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Abstract

This paper solves the problem of output feedback stabilization for a cascade of N heat equations that are coupled
at the boundary, the input being a scalar boundary control applied to the first heat equation of the cascade, and
the scalar output being either a distributed or a pointwise in-domain measurement done on the last equation of the
cascade. Two di↵erent configurations are studied in details. The first one consists of a cascade of N heat equations
with totally disconnected spectra. The second one consists of a cascade of N identical heat equations, inducing
eigenvalues of multiplicity N. In both cases, the problem is solved thanks to a spectral analysis and a study of the
modal controllability and observability properties. The key point is that the generalized eigenvectors form a Riesz
basis of the state space. The stabilization property is established in L2 and H1 norms.

Keywords: PDE cascade, heat equations, output feedback.

1. Introduction

The design of control strategies for partial di↵erential equation (PDE) cascades remains challenging. The case of
coupled hyperbolic-parabolic PDE systems has been studied in [1, 2] using backstepping transformations. Control
of a heat-wave PDE boundary coupling has been investigated in [3, 4]. Boundary null controllability of two coupled
parabolic PDEs has been studied in [5]. Hyperbolic-elliptic couplings have been studied in [6, 7]. Cascades of heat-5

heat equations have been reported in [8, 9] using backstepping and in [10, 11, 12] using spectral reduction methods
[13, 14, 15, 16]. The situation becomes even more stringent for cascades of N PDEs. In [17, 18] the authors deal with
cascades of N interconnected hyperbolic systems using backstepping-based methods.

To our knowledge, few contributions have addressed the topic of an arbitrary (fixed) number N of coupled heat
equations. The observer design for a system of N heat equations with in-domain and boundary couplings has been10

studied in [19]. The state-feedback boundary control of N in-domain fully actuated coupled heat equations, by means
of N boundary controls (each PDE subsystem being associated with one scalar control input), has been reported in
[20, 21] while an output feedback scenario has been designed in [22]. The extension to the case of parabolic partial
integro-di↵erential equations has been addressed in [23, 24]. While the previous references leverage backstepping
design, direct extension of spectral methods for 1-D heat equations to the case of N in-domain coupled heat equations15

were reported in [25] for a fully actuated scenario and in [26] for an underactuated scenario with extension to the
case semilinear case in [27]. In these works, the specific global structure of the considered PDE systems (limited to
in-domain couplings involving solely the reaction terms and with identical boundary conditions between the scalar
equations) enables to trivially infer the bases of projections from the 1-D case by proceeding with the spectral reduc-
tion in a componentwise fashion (see in particular [25]). Such a componentwise approach does not extend to more20

complex configurations such as boundary couplings (as considered in this work) or scalar equations with dissimilar
boundary conditions that require to perform the spectral reduction in a more involved and unified manner, directly
on the full cascade system [3, 4, 28, 29, 30]. Finally, the state-feedback boundary control of a chain of N heat-ODE
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cascades has been studied in [31] by means of backstepping design for PDEs that cascade into the ODEs through
bounded operators.25

The present paper reports one of the very first contributions regarding the boundary output feedback stabilization of
a cascade of N boundary coupled heat equations by means of one scalar boundary control and one scalar measurement.
In contrast with the references of the previous paragraph that all deal with in-domain coupled parabolic PDEs (with the
notable exception of [31] that deals with heat-ODE cascades), we address the case of PDEs that are boundary-coupled.
We consider the system30

y j
t = y j

xx + a jy j, 1  j  N, (1a)

y j
x(t, 0) = y j+1(t, 1), y j

x(t, 1) = 0, 1  j  N � 1, (1b)

yN
x (t, 0) = u(t), yN

x (t, 1) = 0, (1c)

y j(0, x) = y j
0(x), 1  j  N, (1d)

where a1, . . . , aN 2 R. Here, u(t) stands for the control input at time t, and y j
0 2 L2(0, 1), 1  j  N, represent the

initial conditions. Such a model appears, e.g., in heat transfers through a cascade of di↵erent materials. The considered
system output applies to the y1 component of the cascade (while the control input applies to yN) and takes the form
of either a bounded operator of the type z(t) =

R 1
0 c(x)y1(t, x) dx for some c 2 L2(0, 1) or a pointwise measurement

of the type z(t) = y1(t, ⇠p) or z(t) = y1
x(t, ⇠p) for some ⇠p 2 [0, 1]. Compared with fully actuated PDE systems (one35

scalar input being associated with each PDE subsystem), the underactuated setting (one single scalar control input to
control the full system), as it is the case for system (1), presents the additional challenge that all the PDE subsystems
composing the cascade (except the first one) must be stabilized in an indirect manner by propagating the action of
the control through a number of heat equations. This requires, in particular, dedicated controllability analyses of the
system dynamics.40

The developed method leverages spectral reduction techniques with a detailed study that depends upon the mul-
tiplicity of the di↵erent eigenvalues of the open-loop operator. Thus, although our approach is general, the de-
tailed computations are case dependent. This is why we focus the presentation onto two di↵erent configurations.
The first one consists of a cascade of N heat equations with two-by-two disjoint spectra. At the opposite, the
second one consists of a cascade of N identical heat equations, inducing eigenvalues of multiplicity N. In both45

cases, under explicit necessary and su�cient modal controllability and observability conditions, we report the out-
put feedback stabilization of the system (in either L2 or H1 norm) by leveraging finite-dimensional observer-based
boundary controllers using a Riesz-basis spectral reduction. The finite-dimensional observer-based spectral reduc-
tion paradigm is classical. Let us cite some of the most representative contributions. Early spectral/moment ap-
proaches to controllability and stabilization of parabolic PDEs go back to [32] and are surveyed in [13]; see also, e.g.,50

spectral/Riesz-basis based developments in the PDE control literature such as [14, 33]. In parallel, finite-dimensional
observer/compensator designs and residual-mode filtering strategies for infinite-dimensional systems have a long his-
tory; see, e.g., [34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50]. More recently, largely inspired
by [40], observer-based boundary output-feedback designs in this spectral-reduction spirit include [51, 52, 53]. In
contrast, the present paper departs from the above single-PDE (and most in-domain coupled) configurations: we treat55

a boundary-coupled cascade with a single boundary input and a single boundary or in-domain measurement. The con-
trol synthesis hinges on an explicit global spectral characterization of the coupled cascade operator (carried out for the
full cascade, not componentwise), which yields either a Riesz basis of eigenvectors (disjoint-spectra case) or a Riesz
basis of generalized eigenvectors organized in Jordan chains (identical-spectra case, eigenvalue multiplicity N); this is
the key analytical ingredient for our modal controllability/observability results and the subsequent finite-dimensional60

output-feedback synthesis.
The paper is organized as follows. The configuration of the PDE cascade (1) with two-by-two distinct eigen-

values is studied in Section 2. The case of N identical heat equations, inducing eigenvalues of multiplicity N, is
reported in Section 3. Concluding remarks are provided in Section 4. Although Sections 2 and 3 may seem a bit
repetitive, because they follow the same general spectral method, the implementation details of the procedure are so65

di↵erent (eigenvectors versus generalized eigenvectors, diagonal versus Jordan blocks, di↵erent controllability and
observability conditions) that we could not avoid to split into two di↵erent sections.
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2. N heat equations with two-by-two distinct eigenvalues

In this section, we make the following standing assumption, meaning that the spectra of the coupled heat equations
are totally disconnected.70

Assumption 1. Setting �i,k = ai � k2⇡2 and ⇤i = {�i,k | k 2 N} for all 1  i  N and k 2 N, we assume that
i , j) ⇤i \ ⇤ j = ;.

As we shall see, under this assumption the system is diagonal in a Riesz basis consisting of eigenvectors. When
this assumption fails, the system is not diagonal anymore as parts of the dynamics take the form of Jordan blocks.
This will be the case for the cascade of N identical heat equations studied in Section 3.75

2.1. Spectral properties
We define the real Hilbert space

H
0 =

�
L2(0, 1)

�N (2a)

endowed with its usual inner product

D
( f j)1 jN , (g j)1 jN

E
=

NX

j=1

Z 1

0
f j(x)g j(x) dx. (2b)

We define the unbounded operatorA : D(A)! H0 on

D(A) =
n
( f j)1 jN 2

�
H2(0, 1)

�N
| ( f N)0(0) = ( f N)0(1) = 0,

( f j)0(0) = f j+1(1), ( f j)0(1) = 0, 1  j  N � 1
o

(3)

byA ( f j)1 jN =
⇣
( f j)00 + a j f j

⌘
1 jN

.80

Lemma 1. Under Assumption 1, the eigenvalues ofA are given by

�i,k = ai � k2⇡2, 1  i  N, k 2 N, (4)

with associated eigenvectors �i,k = (� j
i,k)1 jN 2 D(A) given by

� j
i,k(x) =

8>>>>>>>>><
>>>>>>>>>:

(�1)k+i� jµk
Qi�1

j0= j r j0
i,k sinh(r j0

i,k)
cosh(r j

i,k(1 � x)) if 1  j  i � 1,

'k(x) , µk cos(k⇡x) if j = i,

0 if i + 1  j  N,

(5)

where µk =

(
1 if k = 0
p

2 if k � 1
and r j

i,k is one of the two square roots of �i,k � a j.

Proof. For a given c , 0, let us first compute the solution of f 00 + a f = � f such that f 0(1) = 0 and f 0(0) = c when
� � a , �k2⇡2 for any k 2 N. Denoting by r one of the two square roots of � � a , 0, we have f (x) = ↵erx + �e�rx for85

some ↵, � 2 C. The boundary conditions imply that
"

r �r
rer

�re�r

# "
↵
�

#
=

"
c
0

#
.

The square matrix is invertible if and only if r2 sinh r , 0, that is r , ik⇡ for any k 2 Z. This is satisfied based on
our assumption that r2 = � � a , �k2⇡2 for any k 2 N. Hence ↵ = � c

2r sinh r e�r and � = � c
2r sinh r er, implying that

f (x) = � c
r sinh r cosh(r(1 � x)). The proof of the lemma then follows by using an induction argument.
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In order to establish that the set � = {�i,k | 1  i  N, k 2 N} of eigenvectors of A is a Riesz basis of H0, we90

first compute the eigenvectors of the adjoint operatorA⇤ ofA, which is given byA⇤((g j)1 jN) =
⇣
(g j)00 + a jg j

⌘
1 jN

on the domain

D(A⇤) =
n
(g j)1 jN 2

�
H2(0, 1)

�N
| (g1)0(0) = (g1)0(1) = 0, (g j)0(0) = 0, (g j)0(1) = �g j�1(0), 2  j  N

o
. (6)

Lemma 2. Under Assumption 1, the eigenvalues of A⇤ are �i,k with associated eigenvectors  i,k =
⇣
 j

i,k

⌘
1 jN

2

D(A⇤) given by

 j
i,k(x) =

8>>>>>>><
>>>>>>>:

0 if 1  j  i � 1,
'k(x) = µk cos(k⇡x) if j = i,

(�1) j�iµk
Q j

j0=i+1 r j0
i,k sinh(r j0

i,k)
cosh(r j

i,k x) if i + 1  j  N.
(7)

Proof. Given c , 0, let us compute the solution of g00 +ag = �g such that g0(0) = 0 and g0(1) = c when ��a , �k2⇡2
95

for any k 2 N. Denoting by r one of the two square roots of �� a , 0, we have g(x) = ↵erx + �e�rx for some ↵, � 2 C.
The boundary conditions imply that "

r �r
rer

�re�r

# "
↵
�

#
=

"
0
c

#
.

The square matrix is invertible if and only if r2 sinh r , 0, that is r , ik⇡ for any k 2 Z. This is satisfied based on our
assumption that r2 = � � a , �k2⇡2 for any k 2 N. Hence ↵ = � = c

2r sinh r , implying that g(x) = c
r sinh r cosh(rx). The

proof of the lemma then follows by using an induction argument.100

Lemma 3. � = {�i,k | 1  i  N, k 2 N} is a Riesz basis of H0, of dual Riesz basis  = { i,k | 1  i  N, k 2 N}.
MoreoverA generates a C0-semigroup.

Proof. We start by noting that � and  are biorthogonal, i.e., h�i,k, i0,k0 i = �(i,k),(i0,k0). Indeed, from their expressions,
we have h�i,k, i,ki =

R 1
0 �i

i,k(x) i
i,k(x) dx =

R 1
0 'k(x)2 dx = 1. If (i, k) , (i0, k0) then �i,k , �i0,k0 , hence �i,kh�i,k, i0,k0 i =

hA�i,k, i0,k0 i = h�i,k,A⇤ i0,k0 i = �i0,k0 h�i,k, i0,k0 i implying that h�i,k, i0,k0 i = 0.105

Based on [54, Chap. 1, Thm. 9], it su�ces to show that span� and span are dense in H0, and that each of �
and  form a Bessel sequence1.

Let us show that span� is dense inH0. Let f = ( f i)1iN 2 H
0 be such that h f , �i,ki = 0 for all integers 1  i  N

and k 2 N. Let us prove that f = 0. For i = 1 we have h f , �1,ki =
R 1

0 f 1(x)'k(x) dx = 0 for all k 2 N. Since ('k)k�0

forms a Hilbert basis of L2(0, 1), we infer that f 1 = 0. Assume next we have shown that f 1 = f 2 = · · · = f l = 0 for110

some 1  l  N � 1. Then for i = l + 1 we have h f , �l+1,ki =
Pl+1

j=1

R 1
0 f j(x)� j

l+1,k(x) dx =
R 1

0 f l+1(x)'k(x) dx = 0 for
all k 2 N. As before, this implies that f l+1 = 0. By induction, we infer that f = 0, giving the claimed conclusion. A
similar argument is employed to show that span is dense inH0.

In order to prove that � and are Bessel sequences, we first establish asymptotic estimates of � j
i,k for 1  j  i�1

and of  j
i,k for i + 1  j  N as k ! +1. All the asymptotic estimates derived below hold for k ! +1, uniformly115

with respect to i, j and x 2 [0, 1]. Recalling that (r j
i,k)2 = �i,k � a j = �↵i, j � k2⇡2 with ↵i, j = a j � ai, for all su�ciently

large integers k we have r j
i,k = i

p
k2⇡2 + ↵i, j with

p
k2⇡2 + ↵i, j 2 R. Hence

r j
i,k = ik⇡

r
1 +

↵i, j

k2⇡2 = i(k⇡ + � j
i,k) (8a)

where
� j

i,k =
↵i, j

2k⇡
+ O(1/k3) 2 R. (8b)

1A sequence ('n)n�0 of a separable Hilbert space X is said to be a Bessel sequence if (h f ,'ni)n�0 2 `2(N) for all f 2 X.
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We thus infer that sinh(r j
i,k) = i(�1)k sin(� j

i,k) = i (�1)k↵i, j

2k⇡ + O(1/k3). Combining the two latter asymptotic expansions,

we have r j
i,k sinh(r j

i,k) = (�1)k+1↵i, j

2 + O(1/k2), yielding120

1
r j

i,k sinh(r j
i,k)
=

1
(�1)k+1↵i, j

2 + O(1/k2)
=

(�1)k+12
↵i, j

+ O(1/k2). (9)

By the definition (5) of � j
i,k for 1  j  i � 1, we deduce from (9) that

i�1Y

j0= j

1
r j0

i,k sinh(r j0
i,k)
=

i�1Y

j0= j

 
(�1)k+12
↵i, j0

+ O(1/k2)
!
=

2i� j(�1)(k+1)(i� j)

Qi�1
j0= j ↵i, j0

+ O(1/k2). (10)

In view of (8a) we get cosh(r j
i,k(1 � x)) = (�1)k cos(k⇡x) cos(� j

i,k(1 � x)) + (�1)k sin(k⇡x) sin(� j
i,k(1 � x)). Recalling

(8b), we have
cos(� j

i,k(1 � x)) = 1 + O(1/k2), sin(� j
i,k(1 � x)) =

↵i, j

2k⇡
(1 � x) + O(1/k3), (11)

hence
cosh(r j

i,k(1 � x)) = (�1)k cos(k⇡x) + O(1/k).

Since µk =
p

2 for k � 1, we deduce from (5) (for 1  j  i � 1) that125

� j
i,k(x) =

(�1)k+i� jµk
Qi�1

j0= j r j0
i,k sinh(r j0

i,k)
cosh(r j

i,k(1 � x)) =
2i� j(�1)k(i� j)

Qi�1
j0= j ↵i, j0

p
2 cos(k⇡x) + O(1/k) = ⇢ j

i,k'k(x) + R� j
i,k(x) (12)

with ⇢ j
i,k =

2i� j(�1)k(i� j)
Qi�1

j0= j ↵i, j0
and

R� j
i,k(x) , � j

i,k(x) � ⇢ j
i,k'k(x) = O(1/k). (13)

We are now in a position to prove that � is a Bessel sequence. Let f = ( f j)1 jN be fixed. For an arbitrary integer
1  i  N, we infer from (5) (for i + 1  j  N) and (12) that

h f , �i,ki =

i�1X

j=1

⇢ j
i,k

Z 1

0
f j'k dx +

i�1X

j=1

Z 1

0
f jR� j

i,k dx +
Z 1

0
f i'k dx.

Since ('k)k�0 is a Hilbert basis of L2(0, 1), we get that
⇣ R 1

0 f j'k dx
⌘

k2N 2 `
2(N) for all 1  j  i. Furthermore, since

|⇢ j
i,k | =

2i� j
Qi�1

j0= j |↵i, j0 |
is independent of k, we deduce that

⇣
⇢ j

i,k

R 1
0 f j'k dx

⌘
k2N 2 `

2(N) for all 1  j  i � 1. Finally, since

R� j
i,k(x) = O(1/k), we infer that

���
R 1

0 f jR� j
i,k dx

���  k f j
kL2kR� j

i,kkL2 = O(1/k) hence
⇣ R 1

0 f jR� j
i,k dx

⌘
k2N 2 `

2(N) for all
1  j  i � 1. This shows that

�
h f , �i,ki

�
k2N 2 `

2(N). This result holds for all 1  i  N, hence
�
h f , �i,ki

�
1iN,k2N 2130

`2(N), showing that � is a Bessel sequence.
It remains to show that  is also a Bessel sequence. Recalling the definition (7) of  j

i,k for i + 1  j  N, we infer
from (9) that

jY

j0=i+1

1
r j0

i,k sinh(r j0
i,k)
=

jY

j0=i+1

 
(�1)k+12
↵i, j0

+ O(1/k2)
!
=

2 j�i(�1)(k+1)( j�i)

Q j
j0=i+1 ↵i, j0

+ O(1/k2).

Owing to (8a), we have cosh(r j
i,k x) = cos(k⇡x) cos(� j

i,k x)� sin(k⇡x) sin(� j
i,k x). Recalling (8b), we infer that cos(� j

i,k x) =
1 + O(1/k2) and sin(� j

i,k x) = ↵i, j

2k⇡ x + O(1/k3), hence cosh(r j
i,k x) = cos(k⇡x) + O(1/k). Since µk =

p
2 for k � 1, we

deduce that

 j
i,k(x) =

2 j�i(�1)k( j�i)

Q j
j0=i+1 ↵i, j0

p
2 cos(k⇡x) + O(1/k) = ⇢ j

i,k'k(x) + R j
i,k(x)

5



with ⇢ j
i,k =

2 j�i(�1)k( j�i)
Q j

j0=i+1 ↵i, j0
and R j

i,k(x) ,  j
i,k(x)�⇢ j

i,k'k(x) = O(1/k). Following now the same procedure as in the previous

paragraph, we infer that  is a Bessel sequence.
Hence � is a Riesz basis, of dual Riesz basis  . Using (4), since A is closed, we infer that A is a Riesz spectral

operator that generates a C0-semigroup (see [42]).135

The previous result is instrumental for studying the solutions in L2 norm, that is, in the Hilbert space H0. The
following result will be useful for studying the solutions in H1 norm, that is in the Hilbert space

H
1 =

�
H1(0, 1)

�N (14a)

endowed with its natural inner product

D
( f j)1 jN , (g j)1 jN

E
=

NX

j=1

Z 1

0

⇣
f j(x)g j(x) + ( f j)0(x)(g j)0(x)

⌘
dx. (14b)

Lemma 4. The set �̃ = {�̃i,k | 1  i  N, k 2 N}, where �̃i,k =
1

p
1+k2⇡2

�i,k, is a Riesz basis ofH1.

Proof. We define �̂ = {�̂i,k | 1  i  N, k 2 N} where �̂i,k = (�̂ j
i,k)1 jN and140

�̂ j
i,k(x) =

8>>>><
>>>>:

⇢ j
i,k'k(x) if 1  j  i � 1,
'k(x) if j = i,
0 if i + 1  j  N.

We infer from (12) that k� j
i,k � �̂

j
i,kkL1 = O(1/k), hence

P
1iN

P
k�0 k�i,k � �̂i,kk

2
H0 < 1. Since �̂ is !-linearly

independent2, Bari’s theorem (see [55, Chap. VI, Thm. 2.3]) implies that �̂ is a Riesz basis ofH0.
Based on the Riesz basis �̂ in H0, we build a Riesz basis �̌ in H1 by using a surjective isometry between H0

and H1; such a procedure can be found, e.g., in [56] in the context of the study of Sturm-Liouville operators. Let
� be the Neumann Laplacian operator defined by � f = f 00 on D(�) = { f 2 H2(0, 1) | f 0(0) = f 0(1) = 0}. Then145

id�� is a positive selfadjoint operator, mapping isometrically and surjectively D(�) to L2(0, 1), and thus the mapping
J =
p

id � � : H1(0, 1)! L2(0, 1) is a surjective isometry (note that hJ f1, J f2i = h(1��) f1, f2i =
R 1

0 (� f 001 + f1) f2 dx =
R 1

0 ( f 01 f 02 + f1 f2) dx = h f1, f2i). Therefore the mapping

J : H
1

! H
0

( f j)1 jN 7! (J f j)1 jN .

is also a surjective isometry. Hence, �̌ = J�1�̂ = {�̌i,k | 1  i  N, k 2 N} with �̌i,k = J
�1�̂ j

i,k is a Riesz basis ofH1.
Noting that J�1'k =

1
p

1+k2⇡2
'k, we have150

�̌ j
i,k(x) =

8>>>>><
>>>>>:

⇢ j
i,k

p
1+k2⇡2

'k(x) if 1  j  i � 1,
1

p
1+k2⇡2

'k(x) if j = i,
0 if i + 1  j  N.

To conclude the proof, we apply Bari’s theorem by comparing �̃ to the Riesz basis �̌ of H1. Since �̃ is !-linearly
independent, it remains to show that

X

1iN

X

k2N
k�̃i,k � �̌i,kk

2
H1 =

X

1iN

X

1 ji�1

X

k2N
k�̃ j

i,k � �̌
j
i,kk

2
H1 =

X

1iN

X

1 ji�1

X

k2N

1
1 + k2⇡2 kR�

j
i,kk

2
H1 < 1 (15)

2A family ( fk)k2N of elements of a real Banach space X is said to be !-linearly independent if for any sequence of ↵k 2 R such that S ,
limn!+1

Pn
k=0 ↵k fk exists in X and S = 0, then ↵k = 0 for all k 2 N. In our case, recalling that ('k)k2N is an orthonormal basis of L2(0, 1),

this property is easily inferred by projecting in H0 the series S =
PN

i=1
P

k2N ↵i,k�̂i,k = 0 onto ('kei,N )1iN, k2N where ei,N 2 RN with 0 entries
everywhere except 1 for the ith entry. In particular, proceeding recursively from i = N to i = 1 (in decreasing order for integers 1  i  N), the
computation of hS ,'ke1,NiH0 = 0 gives ↵i,k = 0 for all k 2 N.
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where we have used (12). Again, all the asymptotic estimates derived below hold for k ! +1, uniformly with respect
to i, j and x 2 [0, 1]. We know that R� j

i,k(x) = O(1/k), hence kR� j
i,kk

2
L2 = O(1/k2). Hence it su�ces to analyze the

asymptotic behavior of k(R� j
i,k)0k2L2 . For integers 1  j  i � 1, using (5), we have155

(� j
i,k)0(x) =

(�1)k+i� j+1µkr j
i,k

Qi�1
j0= j r j0

i,k sinh(r j0
i,k)

sinh(r j
i,k(1 � x)). (16)

From (8a) we deduce that

sinh(r j
i,k(1 � x)) = �i(�1)k sin(k⇡x) cos(� j

i,k(1 � x)) + i(�1)k cos(k⇡x) sin(� j
i,k(1 � x)) = �i(�1)k sin(k⇡x) + O(1/k)

where the last equality is inferred from (11). Combining the latter asymptotic behavior with (8a), we have r j
i,k sinh(r j

i,k(1�
x)) = (�1)kk⇡ sin(k⇡x) + O(1). Using this result and (10), we infer from (16) that

(� j
i,k)0(x) = ⇢ j

i,k'
0

k(x) + O(1), (17)

hence, in view of (13), (R� j
i,k)0(x) = (� j

i,k)0(x) � ⇢ j
i,k'
0

k(x) = O(1). This shows that k(R� j
i,k)0k2L2 = O(1), and thus,

recalling that kR� j
i,kk

2
L2 = O(1/k2), we have kR� j

i,kk
2
H1 = O(1). Hence (15) holds true. This completes the proof.

2.2. Spectral reduction of the system160

We define the function '(x) = � 1
2 (1 � x)2, so that '(1) = '0(1) = 0 and '0(0) = 1. Making the change of variable

ỹN(t, x) = yN(t, x) � '(x)u(t), (18)

and assuming temporarily that u is di↵erentiable, we infer from (1) that

y j
t = y j

xx + a jy j, 1  j  N � 1 (19a)

ỹN
t = ỹN

xx + aNỹN + ('00 + aN')u � 'u̇ (19b)

y j
x(t, 0) =

(
y j+1(t, 1), 1  j  N � 2
ỹN(t, 1), j = N � 1 (19c)

y j
x(t, 1) = 0, 1  j  N � 1 (19d)

ỹN
x (t, 0) = ỹN

x (t, 1) = 0. (19e)

Defining the states X = (y j)1 jN (original coordinates) and X̃ =
⇣
(y j)1 jN�1, ỹN

⌘
(homogeneous coordinates), we

infer from (18) that
X̃ = X + �u (20)

and (19) is written as165

u̇ = 3 (21a)

dX̃
dt
= AX̃ + ↵u + �3 (21b)

where ↵ = (0, . . . , 0,'00 + aN') and � = (0, . . . , 0,�'). Here, in (21a), we have done a change of control: instead of
controlling the input u(t), we now assume that we control its derivative 3(t) = u̇(t). Said in a more abstract way, we are
going to control the system in the subset W1,1(0,+1) of L1(0,+1). Actually, our strategy will consist of designing
3 as a closed-loop (feedback) function of the state of the system using the controller (33) (see further). Such a change
of control is classical and has been used, e.g., in [14] with a similar stabilization objective.170

We now define
xi,k = hX, i,ki, x̃i,k = hX̃, i,ki, ↵i,k = h↵, i,ki, �i,k = h�, i,ki. (22)
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By the Riesz basis property established in Lemma 3, we have

X̃(t) = (y1(t, ·), y2(t, ·), . . . , yN�1(t, ·), ỹN(t, ·)) =
NX

i=1

X

k2N
x̃i,k(t)�i,k. (23)

The change of variable formula (20) implies that x̃i,k = xi,k + �i,ku, while the projection of the system dynamics in
homogeneous coordinates (21) gives

˙̃xi,k = �i,k x̃i,k + ↵i,ku + �i,k3. (24)

Combining the two latter equations, we infer that175

ẋi,k = �i,k xi,k + mi,ku, (25)

where mi,k = ↵i,k + �i,k�i,k. Since all eigenvalues are simple, the controlled equation (25) (mode �i,k) is controllable if
and only if mi,k , 0. The coe�cients mi,k are characterized by the following lemma.

Lemma 5. We have

mi,k = � 
N
i,k(0) =

8>>>><
>>>>:

�µk if i = N,

�
(�1)N�iµk

QN
j0=i+1 r j0

i,k sinh(r j0
i,k)

if 1  i  N � 1.

In particular, mi,k , 0 for all 1  i  N and k 2 N.

Proof. Using the definition (22) of ↵i,k and using integrations by parts, we have180

↵i,k =

Z 1

0
('00 + an') N

i,k dx =
h
'0 N

i,k � '( N
i,k)0

i1

0
+

Z 1

0
'(( N

i,k)00 + an 
N
i,k) dx

= � N
i,k(0) � h�,A⇤ i,ki = � 

N
i,k(0) � �i,k�i,k,

where we have used that '(1) = '0(1) = 0, '0(0) = 1, and ( N
i,k)0(0) = 0.

Corollary 1. Under Assumption 1, each mode �i,k of the PDE cascade (1) is controllable.

2.3. Output feedback control strategy
Given c 2 L2(0, 1), we consider the following distributed output, measured on the last component y1 of the PDE

cascade (1):185

z(t) =
Z 1

0
c(x)y1(t, x) dx (26)

Our objective is to design an output feedback control strategy for (1) based on the measurement z(t).

Remark 1. Note that the measurement must be done on the last component y1 of the cascade. Indeed, measuring an
intermediate component of the cascade (say, y j for 2  j  N) would make it impossible to reconstruct the dynamics of
the final components, say y j0 for 1  j0  j � 1. Hence observability would fail. Note that this situation is not specific
to the case of a cascade of PDEs: it is actually reminiscent of what happens for a cascade of finite-dimensional linear190

time-invariant systems.

Let ! > 0 be the targeted exponential decay rate for the closed-loop system. Using (4), we choose, for any
1  i  N, a su�ciently large integer n0,i 2 N such that �i,n0,i < �!, implying that �i,k  �i,n0,i < �! for all integers
k � n0,i. We now write a finite-dimensional dynamics that captures the n0,i first modes, for 1  i  N, as follows.
Defining the state vector195

X1,i =
h
x̃i,0 x̃i,1 . . . x̃i,n0,i�1

i>
, 1  i  N,

X1 = col(X1,1, X1,2, . . . , X1,n) ,
h
X>1,1 X>1,2 . . . X>1,n

i>
,
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we infer from (24) that
Ẋ1,i = A1,iX1,i + B1,u,iu + B1,3,i3, 1  i  N,

where

A1,i = diag(�i,0, �i,1, . . . , �i,n0,i�1), B1,u,i =
h
↵i,0 ↵i,1 . . . ↵i,n0,i�1

i>
, B1,3,i =

h
�i,0 �i,1 . . . �i,n0,i�1

i>
,

yielding
Ẋ1 = A1X1 + B1,uu + B1,33 (27)

where

A1 = diag(A1,1, A1,2, . . . , A1,N), B1,u = col(B1,u,1, B1,u,2, . . . , B1,u,N), B1,3 = col(B1,3,1, B1,3,2, . . . , B1,3,N).

Recalling that 3 = u̇, we define the augmented state vector X1,a = col(X1, u), yielding the dynamics

Ẋ1,a = A1,aX1,a + B1,a3 (28)

where
A1,a =

"
A1 B1,u
0 0

#
, B1,a =

"
B1,3
1

#
. (29)

Under Assumption 1 that ensures that the eigenvalues are all simple, the Hautus test implies that the pair (A1,a, B1,a)200

is controllable if and only if mi,k = ↵i,k + �i,k�i,k , 0 for all 1  i  N and all 0  k  n0,i � 1. Lemma 5 implies the
following result.

Lemma 6. Under Assumption 1, the pair (A1,a, B1,a) is controllable.

Remark 2. At this step, it is possible to design a state-feedback control strategy, as follows. By the above lemma,
there exists a matrix K such that A1,a�B1,aK has a spectral abscissa less that �! < 0, and we set the feedback control
3 = �KX1,a. The stability of the resulting closed-loop system (1) is established in H0 norm, as defined by (2), thanks
to the Lyapunov functional

V = X>1,aPX1,a + �
NX

i=1

X

k�n0,i

x̃2
i,k,

where P � 0 is the solution of the Lyapunov equation (A1,a � B1,aK)>P + P(A1,a � B1,aK) + 2!P + I = 0 and � > 0 is
chosen small enough so that V̇ + 2!V  0. For classical solutions, the stability can also be established in H1 norm,205

as defined by (14), thanks to the Lyapunov functional V = X>1,aPX1,a + �
PN

i=1
P

k�n0,i (1 + k2)x̃2
i,k. The equivalence of

V and the H1-norm follows from Lemma 4; see the proof of Theorem 1 after the introduction of Equation (39) for
details.

In order to define our output feedback control strategy, using (23), we infer from (26) that

z(t) =
NX

i=1

X

k2N
ci,k x̃i,k(t) = C1X1(t) +

NX

i=1

X

k�n0,i

ci,k x̃i,k(t) (30)

where210

ci,k =

Z 1

0
c(x)�1

i,k(x) dx (31)

and C1,i =
h
ci,0 ci,1 . . . ci,n0,i�1

i
and C1 =

h
C1,1 C1,2 . . . C1,N

i
. Since the eigenvalues are simple, the Hautus

test implies that the pair (A1,C1) is observable if and only if ci,k , 0 for all 1  i  N and 0  k  n0,i � 1 (this result
also follows from the Kalman rank condition for observability). Using the definition (31) of ci,k and the expression of
�i,k given by (5), we infer the following result.
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Lemma 7. Under Assumption 1, the pair (A1,C1) is observable if and only if215

Z 1

0
c(x) cos(k⇡x) dx , 0 if i = 1, (32a)

Z 1

0
c(x) cosh(r1

i,k(1 � x)) dx , 0 if i � 2, (32b)

for all 1  i  N and 0  k  n0,i � 1. Recall that r1
i,k is one of the two square roots of �i,k � a1.

The observability condition for the pair (A1,C1) stated by Lemma 7 is intimately related to the conditions under
which the studied system is detectable as reported in [42, Thm. 5.2.9]. Note also that in line with Remark 1, if the
measurement was done on y j for some 2  j  N, that is (26) replaced by z(t) =

R 1
0 c(x)y j(t, x) dx, then (31) would

be replaced by ci,k =
R 1

0 c(x)� j
i,k(x) dx. In that case, it is observed from (5) that ci,k = 0 for all 1  i  j � 1 and all220

k 2 Z. This means that the modes �i,k are not observable for all 1  i  j � 1 and all k 2 N. In other words, the last
components of the cascade, namely y j0 for 1  j0  j � 1, are never observable in such a configuration. This makes
mandatory to consider a system output that applies to the y1 component of the cascade as in (26).

We are now in a position to define our output feedback control strategy. Let ni � n0,i be integers to be chosen large
enough, later on. We define the following controller dynamics (see [40]):225

u̇ = 3 (33a)

˙̂X1 = A1X̂1 + B1,uu + B1,33 � L

0
BBBBBBB@C1X̂1 +

NX

i=1

niX

k=n0,i

ci,k x̂i,k � z

1
CCCCCCCA (33b)

˙̂xi,k = �i,k x̂i,k + ↵i,ku + �i,k3, 1  i  N, n0,i  k  ni (33c)

3 = �KxX̂1 � kuu (33d)

where, setting n0 =
PN

i=1 n0,i, ku 2 R and Kx 2 R1⇥n0 are the feedback gains while L 2 Rn0 is the observer gain. In
view of (33d), 3 = u̇ is a continuous function hence we do have u 2 W1,1(0,+1), as claimed around (21) to proceed
with the change of variable (18).

Theorem 1. Let a1, . . . , aN 2 R be such that Assumption 1 holds and let c 2 L2(0, 1). Let ! > 0 be arbitrary. For
any 1  i  N, let n0,i 2 N be such that �i,n0,i < �!. Assuming that the observability assumption (32) holds, let230

K =
h
Kx ku

i
2 R1⇥(n0+1) and L 2 Rn0 be such that A1,a � B1,aK and A1 � LC1 are Hurwitz with spectral abscissa less

than �!.
Then, for large enough integers ni � n0,i, 1  i  N, there exists C > 0 such that, for all initial conditions

y j
0 2 L2(0, 1), 1  j  N, u(0) = u0 2 R, X̂1(0) 2 Rn0 , and x̂i,k(0) 2 R, the solutions of the closed-loop system

consisting of the PDE cascade (1), the output (26) and the controller (33) satisfy235

����(y j(t, ·))1 jN

����
Y
+ |u(t)| + kX̂1(t)k +

NX

i=1

niX

k=n0,i

|x̃i,k(t)|  Ce�!t

0
BBBBBBB@
����(y j

0)1 jN

����
Y
+ |u0| + kX̂1(0)k +

NX

i=1

niX

k=n0,i

|x̃i,k(0)|

1
CCCCCCCA (34)

for every t � 0, with Y = H0 defined by (2).
If the initial condition is such that y j

0 2 H2(0, 1) with (y j
0)0(0) = y j+1

0 (1) and (y j
0)0(1) = 0 for all 1  j  N � 1 and

(yN
0 )0(0) = u(0) and (yN

0 )0(1) = 0, the conclusion of the theorem holds with Y = H1 defined by (14).

Proof. Define ei,k = x̃i,k � x̂i,k and

E1,i =
h
ei,0 ei,1 . . . ei,n0,i�1

i
, E1 = col(E1,1, E1,2, . . . , E1,N),

X̂2,i =
h
x̂i,n0,i x̂i,n0,i+1 . . . x̂i,ni

i
, X̂2 = col(X̂2,1, X̂2,2, . . . , X̂2,N),

E2,i =
h
(n0,i + 1)ei,n0,i . . . (ni + 1)ei,ni

i
, E2 = col(E2,1, E2,2, . . . , E2,N),

X̂1,a = col(X̂1, u), X = col(X̂1,a, E1, X̂2, E2).
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In this proof we set  = 0. Di↵erent values will be set later on in the proofs of Theorems 2 and 3. Combining (24),240

(27), (28), (30) and (33), we obtain

Ẋ = FX +L
NX

i=1

⇣i (35)

where the measurement residues are defined by

⇣i =
X

k�ni+1

ci,k x̃i,k, 1  i  N, (36)

and

F =

2
6666666666664

A1,a � B1,aK LaC1 0 LaC2
0 A1 � LC1 0 �LC2⇥

0 B2,u
⇤
� B2,3K 0 A2 0

0 0 0 A2

3
7777777777775
, L = col(La,�L, 0, 0),

where

K =
h
Kx ku

i
, La = col(L, 0),

A2,i = diag(�i,n0,i , �i,n0,i+1, . . . , �i,ni ), A2 = diag(A2,1, A2,2, . . . , A2,N),

B2,u,i =
h
↵i,n0,i ↵i,n0,i+1 . . . ↵i,ni

i>
,

B2,u = col(B2,u,1, B2,u,2, . . . , B2,u,N), B2,3,i =
h
�i,n0,i �i,n0,i+1 . . . �i,ni

i>
,

B2,3 = col(B2,3,1, B2,3,2, . . . , B2,3,N),

C2,i =
h ci,n0,i

(n0,i+1)
ci,n0,i+1

(n0,i+2) . . .
ci,ni

(ni+1)
i
, C2 =

h
C2,1 C2,2 . . . C2,N

i
.

We recall that  = 0, which ensures that kC2,ik = O(1) as ni ! +1. Finally the input u and its time derivative 3 are

u = EX̂1,a = ẼX, 3 = �KX̂1,a = �K̃X, (37)

where E =
h
0 . . . 0 1

i
, Ẽ =

h
E 0 0 0

i
, and K̃ =

h
K 0 0 0

i
.245

To establish the claimed stability estimate (34) inH0 norm, we define the Lyapunov functional candidate

V = X>PX +
NX

i=1

X

k�ni+1

x̃2
i,k (38)

for some matrix P � 0. The equivalence between (38) and the (squared)H0 norm holds true by Lemma 3. In case of
classical solutions, establishing the stability estimate (34) in H1 norm is obtained thanks to the Lyapunov functional
candidate

V = X>PX +
NX

i=1

X

k�ni+1

(1 + k2)x̃2
i,k (39)

for some matrix P � 0. The equivalence between (39) and the H1 norm holds true by Lemma 4. Indeed, using (23),250

we have

X̃(t) =
NX

i=1

X

k�0

p

1 + k2⇡2 x̃i,k(t)
1

p
1 + k2⇡2

�i,k. (40)

This series converges a priori inH0 norm. But, based on Lemma 3, the series also converges inH1 norm for classical
solutions because X̃(t, ·) 2 D(A). Using again Lemma 3, we infer that kX̃(t, ·)k2

H1 is equivalent to
PN

i=1
P

k�0(1 +
k2)x̃i,k(t)2. This justifies the definition (39) for V .
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Establishing the stability in H0 or in H1 norm now follows a similar reasoning, and we focus on the H1 norm.255

The computation of the time derivative of V defined by (39) along the solutions of (24) and (35), combined with the
use of Young’s inequality, gives

V̇ + 2!V = X̃>

2
6666666666666664

F>P + PF + 2!P PL . . . PL
L
>P 0 . . . 0
...

...
. . .

...
L
>P 0 . . . 0

3
7777777777777775

X̃

+ 2
NX

i=1

X

k�ni+1

(1 + k2)(�i,k + !)x̃2
i,k + 2

NX

i=1

X

k�ni+1

(1 + k2)x̃i,k(↵i,ku + �i,k3)

 X̃>

2
6666666666666664

⇥1,1 PL . . . PL
L
>P 0 . . . 0
...

...
. . .

...
L
>P 0 . . . 0

3
7777777777777775

X̃ + 2
NX

i=1

X

k�ni+1

(1 + k2)
 
�i,k +

1 + k2

✏
+ !

!
x̃2

i,k

for any ✏ > 0, with X̃ = col(X, ⇣1, ⇣2, . . . , ⇣N) and

⇥1,1 = F>P + PF + 2!P + ✏

0
BBBBB@

NX

i=1

S ↵i,ni Ẽ
>Ẽ +

NX

i=1

S �i,ni K̃
>K̃

1
CCCCCA

where we have used (37) and we have defined S ↵i,ni =
P

k�ni+1 ↵
2
i,k < 1 and S �i,ni =

P
k�ni+1 �

2
i,k < 1. Using (36) and

the Cauchy-Schwarz inequality, we infer that

⇣2
i 

X

k�ni+1

c2
i,k

|    {z    }
=S ⇣i ,ni<1

X

k�ni+1

x̃2
i,k.

Combining the two latter estimates, we get260

V̇ + 2!V  X̃>⇥1X̃ +
NX

i=1

X

k�ni+1

(1 + k2)�i,k x̃2
i,k (41)

where

⇥1 =

2
6666666666666664

⇥1,1 PL . . . PL
L
>P �⌘1 . . . 0
...

...
. . .

...
L
>P 0 . . . �⌘N

3
7777777777777775
, (42a)

�i,k = 2
 
�i,k +

1 + k2

✏
+ !

!
+
⌘iS ⇣i,ni

1 + k2 = 2
 
�k2

 
⇡2
�

1
✏

!
+ ai + ! +

1
✏

!
+
⌘iS ⇣i,ni

1 + k2 (42b)

for any ✏, ⌘1, . . . , ⌘N > 0. In particular, for all ✏ > 1/⇡2, we have �i,k  �i,ni+1 for all k � ni + 1. We thus infer that

V̇ + 2!V  X̃>⇥1X̃ +
X

1iN

�i,ni+1

X

k�ni+1

(1 + k2)x̃2
i,k (43)

for all ✏ > 1/⇡2 and all ⌘1, . . . , ⌘N > 0. Assume for the moment that we can find integers ni � n0,i + 1, real numbers
✏ > 1/⇡2 and ⌘1, . . . , ⌘N > 0, and a matrix P � 0 such that

⇥1 � 0, �i,ni+1  0, 1  i  N. (44)
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Then, using (44) into (43), we infer that V̇ + 2!V  0, giving the claimed stability estimate (34).265

Let us prove the feasibility of (44). Recall that F is Hurwitz with spectral abscissa less than �!. Note also that
kC2k = O(1), kB2,uk = O(1), and kB2,3k = O(1) as (ni)1iN ! +1. Hence, the application of the lemma in Appendix
of [52] shows that the solution P � 0 to F>P + PF + 2!P = �I is such that kPk = O(1) as (ni)1iN ! +1. We now
arbitrarily fix the constant ✏ > 1/⇡2 and we define

⌘i =

8>><
>>:

1p
S ⇣i ,ni

if S ⇣i,ni , 0

ni otherwise
, 1  i  N.

We then infer that, for all 1  i  N, �i,ni+1 ! �1 as ni ! +1. Moreover, the Schur complement shows that ⇥1 � 0270

for n1, n2, . . . , nN selected su�ciently large. The last claim uses the facts that kẼk = 1, kK̃k = kKk, and kLk =
p

2kLk
are constants not depending on ni while kPk = O(1) as (ni)1iN ! +1 and that S ↵i,ni , S �i,ni ! 0 as ni ! +1. The
proof is complete.

Remark 3. A su�cient condition on the integers ni � n0,i under which the conclusion of Theorem 1 holds true is that
the constraints (44) be satisfied.275

2.4. Extension to pointwise measurements
2.4.1. Pointwise measurement of y1

In this section, we briefly show how to adapt our previous result to the case of a pointwise measurement of y1 of
the form:

z(t) = y1(t, ⇠p) (45)

for some ⇠p 2 [0, 1]. Using (23), the series expansion (30) still holds true but with ci,k = �1
i,k(⇠p). Similarly to280

Lemma 7, and in view of the expression of �1
i,k provided by (5), the pair (A1,C1) is observable if and only if:

cos(k⇡⇠p) , 0, 1  k  n0,1 � 1, (46a)

cosh(r1
i,k(1 � ⇠p)) , 0, 2  i  N, 0  k  n0,i � 1, (46b)

where r1
i,k is one of the two square roots of �i,k � a1.

Theorem 2. Considering the pointwise measurement (45) for some ⇠p 2 [0, 1], replacing the observability condition
(32) by (46), the same statement as Theorem 1 holds true for the Hilbert space Y = H1 defined by (2).

Proof. The proof follows the one of Theorem 1 except for the estimation of the measurement residues ⇣i defined by285

(36). Recall that for the pointwise measurement (45) we have defined ci,k = �1
i,k(⇠p). In view of (5) in the case i = 1

and (12) in the case 2  i  N, we have ci,k = O(1) as k ! +1. Consequently we set  = 1 so that we have
kC2,ik = O(1) as ni ! +1, hence kC2k = O(1) as (ni)1iN ! +1. Moreover we have

⇣2
i 

X

k�ni+1

c2
i,k

1 + k2

|         {z         }
=S ⇣i ,ni<1

X

k�ni+1

(1 + k2)x̃2
i,k.

We thus infer that (41) holds with

�i,k = 2
 
�i,k +

1 + k2

✏
+ !

!
+ ⌘iS ⇣i,ni = 2

 
�k2

 
⇡2
�

1
✏

!
+ ai + ! +

1
✏

!
+ ⌘iS ⇣i,ni

while ⇥1 is still given by (42a). The end of the proof follows the arguments of the proof of Theorem 1.

13



2.4.2. Pointwise measurement of y1
x290

The case of a pointwise measurement of y1
x of the form:

z(t) = y1
x(t, ⇠p), (47)

for some ⇠p 2 [0, 1], is more stringent. This is due to the fact that the system consisting of the PDE cascade (1) and
the output (47) is not observable. Indeed, consider the initial condition y1

0(x) = 1 and yi
0(x) = 0 for 2  i  N. We

infer that the solution of (1) is y1(t, x) = ea1t and yi(t, x) = 0 for 2  i  N. In particular, (47) gives an identically zero
measurement z = 0 for a nontrivial state trajectory. This remark highlights the fact that if a1 � 0, which corresponds to295

the case of a cascade (1) that is not open-loop exponentially stable since �1,0 = a1 � 0, then the pointwise measurement
of yx cannot be used to design an output feedback control strategy for stabilizing the PDE cascade (1).

However, the approach developed in this paper still presents some merits in the case of the pointwise measurement
(47) if we assume moreover that the last component of the PDE cascade (1), described by y1, is open-loop exponen-
tially stable. Indeed, assume that a1 < 0 and let us choose the targeted exponential decay rate for the closed-loop300

system trajectories as ! 2 (0,�a1). Then, following the construction reported in the previous subsection, no mode
�1,k has to be included in the construction of the matrices to build the finite-dimensional dynamics (27). This is
achieved by setting n0,1 = 0. Then, using (23), the series expansion (30) still holds true but with ci,k = (�1

i,k)0(⇠p).
Now, similarly to Lemma 7 and in view of the expression of �1

i,k provided by (5), the Hautus test shows that the pair
(A1,C1) is observable if and only if ci,k , 0 for all 1  i  N and 0  k  n0,i � 1, that is:305

sinh(r1
i,k(1 � ⇠p)) , 0, 2  i  N, 0  k  n0,i � 1, (48)

where r1
i,k is one of the two square roots of �i,k � a1. Note that Assumption 1 implies that r1

i,k , 0 for i � 2.

Remark 4. The fact that the mode �1,0 = a1 is never observable for the pointwise measurement (47) is reflected by
the fact that �1

1,0(x) = 1, hence c1,0 = (�1
1,0)0(⇠p) = 0.

Theorem 3. In the setting of Theorem 2, we further assume that a1 < 0 and we choose ! 2 (0,�a1), we set n0,1 = 0,
the observability assumption (46) is replaced by (48), the system output (45) is replaced by the Neumann measurement310

(47). Then the statement of Theorem 2 holds true.

Remark 5. The constraint ! 2 (0,�a1) reflects the fact that, in the context of an output feedback, the exponential
stability of the closed-loop system, in the sense of (34), is associated with an exponential decay rate ! that cannot be
faster than the slowest unobservable mode �1,0 = a1 < 0.

Proof. The only di↵erence with the proof of Theorem 2 is in the estimation of the measurement residues ⇣i defined315

by (36). For the pointwise measurement (47) we have defined ci,k = (�1
i,k)0(⇠p). Based on (5) in the case i = 1 and (17)

in the case 2  i  N, we note that ci,k = O(k) as k ! +1. Thus, we set  = 7/4 so that we have kC2,ik = O(1) as
ni ! +1, hence kC2k = O(1) as (ni)1iN ! +1. We also have

⇣2
i 

X

k�ni+1

c2
i,k

(1 + k2)7/4

|               {z               }
=S ⇣i ,ni<1

X

k�ni+1

(1 + k2)7/4 x̃2
i,k.

Therefore, we infer that (41) holds with

�i,k = 2
 
�i,k +

1 + k2

✏
+ !

!
+ (1 + k2)3/4⌘iS ⇣i,ni = 2

 
�k2

 
⇡2
�

1
✏

!
+ ai + ! +

1
✏

!
+ (1 + k2)3/4⌘iS ⇣i,ni

while ⇥1 is still given by (42a). The proof then follows the same arguments as before.

2.5. Numerical illustration320

We consider the N heat equations cascade (1) with N = 4, a1 = 1/5, a2 = 2/5 , a3 = 3/5, and a4 = 4/5.
Since ⇡2 is irrational (because ⇡ is transcendental), Assumption 1 is satisfied. The considered system output is the
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pointwise measurement (45) with ⇠p =
p

2/3. It can be checked that �1,0, �2,0, �3,0, �4,0 > 0, meaning that the
four PDE subsystems, hence the cascade system (1), are open-loop unstable. Since �1,1, �2,1, �3,1, �4,1 < 0, we set
n0,1 = n0,2 = n0,3 = n0,4 = 1 to build the 4th order system (27). It is checked that the observability condition325

(32) holds. Thus we compute the feedback gains K and L such that the eigenvalues of A1,a � B1,aK and A1 � LC1
are placed at {�1,�1.25,�1.5,�1.75,�2} and {�2.25,�2.5,�2.75,�3}, respectively. The behavior for the resulting
closed-loop system is depicted in Fig 1 for n1 = n2 = n3 = n4 = 2, starting from the initial condition y1

0(x) = 4
⇡ sin( ⇡2 x),

y2
0(x) = 1

3 x3
� x + 2, y3

0(x) = � 1
2 x2 + x � 3/2, and y4

0(x) = 1 + 10x2(1 � x)2. We observe the exponential decay of the
closed-loop system trajectory, in compliance with the theoretical predictions.330

3. Cascade of N identical heat equations

In this section, we address the case of N identical heat equations and we make the following standing assumption:

Assumption 2. a , a1 = a2 = . . . = aN.

3.1. Spectral properties
In the Hilbert spaceH0 defined by (2), we consider the unbounded operatorA(( f j)1 jN) = (( f j)00 +a f j)1 jN on335

the domain defined by (3). We start by studying the generalized eigenelements ofA. We first introduce the following
preliminary lemma whose proof consists of a direct computation that shows that the defined ⌫ and f do satisfy the
studied ODE and associated terminal conditions.

Lemma 8. Let k 2 N, � 2 R, and g0, g1 2 L2(0, 1) be such that
R 1

0 cos(k⇡s)g1(s) ds , 0. Then, the functions
f : [0, 1]! R and real numbers ⌫ 2 R that satisfy f 00 + k2⇡2 f = g0 + ⌫g1, f 0(0) = �, f 0(1) = 0, are given by340

⌫ = �
� +

R 1
0 g0(s) ds

R 1
0 g1(s) ds

, f (x) = c + �x +
Z x

0
(x � s)(g0(s) + ⌫g1(s)) ds,

if k = 0, and by

⌫ = �
� +

R 1
0 cos(k⇡s)g0(s) ds

R 1
0 cos(k⇡s)g1(s) ds

, f (x) = c
p

2 cos(k⇡x) +
�

k⇡
sin(k⇡x) +

1
k⇡

Z x

0
sin(k⇡(x � s))(g0(s) + ⌫g1(s)) ds,

if k � 1, where c 2 R is an arbitrary constant.

The iterative application of Lemma 8 gives the following result.

Lemma 9. We define a sequence of functions as follows. For k = 0, we first set

�1
0(x) = 1. (49a)

Then, we iteratively define, for integers n � 2,345

�n
0(x) = �n�1

0 (1)x +
n�1X

i=1

⌫i
0

Z x

0
(x � s)�n�i

0 (s) ds. (49b)

where

⌫n�1
0 = ��n�1

0 (1) �
n�2X

i=1

⌫i
0

Z 1

0
�n�i

0 (s) ds. (49c)

For positive integers k � 1, we first set
�1

k(x) =
p

2 cos(k⇡x). (50a)
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Figure 1: Case of disjoint spectra: trajectory of the closed-loop system
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Then, we iteratively define, for integers n � 2,

�n
k(x) =

�n�1
k (1)
k⇡

sin(k⇡x) +
1
k⇡

n�1X

i=1

⌫i
k

Z x

0
sin(k⇡(x � s))�n�i

k (s) ds. (50b)

where

⌫n�1
k = �

p
2

0
BBBBBB@�

n�1
k (1) +

n�2X

i=1

⌫i
k

Z 1

0
cos(k⇡s)�n�i

k (s) ds

1
CCCCCCA . (50c)

Then we have, for n = 1 and for all k 2 N,350

(�1
k)00 + k2⇡2�1

k = 0, (�1
k)0(0) = (�1

k)0(1) = 0, (51a)

while, for all integers n � 2 and for all k 2 N,

(�n
k)00 + k2⇡2�n

k =

n�1X

i=1

⌫i
k�

n�i
k , (51b)

(�n
k)0(0) = �n�1

k (1), (�n
k)0(1) = 0. (51c)

In particular,

k�n
kkL1 = O(1) and ⌫n

k = O(1) if n � 1, (52a)
k�n

kkL1 = O(1/k) if n � 2, (52b)

as k ! +1. Finally,
�n

k(x) = Pn
k(x) cos(k⇡x) + Qn

k(x) sin(k⇡x). (53)
for some polynomials with real coe�cients Pn

k and Qn
k.

Proof. First, (51a) follows from the definitions (49a) and (50a) of �1
k . The proof now consists, for n � 2, of applying355

iteratively Lemma 8 by setting g0(x) =
Pn�2

i=1 ⌫
i
k�

n�i
k and g1(x) = �1

k while taking c = 0. It has only to be checked thatR 1
0 cos(k⇡s)g1(s) ds , 0. This is satisfied because for k = 0, due to (49a),

R 1
0 �1

0(s) ds = 1 and, for k � 1, due to (50a),
R 1

0 cos(k⇡s)�1
k(s) ds =

p
2/2. Finally, (52) and (53) are obtained by an induction argument based on (49) and (50).

This completes the proof.

Remark 6. The functions �n
k can be iteratively computed using (49) and (50), adequately tuning the quantities ⌫n

k so360

as to satisfy the first boundary condition of (51c). For a given number N of heat equations in the PDE cascade (1),
we will see next that only the computation of �n

k for 1  n  N is required. The first four computations give

�1
0(x) = 1,

�2
0(x) = �

x2

2
+ x,

�3
0(x) =

x4

24
�

x3

6
�

x2

12
+

x
2
,

�4
0(x) = �

x6

720
+

x5

120
+

x4

72
�

x3

9
�

17x2

720
+

7x
24
,

with ⌫1
0 = �1, ⌫2

0 = �1/6, ⌫3
0 = �17/360, ⌫4

0 = �31/1890, and, for k � 1,

�1
k(x) =

p
2 cos(k⇡x),

�2
k(x) =

(�1)k
p

2
k⇡

(1 � x) sin(k⇡x),

�3
k(x) =

p
2

k3⇡3 (x � 1) sin(k⇡x) +
p

2
2k2⇡2 x(2 � x) cos(k⇡x),

�4
k(x) = (�1)k

p
2
 

3 � x � 3x2 + x3

6k3⇡3 +
2 � 2x
k5⇡5

!
sin(k⇡x) + (�1)k

p
2

x2
� 2x

k4⇡4 cos(k⇡x)
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with ⌫1
k = 2(�1)k+1, ⌫2

k =
1

k2⇡2 , ⌫3
k = (�1)k+1 k2⇡2+6

3k4⇡4 , ⌫4
k =

k2⇡2+5
k6⇡6 .

Lemma 10. Under Assumption 2, the eigenvalues ofA are given by365

�k = a � k2⇡2, k � 0. (54)

They are of geometric multiplicity 1 and of algebraic multiplicity N with associated generalized eigenvectors

�i,k = (� j
i,k)1 jN = (�i

k,�
i�1
k , . . . ,�

1
k|              {z              }

i elements

, 0, . . . , 0|  {z  }
N�i times

) 2 D(A) (55)

for integers 1  i  N and k 2 N, that satisfy

A�i,k = �k�i,k +

i�1X

j=1

⌫i� j
k � j,k. (56)

Hence, in (�i,k)1iN, the matrix of (the restriction of)A is given by

Mk =

2
66666666666666666666666666666664

�k ⌫1
k ⌫2

k ⌫3
k . . . ⌫N�1

k
0 �k ⌫1

k ⌫2
k . . . ⌫N�2

k

0 0 �k ⌫1
k
. . .

...

0 0 0 �k
. . . ⌫2

k
...
...
. . .

. . . �k ⌫1
k

0 0 . . . 0 0 �k

3
77777777777777777777777777777775

(57)

which has �k as unique eigenvalue, of geometric multiplicity 1 and of algebraic multiplicity N.

Proof. Recalling thatA(( f j)1 jN) = (( f j)00+a f j)1 jN with domain (3), and defining �i,k by (55), it can be observed370

from (51) that (56) holds.

Remark 7. Lemma 9 is derived by iteratively applying Lemma 8 with c = 0 at each step. This choice is arbitrary:
a di↵erent value of c could be chosen at each step of the iteration. This would change the eigenelements �i,k defined
in Lemma 10. This reflects the fact that there is one degree of freedom3 in the definition of each of the generalized
eigenvectors �i,k for 2  i  N. This degree of freedom corresponds to the fact that a generalized eigenvector375

translated by an eigenvector associated with the same eigenvalue remains a generalized eigenvector. Since constants
c , 0 would make the expressions of �i,k more complex, there is no technical benefit of choosing c , 0. Note however
that this choice fixes the corresponding constants in the dual construction (see Remark 9).

Remark 8. Since Mk has one single eigenvalue, of geometric multiplicity 1, Mk is similar to a Jordan block.

Lemma 11. � = {�i,k | 1  i  N, k 2 N} is a Riesz basis ofH0. Moreover,A generates a C0-semigroup.380

Proof. Define �̂ = {�̂i,k | 1  i  N, k 2 N} with �̂i,k = (�̂ j
i,k)1 jN where �̂ j

i,k(x) = �i, j'k(x) and 'k is defined as in (5)
for j = i. Here �i,i = 1 while �i, j = 0 whenever i , j. It is easy to see that �̂ is a Hilbert basis of H0. Hence, noting
that �1

k = 'k and invoking (52b), we infer that

NX

i=1

X

k�0

k�i,k � �̂i,kk
2
H0 =

NX

i=1

i�1X

j=1

X

k�0

k� j
i,kk

2
L2 =

NX

i=1

iX

j=2

X

k�0

k� j
kk

2
L2 < 1.

Since � is !-linearly independent, Bari’s theorem (see [55, Chap. VI, Thm. 2.3]) implies that � is a Riesz basis of
H

0. Finally, a similar approach to [57, Lem. 2.1] shows that A generates a C0-semigroup because keMkt
k  g(t) for

all k 2 N and for some real-valued continuous function g (see the beginning of the proof of Theorem 4).

3The number of degrees of freedom coincides with the geometric multiplicity of the associated eigenvalues, which is 1 in our case.

18



The previous lemma provides a suitable framework for studying the solutions in L2 norm. The tool for studying
the solutions in H1 norm is provided by the following lemma.385

Lemma 12. �̃ = {�̃i,k | 1  i  N, k 2 N}, where �̃i,k =
1

p
1+k2⇡2

�i,k, is a Riesz basis ofH1 (defined by (14)).

Proof. Define �̌ = {�̌i,k | 1  i  N, k 2 N} with �̌i,k = (�̌ j
i,k)1 jN where �̌ j

i,k(x) = 1
p

1+k2⇡2
�i, j'k(x). We know

that �̌ is a Riesz basis of H1. We apply Bari’s theorem by comparing �̃ to the Riesz basis �̌. Since �̃ is !-linearly
independent, it remains to show that

X

1iN

X

k�0

k�̃i,k � �̌i,kk
2
H1 =

NX

i=1

i�1X

j=1

X

k�0

1
1 + k2⇡2 k�

j
i,kk

2
H1 =

NX

i=1

iX

j=2

X

k�0

1
1 + k2⇡2 k�

j
kk

2
H1 < 1. (58)

Based on (52b), we already know that, for any fixed n � 2, k�n
kkL2 = O(1/k) as k ! +1. It remains to study the terms

k(�n
k)0kL2 for n � 2 as k ! +1. We infer from (50b) that

(�n
k)0(x) = �n�1

k (1) cos(k⇡x) +
n�1X

i=1

⌫i
k

Z x

0
cos(k⇡(x � s))�n�i

k (s) ds.

Based on (52a), we thus infer that k(�n
k)0kL1 = O(1) as k ! +1 for any given n � 2. Hence (58) holds true, which390

concludes the proof.

In order to compute the dual Riesz basis of�, we introduce the adjoint operatorA⇤((g j)1 jN) = ((g j)00+ag j)1 jN
defined on the domain (6). The next two lemmas are similar to Lemmas 8 and 9 but di↵er due to the di↵erent boundary
conditions in the definitions of the domains D(A) and D(A⇤). They play a key role in the derivation of the dual Riesz
basis  of �, and subsequently in the study of the controllability properties of the plant, as we shall see next.395

Lemma 13. Let k 2 N, � 2 R, and g0, g1 2 L2(0, 1) be such that
R 1

0 cos(k⇡s)g1(s) ds , 0. Then, the functions
f : [0, 1]! R and real numbers ⌫ 2 R that satisfy f 00 + k2⇡2 f = g0 + ⌫g1, f 0(0) = 0, f 0(1) = �, are given by

⌫ =
� �

R 1
0 g0(s) ds

R 1
0 g1(s) ds

, f (x) = c +
Z x

0
(x � s)(g0(s) + ⌫g1(s)) ds,

if k = 0, and by

⌫ =
(�1)k� �

R 1
0 cos(k⇡s)g0(s) ds

R 1
0 cos(k⇡s)g1(s) ds

, f (x) = c
p

2 cos(k⇡x) +
1
k⇡

Z x

0
sin(k⇡(x � s))(g0(s) + ⌫g1(s)) ds,

if k � 1, where c 2 R is an arbitrary constant.

The iterative application of Lemma 13 gives the following result.400

Lemma 14. We define a sequence of functions as follows. For k = 0, we first set

⌧1
0(x) = 1. (59a)

Then, we iteratively define for integers n � 2

⌧n
0(x) = cn

0 +

n�1X

i=1

⌫̃i
0

Z x

0
(x � s)⌧n�i

0 (s) ds

|                            {z                            }
=⌧n

0,0(x)

. (59b)

where

⌫̃n�1
0 = �⌧n�1

0 (0) �
n�2X

i=1

⌫̃i
0

Z 1

0
⌧n�i

0 (s) ds, (59c)
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and

cn
0 = �

n�1X

i=1

Z 1

0
�n�i+1

0 (s)⌧i
0(s) ds �

Z 1

0
�1

0(s)⌧n
0,0(s) ds. (59d)

For integers k � 1, we first set405

⌧1
k(x) =

p
2 cos(k⇡x). (60a)

Then, we iteratively define for integers n � 2

⌧n
k(x) = cn

k

p
2 cos(k⇡x) +

1
k⇡

n�1X

i=1

⌫̃i
k

Z x

0
sin(k⇡(x � s))⌧n�i

k (s) ds

|                                           {z                                           }
=⌧n

k,0(x)

(60b)

where

⌫̃n�1
k = �

p
2
✓
(�1)k⌧n�1

k (0) +
n�2X

i=1

⌫̃i
k

Z 1

0
cos(k⇡s)⌧n�i

k (s) ds
◆

(60c)

and

cn
k = �

n�1X

i=1

Z 1

0
�n�i+1

k (s)⌧i
k(s) ds �

Z 1

0
�1

k(s)⌧n
k,0(s) ds. (60d)

Then we have, for all k 2 N,
(⌧1

k)00 + k2⇡2⌧1
k = 0, (⌧1

k)0(0) = (⌧1
k)0(1) = 0, (61a)

and410

(⌧n
k)00 + k2⇡2⌧n

k =

n�1X

i=1

⌫̃i
k⌧

n�i
k , (⌧n

k)0(0) = 0, (⌧n
k)0(1) = �⌧n�1

k (0), (61b)

for all n � 2. Furthermore we have the biorthogonality condition:

nX

i=1

Z 1

0
�n�i+1

k (s)⌧i
k(s) ds = 0 8n � 2. (62)

Finally, ⌧n
k can be expressed as

⌧n
k(x) = P̃n

k(x) cos(k⇡x) + Q̃n
k(x) sin(k⇡x). (63)

for some polynomials with real coe�cients P̃n
k and Q̃n

k.

Proof. First, (61a) follows from the definitions (59a) and (60a) of ⌧1
k . The proof now consists, for n � 2, of applying it-

eratively Lemma 13 by setting g0(x) =
Pn�2

i=1 ⌫̃i⌧n�i
k and g1(x) = ⌧1

k . It only has to be checked that
R 1

0 cos(k⇡s)g1(s) ds ,415

0. For k = 0, due to (59a),
R 1

0 �1
0(s) ds = 1 and, for k � 1, due to (60a),

R 1
0 cos(k⇡s)�1

k(s) ds =
p

2/2. The biorthogo-
nality condition (62) holds true by fixing the arbitrary constant c appearing in Lemma 13 as (59d) and (60d).

Remark 9. The construction of the Riesz basis � relied on the iterative application of Lemma 8, giving Lemma 9.
In that construction, we fixed the arbitrary constant c from Lemma 8 as c = 0. Note that for the dual construction
of Lemma 14, the arbitrary constant c appearing in Lemma 13 still corresponds to the solutions to the homogeneous420

ODE, i.e., for g0 = g1 = 0 and � = 0. However, in the iterative application of Lemma 13, giving Lemma 14, c is not
defined as 0 but iteratively defined by (59d) and (60d). Such a definition of the c constant is made to ensure that the
biorthogonality condition (62) holds. This latter condition will be key in the construction of the dual Riesz basis  of
� to ensure that � and  are biorthogonal.
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Remark 10. The functions ⌧n
k can be iteratively computed using (59) and (60). For a given number N of heat equations425

in the PDE cascade (1), only the computation of ⌧n
k for 1  n  N is required. The first four computations give

⌧1
0(x) = 1,

⌧2
0(x) = �

x2

2
�

1
6
,

⌧3
0(x) =

x4

24
�

1
15
,

⌧4
0(x) = �

x6

720
+

x4

144
+

17x2

720
�

457
15120

along with ⌫n
0 = ⌫̃

n
0 for 1  n  4, and, for k � 1,

⌧1
k(x) =

p
2 cos(k⇡x),

⌧2
k(x) =

(�1)k+1
p

2x
k⇡

sin(k⇡x) +
4 � (�1)k

p
2

2k2⇡2 cos(k⇡x),

⌧3
k(x) =

(3
p

2 + 4(�1)k+1)x
2k3⇡3 sin(k⇡x) +

p
2
0
BBBB@

1 � 3x2

6k2⇡2 + 3
1 + (�1)k+1

p
2

k4⇡4

1
CCCCA cos(k⇡x),

⌧4
k(x) =

0
BBBB@(�1)k

p
2

x(�2 + x2)
6k3⇡3 +

16 + 11
p

2(�1)k+1

2k5⇡5 x
1
CCCCA sin(k⇡x)

+

0
BBBB@

8 + 6
p

2(�1)k+1 + (�12 + 15
p

2(�1)k)x2

12k4⇡4 +
p

2
135
p

2 + 162(�1)k+1

12k6⇡6

1
CCCCA cos(k⇡x),

with ⌫n
k = ⌫̃

n
k for 1  n  4.

Lemma 15. Under Assumption 2, the dual Riesz basis  = { i,k, | 1  i  N, k 2 N} of � is described by

 i,k = ( j
i,k)1 jN = (0, . . . , 0|  {z  }

i�1 times

, ⌧1
k , ⌧

2
k , . . . , ⌧

N�i+1
k|               {z               }

N�i+1 elements

) 2 D(A⇤) (64)

for integers 1  i  N, k 2 N. Furthermore we have ⌫i
k = ⌫̃

i
k and430

A
⇤ i,k = �k i,k +

N�iX

j=1

⌫ j
k i+ j,k. (65)

Hence, in ( i,k)1iN, the matrix ofA is M>k as defined by (57).

Proof. By definition ofA⇤ and the ODEs (61) satisfied by ⌧n
k , we infer that

A
⇤ i,k = �k i,k +

N�iX

j=1

⌫̃ j
k i+ j,k. (66)

We now show that � and  are biorthogonal, i.e., h�i,k, i0,k0 i = �(i,k),(i0,k0). Using the definitions (55) and (64) of
�i,k and  i,k, respectively, the fact that �1

0(x) = ⌧1
0(x) = 1 while �1

k(x) = ⌧1
k(x) =

p
2 cos(k⇡x) for k 2 N⇤, and the

biorthogonality property (62), we infer that h�i,k, i0,ki = �i,i0 . For k , k0, the computation of the two sides of the435

identity hA�i,k, i0,k0 i = h�i,k,A⇤ i0,k0 i, for 1  i, i0  N, by using (56) and (66) shows that h�i,k, i0,k0 i = 0. Hence �
and  are biorthogonal. It remains to show that ⌫i

k = ⌫̃
i
k. This is inferred from the computation of the two sides of the

identity hA�i,k, i0,ki = h�i,k,A⇤ i0,ki.
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3.2. Spectral reduction of the system
Consider again the change of variable (18) that gives the homogenenous representation (19). Defining the states440

X = (y j)1 jN (original coordinates) and X̃ =
⇣
(y j)1 jN�1, ỹN

⌘
(homogeneous coordinates), we infer the change of

variable formula (20) along with the abstract system dynamics (21). Define the coe�cients of projection (22) and the
vectors

xk =

2
66666666664

x1,k
...

xN,k

3
77777777775
, x̃k =

2
66666666664

x̃1,k
...

x̃N,k

3
77777777775
, ↵k =

2
66666666664

↵1,k
...

↵N,k

3
77777777775
, �k =

2
66666666664

�1,k
...

�N,k

3
77777777775
.

We infer from (20) that x̃k = xk + �ku while (21) gives

˙̃xk = Mkx̃k + ↵ku + �k3 (67)

where we recall that 3 = u̇ is our new control. Combining the two latter identities, we infer that445

ẋk = Mkxk + Nku (68)

where Nk = ↵k + Mk�k. Hence, the dynamics of the mode �k is described by (68). The study of its controllability
properties relies on the following lemma.

Lemma 16. We have Nk = �µk
h
cN

k cN�1
k . . . c1

k 1
i>

for all k 2 N. Here µ0 = 1 and µk =
p

2 for all k 2 N⇤.

Proof. By the definition (22) of ↵i,k and using integrations by parts, we infer that

↵i,k =

Z 1

0
('00 + a') N

i,k dx =
h
'0 N

i,k � '( N
i,k)0

i1

0
+

Z 1

0
'(( N

i,k)00 + a N
i,k) dx = � N

i,k(0) � h�,A⇤ i,ki

where we have used that '(1) = '0(1) = 0, '0(0) = 1, and ( N
i,k)0(0) = 0. In view of (65) we have h�,A⇤ i,ki = (Mk)Li�k

where (Mk)Li denotes the i-th line of the matrix Mk, which gives ↵i,k + (Mk)Li�k = � N
i,k(0). Hence, for all 1  i  N,

we have
Nk = �

h
 N

1,k(0)  N
2,k(0) . . . N

N,k(0)
i>
= �

h
⌧N

k (0) ⌧N�1
k (0) . . . ⌧1

k(0)
i>

where we have used (64). The conclusion follows from (59)-(60).

Noting that ⌫1
k , 0 and µk , 0, the application of the Hautus test shows that (68) is controllable for all k 2 N.450

3.3. Output feedback control strategy
Consider the output (26) measured on the last component y1 of the PDE cascade (1).
Let ! > 0 be the targeted exponential decay rate for the closed-loop system. Using (54), we choose a large enough

integer n0 � 0 such that �n0 < �!, implying that �k  �n0 < �! for all integers k � n0. We now introduce a finite-
dimensional dynamics that captures the n0 first modes of the plant. Defining the state vector X1 = col(x0, x1, . . . , xn0�1),455

we infer from (67) that
Ẋ1 = A1X1 + B1,uu + B1,33 (69)

where
A1 = diag(M0,M1, . . . ,Mn0�1), B1,u = col(↵0,↵1, . . . ,↵n0�1), B1,3 = col(�0, �1, . . . , �n0�1).

Recalling that 3 = u̇, we define the augmented state vector X1,a = col(X1, u), obtaining the dynamics

Ẋ1,a = A1,aX1,a + B1,a3 (70)

where the matrices A1,a and B1,a are defined by (29).
Under Assumption 2, k , l ) sp(Mk) \ sp(Ml) = ; where sp(Mk) denotes the spectrum of the matrix Mk.

Therefore, the application of the Hautus test shows that the pair (A1,a, B1,a) is controllable if and only if the last entry460

of Nk = ↵k + Mk�k , 0 is not zero for all 0  k  n0 � 1. The result of Lemma 16 implies the following statement.

22



Lemma 17. Under Assumption 2, the pair (A1,a, B1,a) is controllable.

Remark 11. At this step, it is possible to design a state-feedback control strategy as in Remark 2.

Proceeding as in the previous section, the measurement (26) is expanded as

z(t) =
NX

i=1

X

k�0

ci,k x̃i,k(t) = C1X1(t) +
X

k�n0

ckx̃k(t) (71)

where ci,k is defined by (31) and

ck =
h
c1,k c2,k . . . cN,k

i
, C1 =

h
c0 c1 . . . cn0�1

i
.

Again, under Assumption 2, k , l ) sp(Mk) \ sp(Ml) = ;. Hence, the application of the Hautus test shows that the465

pair (A1,C1) is observable if and only if c1,k , 0 for all 0  k  n0 �1. By the definition (31) of ci,k and the expression
of �1,k given by (55), we infer the following result.

Lemma 18. Under Assumption 1, the pair (A1,C1) is observable if and only if
Z 1

0
c(x) cos(k⇡x) dx , 0, 0  k  n0 � 1. (72)

The observability condition for the pair (A1,C1) stated by Lemma 18 is reminiscent of conditions under which the
studied system is detectable, such as [42, Thm. 5.2.9] but in the case of Jordan blocks.470

We are now in position to define our output feedback control strategy. Let n1 � n0 be an integer to be chosen large
enough later on. We defined the following controller dynamics:

u̇ = 3 (73a)

˙̂X1 = A1X̂1 + B1,uu + B1,33 � L

0
BBBBBB@C1X̂1 +

n1X

k=n0

ckx̂k � z

1
CCCCCCA (73b)

˙̂xk = Mkx̂k + ↵ku + �k3, n0  k  n1 (73c)

3 = �KxX̂1 � kuu (73d)

where ku 2 R and Kx 2 R1⇥n0N are the feedback gains and L 2 Rn0N is the observer gain.

Theorem 4. Let a1 = a2 = . . . = aN 2 R (Assumption 2) and let c 2 L2(0, 1). Let ! > 0 be arbitrary. Let n0 2 N be
large enough so that �n0 < �!. Assuming that the observability condition (72) holds, let K =

h
Kx ku

i
2 R1⇥(n0N+1)

475

and L 2 Rn0N be matrices such that A1,a � B1,aK and A1 � LC1 are Hurwitz with spectral abscissa less than �!.
Then, for any n1 � n0 large enough, the closed-loop system consisting of the PDE cascade (1), the output (26) and the
controller (73), satisfies (34) with Y = H0 defined by (2) for mild solutions and Y = H1 defined by (14) for classical
solutions.

Proof. We define X̂1 = col(x̂0, x̂1, . . . , x̂n0�1), ek = x̃k � x̂k and480

E1 = col(e1, e2, . . . , en0�1), E2 = col((n0 + 1)en0 , . . . , (n1 + 1)en1 ),

X̂1,a = col(X̂1, u), X̂2 = col(x̂n0 , x̂n0+1, . . . , x̂n1 ), X = col(X̂1,a, E1, X̂2, E2).

Here we set  = 0. A di↵erent value will be set later on in the proof of Theorem 5. Combining (67), (69), (70), (71),
and (73), we obtain

Ẋ = FX +L⇣ (74)

where the measurement residue is defined by
⇣ =

X

k�n1+1

ckx̃k (75)
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and

F =

2
6666666666664

A1,a � B1,aK LaC1 0 LaC2
0 A1 � LC1 0 �LC2⇥

0 B2,u
⇤
� B2,3K 0 A2 0

0 0 0 A2

3
7777777777775
, L = col(La,�L, 0, 0),

where

K =
h
Kx ku

i
, La = col(L, 0), A2 = diag(Mn0 ,Mn0+1, . . . ,Mn1 ),

B2,u = col(↵n0 ,↵n0+1, . . . ,↵n1 ), B2,3 = col(�n0 , �n0+1, . . . , �n1 ), C2 =
h cn0

(n0+1)
cn0+2

(n0+1) . . .
cn1

(n1+1)
i
.

The input u and its time derivative 3 are expressed as (37).485

Since, for k � n0, the matrix Mk defined by (57) has a spectral abscissa less than �!, it follows that M̃k = Mk +!I
is Hurwitz. We can thus define Pk � 0 as the solution of the Lyapunov equation

M>k Pk + Pk Mk + 2!Pk = M̃>k Pk + Pk M̃k = �|�k |I (76)

for all k � n0. Defining �k = Pk �
1
2 I, let us prove that k�kk = O(1/k2) as k ! +1. Using (52a) and (57), the matrix

Rk = Mk � �kI satisfies kRkk = O(1). Substituting M̃k = Mk +!I = (�|�k |+!)I +Rk and Pk =
1
2 I +�k into (76) while

using (54), we infer that k�kk = O(1/k2). Hence there exist �m, �M > 0 such that490

kPkk  �M and �mI � Pk � �MI 8k � n0 + 1. (77)

Noting that Rk 2 RN⇥N is nilpotent (because upper triangular with zeros on the diagonal), we obtain e(Mk+!I)t =

e(�k+!)teRkt = e(�k+!)t PN�1
i=0

Ri
kti

i! . Since kRkk = O(1), we infer the existence of a polynomial function P1 2 RN�1[X],
not depending on k, such that ke(Mk+!I)t

k  P1(t)e(�k+!)t
 P1(t)e(�n0+!)t for all t � 0 and k � n0. Since �n0 < �!,

there exist c, ✏ > 0, not depending on n1, such that

ke(A2+!I)t
k  ce�✏t 8t � 0 8n1 � n0. (78)

We now define the Lyapunov functional candidates to establish the stability estimate (34). InH0 norm, we define495

V = X>PX +
X

k�n1+1

x̃>k Pk x̃k (79)

for some matrix P � 0. The equivalence between (79) and the (squared)H0 norm follows from (77) and Lemma 11.
InH1 norm, we define for classical solutions

V = X>PX +
X

k�n1+1

(1 + k2)x̃>k Pk x̃k (80)

for some matrix P � 0. The equivalence between (39) and the (squared) H1 norm follows from (77) and Lemma 12
since the series expansion (40) holds.

In what follows we focus on theH1 norm. We compute the derivative of V defined by (80) along the solutions of500

(67) and (74). Using the Lyapunov equations (76), the estimates (77), Young’s inequality and (37), we obtain

V̇ + 2!V = X̃>
"
F>P + PF + 2!P PL

L
>P 0

#
X̃ + 2

X

k�n1+1

(1 + k2)x̃>k (M>k Pk + Pk Mk + 2!Pk)x̃k

+ 2
X

k�n1+1

(1 + k2)x̃>k Pk(↵ku + �k3)

 X̃>
"
⇥1,1 PL
L
>P 0

#
X̃ + 2

X

k�n1+1

(1 + k2)
0
BBBB@�k +

�2
M(1 + k2)

✏

1
CCCCA kx̃kk

2
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for all ✏ > 0, where X̃ = col(X, ⇣) and

⇥1,1 = F>P + PF + 2!P + ✏
⇣
S ↵,n1 Ẽ>Ẽ + S �,n1 K̃>K̃

⌘

where S ↵,n1 =
P

k�n1+1 k↵kk
2 < 1 and S �,n1 =

P
k�n1+1 k�kk

2 < 1. Using (75) and the Cauchy-Schwarz inequality, we
infer that

⇣2


X

k�n1+1

kckk
2

|       {z       }
=S ⇣,n1<1

X

k�n1+1

kx̃kk
2.

Combining the two latter estimates, we obtain that505

V̇ + 2!V  X̃>⇥1X̃ +
X

k�n1+1

(1 + k2)�kkx̃kk
2 (81)

where

⇥1 =

"
⇥1,1 PL
L
>P �⌘

#
, (82a)

�k = 2
0
BBBB@�k +

�2
M(1 + k2)

✏

1
CCCCA +

⌘S ⇣,n1

1 + k2 = 2
0
BBBB@�k2

0
BBBB@⇡2
�
�2

M

✏

1
CCCCA + a +

�2
M

✏

1
CCCCA +

⌘S ⇣,n1

1 + k2 (82b)

for all ✏, ⌘ > 0. In particular, for all ✏ > �2
M/⇡

2, we have �k  �n1+1 for all k � n1 + 1. We thus infer that

V̇ + 2!V  X̃>⇥1X̃ + �n1+1

X

k�n1+1

(1 + k2)kx̃kk
2

for all ✏ > �2
M/⇡

2 and all ⌘ > 0. Hence V̇ + 2!V  0, giving the claimed stability estimate (34), provided that there
exists an integer n1 � n0 + 1, real numbers ✏ > �2

M/⇡
2 and ⌘ > 0 and a matrix P � 0 such that ⇥1 � 0 and �n1+1  0.

Let us prove the feasibility of these constraints. Recall that F is Hurwitz with spectral abscissa less than �!. Note510

also that kC2k = O(1), kB2,uk = O(1) and kB2,3k = O(1) as n1 ! +1. Finally, recall that (78) holds for some constants
c, ✏ > 0 not depending on n1. Hence, the application of the lemma in Appendix of [52] shows that the solution P � 0
to F>P + PF + 2!P = �I satisfies kPk = O(1) as n1 ! +1. We now arbitrarily fix ✏ > �2

M/⇡
2 and define

⌘ =

8>><
>>:

1p
S ⇣,n1

if S ⇣,n1 , 0

n1 otherwise
.

We infer that �n1+1 ! �1 as n1 ! +1. Moreover, the Schur complement shows that ⇥1 � 0 if n1 is chosen
su�ciently large. This completes the proof.515

3.4. Extension to pointwise Dirichlet measurement
Consider the case of the pointwise measurement of y1 given by (45). Then the series expansion (30) still holds

true but with ci,k = �1
i,k(⇠p). We thus infer, similarly to Lemma 18 and in view of the expression of �1

i,k given by (55),
that the pair (A1,C1) is observable if and only if

cos(k⇡⇠p) , 0, 0  k  n0,1 � 1. (83)

Theorem 5. Considering the pointwise measurement (45) for some ⇠p 2 [0, 1], replacing the observability condition520

(72) by (83), the statement of Theorem 4 holds true with Y = H1 defined by (2).

The proof follows the arguments developed in the proof of Theorems 2 and 4 by setting  = 1.

Remark 12. In the case of N identical heat equations (Assumption 2), the pointwise measurement of y1
x given by (47)

is never an appropriate output for the feedback stabilization of the PDE cascade (1). Indeed, in view of (54), the open-
loop system is unstable if and only if �0 = a > 0. But this mode is never observable for the pointwise measurement525

(47) because c1,0 = (�1
1,0)0(⇠p) = 0. Hence, an output feedback strategy based on the pointwise measurement of y1

x
given by (47) is not su�cient to stabilize the PDE cascade (1).
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3.5. Numerical illustration
We consider the N heat cascade (1) with N = 4 and a1 = a2 = a3 = a4 = 1, which satisfies Assumption 2.

We consider again the pointwise measurement (45) with ⇠p =
p

2/3. It can be checked that �0 > 0, thus is the530

open-loop system is unstable. Owing to �1 < 0, we set n0 = 1. It is checked that the observability condition (72)
holds. Next the feedback gains K and L are computed so that the eigenvalues of A1,a � B1,aK and A1 � LC1 are placed
at {�1,�1.25,�1.5,�1.75,�2} and {�2.25,�2.5,�2.75,�3}, respectively. The behavior for the resulting closed-loop
system is depicted in Fig 2 for n1 = 2, starting from the initial condition y1

0(x) = 4
⇡ sin( ⇡2 x), y2

0(x) = 1
3 x3
� x + 2,

y3
0(x) = � 1

2 x2 + x � 3/2, and y4
0(x) = 1 + 10x2(1 � x)2. As expected from the theoretical analysis, the closed-loop535

system trajectory decays exponentially fast to zero.

4. Conclusion

We have studied the boundary output feedback stabilization problem for a cascade on N heat equations, with a
spectral approach, using the key property that the (generalized) eigenelements of the underlying operator form a Riesz
basis. Our presentation focused on the two extreme case of either two-by-two distinct eigenvalues or eigenvalues of540

multiplicity N, but the intermediate cases can be handled similarly. Future works may address other PDE cascades,
including possibly the case of cascades mixing parabolic and hyperbolic PDEs. A first result into that direction is
reported in [4] for the case of a wave-heat cascade. Extensions to other configurations such as a heat-wave cascade,
cascades with multiple heat and wave equations, as well as other types of hyperbolic PDEs, for instance mixing the
method develop in this paper with backstepping-based approaches for cascades of hyperbolic PDEs [17, 18], remain545

open.
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