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1 Introdu
tionDynami
 systems subje
t to both 
ontinuous-time and dis
rete-time dynami
sare a 
lass of hybrid systems. The importan
e of hybrid systems in 
ontrolsystems analysis and design have been growing in the last de
ades, due mainlyto their presen
e in pra
ti
al systems and to over
ome performan
e limitationsof more 
lassi
al 
ontrollers, i.e., regular linear or nonlinear 
ontrollers (see,e.g., [6, 23, 24℄). Reset systems represent a parti
ular 
lass of hybrid systems,see [18, 5, 25, 4, 1, 28℄. An interesting sub-
lass of hybrid systems is the
lass of linear systems with �nite state jumps. It 
onsists of 
ontinuous-timelinear systems for whi
h the state undergoes �nite jump dis
ontinuities atsome dis
rete instants of time. Su
h systems 
an be regarded as a spe
ial
ase of reset systems in the sense that the reset rule is done through a time
ondition instead of a state 
ondition. These systems 
an be named impulsivedynami
al linear systems [12℄. See also for example [10, 11, 19, 3℄ and [14℄.Their study is motivated by the analysis of sampled-data systems (see [14℄)and the design of reset 
ontrollers with upper bounded reset intervals [4℄.Lyapunov theory framework provides the main tool to test the stability ofreset of impulsive systems by employing an adequate Lyapunov fun
tion (or afamily of Lyapunov fun
tions). The results developed in the 
urrent paper arebased on the use of adequate quasi-quadrati
 Lyapunov fun
tions [21, 17, 8℄.The paper deals with both the stability analysis and stabilization problems,for linear systems 
ontrolled by a reset law. Compared with the previous re-sults, the signi�
ant di�eren
e is that the interval between two reset instantsis supposed to be un
ertain, namely, it is de�ned as the sum of a nominalreset period and an un
ertain time-varying term bounded in a given interval.Preliminary results have been presented in [16℄. Thus, in order to avoid Zenophenomena, we assume that the nominal reset period is di�erent from zero.We use our previous expertise with di�eren
e in
lusions [17℄ and polynomialsof matri
es [15℄ to study the stability and stabilization of impulsive systems.For su
h systems, quasi-quadrati
 Lyapunov fun
tions that de
rease at resetinstants are not only su�
ient for exponential stability but also ne
essary. Suf-�
ient 
onditions for the existen
e of su
h fun
tion are proposed and used fordesigning a reset law. The main 
onditions for stability and design problemsare exhibited in terms of a parametri
 set of linear matrix inequalities (LMI).Tra
table numeri
al solutions are proposed for these sets of parametri
 LMIto be expressed as a �nite number of 
onditions using 
onvex embeddings. Anumeri
al 
onstru
tion based on Taylor series development is proposed andillustrated for design problems.The paper is organized as follows. Se
tion 2 des
ribes the 
lass of systemsunder 
onsideration and states the problems of stability analysis and resetlaw design. In Se
tion 3, the results to stability analysis problem are presented2



while Se
tion 4 is dedi
ated to reset law design methods. Se
tion 5 presentsa way to solve numeri
ally the 
onditions developed in the previous se
tions.Numeri
al examples are detailed in Se
tion 6 to point out the potentiality butalso the di�
ulty of the proposed approa
h. Finally some 
on
luding remarksand forth
oming issues end the paper.Notation. For a ve
tor v we denote by ‖v‖ the eu
lidean norm. For a matrix M ,we denote by ‖M‖ the indu
ed Eu
lidean norm, ‖M‖ = max‖x‖=1 ‖Mx‖. By
M ≻ 0 or M ≺ 0 we mean that the square symmetri
 matrix M is positive ornegative de�nite respe
tively. We denote the transpose of a matrix M by MT .By Im we denote the m × m identity matrix. By 0 we denote the null matrixof appropriate dimensions. By λmax(M) we denote the maximal eigenvalue ofa square symmetri
 matrix. For a given set S, co(S) denotes the 
onvex hullof S. For a given 
onvex polytope S, vert (S) denotes the set of vertex of S.We use R

+ = {x ∈ R : x ≥ 0} to denote the set of reals greater or equal tozero.2 Problem formulationConsider the following linear reset systems:
ẋ(t)= Acx(t), ∀t ∈ R

+ − T , x(0) = x0 ∈ R
n, (1)

x(t) = Arx(t−), ∀t ∈ T (2)where x ∈ R
n represents the system state and t− = limτ→0,τ<0 t + τ . Thematri
es Ac and Ar are 
onstant matri
es of appropriate dimensions. The set
T =

{

tk : tk ∈ R
+, tk < tk+1, ∀k ∈ N, lim

k→∞
tk = ∞

} (3)represents the set of reset times. We assume that the reset interval has theform
tk+1 − tk = τmin + δτk, (4)where τmin represents a nominal reset period and δτk an un
ertain time-varyingterm bounded in a 
ompa
t set ∆ ⊂ R

+,
δτk ∈ ∆, ∀k ∈ N. (5)with δτmax = maxδτ∈∆ δτ and minδτ∈∆ δτ = 0. In order to avoid Zeno phe-nomena we assume that τmin > 0. Note that sin
e tk+1 − tk ≥ τmin, a

umu-lation points are not possible. Let S (∆) denote the set of possible sequen
es

{δτk}k∈N
, S (∆) =

{

{δτk}k∈N
, δτk ∈ ∆

} and Θ (∆), the set of all admissiblereset sequen
es T = {tk}k∈N
asso
iated to S (∆), i.e.3



Θ (∆) =
{

{tk}k∈N
, t0 = 0, tk+1 − tk = τmin + δτk,

{δτk}k∈N
∈ S (∆)

}

. (6)For any T ∈ Θ (∆) the reset system (1) has a unique solution. The value ofthe solution at time t ∈ R
+, with the initial 
ondition x0 ∈ R

n, and the resetsequen
e T ∈ Θ (∆) is denoted ϕT (t, x0). It 
an be expressed as ϕT (t, x0) =
ΦT (t, 0)x0 where the transition matrix ΦT (·, ·) : R

+ × R
+ → R

n×n is de�nedby the relations
ΦT (0, 0)= In, (7)

∂

∂t
ΦT (t, tk) =AcΦT (t, tk), ∀ t ∈ [tk, tk+1), (8)

ΦT (tk+1, tk) =ArΦT (t−k+1, tk), ∀k ∈ N. (9)In the previous equation ΦT (t−k+1, tk) denotes the following limit, 
omputedfrom (8), ΦT (t−k+1, tk) = limt→tk+1,t≤tk+1
ΦT (t, tk). See also [2℄ for a similardes
ription of solutions. We may remark that in between two reset instants the�ow is linear-time invariant. Therefore, the transition matrix may be 
omputedexpli
itly ΦT (t, tk) = e(t−tk)Ac , for all t ∈ [tk, tk+1).De�nition 1 We say that the equilibrium point x∗ = 0 of the system (1),(2) is Globally Uniformly Exponentially Stable (GUES) with respe
t to the setof reset sequen
es Θ (∆) if there exist positive s
alars c, λ su
h that for any

T ∈ Θ (∆), any x0 ∈ R
n, and any t ≥ 0

‖ ϕT (t, x0) ‖≤ ce−λt ‖ x0 ‖ . (10)Two 
omplementary problems of stability analysis and synthesis are formu-lated as follows:Problem 1. Assume that the matri
es Ac and Ar are given and 
onstant.Provide numeri
ally tra
table (LMI) 
onditions for verifying if the equilibriumpoint x∗ = 0 of the reset system (1), (2) is globally uniformly exponentiallystable.Problem 2. Assume that the matrix Ac is given and 
onstant. Design a resetmatrix Ar to guarantee the global uniformly exponential stability of the equi-librium point x∗ = 0. 4



3 Stability analysisIn this se
tion we present 
onditions for exponential stability, and we give asolution to Problem 1.3.1 PreliminariesBefore providing LMI stability analysis 
onditions we present �rst generi

onditions for the stability of the 
onsidered 
lass of hybrid systems. Usingan underlying dis
rete-time model at reset times, a ne
essary and su�
ient
ondition for the exponential stability 
an be dedu
ed. The analysis is based onthe use of a 
lass of quasi-quadrati
 Lyapunov fun
tions proposed in [17, 21℄for linear di�eren
e in
lusions de�ned on 
ompa
t sets (the main result isre
alled in Theorem 5 in the Appendix). More pre
isely, we use fun
tions ofthe form V (x) = xTL[x]x, where the Lyapunov matrix, L[x], depends on thesystem state in a homogeneous manner, i.e. L[·] : R
n → R

n×n, L[x] = LT
[x] =

L[ax] ≻ 0, ∀x 6= 0, a ∈ R, a 6= 0. The following theorem shows that thede
rease of su
h fun
tions at the reset instants ensures the stability of thereset system.Theorem 1 Consider the reset system (1), (2) with T = {tk}k∈N
∈ Θ(∆).The equilibrium point x∗ = 0 is globally uniformly exponentially stable if andonly if there exists a positive de�nite fun
tion V : R

n → R
+ stri
tly 
onvex,

V (x) = xTL[x]x, (11)homogeneous (of the se
ond order), L[·] : R
n → R

n×n, L[x] = LT
[x] = L[ax] ≻

0, ∀x 6= 0, a ∈ R, a 6= 0, V (0) = 0, su
h that
V (x(tk)) > V (x(tk+1)), (12)for all x(tk) 6= 0, k ∈ N, and any of the possible reset sequen
es T = {tk}k∈N

∈
Θ(∆).Proof. First, note that the parameter δτk = tk+1 − tk − τmin belongs to a 
om-pa
t set ∆ and that for any sequen
es T and any k ∈ N the transition matrix
ΦT (tk+1, tk) = Are

Ac(τmin+δτk) is 
ontinuous with respe
t to δτk. Therefore,at reset times, the solutions of the system (1), (2) are des
ribed by a lineardi�eren
e in
lusion
x(tk+1) ∈ F (x(tk)) , k ∈ N (13)where

F (x) =
{

Are
Ac(τmin+δτ)x, δτ ∈ ∆

}

. (14)5



Re
alling the notion of global uniform exponential stability as de�ned in The-orem 5 (in the Appendix) for the linear di�eren
e in
lusion (13) leads to thefa
t that there are 
onstants cd > 0, 0 < λd < 1 su
h that the relation
‖ϕT (tk, x0)‖ ≤ cdλ

k
d‖x0‖, ∀k ≥ 0 (15)holds for all initial 
onditions x0 ∈ R

n, all {tk}k∈N
∈ Θ (∆) if and only ifthere exists a fun
tion V (·) as de�ned in (11) su
h that the inequality (12)is veri�ed. We only need to show that exponential de
ay at reset times isequivalent to exponential de
ay for all t ∈ R

+, that is to show that (10) ⇔(15). This statement is proven as follows.Assume that the reset system (1), (2) is exponentially stable. From (10), sin
e
tk ∈ [kτmin, k(τmin + δτmax)] , one 
an 
he
k that (15) is satis�ed with cd = cand λd = e−λτmin .Consider now that the relation (15) is satis�ed. Sin
e

ϕT (t, x0) = ΦT (t, tk)ϕT (tk, x0)for all t ∈ [tk, tk+1), and the transition matrix ΦT (t, tk) = e(t−tk)Ac is boundedfor t − tk in a bounded interval, i.e. there exists a s
alar γ > 0 su
h that
‖ϕT (t, x0)‖ ≤ γ‖ϕT (tk, x0)‖, ∀ t ∈ [tk, tk+1), (16)with γ = eǫ(τmin+δτmax) if ǫ = λmax

(

Ac + AT
c

2

)

≥ 0 and γ = eǫτmin if ǫ < 0.Therefore, ‖ϕT (t, x0)‖ ≤ γcd

(

eln λd

)k
‖x0‖, for all t ∈ [tk, tk+1). Furthermore,for t ∈ [tk, tk+1) and tk+1 − tk − τmin ∈ ∆, we have k ∈

[

t

tmin + δτmax

,
t

tmin

]

,whi
h implies that the relation (10) is satis�ed with c = cd × γ and λ =
ln λd

tmin + δτmax

. 23.2 Parametri
 sets of LMI 
onditionsThe following theorem proposes su�
ient stability 
onditions (as a parametri
set of linear matrix inequalities) for 
losed-loop system (1) with a reset law (2)based on a 
ondition for the existen
e of quasi-quadrati
 Lyapunov fun
tions.Theorem 2 Consider system (1), (2), with T in the set of admissible resetsequen
es Θ(∆) des
ribed in (6). Assume that the matrix Ar is given. If thereexist matri
es P (δτ), P (·) : ∆ → R
n×n 
ontinuous with respe
t to δτ, P (δτ) =

P T (δτ) ≻ 0, δτ ∈ ∆, and G of appropriate dimensions su
h that the following6



set of linear matrix inequalities






P (δτa)
(

GAre
Ac(τmin+δτa)

)T

GAre
Ac(τmin+δτa) G + GT − P (δτb)





 ≻ 0, (17)is satis�ed for all δτa, δτb ∈ ∆, then there exists a quasi-quadrati
 Lyapunovfun
tion V (x) = xTL[x]x = maxδτ∈∆ xT P (δτ)x satisfying 
onditions (12) inTheorem 1, i.e. the equilibrium point x∗ = 0 of system (1), (2) is globallyuniformly exponentially stable.Proof. Let us show that if 
onditions (17) hold then the equilibrium point x∗ =
0 of system (1), (2) is globally uniformly exponentially stable. Assume thatthere exist matri
es P (δτ) and G satisfying the 
onditions (17) of Theorem2 for all δτa, δτb ∈ ∆. Sin
e P (·) is 
ontinuous with respe
t to δτ and δτ isde�ned on a 
ompa
t set, the image of P (·) with respe
t to ∆ is a 
ompa
tset. Therefore

sup
δτ∈∆

xT P (δτ)x = max
δτ∈∆

xT P (δτ)xfor any x ∈ R
n. Consider a Lyapunov matrix de�ned as L[x] := P (δτ ∗(x))with δτ ∗(x) = arg maxδτ∈∆ xT P (δτ)x. Note that for any positive s
alar a,

arg max
δτ∈∆

xT P (δτ)x = arg max
δτ∈∆

a2xT P (δτ)xwhi
h implies that δτ ∗(x) = δτ ∗(ax), that is L[x] = L[ax]. Furthermore, thisshows that V (x) = xTL[x]x is an homogeneous fun
tion of the se
ond order.The 
onvexity of V follows from the fa
t that for a set of 
onvex fun
tionsthe maximum preserves the 
onvexity property. More expli
itly, note that forea
h δτ ∈ ∆, the quadrati
 form xT P (δτ)x is a 
onvex fun
tion, i.e. for any
x, y ∈ R

n and θ ∈ [0, 1]

(θx + (1 − θ)y)T P (δτ) (θx + (1 − θ)y) ≤ θxT P (δτ)x + (1 − θ)yT P (δτ)y.Using this property it is obtained
V (xθ + y(1 − θ)) = max

δτ∈∆
(xθ + y(1 − θ))T P (δτ) (xθ + y(1− θ)) (18)

≤max
δτ∈∆

(

θxT P (δτ)x + (1 − θ)yTP (δτ)y
) (19)

≤ θ max
δτ∈∆

xT P (δτ)x + (1 − θ) max
δτ∈∆

yT P (δτ)y (20)
≤ θV (x) + (1 − θ)V (y). (21)Then V is a 
onvex fun
tion. 7



Therefore 
andidate quasi-quadrati
 Lyapunov fun
tions V (·) of the form
V (x) = xTL[x]x = max

δτ∈∆
xT P (δτ)x (22)satisfy the 
onvexity and homogeneity 
onditions required in Theorem 1.Using similar arguments as in [9℄, one 
an see that multiplying the inequality(17) by

T := [In − (Are
Ac(τmin+δτa))T ]on the left and by its transpose on the right, the following inequality holdstrue:

P (δτa) − (Are
Ac(τmin+δτa))T GAre

Ac(τmin+δτa)

+(Are
Ac(τmin+δτa))T GAre

Ac(τmin+δτa)

−(Are
Ac(τmin+δτa))T GT Are

Ac(τmin+δτa)

+(Are
Ac(τmin+δτa))T GT Are

Ac(τmin+δτa)

−
(

eAc(τmin+δτa)
)T

AT
r P (δτb)Are

Ac(τmin+δτa) ≻ 0, (23)whi
h is the same as
(

eAc(τmin+δτa)
)T

AT
r P (δτb)Are

Ac(τmin+δτa) − P (δτa) ≺ 0, (24)
∀ δτa, δτb ∈ ∆. For any x 6= 0, δτa ∈ ∆

xT P (δτa)x ≤ max
δτ∈∆

xT P (δτ)x. (25)Then, for any {tk}k∈N
∈ Θ(∆),

x(tk+1) = Are
(tk+1−tk)Acx(tk) = Are

(τmin+δτk)Acx(tk), (26)with δτk ∈ ∆. From (24), (25) and (26) the following relation holds for any
x(tk) 6= 0

xT (tk+1)P (δτb)x(tk+1) < max
δτ∈∆

xT (tk) P (δτ)x (tk) (27)for any δτb ∈ ∆. Note that
δτ ∗ (x (tk+1)) = arg max

δτ∈∆
xT (tk+1)P (δτ)x (tk+1) . (28)The relation (27) holds for any δτb ∈ ∆, therefore it holds also for δτb =

δτ ∗ (x (tk+1)) . Using the de�nition of V (x) in (22) this leads to
V (x(tk+1)) < V (x(tk)), (29)for all x (tk) 6= 0, therefore there exists a fun
tion V (x) satisfying the 
ondi-tions in Theorem 1. 2 8



Remark 1 Note that the presented stability 
onditions en
ompass possible so-lutions based on the existen
e of a quadrati
 Lyapunov fun
tion V : R
n → R

+,
V (x) = xT Px, whi
h is stri
tly de
reasing at reset times. This 
ase may beobtained by setting a 
onstant Lyapunov matrix P (δτ) = P in (17) for all
δτ ∈ ∆.4 Reset StabilizationIn this se
tion we present a solution to Problem 2. Conditions for the design ofa reset matrix Ar, as de�ned in (2), that stabilizes system (1) are presented.The 
ase when all variables may be reset is trivial (Ar = 0 is the trivialsolution). For this reason the approa
h is developed for the 
ase where thereset is 
onstrained, in the sense that only some of the system variables maybe subje
t to jumps. To 
larify our hypothesis for the stabilization problem,we denote xp ∈ R

np the 
ontinuous state variables and η ∈ R
nη the variablesthat may be subje
t to the reset law. Obviously, the de
omposition of thesystem state should satisfy np + nη = n. Without loss of generality we mayassume that the state of system (1) is de
omposed in the form x = (xT

p ηT )T .We are interested in reset laws of the form:
η(t) = RxCxp(t

−) + Rηη(t−) (30)where C is a known 
onstant matrix of appropriate dimensions and Rx, Rηare to-be-designed matri
es. The 
onstraint (30) 
an be expressed in the form(2) using the notation
Ar =







Inp
0

RxC Rη





 . (31)In the following theorem it is shown how the approa
h in Theorem 2 
an beused in order to derive a reset matrix with the parti
ular stru
ture (31).Theorem 3 Consider system (1), the reset 
ontrol (30) with the asso
iatedreset matrix (31). Moreover, 
onsider that the sequen
e T takes values in theset of admissible reset sequen
es Θ(∆) des
ribed in (6). If there exist matri
es
P (δτ), P (·) : ∆ → R

n×n 
ontinuous with respe
t to δτ , P (δτ) = P T (δτ) ≻
0, δτ ∈ ∆, and matri
es Ḡ, Wη, Wx of appropriate dimensions su
h that theset of linear matrix inequalities







P (δτa)
(

eAc(τmin+δτa

)T
W T

WeAc(τmin+δτa) G + GT − P (δτb)





 ≻ 0, (32)9



is satis�ed for all δτa, δτb ∈ ∆, with
G =







Inp
00 Ḡ





 , W =







Inp
0

WxC Wη





 , (33)then the equilibrium point x⋆ = 0 is globally uniformly exponentially stable forthe 
losed-loop system (1), (30), (31) with Rx = Ḡ−1Wx and Rη = Ḡ−1Wη.Proof.Assume that the exist symmetri
 positive de�nite matri
es P (δτa), δτa ∈
∆, and matri
es G and W as in (33) su
h that 
onditions (32) are satis�ed.Then the blo
k G + GT − P (δτb) is also positive de�nite whi
h implies that
G+GT ≻ 0, i.e. G is invertible. Consider the notation Ar = G−1W . Using the
hange of variables W = GAr, the set of inequalities (32) leads to







P (δτa)
(

eAc(τmin+δτa

)T
AT

r GT

GAre
Ac(τmin+δτa) G + GT − P (δτb)





 ≻ 0, (34)
∀ δτa, δτb ∈ ∆ whi
h allows to prove the exponential stability of the system(1), (2) with G−1W as a reset matrix (as an appli
ation of Theorem 2).Note that for G and W with the stru
ture given in (33), the matrix Ar hasthe following form

Ar = G−1W =







Inp
00 Ḡ−1













Inp
0

WxC Wη





 =







Inp
0

Ḡ−1WxC Ḡ−1Wη





 , (35)whi
h is (31) with Rx = Ḡ−1Wx and Rη = Ḡ−1Wη. 2Remark 2 Conditions (17), (32) lead to a parametri
 set of linear matrixinequalities, sin
e they depend on the di�erent values of δτa, δτb in the 
ompa
tset ∆. If the 
ardinal of ∆ is �nite, the set of LMIs to be solved is �nite. Thisis not the 
ase when ∆ represents an interval. Tra
table numeri
al 
onditionsfor approximating this parametri
 set of 
onditions when ∆ is an interval arepresented in the following se
tion.5 Numeri
al evaluationIn this se
tion it is shown how the parametri
 set of LMIs presented previously,namely (17), (32) 
an be approximated by a �nite number of 
onditions usingpolytopi
 embeddings. 10



5.1 Polytopi
 setsIn order to obtain a �nite number of LMIs from (17) or (32) we have todeal with the exponential un
ertainty eAcδτk [15, 13, 20℄ that appears in the
onditions. Note that the un
ertain matri
es eAcδτk are 
ontinuous with respe
tto δτk and that δτk belongs to a bounded set ∆. Then, for δτa ∈ ∆, the matrix
eAcδτa des
ribes a 
ompa
t subset of R

n×n :
E =

{

X ∈ R
n×n : X = eAcδτa , δτa ∈ ∆

}

. (36)The basi
 idea is to embed the set of matri
es E into a polytopi
 set Z, i.e. to�nd a set of N matri
es Zi su
h that
E ⊂ Z = co {Z1, Z2, . . . , ZN} . (37)This implies that for all δτa ∈ ∆ there exists a set of s
alars µi(δτa) ∈ [0, 1], i =

1, . . . , N , su
h that
eAcδτa =

N
∑

i=1

µi(δτa)Zi,
N
∑

i=1

µi(δτa) = 1. (38)
In order to provide some insights about how a polytopi
 embedding 
an beapproximated numeri
ally, we re
all brie�y the method proposed in [15℄ forthe 
ase when ∆ is a bounded interval [0, δτmax].Consider an h-order Taylor expansion of the matrix exponential eAcδτ :

eδτaAc ≈

(

h
∑

l=0

Ac
l

l!
δτ l

a

)

. (39)Then we may 
onstru
t a 
onvex polytope by 
onsidering the terms δτ l, l =
1, 2, . . . , h, as independent parameters. The h-order Taylor approximation 
anbe embedded in a matrix hyper
ube with 2h verti
es. However, one 
an exploitthe relation between the di�erent parameters to 
onstru
t a 
onvex polytopeinside the hyper
ube. This approa
h is mathemati
ally formalized in Lemma6 (given in the Appendix). Applying Lemma 6 to the polynomial form (39)for δτa ∈ ∆, leads to a polytope with N = h + 1 verti
es given by:11



Z1 = In,
Z2 = δτmaxAc + In,
Z3 = δτ 2

max

Ac
2

2!
+ δτmaxAc + In,...

Zh+1 = δτh
max

Ac
h

h!
+ δτh−1

max

Ac
h−1

(h − 1)!
+ . . . + δτ 2

max

Ac
2

2!
+ δτmaxAc + Inwhi
h embeds the polynomial approximation (39). For evaluating the approx-imation error indu
ed by the use of Taylor series we mention the survey paperof Moler and Loan [22℄. If ε is some pres
ribed error toleran
e, the simplestmethod 
onsists in 
hoosing h large enough so that ‖Ac‖ δτmax/(h + 2) < 1and

∥

∥

∥

∥

∥

eδτaAc −

(

h
∑

l=0

Ac
l

l!
δτ l

a

)∥

∥

∥

∥

∥

≤
‖Ac‖

h+1 δτh+1
max

(h + 1)!

1

1 − ‖Ac‖ δτmax/(h + 2)
≤ ε. (40)Note that the a

ura
y of the analysis may also be improved by dividing theinterval of analysis in several subintervals and applying the embedding pro
e-dure lo
ally. Assuming that we use a division into m − 1 subintervals of theform Ij = [δτmaxj/m, δτmax(j + 1)/m], j = 0, . . . , m − 1 , we only need to
ompute the vertex {Zi}

h+1
i=1 for δτ ∈ [0, δτmax/m]. Next, we use the fa
t that

∀δτ ∈ Ij , eAcδτ = eAcδτmaxj/meAcρ with ρ = δτ − δτmaxj/m ∈ [0, δτmax/m],to derive a lo
al polytopi
 approximation where the set of verti
es is givenby Z loc
j =

{

eAcδτmaxj/mZi

}h+1

i=1
. Then, the extreme points of the global poly-tope 
an be determined among the verti
es of ea
h lo
al embedding Z =

vert
(

∪m−1
j=1 co

(

Z loc
j

)) using 
lassi
al 
onvex hull algorithms.In the following subse
tion we illustrate the use of polytopi
 embedding meth-ods for reset matri
es design.5.2 Stabilization based on polytopi
 setsHere we show how the parametri
 set of linear matrix inequalities, su
h as(17), (32), 
an be redu
ed to a �nite number of linear matrix inequalities. Theapproa
h is illustrated for the 
ondition (32). The 
onditions (17) proposedin Theorem 2 
an be treated in a similar manner. The reset matrix designpro
edure based on polytopi
 set (37) is formulated in the following result.Theorem 4 Consider system (1) with T ∈ Θ (∆). Moreover, 
onsider thepolytopi
 set (37) with N verti
es. If there exist symmetri
 positive de�nitematri
es Pi, i = 1, . . . , N, and matri
es G, W as des
ribed in (33) su
h that12



the following set of linear matrix inequalities






Pi ZT
i

(

eAcτmin

)T
W T

WeAcτminZi G + GT − Pj





 ≻ 0, (41)is satis�ed for all i, j = 1, . . . , N , then the equilibrium point x⋆ = 0 is globallyuniformly exponentially stable for the 
losed-loop system (1), (2), (31) with
Ar = G−1W.Proof. Assume that there exist a set of matri
es Pi, i = 1, . . . , N, and matri
es
G and W su
h that the set of inequalities (41) hold true. Then the 
ondition







∑N
i=1 µiPi

∑N
i=1 µiZ

T
i

(

eAcτmin

)

W T

∑N
i=1 µiWeAcτminZi G + GT −

∑N
i=j µjPj





 ≻ 0, (42)is satis�ed for any set of s
alars µi, µj ∈ [0, 1], i, j = 1, . . . , N , su
h that
∑N

i=1 µi =
∑N

j=1 µj = 1. Note that eAcδτa ∈ Z for all δτa ∈ [0, δτmax]. Thenthe previous 
ondition implies the existen
e of matri
es P (δτa) su
h that the
onditions (32) hold with
P (δτa) =

N
∑

i=1

µi(δτa)Pi, P (δτb) =
N
∑

j=1

µj(δτb)Pj , (43)where µi(δτa), µj(δτb) ∈ [0, 1], i, j = 1, . . . , N , represent the bary
entri
 
oor-dinates of eAcδτa and eAcδτb in the polytope Z. 2Remark 3 When polytopi
 embeddings are used, the underlying quasi-quadrati
Lyapunov fun
tion (22) takes the form V (x) = maxP∈P xT Px, with P =
co {P1, P2, . . . , PN} . Using 
lassi
al arguments for 
onvex fun
tions one 
anprove that in this 
ase V (x) = maxi=1,...,N xT Pix.Remark 4 The result in Theorem 4 is generi
 and holds for any polytopi
embedding (37) of the matrix exponential. Alternatively, for numeri
al imple-mentations, we 
ould use a polytopi
 development based on Jordan Forms,su
h as in [7℄, or on the Cayley-Hamilton Theorem [13℄. Note that to dealwith the possible numeri
al approximations errors it is of interest to extendthe proposed stabilization 
onditions to robust stabilization. This issue may be
onsidered in the future from the L2 or ISS stabilization frameworks. Fur-ther extensions are possible for systems that have both swit
hing dynami
sand resets. This may be possible for the 
ase when su
h hybrid events have asyn
hronous o

urren
e, by addressing the problem from the point of view ofswit
hed polytopi
 systems (see for example [27℄).13
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hesamong two values τmin ∈ {0.28, 0.54}.6 Illustrative ExamplesExample 1. Consider a reset system (1), (2) with
Ac =















0 −3 1

1.4 −2.6 0.6

8.4 −18.6 4.6















, Ar =















1 0 0

0 1 0

0 0 0















(44)
14



The matrix Ac has the eigenvalues
λ1 = −1.44, λ2 = 3.44, λ3 = 0. (45)For this system the matrix Are

τminAc is S
hur for τmin ∈ [0, 0.58]. This impliesthat the system is stable if the reset o

urs periodi
ally, with 
onstant resetinterval τmin in [0, 0.58] and δτk = 0. However, variation of the reset intervalmay indu
e instability. While the system is stable for 
onstant reset intervals
τa = 0.28 and τ b = 0.54 (see Fig. 1 and Fig. 2, respe
tively), the matrix
Are

τaAcAre
τbAc has eigenvalues outside the unit 
ir
le. Therefore, resettingthe system with the pattern τa → τ b → τa → τ b . . ., leads to an unstablebehavior. This phenomena is illustrated in Fig. 3.Consider now τmin = 0.1 and δτmax = 0.2. In order to illustrate graphi
allythe 
onstru
tion of the polytopi
 embedding Z in (37), 
onsider the Jordannormal form of Ac:

J =















λ1 0 0

0 λ2 0

0 0 λ3.















(46)with λi = 1, 2, 3, given in (45). For this parti
ular 
ase, the exponential un-
ertainty eδτkJ has the form
eδτkJ = T















φ1(δτk) 0 0

0 φ2(δτk) 0

0 0 1















T−1 (47)with two un
ertain s
alar parameters φi(δτk) = eδτkλi , i = 1, 2, and δτk ∈
[0, 0.2] and T an invertible matrix. In Fig. 4, we illustrate the 
urve des
ribedby the exponential un
ertainty in the φ1(δτk) − φ2(δτk) plane as well as theobtained polytopi
 embedding based on a 8th order Taylor series expansion(in dark gray). Note that the Jordan form is used here only for providinga graphi
al illustration of the polytopi
 embedding methodology. The LMIpro
edure 
an be applied by using dire
tly the Taylor series expansion in theoriginal 
oordinates, without using the transformation matrix T .The polytopi
 embedding pro
edure 
an be re�ned by dividing the interval
[0, δτmax] in several subintervals, and lo
ally applying the Taylor method.An illustration based on 5 subintervals is given in Fig. 4 (light gray). Forthe 
onsidered example this leads to a Taylor series approximation error lessthan ε = 10−10. Using su
h an embedding and adapting the 
onditions inTheorem 2 similarly to Theorem 4, we 
an provide an estimate of the domain
∆ for whi
h the system is stable in spite of variations of the reset interval. For15
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)Fig. 5. Example of system evolution for the Example 1 with τmin = 0.1, δτ ∈ [0, 0.2],based on an arbitrary sequen
e of reset intervals.
τmin = 0.1, Theorem 4 indi
ates stability with variations of the reset interval ofa maximum amplitude δτmax = 0.2. An example of system evolution a

ordingto a random variation of the reset interval is given in Fig. 5. The �rst threegraphi
s 
orrespond to the evolution of state variables (with dis
ontinuitiesin the 3rd system state) while the last one illustrates the 
onvergen
e of theobtained Lyapunov fun
tion (illustrating stability).Example 2. Next, a 
omparison between the use of a 
ommon quadrati
 andof a quasi-quadrati
 Lyapunov fun
tion is given. Consider a reset system (1),(2) with

Ac =















−1.5 −2.5 5

−0.4 2.5 2

−0.5 0.75 2















, Ar =















1 0 0

0 1 0

0.4 −2.31 0















(48)with τmin = 0.1 and ∆ = {0, 0.29} . For this example it is not possible to show16
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)Fig. 6. Example of system evolution for the Example 3, based on an arbitrary se-quen
e of reset intervals.stability using LMIs based on a 
ommon quadrati
 Lyapunov fun
tion V (x) =
xT Px. However, using quasi-quadrati
 Lyapunov fun
tions (11) and the setof LMIs (17) it is possible to prove stability. This example shows the interestof using more advan
ed Lyapunov fun
tions for redu
ing the 
onservatism instability analysis.Example 3. Consider a 
ontinuous-time system (1) with a partial reset (30),where

Ac =















−2 0 5

0 −1 5

0 −1/5 20















, (49)
C =

(

0 1

)

, np = 2, nη = 1, τmin = 0.05 and δτk ∈ [0, 0.5]. Note that thebase matrix Ac is unstable. We use a polytopi
 embedding similar to theone in Example 1, based on a 8th order Taylor series expansion applied on5 subintervals. The Taylor series approximation error is less than ε = 10−10.Using the set of LMIs in Theorem 4 with stru
tured matri
es G and W asin (33), the reset gains Rx = −0.16, Rη = −0.02 are obtained. An exampleof system evolution is presented in Figure 6. The �rst three plots are thestate 
omponents, whereas the last one is the time-evolution of the Lyapunovfun
tion.7 Con
lusionFo
using on linear impulsive systems, we stated tra
table 
onditions to an-alyze the exponential stability. It is assumed that the jump instants are notperiodi
 but only nearly-periodi
, i.e. with an un
ertain distan
e to a periodi
sequen
e. It is shown that quasi-quadrati
 Lyapunov fun
tions that de
reaseat reset instants are not only su�
ient for exponential stability but also ne
-17



essary. Su�
ient LMI 
onditions are derived to 
ompute reset matri
es su
hthat the hybrid system is global exponentially stable to the origin based onthe existen
e of su
h quasi-quadrati
 Lyapunov fun
tions. Numeri
al 
ompar-isons of 
onservatism redu
tion with respe
t to 
ommon quadrati
 Lyapunovfun
tions are presented.This paper lets many questions open. The �rst one may be the generaliza-tion of this work to nonlinear systems. Also the performan
e issues may be
onsidered either for linear impulsive systems or for nonlinear ones [26℄. One
riterion to be optimized may be the reje
tion of perturbations and the gainperturbations/output to be made as low as possible. The 
onne
tion with theInput-to-State Stability (ISS) of impulsive systems as in [14℄ may be fruitful.AppendixThe following results will be useful for the proofs of our theorems:Theorem 5 (Adapted from Theorem 1 in [17℄) Consider A, a 
ompa
t set,
Λ(·) : A → R

n×n, a 
ontinuous fun
tion over A and the following LinearDi�eren
e In
lusion
zk+1 ∈ H(zk),H(z) = {Λ(α)z, α ∈ A} , (50)

k ∈ N, z0 ∈ R
n. The following statements are equivalent:1) The equilibrium point z∗ = 0 of (50) is globally uniformly exponentially sta-ble, i.e. there are 
onstants cd > 0, 0 < λd < 1 su
h that ‖zk‖ ≤ cdλ

k
d‖z0‖, ∀k ≥

0, holds for all initial 
onditions z0 ∈ R
n, all k ∈ N.2) There exists a positive de�nite quasi-quadrati
 fun
tion V : R

n → R
+stri
tly 
onvex, homogeneous (of the se
ond order), V (z) = zTL[z]z, L[·] :

R
n → R

n×n, L[z] = LT
[z] = L[az] ≻ 0, ∀z 6= 0, a ∈ R, a 6= 0, V (0) = 0 su
h thatthe following relation is satis�ed : V (z) − maxα∈A V (Λ(α)z) > 0, ∀z 6= 0.Lemma 6 [15℄ Consider a polynomial matrix

L(ρ) = L0 + ρL1 + ρ2L2 + . . . + ρ pLp, (51)where the parameter ρ ∈ R and Li ∈ R
n×n, i = 1, . . . , p. For ea
h upper bound

ρ̄ ≥ 0 on ρ there exist matri
es Ui ∈ R
n×n, i = 1, . . . , p + 1, su
h that thefollowing property holds:For all ρ ∈ [0, ρ̄] there exist parameters µi(ρ), i = 1, . . . , p+1, with∑p+1

i=1 µi(ρ) =
1, and µi(ρ) ≥ 0, i = 1, . . . , p + 1, su
h that L(ρ) =

∑p+1
i=1 µi(ρ)Ui. In par-ti
ular, Ui, i = 1, . . . , p, 
an be 
hosen as U1 = L0, U2 = ρL1 + L0, U3 =

ρ 2L2 + ρL1 + L0, . . . , Up+1 = ρ pLp + ρ p−1Lp−1 + . . . + ρ 2L2 + ρL1 + L0.18
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