra-
jectories which tends to (X, S;) on J, with sup;(e,) < ¢and withesssup;(d,) < D.
So, as in the proof of Theorem 6.2, for n sufficiently large, the classical disturbed
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trajectories must also have a first switch at some time larger than or equal to #,4
and another one in the neighborhood of ;. This contradicts Lemma 6.4. |

Between two consecutive switches, a weak generalized trajectory is a classical
trajectory. Precisely, we have the following:

Theorem 6.5. Let ty be in R and let (X, S;) be a weak generalized trajectory such
that Sy = 0 (resp. 1) on [to, T) with T > to. Then X is an undisturbed classical tra-
Jectory of X = f(X,u(X)) (resp. X = £(X,u,(X)) o [to, T).

Proof. Let 7' e (4, T). Let (X, Sun) be a sequence of disturbed classical trajec-
tories which tends to (X, Sy) on [to, T']. Let ¢, € [to, T'] be defined by

tp =sup{t < T'": Sy (s) =0,Vs € [t0,1]}.

Since S;(t9) =0, (19) implies, for n sufficiently large, Sy (7o) =0 and therefore
that 7, exists. Since Sy, is constant on [t,7 + ¢), for all 7 in [z9, T), we have either
tp =T or Siu(t,) =1. We can find a subsequence such that 7, — 7€ [ty, T'].
We show that 7= T’. Suppose the contrary, i.e. £ < T’. Then for n sufficiently
large we have 1, < T', so Sy(t,) = 1. Then, due to Lemma 6.4, S; =1 on
[ty, min(z, + 35, T')). By taking the limit when n goes to infinity, S; =1 on
(f,min(7 + 15, T')), which is a nonempty set. This contradicts the assumption of
Theorem 6.5. So we have Sy, = 0 on [#o, #,) with #, — T".

Let s < ¢ in [tg, T'). With a similar argument of the proof of Theorem 3.7, we
prove that

X(0 - X() = | FX@u(X (@) do

This proves that X is a classical trajectory of (37) on [ty, T'], for all T’ € (¢o, T).
So X is a classical trajectory of (37) on [ty, T). |

With the properties we know now for the weak generalized trajectories, we can
write exactly when such trajectories exist.

Theorem 6.6. Let ty be in R. There exists a weak generalized trajectory starting
Sfrom (xg,s0) in R” x {0, 1} and defined on [ty, T) for some T > tg if and only if we
have one of the following configurations:

* xoin Cyand sy = 0.
* xo in A and sy in {0, 1}.
* xo in Cyand so = 1.

Proof.

+ Let xo be in C; and sp = 1. There is no classical (slightly) disturbed trajectory
starting from (xo, 1). Indeed, for such a trajectory, for all sufficiently small
nonnegative times #, we must have S, constant and X in C; (neighborhood of
xo). However, for all x in a neighborhood of x( and all e sufficiently small,
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(25) yields s; = kq(x+e,s;) =0. So S; must be 0. As a consequence, we
cannot find 7 > fy and a sequence of classical disturbed trajectories (X, Su)
defined at least on [t,7] and with noise e,, d, such that supy, ;(es) +
esssupy, (dn) goes to 0, X, (t9) goes to xo and Su(to) goes to 1. So there is
no weak generalized trajectory starting from (xo, 1) when xg is in C;.

+ Let x¢ be in clos(C;) and sp = 0. Then, due to the continuity of fand ¢(-,0),

there exists a C! function Y: [ty, T) — int(R"\C,) with T > 1, satisfying

Y:f(Y<t>>(ﬂ(Y(t)ao))v Y(IO) = X0-

By letting
X()=Y(),  Sa(r) =0,

for te€[ty,T), we get an (undisturbed) classical trajectory starting from
(x0,0). Such a trajectory is also a weak generalized trajectory.

* Let xo in 0C; and so = 1. There exists a sequence {x,} of points in int(A4)

which tends to x( and satisfying
d(x,,0Cy) = A > 0.
With M defined in (40) and # given by Lemma 6.4, let 7 be equal to

min{}#n, A/2M}. Now, for each n, there exists a C' function Y, with values

in int(4), right maximally defined on [0, 7,) and satisfying
}./;7:f(Y;,(Z)7§D(Yn(l),1)), Yn(o) = Xpn.

Then for n sufficiently large, we can build an undisturbed classical trajectory

(X, San) defined on [z, 2o + 7) with initial condition (x,, 1). Indeed
— either 7,, > 7, then by letting

Xo(t) = Y(t—10),  Sa(t) =1,

for t € [ty, T, + t9), we get an undisturbed classical trajectory, defined on
[t0, to + T) starting from (x,, 1),

— or T, <1, then, when ¢ tends to 7,, Y,(¢) tends to z, in d4 and, more
precisely in 0C;, since T, < A/M. In this case, there exists a C I func-
tion Z, with values in int(R"\C,), right maximally defined on [0, 7,) and
satisfying

Zy = f(Zn(t)7 ¢<Zn(l)’ 0))7 Zn(()) = Zn-

Since R™\C, is a compact set and its boundary is 0C,, the argument used
in the proof of Lemma 6.4 shows that we must have 7, > %17 > 7. Then by
letting

Xu(t) = Yu(t — t0), San(t) = 1,
for € [to, to + Ty), and
X, () =Z,(t— T, — ty), Su(t) =0,

for tefty+ T, t0+ T, + T,), we get an undisturbed classical trajectory,
defined on [t¢, o + 7) and starting from (x,, 1).
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The sequence X, takes values in the compact set IR"\C, and is equiconti-

nuous. So due to Ascoli’s theorem, we can extract a subsequence converging

as n goes to oo to a continuous function Y, uniformly on [#¢, (¢o + 7)/2]. Then,

in the subsequence, either one or the other of the following occurs:

— There is subsubsequence such that Sy, (1) = 1 for all ¢ in [t¢, (to + 7)/2]. In
this case, by letting

X =YW, S0 =1,

for t € [ty, (2o +7)/2), we get a weak generalized trajectory starting from
(XO, l)a

— From the construction of Sy, for all n sufficiently large, there exists
&n € (2o, (to + 7)/2] such that Sy (¢) =1 for ¢ in [tg,&,) and O for 7 in
[én, (fo +7)/2]. There exists a subsubsequence such that ¢, tends mono-
tonically to ¢ € [to, (to + 7)/2]. In this case, by letting

1 if t<e

1 if t=¢ and ¢, > ¢ Vn,
X() = ¥(), Salt) = 0 if t=¢ and e>¢ Vn

0 if e<t,

for ¢ € [t, (to + 7)/2), we get a weak generalized trajectory starting from
(x0, 1). Indeed, in particular, note that we have

g >e = Sple) =1 e>e = Su(e)=0.

+ Let xo be in int(4), and s¢ in {0, 1}. Then, as in the previous cases, we can
construct an undisturbed classical trajectory. So there exists a weak general-
ized trajectory.

* The other cases:

— xo in C, and s¢ = 0 is studied similarly to the case x¢ in C; and 59 =1,
— X in clos(C,) and sy = 1 is studied similarly to the case x¢ in clos(C))

and sy = 0,
— xp in 0C; and so =0 is studied similarly to the case xo in 0C; and
S0 = 1. |

With this theorem of existence at hand, we remark:

Remark 6.7. If (X, S;) is a weak generalized trajectory defined on [tg, T') starting
from (xo,80), then, for any s in [t, T), (X = X(- +5),Ss = Su(- + 5)) is a weak
generalized trajectory defined on [0, T — s), starting from (X (s), Sq(s)).

We conclude our general study of weak generalized trajectories by noting that,
as classical trajectories, weak generalized trajectories can be maximally extended
(see Remark 3.4) and such an extension must blow up if its domain of definition is
bounded:

Theorem 6.8. Let (X,S;) be a weak generalized trajectory defined on [ty, T) with
T < +o0. Then we have lim,_,7|X (¢)| = +co.
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Proof. We start with a claim:

Claim 6.9. [f, for a weak generalized trajectory (X, Sy), we have that X (t) is in a
given compact set, for all t in [ty, t;], then there exists & such that, for all (s,t) in
[t1, 2], we have

| X(s) — X(2)| <&|s— 1. (43)

Claim 6.9 is a direct consequence of the fact that this holds for the disturbed
classical trajectories tending to (X,S;) on [f1,%], since f(x,p(x+e,s4)) is
bounded in this case.

Suppose the conclusion of Theorem 6.8 does not hold, i.e. there exists K a
compact set of R” and times ¢, in [#o, T') tending monotonically to 7 < 400 such
that (X (#,), Sa(#,)) isin K x {0, 1} for all n. We show the following:

Claim 6.10. If X(t,) is in K for all n, with t, converging to T, then (X(t,), Sqa(t,))
has a limit (xo, ;) when t tends to T.

Proof of Claim 6.10. We show first that, for n sufficiently large, X (¢) is in the
bounded open set K + B for all ¢ € [t,, T'). Indeed if this is not true, the continuity
of X implies the existence of s, € (¢,, T') such that

|X(t2) = X(so)| =1 and [X(2,) — X(1)] <1, Vi€ [t,5n).

It follows that X (¢) is in the compact set K + clos(B), for all ¢ in [t,,s,]. So,
from Claim 6.9, there exists ¢ such that

1 = ‘X(tn) _X(Sn)| S é‘sn - tn‘ S é|T_ [n|

This cannot hold since ¢, converges to . So, for n sufficiently large, X (¢) in K + B
for all ¢ in [¢,, T). From Claim 6.9 this implies that there exists & such that, for all
(s,2) in [t,, T), we have (43). It follows (by invoking the Cauchy criterion) that
X (7) has a limit xo when 7 tends to 7. Finally to conclude the proof of Claim 6.10
we invoke Theorem 6.3. It guarantees the existence of ¢ < # such that there is no
switch in [T — o, T'). This implies that S, is constant on [T — ¢, T') and so S;(f)
has a limit, denoted s; when ¢ tends to 7. |

From this point we want to show that the weak generalized trajectory can be
extended beyond 7. We do this by extending the approximating disturbed classi-
cal generalized trajectories:

Extension of the Approximating Disturbed Classical Generalized Trajectories to
[to, T + p/(4M)). Let X(T) = xo, K = X([ty, T]) and

M= sup |f (%, us(x))| < 400. (44)
xeK+clos(B),se{l,g}

Note that we have, for all 7 in [t, T], |X(2) — xo| < M(T — ¢). Let sy be equal
to k4(xo,s,). Note that, from (25), this definition of sy implies the existence of
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p € (0, 1] such that we have
so = kq(x,50), Vx e {xo} + pB.

From Theorem 6.3, we know that the weak generalized trajectory has a finite
number of switches occurring at times s; in [ty, T — o] with ¢ introduced in the
proof of Claim 6.10. Then let

7= 00 fomas (i (7 1) a2 (1)) .
max (to, (T —%)) } (45)

Now from the definition of a weak generalized trajectory, (19), Lemma 6.4 and
the convergence of X (f) to x, for n sufficiently large, there exists a disturbed
classical trajectory (X, Sy ) defined at least on [¢9, T — 1/n] and such that

1

XH(T—E)—xo <! (46)

1
sup (X —X,)+ sup (e,)+esssup(d,) < —, (47)

[f[),T*l/n] [t[).T*l/ﬂ] [T(],Tfl/n] n
Sin(7) = Sa(7), V1 € I, (48)

1

San(t) = 85 Vte [T -0, T— n] . (49)

The latter following from the fact that we cannot have two switches in
[T — o, T — 1/n]. Then let Y, with values in {x¢} + pB be a trajectory of

= fptraso), 10 =X, (7).

p < |Yu(T,) — Y,(0)] +

right maximally defined on [0, 7;,). So | Y,(T;,) — xo| = p. Using (44), (46) and (47)
1 p
<MT, + b

we have
(=3 -x(r=3) e (r-5) =)
X (T—=)=-x(T—=)|+[X(T-=)—x0
n n n
2

Therefore, with n large enough, T, > p/(2M). This proves that Y, is defined on
[0,p/(2M)]. Now, we define a function (X,, S}, e,) on [to,T + p/(2M) — 1/n] by
letting, for 7 in [z, T — 1/n),

X,(0) = Xu(0),  Sp(0) =Sm(0), ey (t) =enlt),  dy() = du(1),
and, for tin [T — 1/n, T + p/(2M) — 1/n],

Xn/(t)_Yn(t—TJr’D, S () =50, =0, d()=0.
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This function gives rise to a disturbed classical trajectory on
[to, T+ p/(2M) — 1/n]. This is clear for the interval [tg, T — 1/n). For the re-
mainder of the interval, this follows from the equalities:

P00+ 5500 = £ (100 (Y (14 1) o)) = £330

Sin(1) = s0 = ka(x0,50) = ka(X;(1) + €,(1), Sg, (1)),
forzin (T — 1/n, T + p/(2M) — 1/n] and, with (49),

(r-1) oty -s((r-2) (s -)r-1)

Now, on the interval [T, T + p/(4M)], the sequence of functions X (¢) takes
values on {xo} + pB so is bounded and equicontinuous. Then there exists a
subsequence such that X, converges uniformly to a continuous function Y. We
define a function (X', S)) on [to, T + p/(4M)] by letting, for ¢ in [to, T,

X'(1)=X(1),  Sy(t)=Sa(1),
and, for ¢tin [T, T + p/(4M)],
X0)=Y0.  Si0)=s.

We prove that the above subsequences provide an appropriate approximating
sequence of disturbed classical trajectories converging to (X', S)) in the sense of
Definition 3.2:

1. We have that X, converge uniformly to X on [tg, T + p/(4M)]. Indeed:
* On [T, T + p/4M] this follows from the convergence of X, to Y.
* On [ty, T — 1/n] this follows from the convergence of X, to X.
* Finally, for ¢t in [T — 1/n, T], we have

X,{(t)—X%t)X,{(T—%) —X(T—l) +X<T—%> - X(2)

n

+f FOX(5),0(x0.50). (50)

T—1/n

This implies, for ¢ in [T — 1/n, T,

|X/(r) — X(1)] < sup (X,Z’—X)+M<1—T+l>+M<t—T+1).
[to, T—1/n] n n

2. On the interval [0, p/(4M)], the sequence S, (¢ + T) is constant and equal to

5o as the function S)(¢ + T'). Also pick ¢ in [tg, T'].

+ Either ¢ is not a time s; of a switch of the weak generalized trajectory, i.e.
S, is continuous at ¢, and is constant on some neighborhood of ¢. This
implies that for all n sufficiently large, we can find m such that
(1) tisin the interval [m/n(T — 1/n), (m+ 1)/n)(T — 1/n)],

(2) Syisconstant on [m/n(T — 1/n),((m+1)/n)(T — 1/n)],



Uniting Local and Global Controllers with Robustness to Vanishing Noise 167

(3) using Lemma 6.4, Sy has at most one switch in [m/n(T —1/n),

((m+1)/n)(T = 1/n)],
(4) and, using (48),
s(G(7-)
(o (7))

(5 (=)
(5 (r3)
n n
This implies that Sy, is constant on [m/n(T — 1/n), ((m+ 1)/n)(T — 1/n)]
and therefore Sy, (1) = Sy(1).
* Or t = s, for some i. Then, from (48) and the definition of 7, in (45), w
have, for n sufficiently large, Sy, (¢) = Sy(¢).
3. We have that (47) implies that ¢, and d, converge uniformly to zero on the
interval [t9, T + p/(4M)].

So (X', S}) is a weak generalized trajectory on [to, T + p/(4M)) and its restriction
to [to, T) is (X,Ss). So this contradicts the fact that (X,S,) is a maximal weak
generalized trajectory. |

6.2. Proof of Theorem 4.1

The Set A. Since the origin is asymptotically stable for (37) with domain of
attraction 2 and f(-,u/(-)) is continuous, there exists a C* function ¥ which is
positive definite and proper on & such that, for all x in 2\{0}, we have

s ) <0, (51)

Then, since clos(Q) is a subset of 2, there exists ¢; such that Q < C;:=
{xe 2: V(x) < ¢}. Let ¢;, C; and A be defined by

¢g = 2¢y, Cy={x:V(x)>c,0orx¢ 7}, A=R"\(CuCy). (52)

Maximality of Trajectories. Let (x,s4) € R" x {0,1} be any point so that there
exists a weak generalized trajectory, maximally defined on [z9, T) (see Theorem
6.6). We show that, for each such trajectory, we have T = +oco. Suppose not.
Then, with Theorem 6.8, we know that | X (¢)| tends to +o00 when ¢ goes to 7. So
there exists #; such that, for all 1 > #;, X(¢) € C, and in particular X (¢) ¢ 0C, U
0C;. With Theorem 6.2, we know that, in this case, this trajectory cannot have
switches in [71, T). So Sy is constant on [f;, T) and, by using an approximating
sequence of disturbed classical trajectories, with (25), we can claim that its value
is 1. So, with Theorem 6.5, X restricted to [f;,T) is a classical trajectory of the
closed-loop system with the global controller u# = u, which tends to +cc. This is a
contradiction of the fact that u, is a global asymptotic stabilizer. So we must have
T = +oo0.

Now in order to prove the global asymptotic stability of the origin, we first
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establish

Claim 6.11. For any weak generalized trajectory, only two cases are possible:

1. There exists no switch and the generalized trajectory is a classical trajectory of
(37) on [ty, +o0) and remains in the set A v C;.

2. There exists at least one switch at a nonnegative time o and the generalized
trajectory is such that:
* X(o) is in 0C.
« For all tin (ty,0), X is a classical trajectory of (36) and it is not in C.
» For all t in [o,4+00), X is a classical trajectory of (37).

Proof of Claim 6.11. We consider five cases depending on the location of the
initial condition:

1. Let x € int(4) uclos(() and s; = 0. From Theorem 6.6 and the above,
there exists (X, Sy), a weak generalized trajectory right maximally defined
on [tg, +00) and with initial condition (x,s;). We show that it has no switch.
Indeed, if not, since the possible number of switches is finite on each com-
pact interval of time (see Theorem 6.3), there exists a time 7 for a first
switch. At this time, S; must change from 0 to 1. However, since x ¢ 0C,
and s; = 0, Theorem 6.2 implies that 7 cannot be 0 and that X (z) is in 0C,.
On the other hand, Theorem 6.5 says that X restricted to [f¢,7) is a classical
trajectory of (37). Then, from (51), we have, for all 7 in [z, 7),

V(X(1) < V(x) < g (53)

So, for ¢ going to 7, we get V(X (r)) < ¢, which contradicts the fact that

X(7) is in 0C,, from the definition of C, (52). Consequently, there is no

switch, S; = 0 on [fg, +00) and X is a classical trajectory of (37) on [zy, +o0)

and remains in 4 U C).

2. Let x € C; and s; = 1. There is no weak generalized trajectory (see Theorem
6.6).

3. Let x € C; and s; = 0. There is no weak generalized trajectory (see Theorem
6.6).

4. Let xe€ 0C,y and s; = 0. From Theorem 6.6 and the above, there exists
(X, S4), a weak generalized trajectory right maximally defined on [¢, +0)
and with initial condition (x, s4).

(a) If there is no switch at ¢ = ¢, there exists #; > ¢ such that S;(¢) = 0 for
all ¢ in [tg, 71). Tt follows that the restriction of X to [to,#) is a classical
trajectory of (37) and satisfies, for 7 in (7, 7;), (53). So, by Remark 6.7,
the restriction of (X, Sy) to [(zo + #1)/2,+00) is one of the weak gener-
alized trajectories studied in Case 1 above.

(b) If there is a switch at ¢ = 7y, then there is another one. Indeed, if not, for
all #; > 1y, the restriction of X to [¢;,+0c0) is a classical trajectory of (36)
and the restriction of Sy to [t,+00) is the constant 1. However, in this
case, since u, is globally asymptotically stabilizing, there exists s such
that X(¢) is in C; for all # > s. So, by Remark 6.7, the restriction of
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(X,84) to [s,+00) is a weak generalized trajectory with initial condition

X(s) in C; and Sy(s) = 1, which is impossible in view of Theorem 6.6.

So there is another switch. Let ¢ be the first one. We must have 1 e
(o) and 0 € S%(0), and, from Theorem 6.2, X (o) is in 0C;. Then:

+ Since, for each #, € (#9, 0), the restriction of S, to [#1, o) is the constant
1, it follows from Case 2 and the continuity of X that, for all #in [z, 0),
X is not in C;.

+ By the continuity of X and the definition of S7, there exists 1,, close
to o, such that X (z,) is in int(A4) U clos(C;) and S;(t2) = 0. So the
restriction of (X, Sy) to [t2, +00) is one of the weak generalized trajec-
tories studied in Case 1 above.

5. Let x¢ C; and s, = 1. As in Case 4(b) above, there is a weak generalized
trajectory right maximally defined on [fg,+c0) and with initial condition
(x,s4). It has one switch at ¢ > 0 and satisfies the property stated in Claim
6.11. |

With the help of Claim 6.11 and Remark 3.6, we can now prove the global
asymptotic stability:

1. We have proved that all the trajectories are defined on [¢y, +00).
2. Establishing (21): Let o, be a class-#, function such that

oy(s) =s and (V(x) < ¢y = |x] < ouy(V(x))).
Let also v be the positive definite function defined on [0, ¢,] as

= inf .
o(s) (x V(x)lzns or x¢ 7} I, vs€0.¢)

Finally, because for the system (36) the origin is globally asymptotically
stable, there exists a class-#, function a, such that, for all x, we have

Xy (x, Dl < og(|x]), V=10,

where X, (x,¢) is defined by (26)-(27). Without loss of generality, we can
impose
ay(v(s)) = s, Vs € [0, ¢,
We show that, given (x,s;) an initial condition, a generalized trajectory
(X, Sy) satisfies
(X (O] < ooy (Ix]), Vi =10 (54)

Indeed:
+ If X has no switch, then X is a classical trajectory of (37) and isin 4 U C;.
So, from (51), we have

V(X(1) < V(x) <cy Vi >0,
and therefore, for all ¢ > 0,
[ X (0)] < oy (v(V(x)))) < ortg(|x])).-

+ If X has one switch at time ¢ > 0. Then the restriction of X to [t9,0) is a
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classical trajectory of (36) not in C;. So we have
X ()] < oy (|x[) < ouoy(|x])) and  {V(X(2)) = ¢; or X(1) ¢ 7}
The restriction of X to [o, +00) is a classical trajectory of (37). So we have
V(X(1) < V(X(0) = e < ay(v(cr)) < oy (|x]),

and therefore we have (54).

3. Establishing (22): Let r > 0 and ¢ > 0. Let r; and r, be defined by

r = sup{|x|,xe C;u 4} < +o0, rg =1 inf{|x|,x e 0C;} > 0.

Due to the global asymptotic stability of the systems (37) and (36), there
exists 7, T; < +oco such that

x| <r = |X,(x0)| <1y, Vi >T,, (55)
and such that
xl<rn = |Xix )] <e, Vi>T;. (56)
Let T = T;+ T,. We show that
x| <r = |X()|<e Vi>T, (57)

where (X, S;) is any generalized trajectory starting from (x, s;). Indeed:

+ If X has no switch, then X is a classical trajectory of (37) and is contained
in A v C;. So (57) is a consequence of the definition of r; and (56).

+ If X has one switch at time o, then X (o) is in 0C;, and X is a classical
trajectory of (36) on (#,0) and a classical trajectory of (37) on [g,400).
So, for all ¢ in [T} 4+ g, +0), we have

|X(0)| <e (58)

Also we have o < T,. Suppose not. Then (55) implies 0 < |X(g)| <
L inf{|x[,x € 8C;}, which is a contradiction to X () in 0C;. So we have
(58) for all ¢ in [T, +00).

This achieves the proof of Theorem 4.1. |

Acknowlegements. The author is deeply grateful to Laurent Praly and Jean-
Michel Coron for many constructive suggestions.

Appendix. Proof of Theorem 3.7

Proof. Let X, defined on [tg, T'), be a strong generalized trajectory of

X = f(xv (ﬂ(x, t))v (59)

where the functions f and ¢ are continuous. Let J = [zg,7;] be a compact sub-
interval of [z9, T). Let (X, S,) be disturbed classical trajectories of

X = f(x,0(x+ e 1)) + dy,
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with
sup (X — X,,) + esssup(e,) + esssup(d,) — 0. (60)
J

n—oo

Let o < ¢ be in J. We have, for all » in N,

= X(1) = Xu(1) + Xu(1) — Xu(0) + Xa(0)

~X(o) - j’f<X<r>, p(X(2),7) dr. (61)

From (16), for all n in N, we have

t

() — Xy(o) = j FX(@), p(X(2) + en(2), 7)) + do(2)) de.

a

With (60) and the continuity of f'and ¢, we have, for almost all 7 in [, 1],
Jim £ (X(2), (X (7) + €a(7), 7)) + da(7) = (X (), (X (1), 7)),

and the sequence (f (X, (1), p(X,(7) + e,(7), 7))) is essentially bounded on [a, 7]. So
with the Dominated Convergence Theorem, we obtain with (61)

lim (X(t) — X(0) - J

—
n—oo P

t

S, p(X(2),7)) dr) 0.

Since X is independent of n, and since fis continuous, we conclude that X is in %
and is a classical trajectory of (59) on all J compact subintervals of ¢y, T'). So X is
a trajectory of (59) on [to, T). |
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