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1. Introduction

We study the approximate controllability of the following
reaction-diffusion system

Vi = ¥ux + 1Y + Ay + Bz,

zt = 8z + Cy + dz, (1)
yx(oa t) = 0, GYx(L’ t) + Y(La t) = u(t),

y(x,0) =0, z(x,0)=0,

where, y € RP is the vector of diffusing species and z € R the
stored one. The parameters A,G € RP*P, B € RP¥!, C e R!*P,
W, 8, d € R are given. The time dependent vector function u is the
control in L?(0, T)P.

This type of system appears in varied domains such as chem-
istry, electrophysiology, genetics, combustion..The degenerate
case, 6 = 0 models, for example, the linearized FitzHugh Nagumo
equations in electrophysiology [3,13] where y is the electrical po-
tential and z the chemical concentration. Furthermore, the gov-
erning equations for chemical reactions in a tubular reactor model
can exactly be written as (1) where y stands for the temperature
(p = 1) and z for the solid fuel concentration. In solid combustion,
the reactants do not diffuse and thus § = 0, [11]. Note also that
gas electrodes may be modelled by (1) where y is the concentra-
tion of diffusive species with p < 4 and z is the concentration of
the stored one, [5].
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The approximate controllability of the non degenerate case,
i.e. 8 #0, has been studied in detail in [4,8] for the linear
case and in [12] for a special nonlinear case, see also [2].
They have introduced some Gevrey functions in order to exhibit
a “flat” output for their equations. The null controllability of
the non degenerate case has also been studied with Carleman
estimates in [6,7]. A previous study of controllability of the
FitzHugh-Nagumo system has been done in [10] where an optimal
control result is obtained.

In this paper we study the approximate controllability for the
system (1), with § = 0. The following assumptions are needed for
our control objectives

p
C#0, Y BG#0, and A(BC) = (BOA. 2)
k=1

Let us note that these assumptions are satisfied as soon as p =
1 and BC # 0. For the scalar case, the hypothesis C # 0 is
also necessary for a control property since if C = 0 then the z-
subsystem is completely decoupled from the control u. If A(BC) #
(BC)A, the results remain valid but the computations are much
more difficult (in particular (6)).

Our main result (see Theorem 7) states that the system (1) with
8 = 01is approximately controllable in L?(0, 1)P*!. More precisely,
forall T > O, for all e > 0, for all final conditions (yr, zr) in
1?(0, 1)P*! of (1) with § = 0, we may specify a control law u
in C*°([0, T], L2(0, 1)) such that the solution of (1) with § = 0
satisfies ly(., T) — ¥rll;2¢0.1) < € and ||z(., T) — zrll;20.1) < €.

To do this, we introduce a “flat-like” property, where the
trajectory of the system depends not only on a flat output and
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its derivatives but also on its integrals. This is due to the integro-
differential character of the system under consideration.

The outline of the paper is as follows. In Section 2, we prove
that the system (1) is flat-like. Then we prove in Section 3 the
convergence of the series. The next section is devoted to the
approximate controllability of our system and the last one to
numerical tests. In Appendices A and B we give some technical
proofs.

2. Formal solution

We consider the degenerate model introduced in Section 1,
where (y,z) € RP x R,A,G e RP*P Be RP*! C e R, u,d e R,
L = 1and C # 0 and satisfy (2).

Vi =¥ + 1Yy + Ay + Bz, z; = Cy + dz,
¥(0,6) =0, Gy, (1,t) +y(1,t) = u(t), 3)
y(x,0)=0, z(x,0)=0.

Let us perform the following change of variables, 7 = e 9+1x/2z,
y = e 2y and . = e U+1/2y, System (3) becomes, with

A=(d+ %), —AB=—B,

Vo=Veu—Ay—Bz, 2 =0y,
V.0, t) = uy(0,t)/2, (4)
y(x,0) =0, z(x,0) = 0.

. — — k
We seek a formal solution, y(x,t) = ZZ’:"S Yi(t)3;- The
convergence of this series will be described below. We assume for
the time being that this series converges and that the y, functions
are sufficiently smooth. We get with (4),

t
VKEN, §era(®) = §i(6) + AFi(t) + BC / Ju(o)dr.
0

Let us define the function S : [0, co) — RP by, forall t > 0,

S(t) =y(0,1). (3)

Assume, for the time being, that S is a smooth function, and define
the following notation, for all t > 0,

SO =s@), S™@) = %(S“‘“)(t),

t
(o) =/ ST (r)dr, forn > 1.
0

Letus note thatforalln € Nandforallk € N, we have y,n (0, 0) =
0. Consequently the function S satisfies for all n € N, S™(0) = 0,
and thus (§™)™ = $®™+™ for all (n, m) € Z. With hypothesis (2)
we obtain by recurrence the formal solution of (4),

n k
Von(®©) = D D GGATBCYS" (o),
B k=0 1':0
Von1(8) = 1¥o,(8) /2,

and thus, for all (x, t) € [0, 1] x [0, +00)

00 nk
=y [Z > ckqAtBeysr D (r)}
n=0 | k=0 j=0
2n 2n+1
% X i ﬁ X 7
@m! 2 @n+ 1)

(6)
[ee] n k
Zx ) =CY | Y > cigA (BC)f's“"f'“(r)}

n=0 [ k=0 j=0

X2” m X2n+1
X + = .
((Zn)! 2 (2n+1)!>

Vt>0,Vn e N,

The formal control of (4) is then defined for all t > 0 by,
u(t) = (I, — Gu/2)y(1, t) + Gy, (1, 1),

[e'e] n k
= (lp—Gu/2)y [Z > ckq A BCysTD (t):|

n=0 |_k=0 j=0
n+2+pu

N i
22n+ 1)!

- LA k ~ 2k—i rpnie(n—k—j 4n+M
+GZ{ZZCLC{<A’ /(Bcys"! ”(t)} ( 2o )

n=1 |_k=0 j=0
(7)

Remark 1. Using the terminology of [8], we may understand this
parametrization of the smooth solution of (4) as a flat result.
Indeed, the solutions are written in terms of an infinite number of
time-derivatives of S defined by (5). Note however that, in contrast
to [8] where only time-derivatives are used, we need to integrate
an infinite number of times to compute exactly the solutions of (4).

The convergence of the series in (6) and (7) is precisely stated in
Section 3.
3. Convergence of the series (6) and (7)

In this section we make more precise the computations which
have been informally done in the previous section. To do that,
denoting

a=[Ale, B =IBClleo, (8)

I¥lloo = SUPje(.py lyil, forally = (y1,...,y,) € RP, and given
T > 0, we need to recall some definitions on Gevrey functions (see
e.g. [9, page 132] or [1, Definition 1.1]).

Definition 2. A smooth vector functiony : t € [0, T] — y(t) € R?
is Gevrey of order a if

ay
otn
A smooth vector functiony : (x,t) € [0, 1]x[0, T] — y(x, t) € RP
is Gevrey of order ain t and b in x if

dM,R,S > 0,Vk,n € N,
k+ny

axkatn

ya
- M(n.) .
< R

oo

dM,R>0,Vn €N, sup
te[0,T]

®

(n)* (k"

sup Rnsk

(x,t)€[0,1]x[0,T]

(x, t)” <M

[e e}

Remark that the scaling, integration, addition, multiplication and
composition of Gevrey functions of order a > 1 is of order a.
Let us define the bump function used in the sequel,

0 ift ¢ (0, 1),
¢s(t) = -1 . 9
exp (((1 — t)t)”) ift € (0,1).

This function is Gevrey of order 1 + 1/0 whatever ¢ > 0, [14].
Similarly,

0 ift <0,
1 ift >1,

D, (t) =1 ft (10)
Jo o (v)dT

has order 1+ 1/o. The bump function is strictly increasing from 0
to 1fort € [0, 1] and all its derivatives vanishatt = 0and t = 1.
Let us prove the following proposition stating the convergence of
the series (6) and (7) and some properties of the solutions and the
control of (4).
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Proposition 3. When S is Gevrey of order 1 < a < 2, (ora = 2
with conditions on matrices A and BC), the formal solutions def" ned
by (6) are Gevrey of order ain t and 1 in x and the formal control (7)
is Gevrey of order a.

Proof. We assume that S is Gevrey of order a > 1. Thus, with
Definition 2, there exist M;, R > 0 such that for alln € N,
supeeror SV O], < M; " We easily get, for all n € N,
sup;cgo.ry [|ST (1) ||OO < M]%.
M, > 1such that, foralln € N,
we get, foralln € N,

For T and R given, there exists
I < MyR". With M = M;M,,

sup HS(") (t) H
te[0,T]

1 n!)?
sup HS( M (t) H — and ( ) .
te[0,T] R’” R
We formally differentiate y given by (6),

Ay & R ,
S = DI G AT BCysHT (1)
X

2i>k [ m=0 j=0

x2i—k m x2i+l—k
X " + = 3 )
Qi—k! 2Qi+1-k!

and we recall the estimation, sup,cgo 7y S (t) |
) s - With (8), we get

=M((i+

sup

Z cl Am (BCysHnmD (1)
te[0,T]

oo

< Mw(ot + BR)™.

- R1+n—m

Thus we have

sup Zc'"cl AT (BCyStHMm=D) (1)
te[0,T] m=0 j=0 o
i+n)H) ,
< ((WT))(l—f—aR—l—ﬂRz)'.

So we get, with the usual inequality (I + m)! < 24™!m! and the
Stirling’s formula, m! ~ ( ) J2rmasm — 0o,

[w;ak, > Z LA Byt <r>}

sup
(t,x)€[0,T]x[0,1]

XZl k LB n 21+1 k
Qi—k! ' 2 (21+1—I<)'

(] + )2“0 <2'ﬂ (1')0 2f(1+aR+ﬂR2))

Rn

Let M = M(1 + ) Ypy (5 @) 2Vim (1 + aR + BR)) , and
letR = 2%. Note that M is finite when a < 2.1fa = 2, then M is
finite when 4(1 4+ aR 4+ BR?) < R. We get the result

aktny _ (n‘)“k'
) <M .
8x’<8t” —  Rnik

sup
(t.%)€l0,T]x[0,1]

Therefore the functiony is Gevrey of order 1inx and ain t, and the
control u is Gevrey of order a. We can easily prove the same result
for z. This concludes the proof of Proposition3. ®

4. Approximate controllability

In this section we state our main result: The system (3) is
approximately controllable. To do that, we first approximate the

final conditions with well-chosen polynomials and then we state
some estimations on the function S defined by (5) which are useful
to apply Proposition 3.

We assume that the initial and final conditions of (4) satisfy
¥Vo.Z20) = (0,0), (¥r,zr) € L2(0,1)**!. We approach the
functions y; and z;y with special polynomials. The proof of the
following lemma is postponed until Appendix A.2.

Lemma 4. For all ¢ > 0, there exist an integer K > 0, and finite

sequences (¥ )o<k<k € (RP)*T1, and (87)o<k<x € R¥*! such that,
defining

k m X2k+1
i) = Zy"((Zk)' 2(2k+1)!>’

(11)
K 2%k 2k+1
X [T
Sr(x) =Y 8! - ,
1 k; ¢ ((Zk)! T2 (21<+1)!>
we have
lyr — }’T||L2(o,1)P <e and |zr — 8T||L2(0,1) < €. (12)

We define forallk > K, yi = 0,8] =0andforallk € N, p) =0,
8,‘3 = 0.Let N > K. Due to (5) and (6) we want to find a function
Sy : [0, T] — RP Gevrey of order a such that

n

k
> AT Boysy T ) =y =0,

k=0 j=0
vn=0,...,N, (13)
nk
CY > kA TIBeysy ) =8 =0,
k=0 j=0
Vn=0,...,N—1, (14)

n k
> QAT BOYsyT (T =y, Vn=0,....N, (15)
k=0 j=0

n k
ki ak—j cpryig(n—k—i—1)
33 -
=0 j=

vn=0,...,N—1. (16)

To do that let us state the following result which is proved in
Appendix A.1.

Lemma 5. There exists a sequence (Sp)ncz, € (RP)Z solution of the

system
n k o )
3> AT (BCY Sy =y;. VneEN, (17)
k=0 j=0
C Z ZC"C’A" J(BCYsn_j1 =08, VneN. (18)
k=0 j=

Let us define Sy as follows, where the sequence s; satisfies
(17)-(18) and @, is defined in (10), for all ¢t € [0, T],

av —T)
Su(6) = dN(Zs,N( Lo, )) (19)

Such a function Sy satisfies (13)-(16) and is Gevrey of order 1 <
a < 2when o > 1. The following proposition is the key result to
state our main result.
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Proposition 6. There exist My = M(K) > 0 with K defined in
Lemma 4 and r > 0 such that,

s\ (0) =S, ™ (0) =0,
Vo <n<N HWmH<wM'

| @ors, ") = Mt 1,
and

S\ (0) = S\ ™ (0) = Sy (T) =0,
Yn>N+1, N(—n> ! NNv

HsN (T)Hoo < M¢rVNL.

The proof of this key result is in Appendix B.1. We are now in a
position to state our main result proved in Appendix B.2.

Theorem 7. The system (3) is approximately controllable in L*(0,
1)P*1. More precisely, for all ¢ > 0, for all T > 0, and for all
(¥, zr) € [?(0, 1) x [?(0, 1), there exists Ny € N such that, for all
N > Ny, considering Sy given by (19), the controluy : [0, T] — RP
defined by, for all t € [0, T],

uy(t) = el #/? [GZ [ZZC"CJM—J( BCy's("™ "‘”(t)]

n=1 |_k=0 j=0
(4n+u
X

)+%—WQ)

2(2n)!
N nk
x ) [ ZC,fCiA"‘j(—BC)jS,(V"kj)(t):|
n=0 |_k=0 j=0
n+4+2+p
( 22n + 1)! )

where A = (d + u? /DI, — A, approximately steers system (3) from
the initial state (0, 0) to the final state (yr, zr) in time T, i.e. we have

lyr = yC, Dl < C(De, lzr —z(., T)iz,1) < C(Te.
where C(T) is a constant depending only on T.

Remark 8. Let us note that, given ¢ > 0, the proof of Theorem 7
exhibits the computation of the integers N and K. Indeed, given e >
0, we choose K such that (12) holds, and using (B.4), (B.22), (B.23)
and (B.26), the integer N is such that the conclusion of Theorem 7
holds. The assumption A(BC) # (BC)A is required in our proof.
How to remove this assumption seems to be an open question.

5. Rest-to-rest motion and numerical simulations

In this section we focus on the following particular system
(obtained by lettingA = —1,B = 1,C = 1,d = —1,G = 1,
u=0458=0andL=1in(1)):

Ve =Yux—Y+z,

Zr=y—2z,

W00 =0, (1.0 +y(1,0) = u(t), (20)
y(x,0) =0, z(x,0) = 0.

5.1. Rest-to rest motion

We show in this section how to steer system (20) from zero
to a rest profile. A rest profile is such that, for a given ¢ € R,
y(x,t) = z(x,t) = c forall (x,t) € [0,1] x (0, +0o0). The
control problem of rest profiles is very important for applications,
see e.g. [5] for the use of the rest profile of (20) for a gas electrode in
a catalytic converter. The aim of this section is to state the following

Proposition 9. Forall T > 0, forall o < 2, for all c € R and for all
€ > 0, there exists Ny, such that for all N > Ny, the control

N n
u(t) = e [Z (ZC"( DESY )) G

n=0 0

(n—2k) 1
+Y (Zc (—Dksy (t)) (1)'} , (1)

n=1

where

dav [, t
SN(t) = Cﬂ (e ‘po- (;)) , O > 1, (22)

approximately steers (0, 0) to (c, ¢) along the solutions of (20)in time
T, i.e. the solution of (20) with the control law (21) satisfies

ly(., T) = clli20,1) < C(De, (.., T) —clliz.1y < C(De,
where C(T) is a constant depending only on T.

Note that this result can be seen as a particular case of Theorem 7.
However for the system (20) and the particular control problem
of the rest-to-rest motion, the proof is easier and can be stated
independently.

Proof. We follow the change of variables of Section 2, i.e. we
consider
J:’t:j’xx+2» ?[:}_/, B B
}’x(O, t) :Ov yx(lat)—’_y(l’t) :u(t)» (23)
yx,00=0, Zz(x,0)=0.

Thus with the change of variables, we could approximately go from
zerotoy(x, T) = Z(x, T) = e’ c, for a given c and for all x € [0, 1],
along the solutions of (23). For all 0 > 1, let us consider the
function Sy given by (22). The function Sy is Gevrey of order 14+1/0
and we compute S,(Vi) (0) = 0,foralli € Z, and S,(Vi) (T) = ce,
foralli > —N Furthermore we have, for alli € N,i < N,
S,Ef")(t) = dtN ,(ce D, ( )). In particular we have 0 < S( N)(t)

cetd, (%) < cel. Moreover we may deduce by recurrence that, for
allt € [0,T]and foralli € N,0 < S,(\fo")(t) < cet. We deduce

the following estimates,
n k ) )

>3 st 0 = 3 st o

k=0 j=0 k=0 j=

=0 forneN,

n k
Zc asy Ty =0 foro<n<N,

k=0 j=0
n k n k )
dockasy TN < Y0 ke
k=0 j=0 k=0 j=0
= ce'3" forn > N.

Thus, for all € > 0, there exists Ny such that, for all N > N,

2n
R[]

n=0 k=0 12(0,1)
o0 2n
X
= Z [ce"3"] '
n=N+1 (Zn) 12

00 3n

T

<cel ) FSe
n=N+1 (211)
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Fig. 1. Time-evolution of the y-component of the state.

Fig. 2. Time-evolution of the z-component of the state.
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Fig. 3. Time-evolution of the control law u.

o
— 3 Yol GRSy T T ()

and in the same way ||ce’

X2n
W“B(o,l) <€

We conclude the proof in an analogous way as the proof of
Theorem 7 and we get the approximate controllability as stated
by Proposition9. ®

5.2. Numerical simulations

In this section we illustrate the result of Section 5.1 by
performing some numerical simulations. Let us choose 0 = 1.8,
and let us consider Sy given by (22). The function S is Gevrey
of order ¢ < 2, and due to Proposition 3, the formal solutions
defined by (6) are Gevrey of order a in t and 1 in x and the formal
control (7) is Gevrey of order a. We illustrate Proposition 9 by
choosing the final time T = 35 and ¢ = 1 as the rest-profile we
want to reach. We consider the control law (21) computed with

about N = 10 terms. Figs. 1 and 2 display the time-evolution
of the solution of (20) when the control law depicted in Fig. 3
is applied. We check that we reach the rest profile (y,z) =
(c, ¢) within time T. The simulation code can be downloaded
from http://www.laas.fr/~cprieur/Papers/code-diffusion.zip. The
value of T may be theoretically freely chosen. However to avoid
numerical problems when dealing with too large control, T should
be sufficiently large in the simulations. Also, because of Theorem 7,
N should be sufficiently large. But to avoid Runge’s phenomenon
when using polynomials of high degree, N should be not too large
for numerical simulations.
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Appendix A. Proof of two technical results

A.1. Proof of Lemma 4

= Zkak(% +
5 (2k+1)') a; € R} is dense in C'(0, 1). Let f € C'(0, 1). Let us
introduce the function g : [0, 1] — R by letting, for all x € [0, 1],
g(x) = [ e[ (&)dE + e=*/2f(0). We compute, for all x €

[0,1],g'(X) = f'(x) — 5g(x), and thus f (x) = g(x) + & [ g(€)dé.
Let € > 0. Thanks to the Stone-Weierstrass theorem [15, Theorem
7.32], there exists K € N and a polynomial function P(x) =

k . . .
K 1 Ak oy (2k)' such that [|g(x) — P(X)|l;2¢,1y < € which implies
2k+1

Hf(X) Zak((2k)| + '; (;’<+1)') 6(1 + //L/Z) |

We only have to prove that the set {P(x)
2k+1

12(0,1)
A.2. Proof of Lemma 5

First note that s, = yg, Cs_1 = 8. We choose s_;; =

0ifi ;é ic, and S_1ic = gc,
G # 0. Such integer exists due to (2). We prove the existence
of {sp,...,s_,} by recurrence on n. Let n € N, suppose that
{sn, Sp—1,...,S_n}are known. Thens_,_; and s,; are defined by

where ic € {1,...,p} is such that

n—1 k
CBO)'s_n-1 = 8, —C Y Y CKCAT(BCYsn i1
k=0 j=0

n—1
—CY CGAI(BCYs 1,
j=0
n+1

Z Z n+1CjAk7j(BC)jsn+l—k—j-

We easily prove that for all j € {1,...,p} and for all n €
N[C(BO)"]; = (Zle B;iCi)"C;. We choose, thanks to hypothesis (2)
the relations given in Box L.

Thus, by recurrence, there exists a sequence (s,) € RP solution
of (17)and (18). =

_ T
Snty1 = Yn+1

Appendix B. Proofs of Proposition 6 and of Theorem 7

In this appendix, we prove Proposition 6 which is the key step
of our approach and we prove our main result Theorem 7. To do
that, we split Proposition 6 into two lemmas (see Lemmas 10 and
12), which are proved separately.
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S_p—1,i = 0 ifi # ic,

n—1 k

k=0 j=0 j=0

—C Y Y CkC A (BCYs, 4 j 1 —C Z CLA"™ I (BCY's_;_ 1)

S—n—l,fc = D n
G (Z BiG)
i=1

Box I.

B.1. Proof of Proposition 6

Lemma 10. There exist My = M(K) > 0 and r > 0 such that, for
ald<n<N

s\ (0) =S, ") =0, (B.1)
Hs;;‘)(r) ” < Myr™n!, (B.2)
(o]
H (BO)"S ™ (T) ” < Mer™ ' (n — 1)L, (B3)
(o]
Proof. Eq. (B.1) follows from (19). Let
My = max(max ||slco, max [[(BO)"S_ylloo). (B4)
0<n<K 0<n<K
Remark that Sf\;‘) (T) = sy, forallk = —N — 1,..., N. Now we

prove (B.2) and (B.3) by recurrence on n for n > K. First of all,
using Lemma 5, we rewrite (15) and (16) as, forall0 <n <N,

S2n = Vin — [(Z Con" Gl A% (BO)" —f> S0 + (BO)™"s_a

n—1 k
ot 15 ke
-5 (St o)
X (San—ak—1 + (BO* s o io041)

n—1 k
-5 (e
k=1 \j=0

X (Son—2k + (BC)2n2’<S—(2n—2k)):| , (B.5)

T 1 on—j g4 n—j
Son41 = Vong1 — |:(Z Gnt1 GrnpA (BC) So

n—1 k
+ (BC)2n+1S_2n_l + Z <Z Cé—;i-;—lq+k+lA2]+l(BC)k J)

k=0 \j=0
2 2n—2k
X (San—2k + (BC)*"*s_n_21))

n k
3 (B omanr)
k=1 \j=0

X (Song1—2k + (Bc)zn_2k+15(2n+12k)):| ,

C(BC)™s_pq_1 = 83,

—C [52,1 1+ (Z oG ]1,{;\21'(30“1') s_1

n—1 k
+ (Z el AZJH(BC)H)
k=l

0

2n—2k—1

X (San—(ak+1)—1 + (BO) S_(2n—(@k+1)—1)

+ Z (Z CrC IR (RO )

X (Son—2k—1 + (BC)Z"_ZkS(2n21<)1):| , (B.7)

C(BOY*™'s_gyp = 83,4

n
o (Sesiep itoer ),

j=0

-5 (St o)

X (San—2k—1 + (BC)* *s_on_21-1)

3 (S ettt

X (San—ak + (Bc)zn_2k+1$(2n+22k)):| . (B.8)
We easily prove the following estimations:
Claim 11. Forallk € N,M > 2k, and » > 0, we have
k i k
M 1+ A
M — 201y , ___ (A (B.9)
= M —k =)k —NI2hH! k!
)\j+1
M —2k—11)" , —
= M—=k—j—DIk—N'2j+ D!
1 A k+1
< L (B.10)
k+ 1!

Recalling (8), we choose r sufficiently large such that the following
inequalities are satisfied,

r > max(g, 1), (B.11)
n n
200 (14 2) 4 O L
A n! 2nr | —
vn e N, (B.12)
r grt(1+a)" B
(MM _q (1 f) A
[ ( At A + r2n n! + 2nr |~
Vn e N. (B.13)
Let n be such that 2n > K. Suppose that, foralli =0, ...,2n — 1,
S(') T < Mgilr', and
ISy (Dlle < Mk (B.14)

IBO™1SY " (T) [l < Miilr.

Let A = max(«, B). We have to state four estimations on S,(\,Z") (T),
ST (T), 8"V (T), and S22 (T).
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First inequality: ||S,(V2") (Dllso < Mgr®(2n)!. We now prove the result for 2n + 1 in a similar way. First note
Let us first note that, with (19) and (B.5), we have that, with (19) and (B.6), we have
2 nl - k (2n+1) T - : Jj+k 2j
n —
Sy"(T) = — [Z (Z o CIAY (BO) ,) Sy (T) = Vogr — kZ o G AY (BO
k=1 =1 \j=0
% (SI(VZn—2k) T) + (BC)Z”‘Z"S;V 2420 (1) (S(2n+1—2k) (T) + (BC)2n72k+lsl(\l*(2n+172k)) (7))
n—1 k
2 (Z O G A (B0 ) + Z (Z Chiey ,’;kfﬂAzf“wok-f)
% (Sl(vzn —2k=1) 7y +(BC)Zn_21<_1SI(\I—2n+2k+1)(T)) % (S[<V2n 2/{)(T) +(BC)Zn—ZkSI(Vf(Zn—Zk))(T))
n n
+ (Z Cli" LR BC)" ,) (1) + (B <T>] + (Z Gy Gl AP BC >”‘J)
j=0 j=0
(B.15) (0) B\ 2n+1g(—(2n+1))
] x Sy (T) 4+ (BO)T™'Sy, M.
Thus with r > 1 (recall (B.11)) we have
n-1 Recalling the definition of A, we obtain
IS (T los < Mic {Z (20— 2k o
k=1 ISy " (Dlleo < Mg(2n+ Dir
A & M 1
+@2n—2k—1 !r2n72k CJ+k —J)Lkﬂ +
( ) Z i P2t e (n—Hin =PI+ D! r@n+1)
n—1 n—1
+ > (@n =2k = DIP"H 4 (20 — 2k — 220 2) +2) (2n— 2kl
k=0 k=0
T ke ka4 k A
CJ S C"*J A +j+
X JZO: 2n k1 x ; Cn+1—k—j— DIk =2+ 1!
n n
+ C%-:n9+_r{)‘n+] +@n— 1)!r(2n—1):| , +2 Z(Zn +1-— 2/()!1‘72]()\’(
j=0 k=1
n—1 k M
2n _ —2kq k X .
< Mg @n)'r [2 ;an 2k)!r %5, ]; @n+1—k =ik — (2!
k A Now, with Claim 11, we easily get
* 2 Gk k= @) At
, n—k—jlk—jj T
=0 J 4 ||S(2n+1)(T)”oo < Mg (2n + 1)+ |:2(ek(1+k)/r _ ])( . )
n—1
+2) (@n—2k— ik AL (14 )" 1
k=0 rztl o pl @2n+ Dr
3 G @n+1)
X . . n
; @n—k—j— Dik—)I2j + D! an.d the estm?atlon_on 2||SN1 (-252)”00 follows frzom (B.12).
= Third inequality: || (BC)*" 1Sy (M| < Mgr<"(2n)!.
A M 1 We now prove the result for —(2n+ 1). With (19) and (B.7), we
2 £ (n = )I2)in — j)! * o have
Now, with Claim 11, we deduce (BO)™ s> V(T) = —BC |:S1(\12n])(T)
n=1 _—2kqk k
r A1+ 2) n
STV (T loo < Mg@m)r?" |2y ——— =2
ISy (Do < Mk (2n) ; W " chlrn ]+nA2’(BC)” —j S( D (T)
j=0
n—1 . —2k—14k k+1 n n
r A (14 2) AN+ 1 n—1
2 — — 1, o .
" ,;; (k+ 1)! 2 onr + (Z arc ]’;,jAzf(Bc)"")
k=1 \j=0
2 r -
< Mg (2n)!r" |:2(ex<1+x)/r 1 (1 + X) X (S22D ) 4 By 2tk ()
- k
AT+ )" 1 3 JHhHT k=] 2241 k—j
+r2”n!+2nri|' + kX(; ZC j+k+1A (BC)
The estimation || (T)||s < Myr2"(2n)! follows from (B.12). o _ _
e estimation ||.N (§n+)1||)oo < Mgr=( HZ)H:) ows from (B.12) X (SZHD(Ty 4 (BOy22k 1522y |
Second inequality: ||Sy (M loo < Mgr 2n+ 1l
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Due to (B.11), we have 1/r < 1/8 and thus we get

)\n
1BO 18,2 (1) oo < Mer? @t | £ 4 P
2nr ran
n )\j n—1
+2) @n—2k)r*kak
jzo (n—pin —HHep! Z
= @n—k—=plk—ntep!
n—1
+2) (@n—2k— Dk
k=0

k )\j+1
x JZO:(2n—k—j—1)!(k—j)!(2j+1)! ’

and then, with Claim 11,

I(BO)*™ 18 ®™ (1) [l < My (21)1r?"
AT (14 A"
% |:2(ex(1+x)/r 1)( )+ pA" A+ )" + '31|.

ran n! 2nr

Thus the estimation on |[(BC)2"*1S, " V()| follows from

(B.13).

Fourth inequality: ||(BC)2“”S,(\,72”72) (Moo < Mgr?12n+ 1.
We prove the last case, —(2n + 2), in a similar way. First, with

(19) and (B.8), we compute

(BC)*™2s,*"~?(T) = —BC [s}f”’ (T
(Z Oty G A BO)" ,) sy (1)

n
<3 (et ctiaor)
k=1 \j=0

% (S(Zn—Zk) (T) + (BC)ZH—ZI<+1SI(V—2n+2k—2)(T))

K

5> (z IO, A o )

x (S’(VanZkfl)(T) + (BC)ZnZkS;V2n+2k1)(T)):| ) (B.16)

Thus we have

72 (T) oo < Mg (2n + 1)!r2™H!

B - 2k k
—_— 42 2 1—2k)!Ir =
XH:(Zn—f—l)r_'— E(n—l— O

k=1

I (BOY*" sy

k )»j

X
S @4 1—k—ik— 2!
n—1
+2 Z(Zn +1—2k— 1)r 2kT)k
k=0

k paa
x J; Qnt+1—k—j—DIk—I2j+ 1!

ﬂ)\n-H n b
et L (n—plin — I+ D! |

With Claim 11, we get the inequality

1BOY* 25 /(D)oo < My (@0 + DIr?!

x [2(&““)”2 -1+ %)

'3)Ln+l (1 _’_)\)n ,3
ritl o opl (2n+ l)r]

and the estimation on ||(l_3C)2”+ZS,(\,_2"_2)(T)||oo follows from
(B.13). This concludes the proof of Lemma 10. =

For larger index n, the estimations are obtained more easily.

Lemma 12. There exists My > 0 and r > 0 such that, foralln € N,

n>N+1,

s\ (0) =S| " () =0, (B.17)
s\(T) =0, (B.18)
Hs;;'”(T) Hoo < M¢r¥N1. (B.19)

Proof. With (19), we get that for alli € N,n > N + 1, we have
S,(\;” 0) = Sﬁ,_") (0) = 0 and thus (B.17). Furthermore, using (19)

again, we get that for alln > N, S,(\}” (T) = 0, which is (B.18). It
remains to state (B.19). Using (19) and Lemma 10, we compute

t 2N _ T
[ s e, (7

t 2N i
(T — r)
< MKrNN!/

and we can deduce by recurrence that, for all n > N,

an [5570] =
tel0,T] 0

oo

dr < Mgr¥NteT,

SUP;cfo.1] HS( (t) H < Mge?Tr¥N!. By redefining My, inequality
(B.19) follows. This concludes the proof of Lemma 12. ®

We deduce Proposition 6 from Lemmas 10 and 12. ®

B.2. Proof of Theorem 7

We first prove some existence and unicity results. First, we
transform boundary control problem (4) in a system with a
distributed control. Suppose first that u € H!(0,T). Let f €
C*(0, 1) such that f'(0) — 5f(0) = f'(1) — 5f(1) = 0and
f(1) = 1. Let (y,2) = (y — f(x)u, 2). So we get the following
problem,

— (Af = f")u,

Vi — Vo — AY — BZ) = —f1,

— Cy = Cfu,

70,0 = £30.0) =0, (B20)
Gy, (1,6) + (I, — Gu/2)y(1, 1) =0,
y(.,0) = —f()Hu(0), z(.,0) =0.

Let A be the operator defined on D(A) = {(g,h) €

LZ(Oa 1)p+]7 8Exx € LZ(Oa ‘l)P’ gX(O) - ,LL/Zg(O) - 0’ _ng(l) +
(I, — Gu/2)g(1) = 0} by A(g,h) = (—gw + Ag + Bh, —Cg).
The operator » is maximal monotone symmetric, thus, thanks to
Hille-Yosida theorem, it is closed, densely defined and self-adjoint.
Furthermore, thanks to the Hille-Yosida theorem, foru € H!(0, T),

problem (B.20) has a unique solution
(¥, 2) € C([0, T1, (0, HP*) N C'((0, T), L*(0, 1)**)
NC((0,T), D(A))

such that, (§,2) = Si(—fu(0),0) — [;Su(t — D(fir, +
(Af — f"u, Cfu)dr, where S,, denotes the strongly continuous
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semigroup of contractions associated with «. Let us consider
(¥r.Zr) € I%(0,1)*! which will be the approximate final
conditions of (3). For all ¢ > 0, there exist an integer K > 0,
and sequences (¥} )o<k<k € RP, and (§])o<k<x € R such that, by
defining y; and §r with Lemma 4, we have

I¥r — ¥rllizop <€, and |lzr —drll2,1) < (B.21)
Using Proposition 6, we get by Taylor approximation
00 n k o .
yr =y [Z > CGrGATIBeysy T (T)}
n=0 [_k=0 j=0
x2n x2n+1
+ ﬁ 9
2n! 2 @2n+ 1!
00 n k o .
|5 [ 5aar wosem)
n=N+1 | k=0 j=0
x2n x2n+1
+ ® ,
@2nm)! 2 2n+ 1!
> 1 2
<Mr"N! DY T (Tt at ﬂ)”;“/,
n=N+1 @n)!
< MrNteyTrers LT i/2
(2N +2)!
and thus with (6), we have
_ 14+ un/2
x) —yn (., T < MgrVNlevVitetb___ 12 (o)
lyr ) —ynC, D21y < Mk 2N + 1)! ( )

and thus tends to 0 as N tends to the infinity. Similarly, using (16)
and Proposition 6, we have

00 n_k
Sr(x) —C Y [Z > kA (BC)fsgf"“f‘”(T)}
n=0

k=0 j=0
X2n
X Y
@n)! 12(0,1)
[es) n k o ) )
<| 5 [$ 3 aaraos ]
n=N+1 |_k=0 j=0
X211
X 2!
@m! 12(0,1)

and thus tends to 0 as N tends to the infinity. Thus, foralle > 0
and for all K > 0, there exists Ny such that for all N > Nj,

o) n k
yn -3 [z 3 A By m}
n=0

k=0 j=0

x2n

X
2n)!

12(0,1)P

Sr(x) = C Z [Z > ciqad (BC)f'sﬁ—"-f—”(r)}

k=0 j=0

( x2n . I s )
] |
2n)! 2 (2n+ 1! 2o

Combining these inequalities with (6) and (B.21), we get that there
exists Ny such that, for all N > N,

Yo =¥n(,0) =2 =2y(,0) =0,
IVr —¥nC T)2r — 2n (e, D21y < 2e.

< €.

(B.23)

This is the desired approximate controllability. Clearly, the
functions

o] nk
y Z |:Z Z CkC]'Akfj(éc)jsﬁ—k—j) (t)i|

=0

x2n+1
) <(2”)‘ 2@2n+ 1)!) —fu(o),

7 = ci [Xn:chckAk “I(Beysy 1)(t):|

(B.24)

n=0 0
x2n m x2n+l
X -
2n)! 2 @n+1)!

are the unique solutions of (B.20) with initial conditions (y(0),
Z(0)) = (—f(x)u(0),0) and the control u defined by, for all
t €[0,T]

u(t) = e 12 |:(Ip —Gu/2)
x [ ZC"C{{A" I (—BC)'Sy "‘“(r)}
n=| k=0 j=0

1 Iz
x <(2n)! T any 1)!>

00 n k
+GY [ > kA (—Boysy T (t):|
k=0

n=1 [ k=0 j=0

1 n o1
((Zn—l)! +2(2n)!)i|'

Let us prove that we can take a finite sum in the control as given in
Theorem 7. As the series defining u and @ are uniformly convergent
on [0, T], let us choose N such that,

Un(t) = et /2 [(1,, —Gu/2)

N n k
x Y [Z > kA (—BC)fst"kD(r)]

n=0 | k=0 j=0
n+4+24+pn
3 il
2(2n+1)'

+G Z [i > crkajA i (—Beysy T (t):|

n=1 [ k=0 j=0

n—+p
2(2n)!
satisfies |Uy — u]loo < € and ||Uy — ]| < €.Let AUy = Uy —u,

(i’O? 20) = (_fUN (O)s O)' then
¥(T), Z(T)) = Sa(¥o. Z0)

T
- / Sa(T — ) Ux + GF —f")Uy, GUy)dz
0

(B.25)

)
— Su(~fu(0).0) - / Sa(T — )it + Gf — f")u, CFuyde
0
+Su(=f AUN(0), 0)
T
- f Sa(T = (AU + GF — ") AUy, Cf AUY)dz.
0

Thus, for suitable C(T), we have

IW(T) = yr.2(T) = zD)ll 2 1p+1 < C(T)e. W (B.26)
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