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Abstract

Consider a rectangular tank containing an inviscid incompressible and irrotational fluid. The tank is subject to a
one-dimensional horizontal move (the control) and the motion of the fluid is described by the shallow water equations. By
means of a Lyapunov approach, control laws that stabilize the state of the fluid—tank system are derived. Two classes of con-
trol are considered: full-state feedback and output feedback where the output is given by the trajectory of the tank, the level
of the fluid at the boundary of the tank and the time. Although global asymptotic stability is yet to be proved, stabilization

is observed through numerical simulations.
(© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Consider a tank containing an inviscid incom-
pressible irrotational fluid. The tank is subject to a
one-dimensional horizontal move. To move such a
tank we need to take the motion of the fluid into
account. Several recent publications deal with this
question, see, e.g., [8,12,24,25]. This paper is a first
attempt to study the stabilization problem with the
model of the shallow water equations which are
1D-hyperbolic equations (see e.g. [3,4]).
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fax: +33-1-47-40-21-99.
E-mail addresses: prieur@satie.ens-cachan.fr (C. Prieur),
dehalleux@auto.ucl.ac.be (J. de Halleux).
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Our main concern is the fluid state stabilization
problem (level and speed relative to the tank) and
the tracking problem of the tank state (position, speed
and acceleration) to a prescribed trajectory (e.g. a pre-
scribed final position of the tank) using the accelera-
tion as the control variable.

Stabilizing feedback laws are designed using a Lya-
punov approach and backstepping (see e.g. [14] for
an introduction of this technique). The design process
is repeated iteratively on control problems that have
increasing complexity. For each control problem, an
augmented Lyapunov function is built from the pre-
vious (simpler) problem and the corresponding stabi-
lizing control laws are deduced. More specifically, the
control “sub”-problems are

e fluid state stabilization (Section 3.1),
o fluid state and tank speed stabilization (Section 3.2),
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e fluid-tank state stabilization (Section 3.3) where a
forward approach (see [18]) is used to design the
Lyapunov function.

Two classes of stabilizing control laws are inves-
tigated: (1) time-varying full-state feedbacks and (2)
output feedbacks, where the output is defined by the
trajectory of the tank, the level of the fluid at the
boundary of the tank and the time. Many practical and
industrial motivations can be found in [11,12,19] for
restricting ourselves to output feedbacks.

Some results can be found in [18] concerning the
problem of the stabilization of a tank, but the input
is defined as a flexible or a rigid wave generator and
the equations are linearized around the equilibrium.
Here, a different model of the control system is cho-
sen. Moreover, the linearized shallow water are not
stabilizable even locally (see [7]), thus a study of the
non-linear equations is needed. For these non-linear
equations, it is proved in [3] that one has a local con-
trollability property.

Several other configurations are studied in [20] and
it is proved that, for each configuration under consid-
eration, the linear approximation is steady-state con-
trollable. For our configuration, the linear approxima-
tion is not controllable, and thus we need to consider
the non-linear equations to study the stabilization
problem.

The paper is organized as follows. The shallow wa-
ter equations are described in Section 2.1, the steady
states in Section 2.2 and the stabilization problem in
Section 2.3. The existence of Lyapunov functions and
feedbacks are investigated in Section 3. At last, nu-
merical simulation are used to check that asymptotic
stabilization is achieved in Section 4.

2. System and control problem description
2.1. Model description

Let us consider a 1-D tank containing an inviscid
incompressible irrotational fluid. The tank is subject
to a one-dimensional horizontal move. Let us assume
that the acceleration is small compared with the grav-
ity constant and that the level of the fluid is small
compared with the length of the tank. Hence, the dy-
namics of the fluid are described by the shallow water

Fig. 1. A tank of length L containing a fluid.

equations (see [6, Section 4.2], see also [20]):

o0H 0

E(x,t)-‘r a(HV)(x,t)ZO, (D)
av 0 V2

E(x,t) + a (gH + 2) (X,l) = 714(1‘), (2)
S(t) = A(1), D(1) = S(1), (3)

where x € [0, L] is the spatial coordinate attached to the
tank of length L, ¢ € [0, T'] the time coordinate, 7 > 0,
g the gravity constant, H(x,¢) denotes the level of the
liquid, ¥ (x, ) denotes the horizontal speed of the fluid
in the referential attached to the tank, and D, .S and 4
denote, respectively, the position, the speed and the
acceleration of the tank in the world coordinates. See
Fig. 1.

The boundary conditions are given by, for all 7 in
[0, 77,

7(0,1) =0, V(L,t)=0. 4)

2.2. Steady states

Let us now describe the set of equilibriums:
((H,V,8,D),4) in ((¢"([0,L]))* x R?) x R is said
to be an equilibrium of (1)—(3) if it is a time-invariant
solution of (1)—(3). This implies

o - o[ - V? i
(A7) =0, ax<gH+2>_—A

which, using (1) and (2) can been easily rewritten as

ﬁ(x)zf[(é)—(x—s) g %)

V(x)=0,
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By integrating (1) on [0, L] and by using the bound-
ary condition (4) together with an integration by parts,
one gets

d L
m </0 H(x,t)dx) =0. (6)

This condition expresses the conservation of the mass
of the fluid in the tank. Moreover, if follows from (1)
and (4) that

Ton=Fw(--"1). ™
x X g

Therefore, the state-space X = {X = (H,V,S,D)}
is defined as the affine subspace of (¢'([0,L]))*> x R?
such that the following holds:

L
Vol:/ H(x)dx, d—H(O): d—H(L),
0 dx dx

V(0)=V(L)=0,

where the (constant) volume of the liquid in the tank
is Vol := [ H(x)dx = LA(L/2).

2.3. Control problem

Assume that the fluid level at the boundary of the
tank can been measured. The control system is de-
scribed as follows:

e the state at time ¢ is X(z) = (H(.,1),V(.,t),
S(1),D(1)),

e the control at time ¢ is u(¢) = A(¢),

e the output at time ¢ is Y (¢) = (H(0,2), H(L,t),S(t),
D(1),1).

Let |.| be the usual norm of R and |.|; be the norm
on %'([0,L]) defined by, for all f in '([0,L]),

df
a(x)

fh= Jax. |/ (o)l + max

The set X is equipped with the following norm, for
all X =(H,V,S,D) in X:

|X|x=|H| +|V|i +]|S|+ |D].
The control problem is stated as follows:
Find a time-varying full-state feedback (resp. an

output feedback) u that locally stabilizes the system
(X(2),A(t)) to the equilibrium (X, 4) satisfying (5).

That is, find a function u: X x [0,+00) — R (resp.
u:R> — R) such that for all ¢ > 0, there exists C > 0
such that, for all initial conditions (Hy, Vy, So, Dy) in
X satisfying

|(Ho, Vo, 80, Do) — (., V,8.D)|x < C, (8)
the following three properties hold on the system:

Existence and uniqueness of solutions. 7/ere ex-
ists one and only one X :[0,400) — X such that, (1)-
(3) hold where, for all t = 0,

A(@) = u(X(2),t) =u(H(., 1),V (,1),S(t),D(¢),1)
(resp. A(t) = u(Y (1))
=u(H(0,t),H(L,t),S(2),D(¢),1), 9)
and such that the following holds:

H(,0)=H,, V(,0)="V,,
5(0)=S,, D(0)=Ds,. (10)
Attractivity property. Moreover, for all t = 0,

(H(0), V(. 0),8(0).D(0)) — (B, 7.5, D)|x
— ¢ 1000
Stability property. Finally, for all t > 0,
(H(. 1),V (,1),8(t),D(t)) — (H,V,S,D)|x < e

In the next sections, a Lyapunov control law design
that solves this problem is proposed. Stabilization is
verified numerically in Section 4.

3. Lyapunov control design

The objective of the design is to build a Lyapunov
function for the stabilization problem via a full-state
feedback and an other one for the output feedback. As
mentioned in the Introduction, Lyapunov functions are
built for control problems with increasing complexity.

At first, a Lyapunov function for the fluid
state (H,V) (i.e. a Frechet-differentiable function
Ry :(%'([0,L]))* — R positive and null only at the
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point (H, V)= (H,V)) and a full-state feedback, mak-
ing the Lyapunov function decrease, are designed. For
an introduction of the Frechet-differentiation see e.g.
[5, Appendix A]. This full-state feedback is used to
derive an output feedback which is a good candidate
to stabilize the fluid state (H, V') (see Section 3.1).

The fluid state Lyapunov function is augmented to
obtain a Lyapunov function for the fluid—tank state in
Sections 3.2 and 3.3.

3.1. Stabilization of the fluid state (H, V")

Let us consider first the stabilization of the fluid
state.

A Lyapunov function for the variables (H, V') can be
derived from the fluid entropy E: [0, L] x R?> — R and
the corresponding entropic flux F: [0, L] x R> — R (as
in [4] for another stabilization problem). Note there is
an infinite number of entropies for the shallow water
equations (see [23, Vol. II, Section 9.3]).

Let us check briefly that the following functions,
derived from the moments of the fluid and defined, for
all (H,V) € R?, by

v:(H-Hx)

E(xyHy V):Hi +g

Pt (n

3
F(x,H,V):HV7 + gVH(H — H(x)) (12)

are a couple of entropy and entropic flux respectively.

Indeed, denoting D/Dt and D/Dx the total deriva-
tive with respect to ¢ and x, respectively, it follows
that, along the solutions of (1)—(3),

D remy+ 2 Famy)
Dr ot Dx 0

_OE OH OE OV OF oH
T O0H ot oV ot O0H ox

o ov o
v ox ox
V2 - 0
= (g -0)) —H
(2 +( )) (V)
0 y?
“HY 2ol + —
V@x<g + 2 —|—u>

3 - 0H
+|\—=—+9gV(H—-—H)+gVH | —
2 Ox

, _
+(H3V+gH(H—ﬁ)>aV—gHVaH

2 ox ox
0 y? - o0H
2
—HVu+ 2 (HV (V +g(H — H)))
ox 2
+g1L1Va—H+gHVi1
Ox g
=—HV(u—A) (13)

which vanishes if u = 4. Thus (E,F) is a couple of
entropy—entropic flux.

Let the function R;:(%'([0,L]))*> — R, for all
(H,V)€ (%'([0,L]))?, be defined by

L
R(HV) = iy / E(H(6x), V(bx)) dx,  (14)
0

where 4; > 0 is a tuning parameter. Note that R; is
positive and is zero only at the point (H, V)= (H, V).
By differentiating (14) with respect to ¢ and by using
(13) it follows that, along the solutions of (1) and (2),

_ L
Ri=—(u—A) </ Hde) — M[F. (15)
0

Using (4) and (12), it can be seen that [F]é =0. Hence,
anatural controller is u : (4'([0,L]))?> — R, defined by

L
u(H, V):/ll/ HV dx + A. (16)
0

This control law is a full-state feedback law, but
one can prove that the time-derivative of fOL HV dx
can be expressed in terms of output variables. More
precisely, using (1) and (2), it follows that
oHV 0 ( H?

g2+HV2> — Hu (17)

o ox
and thus, by using the boundary conditions (4) to-
gether with an integration by parts,

L
% (/ Hde)
0
- %((H(L,t))2 = (H(0.0)*) = Volu  (18)

which is a function of the output Y(¢) only.
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This allow us to use a backstepping approach which
is usual in finite-dimensional control theory (see e.g.
[14,21]). In this context, let us consider u as a new
state variable and define the dynamics of u as

i=u, (19)

where v is the control law.
To understand how an output feedback can be
derived from (15), let us prove the following.

Lemma 3.1. Let ', % and U be three Banach
spaces called, respectively, the state space, the out-
put space and the control space. Let F : X X U — X
and G :X — % be two Frechet-differentiable func-
tions. Let us consider the control system

X=FXU), Y=9X) X©0)eZ. (20)

Let us consider an equilibrium of (20), i.e. a state
0in Z and a control 0 in U such that 7 (0,0)=0 and
%(0)=0. Suppose that there exists a Lyapunov func-
tion R: ¥ — R (i.e. a Frechet-differentiable function
positive and zero only at the point X = 0) such that

. —N— .
R=(U+KY))IX1), (X 1)=IY,U), (21)

along the solutions of (20), where k. % — R, [: % x
[0,400)— R and I:% x U — R are three Frechet-
differentiable functions.

Then, for all 2 >0, we can design a Lyapunov
function R:% x U —R, for the state variables
(X,U), and an output feedback making R decrease
along the solutions of (20). This output feedback is
defined by

. ~ =~ ~ 1
U = —k(Y) = A, U) = (U + k(Y),
U(t=0)e. (22)

Remark 3.2. Note that the dynamical equation of U
must be a function of the output only, and, for R, a
Lyapunov function for the whole state, i.e. the couple
(X, U). Moreover, note that, in order to prove Lemma
3.1, only properties of the Lyapunov function R i.e.
(21) and any property of the control system (20) are
used. Thus the lemma can be applied to any control
problem having a Lyapunov function satisfying (21).

Proof. Note first that, due to (21), with the continuous
feedback U : 2 — % defined by U(X) = —2I(X,t) —

k(Y), for all 2 > 0, the function R has a non-positive
time derivative. Let us define the Frechet-differentiable
function R: 2 x % —R by R(X,U) = R(X) + 11
(U 4 k(Y) + AI(X,1))?, where 4 > 0. By using (21),
the time derivative of R along the solution of (20) is

R=1X,t)(U + k(Y))
. LA~ .
(U 4+ k(Y)+ 11X OWU+E(Y)+ (Y, U))

.. P~
=1X,t)U 4+ k(Y) 4+ AU + 20 k(Y)
+2271(Y,U))

- =
+I(U 4+ k(Y))YU 4+ k(Y) + A(Y,U)).
Thus, by defining U as

.. . s
U+k(Y)+ 22U+ 2 k(Y)+ 222, U)=0 (23)

the first derivative of R is R = —(1/A)(U + k(Y))?,
and thus R is a Lyapunov function for system (20).
To achieve the proof of Lemma 3.1, note that (23) is
equivalent to (22), and U is indeed a dynamic output
feedback. [

It is now possible to apply Lemma 3.1 to sys-
tem (1)-(3) and to the Lyapunov function R,
with % = R, % = R*, 2 = (¢"([0,L]))*, k(Y) =
—4, R=Ry, =1, [(X)=—2 [y HV and I(Y,u)=
2(g/2)(H(L,t))> — (H(0,£))*) + A; Volu. Thus
let us define R, :(%"'([0,L]))* x % — R by, for all
(h,v,u) € (€' ([0,L]))* x %,

Ry(H.V.u)=Ry(H. V)

i L ?
+71 <u—/11/ Hde) , (24)
0

where il > 0.
The above lemma leads to the following result.

Theorem 1.

e For any positive gain 11, there exist a Lyapunov
function R, for the variables (H, V') and a full-state
feedback u; : €'([0,L])> — R, defined by, for all
(H,V)€%'([0,L])

L
w(H,V) = zl/ HV dx (25)
0

such that Ry has a non-positive time derivative.
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e For any positive gains A and 1y, there exist a
Lyapunov function R, for the variables (H,V,u)
and an output feedback iy :%"([0,+00), R%) x
[0,400) — R, defined, for all Y :[0,4+00)— R,
Y(t) = (H(0,2),H(L,1),8(t),D(t),t), by ui(t =
0)eR and
——

a1 (Y):=— <; + 4 Vol) i1(Y)
L1
— i L(H L) = (H(0,1)? 26
A S (H L) = HO,0)7))  (26)
such that R, has a non-positive time derivative.

Remark 3.3. To prove the stabilization, the LaSalle
theorem must be applied. More precisely, it must be
proved that the equality (D/D¢)(R(¢)) =0 V¢ >0,
yields (H,V) = (H,V). Note, moreover, that in
an infinite-dimensional space of functions, a suit-
able compactness property must also be proved (see

e.g. [13]).

3.2. Stabilization of the fluid state (H,V') and of
the tank speed S

In this section, the control problem is aug-
mented with the stabilization of the tank speed D
around S + At. In order to achieve this, a mod-
ified “kinetic energy” of the tank is introduced
in (14), i.e. the Frechet-differentiable function
Ry :(%'([0,L]))* x R — R defined by

Ry(H, V,S) = Ri(H, V) + %(S(t) —§—Ar?, (27)

where R; is defined by (14) and /1, is a positive
constant introduced for the tuning of the controller.
Note that R, is positive and is zero only at the point
(H,V,S)=(H,V,S + At). Due to (3) and (15),

Ry=(u—A)
L - -
X <—/11 / HVdx+ (S-S —At)) . (28)
0
Thus a control law candidate to stabilize the variables
H,Vand S is u,:6'([0,L]) x R — R defined, for all
(H,V,8)€%"([0,L]) x R, by

L
Uy = (i]/ Hde—)vz(S—S—/It)) +A.
0

This is a full-state feedback. As in the previ-
ous case, it is possible to apply Lemma 3.1 with
Z = (6" ([0,L]))* xR, k(Y) = -4, R=Ry, ) =
1, I 0) =~/ [y HV dx + Jo(S(1) — § — At) and
1(Y,u) = 2(g/2)((H(L,t)* — H(0,£)*) + A Volu +
Jo(u — A). This motivates the introduction of a new
Lyapunov function (see the proof of Proposition 3.1):
Ry :(%'([0,L]))* x R? — R defined by

EZ(Ha V> S, u)

)t L
:Rz(H,I/,S)—i-?z <u—x1/ HYV dx
0

2
+/12(S—§—/It)) (29)

where )~,2 > 0.
The above leads to the following result.

Theorem 2.

e For any positive gains 1y and 1y, there ex-
ist a Lyapunov function R, for the variables
(H,V,S) and a time-varying full-state feedback
uy :6([0,L]))* x R x [0,4+00) — R, defined, for
all (H,V,S)€%'([0,L]))* x R, by

uy(H,V,8,t)

L
= (;q/ HV dx — ;,Z(S—S—At)) +4
0
(30)
such that Ry has a non-positive time derivative.

e For any positive gajns A, Ay, Ao, there exist a
Lyapunov function R, for the variables (H,V,S,u)
and an output feedback i :%'([0,+00), R%) x
[0,400) — R, defined, for all Y :[0,4+00)— R>,
Y(1)=(H(0,t),H(L,1),S(2),D(1),1), by ir(t =
0)eR and

N 1 N
) (Y)=— ()~ + A V01+;V2> ir(Y)

2
—J g((H(L,t)z—(H(O,t)z)-Mz/I
(31)

such that Ry has a non-positive time derivative.

Remark 3.4. Note that the relative degree of the
dynamical system for the variable (H, V) and S is 1
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(indeed the zero time-derivative of the output are inde-
pendent of the control, while the first time-derivative
of the output can be expressed from the control, see
e.g. [15] for a precise definition of the relative degree
in a finite-dimensional context).

In the following section, the system relative degree
is 2, which can not be stabilized by an output feedback.
See Section 3.3 for more details.

3.3. Stabilization of the fluid—tank state

In this section, the control problem is augmented
with the entire function D and not only its first deriva-
tive. To stabilize also the tank position D to a pre-
scribed trajectory D + St + 1 /Itz one can require to
stabilize the integrated trajectory D= f D dt around
the reference trajectory D(t) = il (S + At)dz. To do
this a forward approach should be used (see [17] or
[21, Chapter 6]), i.e. the solvability of the following
equation has to be studied:

M =8-S —At, (32)

where .Z : X — R is a Frechet-differentiable function
and: in (32) is to be understood as the time-derivative
along the solutions of (1)—(3). If (32) is solvable, then
R; : X — Ris defined as the following modification of
R, for all (h,v,s,d) in X:

R3(H,V,S,D)

—R,(H, V, S)+ S (D—D-§t—1 Al — .Y,
where A3 > 0. The PDE (32) is too difficult to solve
(except for the trivial solution .# =D — D — §t —

1 At2 which gives R; = R,). Thus a modification of
the forward approach, the Forwarding modulo L,V
approach (see [22]), which allows us more flexibility,
should be used.

More precisely instead of looking a .#: X — R
which solves (32), one has to find two functions
M X — R Frechet-differentiable and m: X — R con-
tinuous such that (see (28))

M=8—8—At+m

u—A

L
=(S =8 —At)(1 +mly) — ml / HV dx.
0

This PDE is satisfied by

1AP) (1 +miy)

L X
+m11/ (/ (H—ﬁ)(f)dé) dx
0 0

and m € R. Indeed, note that, due to (1),
d L X _
([ ([or-m)es)
OHV
AV SR R

This allows us to introduce the Frechet-differentiable
function R3: X — R defined by, forall (H, V,S,D) € X,

M= (D—D—8t—

R3(H,V,S,D)
)L. - =
=Ry(H,V,S)+ 33 (zz (D—D—St—148)

L X 2
+),1/0 </O (HI-_I)(é)di) dx) , (34)

where 11, 4, and A3 are three positive constants and
R; is defined by (27). Note that R3 is positive and is
zero only at the point (H, V,S,D)=(H,V,S,D). Due
to (28) and (33), it follows that

L
Ry = <_;L1 / HdeHz(s_s‘_gt))
0
« <u_/1+m} (D—D—35t— L i)

+/11/13//(H—H)).

Thus, a natural expression for u3 is

L
us(t) =2 / H(x, )V (x,t)dx — Jo(S(t) — S — At)
0

— A3 (D(t) —D—St— %1‘]1‘2)

L X
s /0 (/0 (H(s,t)—ﬁ(é)dé)> dx+A.
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This is a full-state feedback. In order to find an
output feedback, R; has to be rewritten as

. PN
Ry = (u+ k(X t))I(X,1), k(X,t)=I1(X,1),

/—/AR ~
[(X, 1) = (Y, u),

where k: 2" x [0, +00) = R, [: 2" x [0, +00) — Rand
/1R’ x R— R are three Frechet-differentiable func-
tions defined, for all (X, Y,u) € 2 x R* x R, by

k(X 1) = /OL (/Ox(H—I:I)dx)

+o (D — D — 8t — 14¢%),

L
(X, t)=—2 / HY dx + 2(S — § — At)
0

and
I(Y,u) =y %(H(L,t)z —H(0,¢%) + /1 Volu

+2a(u — A).

Let us study Egs. (1)—(4) and also the variables u, u
as new states and u as new control law. Note that the
relative degree of this system is 2 and, for any Lya-
punov function R; whose relative degree is 1, by using
the forward approach, we need to consider Lyapunov
function with relative degree 2. Therefore (see [2, The-
orem 4.3] and [1, Theorem 4] in a finite-dimensional
context) there does not exist an output feedback sta-
bilizing the fluid—tank state and such that a Lyapunov
function has a non-positive time derivative.

The above leads to the following result.

Theorem 3.

e For any positive gains Ly, 7, and 73, there ex-
ist a Lyapunov function Rs for the variables
(H,V,8,D) and a time-varying full state feed-
back uz:6'([0,L])* x R2 =R, defined, for all
(H,V,S,D)€%"'([0,L])* x R?, by

u3 (H’ V’ S’ D)

L
= / HV dx — Jp(S — S — At)
0

—/3 (D -D-St— %/112)

L X
—W@/ (/ (H(é,t)—FI(x))dé) dx+A.
0 0
(35)

such that Rs has a non-positive time derivative.

e From the Lyapunov function R, there is neither a
Lyapunov function Ry for the fluid—tank state nor a
dynamical output feedback i3 : R> — R, such that
R3 has a non-positive time-derivative.

We are now in a position to check with numerical
simulations that we have a stabilization property.

4. Numerical results

In this section we study two numerical simulations
and check that the different problems of stabilization
are achieved with our control law.

4.1. Observing stabilization in simulation

The shallow water equations are discretized with
the 4 points semi-implicit Preissman scheme (see [16]
or [10]), which is a classic finite difference scheme for
this type of equations.

It is well known that the discretization of the PDEs
introduces artificial damping of the solution. This
numerical damping is necessary to have a stable in-
tegration of the equation, otherwise the numerical
errors would not be damped and the simulation would
finally blow up. The downside of this is that, in
the simulations, the stabilization is due to both the
control law and the numerical scheme. Therefore,
it is important to take into account this numerical
damping when studying the control law stabilizing
performance.

The conservative character of the PDEs can be used
to answer the question whether the stabilization is
due to the control law and not only to the numerical
scheme. In fact, if the control action is zero, u = 0,
and if A = 0, the function R, must be conserved for
all ¢, according to (15). In simulation, one can ob-
serve that the entropy is actually decreasing due to the
numerical damping. Hence, if the performance of a
stabilizing control law is significantly better than for
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the zero control action, it can be deduced that
the control law actually stabilizes the system (in
simulation).

In the case of the Preissman scheme, this damp-
ing can be tuned by the Preissman coefficient 0 and
Courant number C,. Indeed, it is possible to choose
Preissman coefficient 6 and Courant number C.
(namely 0 = 0.5 and C, = 1) such that the discretiza-
tion does not introduce numerical damping for the
linear equations.

Other integration schemes were also investigated.
For instance, the Godunov scheme from [9] leads
to analogous results but introduces more numerical
damping effect in the system.

For all the simulations, the following parameters
have been chosen:

e The spatial and time steps of the scheme are respec-
tively Ax =0.2 m and Ar = 0.1 s.

e We choose the following equilibrium of the fluid—
tank system: ¥ =4A=S=D=0and 4 = 1.

e The controller gains are chosen as follows, 4; =
0.1, 1o =03, /1, =2, and J; = 0.15.

Note that for these parameters, the tank length L is
10 m and the Courant number is slightly superior to
1, C, = 1.56.

4.2. Stabilization with output feedback and
full-state feedback

The system initial conditions are, for all x € [0, L],

S=o,

(x—L/2)
gL’

D=0,

Hx)=1-2 V(x)=0.

Three control laws are compared: zero control, i,
defined by (31), and u3 defined by (35).

Simulation results, with 6 = 0.53, are presented in
Figs. 2-5 where the following observations are made:

e Figs. 4 and 5 show that @, and u; control laws
succeed to stabilize the fluid state in contrast with
of the system without control, where oscillations of
the fluid remain at the end of the simulation.

e Fig. 2 shows that i, stabilizes the tank velocity,
while u3 stabilizes also the tank position.

Position, D
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04 . _
£ 02 M e T T T T s m e =
0 B 4( -
-0.2 C Il 1 Il 1 Il 1 Il 1 Il 1 Il 1 Il 1 Il ]
0 5 10 15 20 25 30 35 40
Speed, S
02 T T T T T T T T T T T T T T T
o1l - _
@ ‘.’ \\‘A
E- 0/.{' N [N o
DG ~—-o
L A _
-0.1 Il 1 Il 1 Il 1 Il 1 Il 1 Il 1 Il 1 Il
0 5 10 15 20 25 30 35 40
Acceleration, A
01 T T T T T T T T T T T T T T T
005 [\ 4
7 Y RN ]
S ol < S ) IS
005 Y, ]
o1l v vy ]
0 5 10 15 20 25 30 35 40
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Fig. 2. Tank position D, velocity S and acceleration 4. Legend:
null control—black solid line, #,—red dashed line, u3—green
dotted line.
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Fig. 3. Lyapunov function R3. Legend: null control—black solid
line, u3—green dotted line.

e A slight and constant damping of the wave in
the zero control simulation can be observed in
Figs. 3—5. As discussed in Section 4.1, it is due
to the numerical scheme since 0 is set to 0.53.
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Water depth H(x,0)
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Fig. 4. Fluid level in the tank at time =0, 10 and 25 s. Legend:
null control—black solid line, #,—red dashed line, us;—green
dotted line.

Water velocity V(x,0)
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Fig. 5. Fluid velocity in the tank at time =0, 10 and 25 s. Legend:
null control—black solid line, #,—red dashed line, uz—green
dotted line.

However the control law u3 makes the Lyapunov
function R3 quite more decreasing than the numer-
ical damping. See Fig. 3.

e Figs. 4 and 5 show that waves remain after 25 s
of simulation for the null control law. Due to the
conservative nature of the shallow water equation,
these waves should not damp (they do because of
the numerical damping) and continue to oscillate,
while #, and u3 succeed to stabilize in less than
10 s which is very quick in comparison with the
simulation of Section 4.3.

e The controller gains were tuned in a trial and error
fashion. Gains were chosen to make the fluid sta-
bilization (4;) dominant over the tank acceleration,
velocity (4;) and position (/43). Increasing 4; will
not significantly improve the fluid stabilization, but
will introduce a greater deviation on D and S. The
Ay parameters behaves as one could expect from
a proportional controller on the velocity, it lowers
the overshoot but introduces oscillations for high
gains. The simulation is quite sensitive to the /3
gain which introduces oscillations in the positions
and velocity.

4.3. Importance of the non-linear terms of the
shallow water equations

Note that the shallow water equations linearized
are uncontrollable, even locally (see [7] and also
the Introduction section). Indeed the functions
H,V:[0,L] X [0,+c0)— R and D:[0,4+00) — R de-
fined by, for all ¢ > 0 and for all x in [0, L],

D(t)=0,  H(x,t)=05 + sin’ (%) ,
Vi) =2 giL tcos(%) sin(%) (36)

are solutions of the linearized equations around
((H,V,8,D),A) with u = 0. However the nonlin-
ear shallow water equations are locally controllable
(see [3]), we check numerically that the nonlinear
equations are stabilizable.

To do this, let us consider as initial condition the
value of functions (36) at =0 and the feedback (35).
In this simulation, 6 is chosen as 0.5001, which is very
close to the critical value (namely 0.5), in order to min-
imize the numerical damping. Therefore non-smooth
numerical solutions (see Fig. 8) are obtained. Fig.
6 shows that the tank stays very close to the initial
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Fig. 6. Tank trajectory. Legend: null control—black solid line,
us—green dashed line.
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Fig. 7. Lyapunov function R3. Legend: null control—black solid
line, uz—green dashed line.

position but succeed in stabilizing the fluid speed (see
Fig. 9) and the fluid level (see Fig. 8). In Fig. 7, one
can see that the numerical damping of the Lyapunov
function R3 which is measured by the simulation with

Water depth H(x,0)

[m]
TT T T T T 17T
T T T I

Water depth H(x,35)
T T T T T T T T T

[m]

Water depth H(x,70)

[m]
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Fig. 8. Fluid depth at 0, 30 and 70 s. Legend: null control—black
solid line, u3—green dashed line.

Water velocity V(x,0)
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Fig. 9. Fluid velocity at 0, 30, 30 and 70 s. Legend: null con-
trol—black solid line, u3—green dashed line.

the null control, may been neglected in the decreasing

rate of the R3 in the simulation with feedback (35).
Note finally that the stabilization is very slow in

comparison with the simulation of Section 4.2 and
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some waves remain after 70 s. This is due to the fact
that only the nonlinear part of the shallow water equa-
tions stabilized the system (since the linear approxi-
mation is uncontrollable).

5. Conclusion

In this paper we study the problems of the stabiliza-
tion of a tank containing a fluid by an full-state feed-
back and by an output feedback. We use a Lyapunov
approach to do this. We check numerically this stabi-
lization problems are achieved with our control laws.
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