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1. Introduction

Control design for 1-D reaction-diffusion partial differential
equations (PDEs) with collocated boundary conditions has been
widely studied in the literature in a great variety of configura-
tions [1,2]. By collocated, we mean here that the main reaction-
diffusion PDE is accompanied with a set of two boundary
conditions, each one describing the behavior of the system at one
of the two boundaries. In contrast, a non-collocated boundary
condition refers to a single condition mixing the behavior of
the system at both boundaries simultaneously. In the case of
reaction-diffusion PDEs, such non-collocated boundary condi-
tions can be used, e.g., to describe the dynamics of the heat
distribution on a ring [3], closed circuit cooling or heat transfer
in heterogeneous materials [4]. Even if non-collocated boundary
conditions have been widely investigated in the context of the
boundary control of hyperbolic systems, see [5-7] and references
therein, the case of parabolic PDEs remains essentially unex-
plored. One of the main reasons is that the control design of
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such parabolic PDEs is particularly challenging due to inherent
technical difficulties in the application of backstepping control
design procedures [2] (which are particularly successful in the
collocated setting) in the presence of non-collocated boundary
conditions. To the best of our knowledge, this type of control
design problem for a reaction-diffusion PDE (with a collocated
boundary condition different from the one studied in this paper)
was solely addressed in [8,9] in the case of a state-feedback using
spectral reduction methods [1,10,11]. The problem of output
feedback stabilization of the linearized Kuramoto-Sivashinsky
PDE by means of bounded input and output operators was re-
ported in [12]. It is worth noting that a non-collocated boundary
condition can sometimes emerge due to the application of a static
output feedback control strategy when the input and the output
are non-collocated; see for example [13] for such a situation in
the case of a wave equation. In this case, the non-collocated
boundary condition helps to achieve the stabilization of the
plant. In sharp contrast, the non-collocated boundary condition
considered in this paper is one of the two sources of instability
for the plant. Hence, its harmful effect needs to be mitigated by an
adequate control strategy. In this general context, we solve for the
first time the problem of boundary output feedback stabilization
of a reaction-diffusion PDE presenting a non-collocated boundary
condition by means of a pointwise measurement.

From a general perspective, it is well-known that the collo-
cated setting confers strong structural properties to 1-D reaction-
diffusion PDEs. Indeed, the Sturm-Liouville theory [14] shows
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that the unbounded operators associated with such PDEs are
self-adjoint, present real eigenvalues, and the corresponding unit
eigenvectors form a Hilbert basis of the state-space. In con-
trast, such structural properties may be lost when considering
non-collocated boundary conditions. In particular, the underlying
unbounded operators are (in general) not self-adjoint anymore.
This may give rise to interesting phenomena such as time-domain
oscillations induced by complex conjugate eigenvalues.

We address in this paper the control design problem of output
feedback stabilization of reaction-diffusion PDEs with a boundary
condition describing a proportional relationship between the left
and right Dirichlet traces. As we shall see, such a boundary
condition can emerge, e.g., after a change of variable in the
context of reaction-diffusion PDEs with a transport term and a
periodic Dirichlet boundary condition. The control input takes
the form of a Neumann boundary trace. The measurement is
selected as an arbitrarily located pointwise Dirichlet measure-
ment. The adopted control strategy takes the form of a finite-
dimensional observer [15-19] coupled with a finite-dimensional
state-feedback. The design of the finite-dimensional observer is
performed by leveraging ideas in terms of controller architecture
initially reported in [19] coupled with the LMI-based approach
initiated in [20], and more precisely on the enhanced proce-
dures described in [21,22] that allow to handle both Dirichlet
and Neumann boundary measurements while performing, for
very general 1-D reaction-diffusion PDEs, the control design di-
rectly with the actual boundary control input instead of its time-
derivative; see [23, Sec. 3.3] for generalities on boundary control
systems. These procedures have been developed for parabolic
PDEs with collocated boundary conditions (in addition of the
above references for reaction-diffusion PDEs, see also [24] for
the case of the Kuramoto-Sivashinsky equation) for which the
underlying unbounded operator is self-adjoint and the associated
unit eigenvectors form a Hilbert basis. Due to the non-collocated
nature of the boundary condition considered in this paper for the
reaction—diffusion PDE, we adapt these procedures to the case of
an underlying unbounded operator that is not self-adjoint, with
all the eigenvalues but one that are complex conjugate, while the
unit eigenvectors do not form a Hilbert basis but a Riesz basis.
We show that the proposed control strategy always achieves
the exponential stabilization of the plant provided the order of
the observer is selected large enough. Beyond the sole output
feedback stabilization of the plant, we show that the procedure
developed in this paper also allows the establishment of an
input-to-state stability (ISS) estimate with respect to an additive
boundary perturbation in the application of the boundary control.
Note that ISS estimates with respect to unmatched disturbances
can also be obtained in our framework for additive perturbations
applied in the domain of the PDE (see, e.g., [25] for the study of
such a case in the context of collocated reaction-diffusion PDE
with bounded input and output operators while using an infinite-
dimensional observer) or in the measurement. Note however
that such input perturbations apply to the closed-loop system
dynamics as inputs of bounded operators. In this context, it is
well-known that the establishment of ISS estimates with respect
to boundary perturbations is much more challenging compared
to perturbations applied through bounded operators [26]. This is
why we focus the presentation of the results on the case of a
boundary disturbance.

The paper is organized as follows. The control design problem
addressed in this paper is introduced in Section 2. The structural
properties of the underlying unbounded operator and the subse-
quent spectral reduction of the PDE are reported in Section 3. The
proposed control strategy is described in Section 4. The stability
analysis of the resulting closed-loop system is then carried out in
Section 5. A numerical illustration is reported in Section 6. Finally,
concluding remarks regarding possible extensions of the control
strategy are formulated in Section 7.
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Notations. Real spaces R" are equipped with the usual Euclidean
norm denoted by || - ||. The associated induced norms of matrices
are also denoted by | - ||. For any two vectors X and Y, col(X,Y)
represents the vector [XT, Y T]T. The space of square integrable
functions on (0, 1) is denoted by LZ(O 1) and is endowed with
the inner product (f, g) fo f(x)g(x)dx. The associated norm is
denoted by || - ||;2. For an integer m > 1, H™(0, 1) stands for the
m-order Sobolev space and is endowed with its usual norm ||-||ym.
For any symmetric matrix P € R™", P > 0 (resp. P > 0) indicates
that P is positive semi-definite (resp. positive definite).

2. Problem description and abstract representation
2.1. Problem description

We consider in this paper the boundary control of the reaction-
diffusion system described by

z¢(t, x) = pzw(t, x) + r2(t, X) (1a)
z(t, 1) = sz(t, 0) (1b)
zx(t, 0) = uq(t) = u(t) + d(t) (1)
yo(t) =z(t, &) (1d)
(0, x) = zo(x) (1e)

fort > 0 and x € (0, 1). Here p > 0 is the diffusion coefficient
and r € R is the reaction coefficient. Boundary condition (1b) is
non-collocated with coefficient s > 1. The control input u(t) € R
applies to the left Neumann trace (1c) with unknown boundary
disturbance d(t) € R. Throughout the paper, we assume that d €
C?(R4.). The system output is selected as the pointwise Dirichlet
measurement yp(t) defined by (1d) for some given & € [0, 1].
Finally, the initial condition (1e) is characterized by z. It is worth
noting that forr > 0 and s > 1, the open-loop PDE (1) is unstable;
see Lemma 1 for further details.

The control objective is to design a finite-dimensional control
strategy that achieves the output feedback exponential stabiliza-
tion of (1).

Remark 1. For p > r and d = 0, if we assume that z(t, 0)
and z(t, 1) are available for feedback control, the exponential
stabilization of (1a)-(1c) can be achieved by setting u(t) =
sz,(t, 1) 4+ kz(t,0) for k > 0 sufficiently large positiye. In-
deed, defining V(t) = 5 f01 |z(t, x)|> dx, we infer that V(t) =
rfo lz(t, x)|> dx + pfo z(t, X)zx(t, x) dx. An 1ntegrat10n by parts
gives fo z(t, x)zxx(t x)dx = z(t, 0) {sz(t, 1) — u(t)} — fo |Zx(t, X)|
dx = —kz(t,0)? fo |zy(t, x)|> dx. Let ¢ > 0 be such that
p>r(14+e ) Then using Cauchy-Schwarz and Young inequal-
ities, we infer that j01 lz(t, x)?dx < (1 + €)lz(t,0)> + (1 +
e”)fo1 |z«(t, x)|? dx. Hence, we have

€)} lz(t, 0)?

1
- {p—r<1+e—1)}/ 2t 01 dx
0

V(t) < —{kp—r(1+

So if we select k > %(1 + ¢€), we obtain the existence of ¢ =

min (kp — r(1+¢€),p—r(1+€~")) > 0and k > 0so that V() <
—a {|z(t, 0)]> + fol |ze(t, x)|>dx} < —2«V(t). This ensures the
exponential stabilization of the plant. Note however the following
structural limitations. First, this approach requires the structural
constraint p > r. Second, while the above approach requires the
knowledge of both z(t, 1) and z(t, 0), such a strategy cannot be
applied in the case of the sole point measurement (1d). Finally,
this approach is not easily extendable to settings presenting, for
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instance, input nonlinearities or long input/output/state delays.
The method developed in this paper allows to remove all these
limitations.

Remark 2. The occurrence of the s-parameter in the non-
collocated boundary condition (1b) naturally arises in the context
of reaction-diffusion equations with a transport term and a
periodic Dirichlet boundary conditions. More specifically, let us
consider the system described by

Ve(t, X) = ayult, x) + Byx(t, x) + yy(t, X)

y(t, 1) = y(t, 0)

yx(t, 0) = v(t)
yo(t) = y(t, 1)

where « > 0 and 8, y € R. In order to obtain an equivalent for-
mulation of (2) without transport term, we introduce the classical

change of variable formula z(t, x) = e2=*y(t, x). Then we have

2a
2b
2c
2d

(2a)
(2b)
(20)
(2d)

that
/32
Ze(t, X) = azy(t, x) + {y — a}z(t, X) (3a)
2(t,1) = e%z(t, 0) (3b)
— ﬁz(t, 0) + z,(t, 0) = v(t) (30)
20
yp(t) = z(¢, 0) (3d)

ﬂyD(t)+u( )we infer that z(t, 0) =
s_e2a £=0,andd =0.

Hence, if we set v(t) =
u(t), giving (1) withp =a,r =y —

2.2. Preliminary change of variable and abstract form
Let us consider the change of variable
1
w(t,x) =z(t,x) — (x + ﬁ) uq(t). (4)

This allows us to derive the following equivalent homoge-
neous representation of (1) described by

i(t) = v(t) (5a)

we(t, X) = pwu(t, X) + rw(t, x) + a(x)u(t) + b(x)v(t) (5b)
+ a(x)d(t) + b(x)d(t)

w(t, 1) = sw(t,0), wy(t,0)=0 (5¢)

Io(t) = w(t, &) (5d)

w(0, X) = wo(x) (5e)

where a(x) = (x + —) and b(x) = — (x+ 15) while yp(t) =
— (&£ + —5) ug(t) and the initial condition wo(x) = zo(x) —

(x + 7) )
Let us now define the unbounded operator A D(A) C

1?(0,1) — LZ(O, 1) defined by Af = f” on the domain D(A) =
{f € H%0,1) : f(1) = sf(0), f’(0) = 0}. Hence (5a)-(5c) can be
written under the following abstract form:

u(t) = v(t) (6a)
we(t, ) = (PA + rl2)w(t, -) + au(t) + bv(t) + ad(t) + bd(t) (6b)

3. Structural properties and spectral reduction
3.1. Riesz spectral properties of A

We start by the following lemma describing the point spec-
trum of A.
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Lemma 1. Lets > 1 and definet = s+ +/s2—1 > 1.
The eigenvalues u, € C of A and the corresponding eigenvectors
¢n € 12(0, 1), with n € Z, are described by

wn = (log7)? — 4n’7? + 4inm log T,
¢n(x) = cosh ((log T + 2inm )x) .

Proof. We are looking for s+ € C and a non zero f € H?(0, 1)
so that f” — uf = 0, f(1) = sf(0), and f’(0) = 0. Since s # 1,
the resolution of the above ODE in the case u© = 0 gives f = 0.
Hence the case u = 0 is discarded. Let ,/u # 0 denote one
of the two square roots of . Function f must be of the form
f(x) = aev®™ 4 Be~vH* The condition f/(0) = 0 along with
/i # 0 implies « = B hence f(x) = 2o cosh(,/ux). Now
the condition f(1) = sf(0) along with o # 0 (because we are
looking for a non zero function f) gives cosh(,/it) = s. Writing
cosh in terms of exponentials, this latter identity is equivalent to

(evE)? — 2sev* + 1 = 0, implying that ev# = 7 2 s+ /52 — 1
orevk = t_ 2 s— \/s2— 1. So we have either = logt +

2inmr or \/u = logt_ + 2inm for some n € Z. Thus we have
w = (logt + 2inw)? or u = (logt_ + 2inm)? for some n € Z.
Noting that = = 1/t hence logt_ = —log 7, this implies that
w = (logt + 2inm)* = (logt)? — 4n®n? + 4inx log v for some
n € Z. This concludes the proof.

In order to further study the properties of {¢,}nez, We shall
need to establish the existence, and determine the expression, of
a family {y;}nez that is biorthogonal to {¢,}nez, i€., (¢n, Ym) =
8n.m for all n, m € Z where 8, , € {0, 1} with §, , = 1if and only
if n = m. To do so, we first compute .4*, the adjoint operator of
A.

Lemma 2. The adjoint operator A* is described by A*f = f” on
the domain D(A*) = {f € H*(0, 1) : f(1) = 0, f'(0) = sf'(1)}.

Proof. We first note that A is invertible with inverse given
for all g € I1%0,1) by (A7'g)x) = [y fo (&) d& dE; +
= fo Ez)déz d&,, showing that 0 € p(A). Hence we know
that (A*) = (A~1)* (see [23, Lem. A.3.65]). Dlrect computations
give, for all w e (0, 1), (A1 w)(x) f fg1 w(&y)dE, d&; +

; ;‘ 0 w(&)dé. The inversion of the latter operator gives the

claimed result.

We now obtain the required biorthogonal sequence {i}nez
by studying the eigenstructures of A*.

Lemma 3. Lets > 1and definet = s+ +/s2—1 > 1. The
eigenvalues ,u;‘ld € C of A* and the corresponding eigenvectors

Y, € L2(0, 1), with n € Z, are described by
p2 = Tn = (log t)* — 4n’m? — 4dinx log 7,

2
Yn(x) = —

- sinh ((log t — 2in)(x — 1)) .

Moreover, {{r;}nez is biorthogonal to {¢n}nez.

Proof. We are looking for 1+ € C and a non zero f € H?(0, 1)
so that f” — uf = 0, f(1) = 0, and f'(0) = sf'(1). Since s # 1,
the resolution of the above ODE in the case © = 0 gives f = 0.
Hence the case u = 0 is discarded. Let ./ # 0 denote one
of the two square roots of . Function f must be of the form
f(x) = aev™* 4 Be~vX The conditions f(1) = 0 and f'(0) = sf’(1)
along with /i # 0 give

evit e Vi «] _,
1—sevt —14seVE||B|~
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Hence, the function f is non zero if and only if the determinant
of the above 2 x 2 matrix is zero, ie., cosh(,/u) = s. We now
obtained the claimed closed-form for y,;d by following the same
steps that the ones of Lemma 1. Moreover, since f(1) = 0 implies
that 8 = —ae*V¥, we infer that f(x) = a (eV"™ — e?Vife Vi) =
2oevi sinh(,//u(x—1)). We obtain the claimed closed form for v,
e VH
-1

To complete the proof, it remains to show that {ym}nez is
biorthogonal to {¢, }nez. Note first that w, (n, Yim) = (Adn, ¥m) =
(b, AYm) = <¢na Mi?Wm) = fm {Pn, ¥m). For n # m we have
Un # m hence (¢, ¥m) = 0. Finally, explicit computations show
that (¢, ¥,) = 1forall n € Z.

by setting « = —

We are now in position to show that {¢,},cz forms a Riesz
basis of L?(0, 1). This means that the vector space spanned by
{@n)nez is dense in L?(0, 1) and that there exist mg, Mz > 0
so that, for any N > 0 and any o; € C, mg)_, _y lan|> <
2 m<n andnll?> < Mg > jni<N lotp|2. In this case, we have for any
f € 1%(0, 1) the series expansion f = Y nez (f, ¥n) ¢a and

me Y (v P <% < Me Y 1 (F, ) P (7)

nez nez
Lemma 4. The family {¢}nez is a Riesz basis of L*(0, 1).

Proof. Using the characterization of Riesz bases reported in [27,
Chap. 1, Thm. 9], we need to show that 1) the two vector spaces
spanned by {¢,}ncz and its biorthogonal family {,},cz are both
dense in L?(0, 1); and 2) both families {¢,}ncz and {¥n}nez form
each a Bessel sequence. We recall that a family (¢, )nen of L2(0, 1)
is said to be a Bessel sequence if for any f € L%(0, 1) we have
({f, @n)nen € L2(N).

We start by studying the properties of {¢}nez. Let f € [2(0, 1)
be such that (f,¢,) = O for all n € Z. We recall that ¢,

is given in closed form by Lemma 1. The case n = 0 gives
(f cosh((log 7)-), 1) = 0. In the case n > 1 we have
0 = (f, ¢n) = (f cosh((log 7)), cos(2nz-))
— i{f sinh((log t)-), sin(2nsx-))
0= {(f,¢_n) = {f cosh((log 7)-), cos(2nzw-))
+ i (f sinh((log t)-), sin(2nsx-))
hence we deduce that (f cosh((logt)-), cos(2nz-)) = 0 and

(f sinh((log 7)-), sin(2ns-)) = 0. Using these results, the Fourier
series of f cosh((log 7)-) € L*(0, 1) reads

f cosh((log)-) = > " ey sin(2n7-)
n>1

where o, € C. This implies that
(f cosh((log t)-), f sinh((log 7)-))
= > a,(f sinh((log 7)), sin(2n-)) = 0.

n>1

We deduce that

1
0= / |f(x)|? sinh((log 7 )x) cosh((log 7 )x) dx
0

1
_! / If (x)|? sinh(2(log 7 )x) dx.
2 Jo

Owing to T > 1, we have sinh(2(log t)x) > 0 for all x > 0 hence
f = 0in L%(0, 1). This shows that the vector space spanned by
{@n)nez is dense in L2(0, 1).

Let us now show that {¢,},cz is a Bessel sequence. To do
so, let f e I%(0, 1) be arbitrarily fixed. Noting that ¢,(x) =
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cosh((log t)x) cos(2nmx) + isinh((log t)x)sin(2nmx), we deduce
using the triangular and Young's inequalities that > _,
[f. P < 4., (f cosh((logr)). cos(2nm-)) |7 +
43" 1| {fsinh((log 7)-), sin(2n7-)) | < oo where the right hand
side of the inequality is finite because f cosh((logt)-) € L*(0, 1)
and fsinh((logt)-) e L?(0,1) and owing to the fact that the
Fourier coefficients of elements of L?(0, 1) are square summable.
This shows that {¢,}nc7z is a Bessel sequence.

Using similar arguments, one can show that {y,},<z is a Bessel
sequence and that the vector space spanned by this family is
dense in L%(0, 1). This completes the proof.

Finally, using the terminology of [23, Def. 2.3.4], A is a Riesz
spectral operator. Moreover, since sup,.; Re u, = (log7)? < oo,
we obtain from [23, Thm. 2.3.5] the following result.

Lemma 5. A is a Riesz spectral operator that generates a Co-
semigroup on L?(0, 1). Its domain is characterized by D(A) =
f € 1%0,1) Yonez P ¥n) P < oo} with Af =
2 nez Hn (Fs V) ¢n for all f € D(A).

Let f € D(A) be arbitrarily given. From the Riesz basis property
we have f = > (f, ¥n) ¢» with convergence of the series in
12(0, 1) norm. From the previous lemma, we also infer that f” =
> nez (f. ¥n) ¢ with also convergence of the series in 1%(0, 1)
norm. Finally, from the definition of the domain of the operator
A, we have f e H?(0,1) and f/(0) = 0. Invoking Poincaré’s
inequality, we infer that f' = > _ (f, ¥n) ¢} in 12(0, 1) norm.
Hence we have that f = )" (f, ¥u) ¢, with convergence of the
series in H2(0, 1) norm. The continuous embedding H'(0, 1) C
L°°(0, 1) implies that the latter series converges in L>°(0, 1) norm.

3.2. Spectral reduction

We introduce the coefficients of projection defined by z,(t) =

(z(t, ), Yn), walt) = (w(t, -), ¥n), an = (a, ¥n), and by = (b, Yn).
Then we have from (4) that

wn(t) = zn(t) + bautg(t). (8)

Moreover, the projection of (6) onto the Riesz basis {¢}nez gives

u(t) = v(t) (9a)
Wa(t) = Anwn(t) + ant(t) + byv(t) + and(t) + byd(t), n € Z (9b)

with A, = pu, + r. Finally, using (8) into (9) to return to the
original coordinate z, the projection of (1) reads

Za(t) = Anza(t) + Buuta(t),

with 8, = a, + A,b,. From Lemma 3 we have u,b, = (b, A*yn,).
Using an integration by parts, direct computations show that
unby, = =2 for all n € Z, hence b, = —2/u, and a, = —rb, =
2r/uy. This implies that 8, = —2p € R for all n € Z, hence is a
constant independent of n.

nez (10)

A~ ﬁ hence

Remark 3. We observe that |u,||b,|* = T
Znez |p,,1||b,1|2 < o0. Consequently, if for t > 0 we have w(t, -) €

D(A), we infer from (8) that Y, |itnllza(t)]* < o0.

We observe that the ODEs (10) are complex-valued. However,
the trajectories of the original problem described by (2) are real-
valued. So, to perform the control design and obtain a real-valued
control strategy, i.e. u(t) € R, we need to derive a real-valued
version of (10). Since A, = A_p, ¢n = P_pn, ¥ = Y_n, 2(t, x) € R,
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and d(t) € R, we have zy(t) € R and, for all n > 1, z,(t) = z_,(t)
with
—_—
Rez, __|ReA, —ImA;||Rez, —2p
[lmzn](t) = |:lmxn Re Ay ] [lmzn] (t)+|: 0 :|ud(t) (11)
—_— —— ———
=2An =3n(t) =n

where all the quantities appearing in the latter identTity are real-
valued. Moreover, introducing t, = [Re w, Im wn] and owing
to (8), we have foralln > 1

n(t) = 3a(t) + Snua(t). (12)

with &, = [Reb, Imb,]"

When considering classical solutions, the discussion after
Lemma 5 shows that the system output yp(t) given by (5d) can
be expressed as the following series expansions:

Io(t) = w(t, €)=Y wa(t)pa(&)

nez
N
= wo(t)po(€) +2 Y Re{wn()pn(E)} + D waltdpn(&)
n=1 [n[>N+1
N
= wo(t)po(&) + ) _ Caron(t) + (1) (13)

for any given N > 1, where ¢, = 2[Re¢a(§) —Imy(£)] and
t) = ZIn\zNH wy(t)Pn(§).

4. Control design
4.1. Control strategy
Let § > 0 and Ny > 0 be such that ReXA, < —§ for all

[n| > Ng + 1. Let N > Ny + 1 be arbitrarily fixed and that will be
specified later. We consider the control strategy described by

Wo(t) = Zo(t) + bou(t) (14a)
w,(t) = 3,(t) + Guu(t), 1<n<N (14b)
Yp(t) = wo(t)po(§) + Z Crtog(t (14¢)
Z0(t) = hoo(t) + ﬁou( )
— Io {Jn(t) — (o(t) + b(Eu(t))} (14d)
5u(t) = () + Hau(t)
— &0 {In(6) — (&) + bE(E)}, 1<n<No (l4e)
3u(t) = Anda(t) + Hault), No+1<n<N (14f)
No
u(t) = koZo(t) + Y Kidi(t) (14g)

k=1

where [ € R and £, € R? are the observer gains while kg €
R and & e R!'? stand for the feedback gains. Note that the
controller dynamics (14) does not involve the unknown boundary
perturbation d(t).

Remark 4. In the disturbance-free case d = 0, the output yp(t) of
(5)) is directly accessible because yp(t) = yp(t) + b(&€)u(t) where
yp(t) is the actual measurement and u(t) the applied command
input. Hence the correction term due to the error of estimation
appearing in (14d)-(14e) reduces to yp(t) — (yp(t) + b(&)u(t)) =
yp(t) — ¥p(t). In the disturbed case (i.e., d # 0), yp(t) = yp(t) +
b(&)ug(t) with ug(t) = u(t) + d(t) where d(t) is assumed to be
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unknown. Hence yp(t) cannot be used to implement the control
strategy. This is why yp(t) is approximated by yp(t) + b(&)u(t) in
(14d)-(14e).

Remark 5. The well-posedness in terms of classical solutions
(defined for all t > 0) of the closed-loop system, formed by the
plant in homogeneous coordinates (5) and the controller (14),
for initial conditions wy € D(A), Z3(0) € R, and 5,(0) € R?,
and a boundary disturbance d € (R, ), is a direct consequence
of [28, Thm. 6.3.1 and Thm. 6.3.3]. Invoking the change of variable
formula (4), this implies the well-posedness in terms of classical
solutions of the closed-loop system composed of the plant in
original coordinates (1) and the controller (14) for any initial
conditions zg € H?(0, 1), Z)(0) € R, and ,(0) € R?, and any
boundary disturbance d € ¢%(R.), all such that zy(1) = szo(0)
and z}(0) = ko20(0) + Y12, &i3k(0) + d(0).

4.2. Truncated finite-dimensional model

P A A U )
Defining first ZNe = [zo .. 330] , we obtain from

(14g) that
u=KzN (15)

where K = [ko £ Ry |- Let the observation error be
defined by ey = zy — Zp and ¢, = 3, — 3, for all 1 < n < N. Using
(8),(12), and (13), the error of observation yp(t)—(yp(t)+b(& )u(t))
of the controller (14) can be rewritten as

Yo — (yp + b(&)u) = yp — yp + b(£)d
N
= —¢o(E)eo — Y Chex — ¢ —vd (16)
k=1

where v = ¢o(§)by + 22121 €&, — b(&). Defining the scaled
quantities 3, = gn/g and ¢, = +/|tnlen and the vectors ENo =
[eo of . oef ] 2NN =[5, ]’ and BN =
[tNo+1 --- & .we infer from (14) that

7N = (Ag + BoK)ZNo 4 LCoENo + LCLEN ™ 4+ L¢ +vld (17a

)

ENo = (Ag — LCo)ENo — LGyEN ™Mo — [ 4 (By — vL)d (17b)
ZNNo = A, ZN"No 4 B, K7No (17¢)
ENNo = A EN-No 4 3,4 (17d)

where the different matrices are defined by
Ap = diag(ro, Ay, ..., Any),
A] = diag(mN0+]7 LR} QlN)v

=[,30 o7 ol
|:N0+1'VJN0+1 %QE]T ,

= [\/mﬁmﬁl mﬁ;]T’
=[do(€) €& ... &),

= [m No+1 mN Q\l]

:[10 el s{,o]

In_particular, noting that [¢,;(§)] < cosh((logz)§), we have
B1]] = O(1) and ||C{]| = O(1) as N — +o0.
Introducing the vector

X = col (2”0, ENo, ZN=No, E‘N—NO> , (18)
the reduced model (17

X =FX 4 £C + Lqd (19)

) can be rewritten as
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where
Ao + BoK LCo 0 LG
Fo 0 A —1C, 0 —LG
B1K 0 A, 0 |’
0 0 0 A

L = col(L, —L, 0, 0),
L4 = col(vL, By — VL, 0, B,).
Moreover we have
u =KX (20)
with the matrix K =[K 0 0 0]

Remark 6. Both pairs (Ag, Bo) and (Ag, Cp) satisfy the Kalman
condition. This can be easily observed from the Hautus test us-
ing the fact that the eigenvalues A,, |n| < Ny, of Ay are sim-
ple. The case of the pair (Ag, Bo) now follows from the fact
that By # 0 and that the pairs (2, $,) satisfy the Kalman
condition because p # 0 and ImA, # O for n > 1. Re-
garding the pair (Ag, Cp), the conclusion follows from the facts
that ImA, # O forn > 1 and ¢,(§) # O for all n € Z.
The latter is because |¢n(£)> = | cosh((log 7)&)|? cos?(2nm€) +
| sinh((log 7)&)|% sin?(2n€) > |sinh((log7)&)*> > 0 for € # 0
while ¢,(0) = 1 for all n € Z.

5. Exponential stability assessment
5.1. Stability of the disturbance-free system

We assume throughout this subsection that the boundary
disturbance is zero, i.e. d = 0. Introducing X = col (X, ¢) we
obtain from (15) and (17a) that

v=1i=KZ% =EX (21)

with the matrix E = K [AO +BK LC, 0 LG L].
The main result of this subsection is stated by the following
theorem.

Theorem 1. Letp > 0,r € R, and s > 1 be given. Let § > 0
and No > O be such that ReA, < —§ for all [n| > Ng + 1. Let
K € R™*@No+D gnd [ € RZNo+1 pe such that Ay +BoK and Ay — LGy
are Hurwitz with eigenvalues that have a real part strictly less than
—8 < 0. For a given N > max (Np + 1, Lk’ﬁj) assume that there

2
exist P > 0, « > 1/p, and B,y > 0 such that

6120, ©,<0 (22)
where
o, — |FTP+PF+26P +ayc,S.K'K  PL

e P -B

+ayc,SE'E (23)
1
6, =2y {—< - &) |ReMN+1|+r+6} + BM,
with S, = 22|n|2N+1 lasl?, S = Z|2n|%N+l |b£1|2' My =
[#n ()l _ leng1l _ 4N+1)P % +(logT)

DNt ey and ¢, = Reyml = AN+ 1277 (g2 [hen there

exists a constant M > O such that for any initial conditions z, €
H?(0, 1), Z(0) € R, and 3,(0) € R? such that zo(1) = szo(0) and
75(0) = KZNo(0), the trajectories of the disturbance-free (i.e., d = 0)
closed-loop system composed of the plant (1) and the controller (14)
satisfy

N
D lallzal®F + 126(0)° + Y 13a(0)1
=1

nez n
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N
< Me™" (Z |inllza(O) + 120(0)* + > ||3n(0>||2) (24)
1

nez n=

for all t > 0. Moreover, the constraints (22) are always feasible for
N selected large enough.

Proof. Since ®, < 0, we fix ¢ > 0 so that

1
Oz =2y {—(p— ;) IReuN+1|+r+5} + (14 €)BM, < 0.

Following [22], it seems natural to consider the Lyapunov func-
tion candidate defined for X e R**N+D) and w e D(A) by

Voo X, w) =XTPX + 7 Y ttall (w, ¥ra) I°. (25)
|n|>N+1

However, contrary to the case of reaction-diffusion PDEs with
collocated boundary conditions such as the ones studied in [22],
the underlying unbounded operator A is not self-adjoint. In this
case, and contrary to the self-adjoint case, it is not straight-
forward to assess the continuous differentiability of the series
appearing in (25) along the system trajectories. To avoid this
technical difficulty, we introduce for any given M > N + 1 the
functional

VuX. w)=X"PX+y Y
N+1<[n|<M

lieall (w, Ya) 2. (26)

The computation of the time derivative of V), along the system
trajectories (9) and (19) with d = 0 gives

Vi =XT{FTP + PF}X +2X"PL¢

+2y Z

[ien| Re ({Aqwy + apu + by} wy)

N+1<n|<M

-t |[F'"P+PF Pc]g

.

=X [ cTp o]x

+2r Y lualRedgfwil®
N+1<[n|<M

+2y Y Il laallul + [bal v]} wl.
N+1<n|<M

Using Young's inequality, we infer that

2 2.

N+1<[n|<M

|nlan|[ul|wnl

=

2 2 2
2 Pl +agSihul
H N+1<inj<M

2 )

N+1<[n|<M

| tnl1balv]wnl

=

Do lal lwal + e, Syl

ocy,
N+1<[n|<M

From Lemma 1 we have |u,| = (log7)? + 4n’7? and Re u,, =
(log T)? — 4n?n2. Since N > ngﬁj > l‘;ﬁ — 1, we have Re u, <
i’[ J
Re pun41 = (log > —4(N+1)*7?% < 0 for all |1}| > I‘V—H. Therefore
. Iinl HN+1 —
we infer for [n| > N + 1 that I‘Rezn\ = TReungl = ¢, hence
[nl < c.|Repuy]. The combination of these estimates and the
use of (20)-(21) imply

Vi 428V < X" 04 p-0X

1
+2y ) Il {—(p— a) | Re iy +r+8} |wn?

N+1<[nj<M
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where ©; g is obtained from (23) by setting § = 0. Recalling
that & =) ny 1 Wadn(€), we infer that

2

2za+of Y

N+1<|n|<M

+ <1 + g) Z Wndn(€)

[n|=M+1

Wnén(€)

2

2
[ ]| wnl

<(U+eoMy ),

N+1<nj<M
1
+ (1 + g> Rom D linllwal®
[n|=M+1

where Ry v = 3 pom 1 \¢|n(i‘)\2 — 0 when M — 400 and where

¢ > 0 has been fixed at the beginning of the proof. Combining

the latter estimates, we obtain that

Vi + 28V <XTOX+ Y
N+1=<|n|<M

1
+ (1 + g> BRowt Y _ | ttn||wn?

nez
where I}, =2y {— (p — 1) |Re ual + 1 + 8} + (1 + €)BM,. Since
o > 1/p, we note that I, < Iy11 = O, <Oforall [n| >N+ 1.
Using in addition ®; < 0, we deduce that

|/L11|Fn|wn|2

. 1
Vi + 28V < (1 + 6) BRowt Y |tnllwnl?.

nez

Integrating on the time interval [0, t], we have

Vu(t) < e”'Vy(0)

1 t
+ (1 + ;) PRy fo e 3 (1) de

nez

which implies, by letting M — 400, that V() < e 2%V (0).
The claimed stability estimate (24) now easily follows from the
definition of V, the use of (8) and Remark 3.

We now assess the feasibility of the constraints (22) for N se-
lected large enough. First, the application of the lemma reported
in [21, Appendix] to the matrix F + 41, shows the existence of
P > 0 so that FTP 4+ PF 4+ 28P = —I with ||P|| = O(1) when
N — +o00. We now fix arbitrarily « > 1/p and we set y = 1/N
and p = +/N. Hence we have ®, — —oo when N — +o0.
Moreover, noting that ||K|| = ||K|| is a constant independent of
N and ||[E|| = O(1) as N — 400, the use of Schur complement
shows that ®@; < 0 for N selected large enough. This completes
the proof.

Remark 7. Noting that min,ez |u.] = (log7)*> > 0, because
v > 1, we infer from the stability estimate (24) and the Riesz
basis inequalities (7) that ||z(t, -)||,2 exponentially decreases to
zero.

Remark 8. It is worth mentioning that the result of Theorem 2
can be easily extended to the derivation of an ISS estimate with
respect to a distributed perturbation ¢(t,:) € L[?(0,1) and a
perturbation d;;(t) of the measurement. More precisely, (1a) is
replaced by z:(t,x) = pzu(t,x) + rz(t,x) + ¢(t,x) and the
measurement (1d) is replaced by yp(t) = z(t, &) + d,,(t). This
result is easily obtained because the subsequent perturbations ¢
and dp,, act on the closed-loop system dynamics through bounded
operators. The situation is much more involved in the case of the
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boundary perturbation d(t) applying at the control input via (1c).
This is because the establishment of ISS estimates with respect
to boundary perturbations is much more challenging compared to
perturbations applied through bounded operators [26]. Therefore,
we focus our next subsection on the derivation of an ISS property
with respect to the boundary perturbation d.

5.2. Input-to-state stability

We now consider the case of the closed-loop system in the
presence of a boundary perturbation d # 0.

Theorem 2. letp > 0,r € R, and s > 1 be given. Let § > 0
and No > O be such that ReAr, < —§ for all [n| > Ng + 1. Let
K € RV@No+) gnd [ € RZ2No+1 pe such that Ag +BoK and Ay — LGy
are Hurwitz with eigenvalues that have a real part strictly less than
—8 < 0. For a given N > max (No + 1, [ ‘%" |), assume that there

27
exist P > 0, « > 1/(2p), and B, y > 0 such that

©1 <0, © <0, O3>0 (27)
where
_|©11 PL
O = |:£TP —,3]

O11 = F'P 4+ PF 4 25P + (aySi + 28MyS,)K K

1
(”)2227/{—< _7>|R6MN+1|+r+5}

o
+ 2BMyc,/*| Re pun [/

3/4
1 2B8Myc,)
@3:2V<p_7>_ 1/4
2a | Re 1l
; _ In(&)I? _ |Bnl?
with My = 3 vt ogm S1= Denit el 2
3/4\p |2 _ _lenpil _ 4(N+1Pa%+(log o)
ZInlzN+1 [nl??1byl, and ¢, = I[Repun1l  —  4N+1)2x2—(logz)?”

Then there exist constants My, M, > 0 such that for any initial
conditions zy € H?(0,1), Z,(0) € R, and 3,(0) € R? and any
boundary disturbance d € C%(R,.), all such that zy(1) = szo(0) and
75(0) = KZNo(0) 4 d(0), the trajectories of the closed-loop system
composed of the plant (1) and the controller (14) satisfy

N
lz(t, % + 12o(0)* + D 15011

n=1

N
< Mye " (nzoniz + 1200 + ||3n(0)||2> (28)

n=1

+ M, sup e 2| d(7))?
vel0.6]

for all t > 0. Moreover, the constraints (27) are always feasible for
N selected large enough.

Proof. In view of (27), let 8 > § and € > 0 be fixed such that
01, <0,0,, <0,and O3, > 0 where

_|®11e PL
()l,e — |:£TP _ﬂ]

O1.1,e=F'P+PF+25P
+ (ay(1+€)S1+ (2 + €)BMS,)K 'K

1
O =2y {—(P— Z) |R€MN+1|+T+5/}

+ (2 + €)BMyc/*| Re pun [/

1 ) 3 (2 +e)ﬂM¢c,3/4

Osc=2y(p— —
> y( 20)  |Repnsi|V*
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We consider the Lyapunov functional defined by V(X,z) =
XTPX + VZ|n|>N+1 | (z, ¥n) |2. The computation of the time
derivative of V along the system trajectories (10) and (19) gives

V =X"{F'P+PF}X 4+ 2X P + 2X " PLqd
+2y Y Re({Anza + Bulta} Zn)

[n|>N+1
-t [FTP+PF Pc]|;
SXT[ T Oj|X+2y > Renlzal?
|In|>N+1
+2X PLad+2y Y |Balluallzal.

[n|=N-+1

The use of Young's inequality implies that

1
2 ) Iballugllznl < aSifual’ + — 3 [Reuallzal’.

[n|>N+1 [n|=N+1

Moreover, from uy = u + d with (20), we deduce that |ug|?
(1 + e)XTKTKX + (1 + 1/€)|d|*. Recalling the definition ¢
Z\nlzN—H wpPn(&) and in view of (8) and (20), we infer that

(2 <My Y |unl?wnl?
[n|>N+1

S@+My Y |l izl + 2+ eMySX TRTKX
[n|>N+1
+ (14 2/€)MyS,|d*.

1A

Finally, since N > Ll‘;gnfj > l‘;gf — 1, we have Rep, <

JT
Re uny1 = (log7)> — 4(N + 1)*m2? < 0 for all [n| > N + 1. Hence,
forany |[n| > N+ 1, we have ReA, = pRe u,+r = —p|Re u,|+r1

i lunl o _luNgl <
and we infer that Rejml = TRepnoi] = & thus |ua| < c,|Re pyl.

Putting together all the above estimates, we deduce that

V428V <XTO1 X+ Y Nilzal* +2X PLad + cold]?
[n|=N+1

where ¢ = ay(1+4 1/€)S1 + (1 + 2/€)BMyS, and

1
=2y {—(p—) IReun|+r+8/}
20
+ (2 4 €)BMyc,/*| Re pwn /.

We now note that |Reu,| > |Reuy,q] for all |n| > N 4+ 1

hence |Re u, >4 = ARemnl < _IReunl__ This jmplies that
| Re pin| [Renl”® = TRepnp1l/? p

Iy £ =03 | Re puy|+2y{r+8'} < —O3 | Re uny1|+2y{r+8'} =
©,. <0 forall |n| > N + 1, where we have used that ®; . > 0.
This implies that V 4+ 28'V < X ©; X + 2X T PLyd + c4|d|>. Since
1. < 0, the use of Schur complement shows the existence of a
sufficiently large constant c¢; > 0 so that V 4 26’V < cé|d|2. The
claimed ISS estimate (28) now easily follows from the integration
of the latter inequality, the definition of V, the use of (7), and the
fact that 8’ > 4.

It remains to assess the fact that the constraints (27) are
feasible provided N is selected large enough. To do so, we first
apply the lemma reported in [21, Appendix] to the matrix F + §I,
showing the existence of P > 0 so that FT P++PF +28P = —I with
IIP]| = O(1) when N — +o00. We then arbitrarily fix « > 1/(2p)
and we set y = 1. We note that My # O for all N > Ng + 1
(because ¢n(£) # 0O; see the end of Remark 6). Hence we can
define B = 1/,/M,. We note that S, S;, M, — 0, hence g —
+oo and M, — 0, as N — +oo. Finally we have from Lemma 1
that Re i, = (log t)> — 4n?x2. This shows that ®, — —oo and
@3 — 2y (p— 5-) > 0 when N — +oc. Moreover, the use of
Schur complement gives ®; < 0 for N selected large enough. This
completes the proof.
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Remark 9. It is worth noting that the procedure employed for the
proof of Theorem 2 can also be used to establish an ISS estimate
with respect to an additive boundary perturbation of the control
input for the classical reaction-diffusion PDE (with collocated
boundary conditions) studied in [22] in the specific case of a
Dirichlet boundary measurement and a Neumann actuation. This
is because the Neumann actuation setting gives 8, = O(1). Note
however that this approach fails for Dirichlet and Robin boundary
actuations because, in that case, one has in general no better than

ﬂn = O(V )\n)-
6. Numerical illustration

We illustrate the theoretical results of this paper by consid-
ering the reaction-diffusion PDE described by (1) with p = 0.1,
r = 1,s = 5, and & = 3/4. The open-loop system is unstable.
Moreover, note that r > p hence the basic control strategy
described in Remark 1 cannot be applied.

For a desired exponential decay rate § = 1, we set the
feedback and observer gains as K = 17.6276 and L = 1.9186,
respectively. The constraints (22) of Theorem 1 are found feasible
for N = 2, ensuring the exponential stability of the disturbance-
free (i.e, d = 0) closed-loop system in the sense of (24). In
the presence of a boundary perturbation d # 0, the constraints
(27) of Theorem 2 appear to be more stringent from a numerical
perspective as they are found feasible for N = 22. This ensures
the exponential input-to-state stability of the closed-loop system
in the sense of (28).

For numerical simulation of the above results, we consider the
initial condition zo(x) = 2 + 2(s — 1)sin (Z*x) while the initial
condition of the observer is set so that z;(0) = K2N0(0)+d(0). The
time domain evolution of the closed-loop system composed of the
PDE (1) and the controller (14) without perturbation (d = 0) is
depicted in Fig. 1. Considering the boundary disturbance d(t) =
5sin(t?), the time domain evolution of the disturbed closed-loop
system is depicted in Fig. 2. These results are compliant with the
theoretical predictions of Theorem 1 and Theorem 2, respectively.

7. Conclusion

This paper addressed the topic of output feedback stabiliza-
tion of reaction-diffusion PDEs with a non-collocated boundary
condition. To the best of our knowledge, this is the first time
that a solution is reported for such a control design problem.
The control strategy couples a finite-dimensional observer and
a state-feedback for which it was shown that the exponential
stability of the resulting closed-loop system is always achieved
when the order of the observer is selected to be large enough.

It is worth noting that, using control architectures similar to
the one employed in this paper, the output feedback boundary
control of general 1-D reaction-diffusion PDEs with collocated
boundary conditions using Dirichlet/Neumann boundary mea-
surements was achieved in the case of regulation control [29],
input nonlinearities [22], and arbitrarily long input [30], out-
put [31], and state [32] delays. Taking advantage of the procedure
described in this paper, all these approaches can be adapted to the
PDE described by (1) with non-collocated boundary condition.

Finally, the method employed in this paper to address the
disturbance-free setting can also be used to address the dual
problem to (1a)-(1c). More precisely, and in view of the adjoint
operator A* characterized by Lemma 2, we consider the PDE
described by

z:(t, x) = pzwu(t, x) + rz(t, X)
zy(t, 0) = szy(t, 1)
z(t, 1) = u(t)
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