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Abstract. This paper is concerned with the Proportional Integral (PI) regulation control of the4
left Neumann trace of a one-dimensional semilinear wave equation. The control input is selected as5
the right Neumann trace. The control design goes as follows. First, a preliminary (classical) velocity6
feedback is applied in order to shift all but a finite number of the eivenvalues of the underlying7
unbounded operator into the open left half-plane. We then leverage the projection of the system8
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1. Introduction.17

1.1. Historical context. Due to its widespread adoption by industry [2, 3],18

the stabilization and regulation control of finite-dimensional systems by means of19

Proportional-Integral (PI) controllers has been intensively studied. For this reason,20

the opportunity of extending PI control strategies to infinite-dimensional systems,21

and in particular to systems modeled by partial differential equations (PDEs), has22

attracted much attention in the recent years. Efforts in this research direction were23

originally devoted to the case of bounded control operators [25, 26] and then extended24

to unbounded control operators [35]. The study of PI control design combined with25

high-gain conditions was reported in [23]. More recently, the problem of PI boundary26

control of linear hyperbolic systems has been reported in a number of works [6, 12, 17,27

36]. This research direction has then been extended to the case of nonlinear transport28

equations [5, 8, 13, 16, 27, 33]. The case of the state-feedback boundary regulation29

control of the Neumann trace for a linear reaction-diffusion PDE in the presence of an30

input delay was considered in [21] while extensions to output feedback strategies were31

reported in [18, 20]. The case of the boundary regulation control of the boundary32

velocity for linear damped wave equations, in the presence of a nonlinearity in the33

boundary conditions, has been considered in [4, 32]. A general procedure allowing the34

addition of an integral component for regulation control to open-loop exponentially35

stable semigroups with unbounded control operators has been proposed in [30, 31].36

This paper is concerned with the PI regulation control of the left Neumann trace37
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of a one-dimensional semilinear (undamped) wave equation. The selected control38

input takes the form of the right Neumann trace. The control design procedure goes39

as follows. First, inspired by [10], a preliminary (classical) velocity-feedback is applied40

in order to shift all but a finite number of the eigenvalues of the underlying unbounded41

operator into the open left half-plan. Second, inspired by the early work [28] later42

extended in [9, 10, 29] to semilinear heat and wave PDEs, we leverage the projection of43

the system trajectories into a Riesz basis formed by the generalized eigenstructures of44

the unbounded operator in order to obtain a truncated model capturing the remaining45

unstable modes. Finally, similarly to [21] in the context of a reaction-diffusion PDE,46

we adapt to this infinite-dimensional model a classical PI control design procedure as47

the one recalled in Subsection 1.2 for finite-dimensional systems. The local stability48

of the resulting closed-loop infinite-dimensional system, and the subsequent set point49

regulation performance, is assessed by a Lyapunov-based argument. The theoretical50

results are illustrated based on the simulation of an open-loop unstable semilinear51

wave equation.52

1.2. The rationale behind Proportional-Integral control. Consider the53

case of a finite-dimensional linear time invariant system described by54

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t)55

where x(t) ∈ Rn is the state, u(t) ∈ R is the control input, and y(t) ∈ R is the to-be-56

regulated output. Here one has A ∈ Rn×n, B ∈ Rn, and C ∈ R1×n. Assuming that the57

control design objective is to (i) stabilize the closed-loop system, and (ii) ensure that58

the system output y(t) achieves the setpoint tracking of a reference signal r(t) ∈ R,59

that is y(t) → re as t → +∞ as soon as r(t) → re ∈ R, the PI approach consists of60

the addition of the integral component ζ(t) ∈ R whose dynamics is described by61

ζ̇(t) = y(t)− r(t) = Cx(t)− r(t).62

Augmenting the state vector as X =
[
x> ζ

]> ∈ Rn+1 and defining A =

[
A 0
C 0

]
∈63

R(n+1)×(n+1), B =

[
B
0

]
∈ Rn+1, and Br =

[
0
1

]
∈ Rn+1, the system dynamics read64

Ẋ(t) = AX(t) + Bu(t)−Brr(t).65

The pair (A,B) satisfies the Kalman condition if and only if the pair (A,B) satisfies66

the Kalman condition and the matrix

[
A B
C 0

]
is full rank. In that case, by setting67

the state-feedback u(t) = KX(t) where K ∈ R1×(n+1) is selected such that the matrix68

AK = A + BK is Hurwitz, the closed-loop dynamics reads69

Ẋ(t) = AKX(t)−Brr(t).70

We can now characterize the equilibrium condition of the system associated with a71

constant reference signal r(t) = re ∈ R. Since AK is Hurwitz and thus invertible, we72

can define Xe =
[
x>e ζe

]>
= A−1

K Brre which satisfies 0 = AKXe −Brre. From the73

latter identity, we obtain in particular from the last line that Cxe = re. Introducing74

∆X = X −Xe and ∆r = r − re, we infer that75

∆Ẋ(t) = AK∆X(t)−Br∆r(t), y(t)− re =
[
C 0

]
∆X(t).76
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When r(t) = re, this ensures the exponential decrease of both the system trajectories77

∆X(t) and the regulation error y(t) − re to zero. More generally, this achieves the78

setpoint tracking of the reference signal in the sense that if r(t) → re as t → +∞,79

then y(t)→ re.80

1.3. Contribution. Let L > 0 and let f : R→ R be a function of class C2. We81

consider the wave equation on (0, L)82

∂2y

∂t2
=
∂2y

∂x2
+ f(y), y(t, 0) = 0,

∂y

∂x
(t, L) = u(t),(1.1a)83

y(0, x) = y0(x),
∂y

∂t
(0, x) = y1(x),(1.1b)84

85

for t > 0 and x ∈ (0, L), where the state is y(t, ·) : [0, L] → R and the control input86

is u(t) and applies to the right Neumann trace. The control objective is to locally87

stabilize the closed-loop system and locally regulate the system output selected as the88

left Neumann trace z(t) = ∂y
∂x (t, 0).89

Definition 1.1. A function ye ∈ C2([0, L]) is a steady-state of (1.1) with asso-90

ciated constant control input ue ∈ R and constant system output ze ∈ R if y′′e (x) +91

f(ye(x)) = 0 for all x ∈ (0, L), ye(0) = 0, y′e(L) = ue and ze = y′e(0).92

Remark 1.2. Introducing F (y) =
∫ y

0
f(s) ds for any y ∈ R, assume either that93

F (y)→ +∞ when |y| → +∞, or that, for any a > 0, the integral
∫

dy√
a−F (y)

diverges94

at −∞ and +∞. Then we have the existence of a steady state ye ∈ C2([0, L]) of95

(1.1) associated with any given value of the system output ze ∈ R. Indeed, define96

y ∈ C2([0, l)) with 0 < l ≤ +∞ as the maximal solution of y′′+f(y) = 0 with y(0) = 097

and y′(0) = ze. We only need to assess that l > L. Multiplying by y′ both sides of98

the ODE satisfied by y and then integrating over [0, x], we observe that y satisfies99

the conservation law y′(x)2 + 2F (y(x)) = z2
e for all x ∈ [0, l). Hence any of the two100

above assumptions implies that y and y′ are bounded on [0, l). Thus l = +∞ and the101

associated steady state control input is given by ue = y′(L).102

Let ye ∈ C2([0, L]) be a steady-state of (1.1) with associated output ze ∈ R. This103

steady-state is fixed for the rest of the study. The objective addressed in this paper104

is the design of a controller ensuring for any given steady-state y0 ∈ C2([0, L]) of (1.1)105

located in a neighborhood1 of ye, and with associated output z0 ∈ R, the local stability106

of the closed-loop system and the regulation z(t) = ∂y
∂x (t, 0)→ z0 when t→ +∞. To107

achieve this objective, we propose to apply a PI-type control design procedure on the108

PDE model. We introduce the following deviations: yδ(t, x) = y(t, x) − ye(x) and109

uδ(t) = u(t) − ue. A Taylor expansion with integral remainder shows that (1.1) can110

equivalently be rewritten under the form111

∂2yδ
∂t2

=
∂2yδ
∂x2

+ f ′(ye)yδ + y2
δ

∫ 1

0

(1− s)f ′′(ye + syδ) ds,(1.2a)112

yδ(t, 0) = 0,
∂yδ
∂x

(t, L) = uδ(t),(1.2b)113

yδ(0, x) = y0(x)− ye(x),
∂yδ
∂t

(0, x) = y1(x),(1.2c)114
115

1In the sense of the L∞(0, 1) norm.
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for t > 0 and x ∈ (0, L), while the output to be regulated is now expressed as116

(1.3) zδ(t) =
∂yδ
∂x

(t, 0) = z(t)− ze.117

Finally, following classical proportional integral control design schemes, we introduce118

the integral component on the tracking error119

(1.4) ζ̇(t) =
∂yδ
∂x

(t, 0)− zr(t) = z(t)− (ze + zr(t))120

where ze ∈ R stands for the output value of the steady-state ye while zr(t) ∈ R121

represents deviations of the reference signal around ze.122

Remark 1.3. It was shown in [21] for a linear reaction-diffusion equation with123

Dirichlet boundary control that a simple proportional integral controller can be used124

to successfully control a Neumann trace. The control design was performed on a125

finite-dimensional truncated model capturing the unstable modes of the infinite di-126

mensional system while assessing the stability of the full infinite-dimensional system127

via a Lyapunov-based argument. Such an approach cannot be directly applied to the128

case of the wave equation studied in this paper due to the fact that, even in the case of129

a linear function f , the open-loop system might exhibit an infinite number of unstable130

modes. To avoid this pitfall, we borrow the following remark from [10]. In the case131

f = 0, the control input uδ(t) = −α∂yδ∂t (t, L), with α > 0, ensures the exponential132

decay of the energy function defined by E(t) =
∫ L

0

(
∂yδ
∂t (t, x)

)2

+
(
∂yδ
∂x (t, x)

)2

dx. As133

suggested in [10], a suitable control input candidate for (1.2) takes the form134

(1.5) uδ(t) = −α∂yδ
∂t

(t, L) + v(t)135

where α > 0 is to be selected and v(t) is an auxiliary command input. In particular, it136

was shown in [10] that, in the presence of the nonlinear term f , the velocity feedback137

can be used to locally stabilize all but possibly a finite number of the modes of the138

system. Then the authors showed that the design of the auxiliary control input v can139

be performed by pole shifting on a finite dimensional truncated model to achieve the140

stabilization of the remaining unstable modes. The stability of the resulting closed-141

loop system was assessed via the introduction of a suitable Lyapunov function.142

We propose to take advantage of the preliminary control input (1.5) in order to143

achieve the regulation of the left Neumann trace by means of a proportional integral144

control design scheme via the introduced integral component (1.4). The main result145

of this paper can be informally stated as follows.146

Theorem 1.4. Considering a steady-state ye of the wave equation (1.1) and the147

preliminary control input (1.5), there exists a dynamical controller taking the form of148

a state-feedback of yδ that achieves the exponential stabilization of the wave equation149

(1.1) in a neighborhood of the steady-state ye as well as the local regulation control of150

the left Neumann trace.151

The rest of the paper is organized as follows. The proposed control design pro-152

cedure, with its whole explicit construction, is presented in details in Section 2. The153

subsequent stability theorems, which formalize Theorem 1.4, are stated in Subsec-154

tion 2.6. The proofs of the main results are reported in Section 3. The theoretical155

results are numerically illustrated in Section 4. Finally, concluding remarks are for-156

mulated in Section 5.157
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2. Explicit control design.158

2.1. Equivalent homogeneous problem. Making the change of variable159

(2.1) w1(t, x) = yδ(t, x), w2(t, x) =
∂yδ
∂t

(t, x)− x

αL
v(t),160

we obtain from the wave equation (1.2), the integral component (1.4), and the control161

strategy (1.5) that162

∂w1

∂t
= w2 +

x

αL
v(t),(2.2a)163

∂w2

∂t
=
∂2w1

∂x2
+ f ′(ye)w

1 + r(t, x)− x

αL
v̇(t),(2.2b)164

ζ̇(t) =
∂w1

∂x
(t, 0)− zr(t),(2.2c)165

w1(t, 0) = 0,
∂w1

∂x
(t, L) + αw2(t, L) = 0,(2.2d)166

w1(0, x) = y0(x)− ye(x), w2(0, x) = y1(x)− x

αL
v(0), ζ(0) = ζ0(2.2e)167

168

for t > 0 and x ∈ (0, L), with the residual term169

(2.3) r(t, x) = (w1(t, x))2

∫ 1

0

(1− s)f ′′(ye(x) + sw1(t, x)) ds.170

Remark 2.1. A more classical change of variable for (1.2) with control input u171

given by (1.5) is generally obtained by setting172

(2.4) w(t, x) = yδ(t, x)− x(x− L)

L
v(t).173

In that case, (1.2) with u given by (1.5) yields174

∂2w

∂t2
=
∂2w

∂x2
+ f ′(ye)w −

x(x− L)

L
v̈(t) +

(
x(x− L)

L
f ′(ye) +

2

L

)
v(t) + r(t, x),

w(t, 0) = 0,
∂w

∂x
(t, L) + α

∂w

∂t
(t, L) = 0,

w(0, x) = y0(x)− ye(x)− x(x− L)

L
v(0),

∂w

∂t
(0, x) = y1(x)− x(x− L)

L
v̇(0)

(2.5)

175

with

r(t, x) =
(
w(t, x)+

x(x− L)

L
v(t)

)2 ∫ 1

0

(1−s)f ′′
(
ye(x)+s

(
w(t, x)+

x(x− L)

L
v(t)

))
ds.

However, this change of variable (2.4) induces the occurrence of a v̈ term in (2.5),176

while only a v̇ term appears in (2.2a-2.2b). The control procedure presented in this177

paper could have also been applied in such a setting. Nevertheless, the consideration178

of the change of variable (2.1), instead of (2.4), allows a reduction of the complexity of179

the controller architecture by avoiding the introduction of an extra additional integral180

component.181

This manuscript is for review purposes only.



6 HUGO LHACHEMI, CHRISTOPHE PRIEUR, AND EMMANUEL TRÉLAT

Let H =
{

(w1, w2) ∈ H1(0, L)× L2(0, L) : w1(0) = 0
}

be the Hilbert space en-182

dowed with the inner product
〈
(w1, w2), (z1, z2)

〉
=
∫ L

0
(w1′z1′ + w2z2) dx. Defining183

the state vector W (t) = (w1(t, ·), w2(t, ·)) ∈ H, the wave equation with integral com-184

ponent (2.2) can be rewritten under the abstract form185

Ẇ (t) = AW (t) + av(t) + bv̇(t) +R(t, ·), ζ̇(t) =
∂w1

∂x
(t, 0)− zr(t),(2.6a)186

W (0, x) =
(
y0(x)− ye(x), y1(x)− x

αL
v(0)

)
, ζ(0) = ζ0(2.6b)187

188

for t > 0 and x ∈ (0, L), where A0 = ∆ + f ′(ye) Id,189

(2.7) A =

(
0 Id
A0 0

)
190

defined on D(A) = {(w1, w2) ∈ H : w1 ∈ H2(0, L), w2 ∈ H1(0, L), w2(0) =191

0, (w1)′(L) + αw2(L) = 0}, and a, b, R(t, ·) ∈ H are defined by192

(2.8) a(x) = (x/(αL), 0), b(x) = (0,−x/(αL)), R(t, x) = (0, r(t, x)).193

We have R(t, ·) ∈ H because r(t, ·) ∈ L2(0, L), which follows from the facts that194

w1(t, ·) ∈ H1(0, L) ⊂ L∞(0, L), f ′′ is continuous on R, and ye is continuous on [0, L].195

Remark 2.2. It is well-known that the operator A generates a C0-semigroup [34].196

Moreover, since the Neumann trace is A-admissible, the application of [35, Lemma 1]197

shows that the augmentation of A with the integral component ζ still generates a198

C0-semigroup. As v̇ is seen as the control input, the state-space vector can further199

be augmented to include v, and the associated augmented operator also generates a200

C0-semigroup. Now, noting that the residual term (2.3) can be rewritten under the201

form r(t, x) =
∫ w1(t,x)+ye(x)

ye(x)
(w1(t, x) + ye(x)− s)f ′′(s) ds, one can observe that w1 7→202 ∫ w1+ye

ye
(w1 + ye− s)f ′′(s) ds, when seen as a function from {w1 ∈ H1(0, L) : w1(0) =203

0} to L2(0, L), is continuously differentiable. Consequently, the well-posedness of (2.6)204

follows from classical results [24]. In the subsequent developments, we will consider for205

initial conditions W (0) ∈ D(A), continuously differentiable reference inputs zr, and206

a control input v̇ that will take the form of a state-feedback, the concept of classical207

solution for (2.6) on its maximal interval of definition [0, Tmax) with 0 < Tmax ≤ +∞,208

i.e., W ∈ C0([0, Tmax);D(A)) ∩ C1([0, Tmax);H).209

2.2. Properties of the operator A.210

Lemma 2.3. The adjoint operator A∗ is defined by A∗(z1, z2) = (−z2−g,−(z1)′′)211

on D(A∗) = {(z1, z2) ∈ H : z1 ∈ H2(0, L), z2 ∈ H1(0, L), z2(0) = 0, (z1)′(L) −212

αz2(L) = 0} with g ∈ C2([0, L]) defined by g′′ = f ′(ye)z
2 and g(0) = g′(L) = 0.213

Proof. We write A = Atr +Ap with214

Atr =

(
0 Id
∆ 0

)
, Ap =

(
0 0

f ′(ye) Id 0

)
215

where Atr is an unbounded operator defined on the same domain as A while Ap in de-216

fined on H. As Ap is bounded, straightforward computations show that A∗p = (−g, 0)217

where g is defined as in the statement of the Lemma. It remains to compute A∗tr. To218

do so, we observe that 0 ∈ ρ(Atr) with A−1
tr w =

(
−αw1(L)x+

∫ x
0

∫ ξ
L
w2(s) dsdξ, w1

)
219
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for all w = (w1, w2) ∈ H. Since A−1
tr is bounded, straightforward computations show220

that
(
A−1
tr

)∗
w =

(
−αw1(L)x−

∫ x
0

∫ ξ
L
w2(s) dsdξ,−w1

)
for all w = (w1, w2) ∈ H.221

We deduce the claimed result by computing the inverse of the latter operator.222

The strategy reported in this paper relies on the concept of Riesz bases. This223

concept is recalled in the following definition.224

Definition 2.4. A family of vectors (ek)k∈Z of H is a Riesz basis if this family225

is maximal and there exist constants mr,MR > 0 such that226

mR

∑
|k|≤N

|ck|2 ≤ ‖
∑
|k|≤N

ckek‖2H ≤MR

∑
|k|≤N

|ck|2, ∀N ≥ 0 ∀c−n0
, . . . , cn0

∈ C.227

The dual Riesz basis of (ek)k∈Z is the unique family of vectors (fk)k∈Z of H which is228

such that 〈ek, fl〉H = δk,l ∈ {0, 1} with δk,l = 1 if and only if k = l.229

We can now introduce the following properties of the operator A. These proper-230

ties, expect the last item, are retrieved from [10, Lemmas 2 and 5].231

Lemma 2.5. Let α > 1. There exists a Riesz basis (ek)k∈Z of H consisting of232

generalized eigenfunctions of A, associated to the eigenvalues (λk)k∈Z and with dual233

Riesz basis (fk)k∈Z, such that:234

1. ek ∈ D(A) and ‖ek‖H = 1 for every k ∈ Z;235

2. each eigenvalue λk is geometrically simple;236

3. there exists n0 ≥ 0 such that, for any k ∈ Z with |k| ≥ n0 + 1, λk is algebrai-237

cally simple and λk = 1
2L log

(
α−1
α+1

)
+ ikπL +O

(
1
|k|
)

as |k| → +∞.238

4. if k ≥ n0+1, then ek (resp. fk) is an eigenfunction of A (resp. A∗) associated239

with the algebraically simple eigenvalue λk (resp. λk);240

5. for every k ≥ n0 + 1, one has ek = e−k and fk = f−k;241

6. if |k| ≤ n0 then Aek ∈ span{ep : |p| ≤ n0} and A∗fk ∈ span{fp : |p| ≤ n0};242

7. introducing ek = (e1
k, e

2
k), one has (e1

k)′(0) = O(1) as |k| → +∞.243

The proof of Lemma A, which is essentially extracted from [10], is placed in annex244

for self-completeness of the manuscript.245

In the sequel, we select the constant α > 1 such that 1
2L log

(
α−1
α+1

)
< −1. Thanks246

to the third item, only a finite number of eigenvalues might have a non negative real247

part. Thus, without loss of generality, we also select the integer n0 ≥ 0 provided by248

Lemma 2.5 large enough such that Reλk < −1 for all |k| ≥ n0 + 1.249

Remark 2.6. The state-space can be written as H = H1

⊕
H2 with the subspaces250

H1 = span{ep : |p| ≤ n0} and H2 = span{ep : |p| ≥ n0 + 1}. Introducing π1, π2 the251

projectors associated with this decomposition, Lemma 2.5 shows thatA takes the form252

A = A1π1 + A2π2 where A1 ∈ L(H1) and A2 : D(A2) ⊂ H2 → H2 with D(A2) =253

D(A)∩H2. Moreover, Lemma 2.5 shows that A2 is a Riesz spectral operator. Then,254

as D(A) = H1

⊕
D(A2), we obtain that D(A) =

{∑
k∈Z wkek :

∑
k∈Z |λkwk|2 <∞

}
255

and, for any w ∈ D(A), Aw = A1π1w +
∑
|k|≥n0+1 λk 〈w, fk〉 ek, where the equal-256

ity holds in H-norm. Now, for any w ∈ D(A), consider the series expansion w =257

(w1, w2) =
∑
k∈Z 〈w, fk〉 ek. In particular, one has w1 =

∑
k∈Z 〈w, fk〉 e1

k in H1-norm.258

Moreover, we have that Aw =
∑
k∈Z 〈w, fk〉Aek and thus A0w

1 =
∑
k∈Z 〈w, fk〉A0e

1
k259

in L2-norm. Since f ′(ye) ∈ L∞(0, L), the expansion of the latter identity shows260

that (w1)′′ =
∑
k∈Z 〈w, fk〉 (e1

k)′′ in L2-norm. Consequently, w1 =
∑
k∈Z 〈w, fk〉 e1

k in261
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H2-norm and thus, by the continuous embedding H1(0, L) ⊂ L∞(0, L),262

(2.9) (w1)′(0) =
∑
k∈Z
〈w, fk〉 (e1

k)′(0).263

The latter series expansion will be intensively used in the remainder of this paper.264

2.3. Spectral reduction and truncated model. Introducing, for every k ∈ Z,265

wk(t) = 〈W (t), fk〉H , ak = 〈a, fk〉H , bk = 〈b, fk〉H , rk(t) = 〈R(t, ·), fk〉H ,266

we obtain from (2.6a) that

ẇk(t) = 〈AW (t), fk〉H+akv(t)+bkv̇(t)+rk(t) = 〈W (t),A∗fk〉H+akv(t)+bkv̇(t)+rk(t)

Recalling that A∗fk = λkfk for |k| ≥ n0 + 1, we obtain that267

(2.10) ẇk(t) = λkwk(t) + akv(t) + bkv̇(t) + rk(t), |k| ≥ n0 + 1.268

Moreover, after possibly linear recombination2 of (ek)|k|≤N0
and (fk)|k|≤N0

, still de-269

noted by (ek)|k|≤N0
and (fk)|k|≤N0

, to obtain matrices with real coefficients, we infer270

from Lemma 2.5, Item 6, the existence of a matrix A0 ∈ R(2n0+1)×(2n0+1) such that271

(2.11) Ẋ0(t) = A0X0(t) +B0,1v(t) +B0,2v̇(t) +R0(t)272

where X0(t), B0,1, B0,2, R0(t) ∈ R2n0+1 are defined by273

X0(t) =

w−n0
(t)

...
wn0

(t)

 , B0,1 =

a−n0

...
an0

 , B0,2 =

b−n0

...
bn0

 , R0(t) =

r−n0
(t)

...
rn0

(t)

 .274

Introducing the auxiliary control input vd(t) = v̇(t) ∈ R, we augment the state-space275

representation (2.11) with the actual control input v as follows:276

(2.12) Ẋ1(t) = A1X1(t) +B1vd(t) +R1(t)277

where X1(t), R1(t), B1 ∈ R2n0+2 and A1 ∈ R(2n0+2)×(2n0+2) are defined by278

(2.13) X1(t) =

[
v(t)
X0(t)

]
, R1(t) =

[
0

R0(t)

]
, A1 =

[
0 0

B0,1 A0

]
, B1 =

[
1

B0,2

]
.279

Using vd as the control input, we now apply a PI control design procedure to280

(2.12) similar to the one recalled in Subsection 1.2. To do so we further augment the281

latter state-space representation to include an adequate integral component. First,282

we note from (2.9) that the dynamics of the integral component ζ satisfies ζ̇(t) =283 ∑
k∈Z wk(t)(e1

k)′(0)−zr(t). We observe that the ζ-dynamics involves all the coefficients284

of projection wk(t), with k ∈ Z, hence cannot be used to augment (2.12). This285

motivates the change of variable286

ξ(t) = ζ(t)−
∑

|k|≥n0+1

(e1
k)′(0)

λk
wk(t) = ζ(t)− 2

∑
k≥n0+1

Re

(
(e1
k)′(0)

λk
wk(t)

)
(2.14)287

2In that case, all the properties stated by Lemma 2.5 remain true except that (ek)|k|≤N0
might

not be generalized eigenvectors of A.
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288

where, by the Cauchy-Schwarz inequality, the series is convergent because |λk| ∼ |k|πl
and (e1

k)′(0) = O(1) as |k| → +∞. Moreover, the time derivative of ξ is given by

ξ̇(t) =
∑
|k|≤n0

wk(t)(e1
k)′(0) + α0v(t) + β0v̇(t)− γ(t) = L1X1(t) + β0vd(t)− γ(t)

where289

α0 = −
∑

|k|≥n0+1

(e1
k)′(0)

λk
ak = −2

∑
k≥n0+1

Re
( (e1

k)′(0)

λk
ak

)
,(2.15a)290

β0 = −
∑

|k|≥n0+1

(e1
k)′(0)

λk
bk = −2

∑
k≥n0+1

Re
( (e1

k)′(0)

λk
bk

)
,(2.15b)291

γ(t) = zr(t) +
∑

|k|≥n0+1

(e1
k)′(0)

λk
rk(t) = zr(t) + 2

∑
k≥n0+1

Re
( (e1

k)′(0)

λk
rk(t)

)
,(2.15c)292

293

and L1 =
[
α0 (e1

−n0
)′(0) . . . (e1

n0
)′(0)

]
∈ R1×(2n0+2). Thus, with the introduction294

of X(t), B,Γ(t) ∈ R2n0+3 and A ∈ R(2n0+3)×(2n0+3) defined by295

(2.16) X(t) =

[
X1(t)
ξ(t)

]
, A =

[
A1 0
L1 0

]
, B =

[
B1

β0

]
, Γ(t) =

[
R1(t)
−γ(t)

]
,296

we obtain the truncated model Ẋ(t) = AX(t) + Bvd(t) + Γ(t). Using the latter and297

(2.10), the wave equation with integral component (2.6) admits the following equiva-298

lent representation used for both control design and stability analysis:299

Ẋ(t) = AX(t) +Bvd(t) + Γ(t),(2.17a)300

ẇk(t) = λkwk(t) + akv(t) + bkvd(t) + rk(t), |k| ≥ n0 + 1.(2.17b)301302

Remark 2.7. The representation (2.17) shows that the dynamics of the wave equa-303

tion with integral component (2.6) can be split into two parts. The first part (2.17a)304

consists of an ODE capturing the unstable dynamics plus a certain number of slow305

stable modes of the system. The second part (2.17b), referred to as the residual dy-306

namics, captures the stable dynamics of the system which are such that Reλk < −1.307

The control strategy consists now into the two following steps. First, a state-feedback308

is designed to locally stabilize (2.17a). Then, a stability analysis is carried out to309

assess that such a control strategy achieves both the local stabilization of (2.17), as310

well as the fulfillment of the regulation of the left Neumann trace (1.3).311

2.4. Control strategy and closed-loop dynamics. The control design strat-312

egy consists in the design of a stabilizing state-feedback for (2.17a). Such a pole313

shifting is allowed by the following result.314

Lemma 2.8. The pair (A,B) satisfies the Kalman condition.315

Proof. From (2.16), the Hautus test easily shows that (A,B) satisfies the Kalman316

condition if and only if (A1, B1) satisfies the Kalman condition and the square matrix317

T =

[
A1 B1

L1 β0

]
∈ R(2n0+3)×(2n0+3) is invertible.318
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We first prove that, for any λ ∈ C and z ∈ D(A∗), 〈a+ λb, z〉H = 0 and A∗z = λz319

implies z = 0. Recall (based on Lemma 2.3) that A∗z = λz gives320

z2 + g = −λz1, (z1)′′ = −λz2, g′′ = f ′(ye)z
2,(2.18a)321

z1(0) = z2(0) = g(0) = g′(L) = 0, (z1)′(L)− αz2(L) = 0.(2.18b)322323

From the definition (2.8) of a, b ∈ H one has324

325

〈a+ λb, z〉H =

∫ L

0

(( x

αL

)′
(z1)′(x)− λ x

αL
z2(x)

)
dx326

=
[ x
αL

(z1)′(x)
]x=L

x=0
−
∫ L

0

x

αL

(
(z1)′′(x) + λz2(x)

)
dx =

1

α
(z1)′(L)327

328

where we have used (2.18a). Thus we have (z1)′(L) = 0. Then (2.18b) shows that329

z2(L) = 0 and we infer from (2.18a) and (2.18b) that (z2)′(L) = 0. Moreover,330

taking twice the derivative of the first equation of (2.18a), we obtain that (z2)′′ +331 (
f ′(ye)− (λ)2

)
z2 = 0. By Cauchy uniqueness, we deduce that z2 = 0. Using (2.18a),332

(2.18b) and (z1)′(L) = 0, we reach the conclusion z = 0.333

Assume now that (A1, B1) does not satisfy the Kalman condition. From (2.13),334

the Hautus test shows the existence of λ ∈ C, x1 ∈ C, and x2 ∈ C2n0+1, with either335

x1 6= 0 or x2 6= 0, such that x∗2B0,1 = λx∗1, x∗2A0 = λx∗2, and x∗1 + x∗2B0,2 = 0. This336

implies the existence of x2 6= 0 such that A∗0x2 = λx2 and x∗2(B0,1 + λB0,2) = 0,337

where B0,1 + λB0,2 = (〈a+ λb, fk〉H)−n0≤k≤n0
. Noting that A∗0 is the matrix of338

A∗ in (fk)|k|≤n0
, this shows the existence of a nonzero vector z ∈ D(A∗) such that339

〈a+ λb, z〉H = 0 and A∗z = λz. The result of the previous paragraph leads to the340

contraction z = 0. Hence (A1, B1) does satisfy the Kalman condition.341

It remains to show that the matrix T is invertible. To do so, let a vector Xe =[
ve w−n0,e . . . w−n0,e vd,e

]> ∈ R2n0+3 be an element of the kernel of T . Then,
by expanding TXe = 0, we obtain that vd,e = 0,

0 = A0

w−n0,e

...
w−n0,e

+B0,1ve, 0 =
∑
|k|≤n0

wk,e(e
1
k)′(0)−

 ∑
|k|≥n0+1

(e1
k)′(0)

λk
ak

 ve.

We define, for |k| ≥ n0 + 1, wk,e = − ak
λk
ve. Then, as (wk,e)k∈Z is square summable,

we can introduce we =
∑
k∈Z wk,eek ∈ H. We obtain that

0 = A0

w−n0,e

...
w−n0,e

+B0,1ve, 0 = λkwk,e + akve, |k| ≥ n0 + 1, 0 =
∑
k∈Z

wk,e(e
1
k)′(0).

In particular (λkwk,e)k∈Z is square summable and thus we ∈ D(A). The developments342

of Subsection 2.3 show that the above system is equivalent to Awe + ave = 0 and343

(w1
e)
′(0) = 0 with we = (w1

e , w
2
e). By expanding the former identity, we first have that344

(w1
e)
′′ + f ′(ye)w

1
e = 0 with w1

e(0) = (w1
e)
′(0) = 0 and thus, by Cauchy uniqueness,345

w1
e = 0. We also have w2

e = −x
αLve with ve = −αw2

e(L) = (w1
e)
′(L) = 0, and thus346

w2
e = 0. This yields we = 0, which shows that wk,e = 0 for every k ∈ Z. Hence the347

kernel of T is reduced to {0}, which concludes the proof.348
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The result of Lemma 2.8 ensures the existence of a gain K ∈ R1×(2n0+3) such349

that AK = A+BK is Hurwitz. Then, we can take the state feedback350

(2.19) vd(t) = v̇(t) = KX(t),351

which yields the closed-loop system dynamics352

Ẋ(t) = AKX(t) + Γ(t),(2.20a)353

ẇk(t) = λkwk(t) + akv(t) + bkvd(t) + rk(t), |k| ≥ n0 + 1.(2.20b)354355

Our main result establishes the local stability of the closed-loop system. We also356

study the tracking performance.357

Remark 2.9. Ultimately, the controller takes the form of the preliminary feedback358

(1.5) which is combined with (2.19). It consists of a state-feedback and two integral359

components. One is introduced due to the fact that the design is performed on the360

homogeneous wave equation composed of (2.2a-2.2b) and (2.2d), and one is due to the361

integral component (2.14) introduced to achieve the desired PI set point regulation362

control.363

2.5. Dynamics of deviations. Consider now an arbitrary steady-state y0 ∈364

C2([0, L]) of (1.1) with associated constant control input u0 ∈ R and constant system365

output z0 ∈ R, i.e., y′′0 (x) + f(y0(x)) = 0 for all x ∈ (0, L), y0(0) = 0, y′0(L) = u0366

and z0 = y′0(0). Introducing w1
0(x) = y0,δ(x) = y0(x) − ye(x) and w2

0(x) = − x
αLv0367

with v0 = u0 − ue, we infer that (w1
0, w

2
0) is a steady state of (2.2a-2.2b) and (2.2d)368

because w2
0 + x

αLv0 = 0 and (w1
0)′′+f ′(ye)w

1
0 +r0 = 0, where r0(x) = (w1

0(x))2
∫ 1

0
(1−369

s)f ′′(ye(x) + sw1
0(x)) ds, with w1(0) = 0,

∂w1
0

∂x (L) + αw2
0(L) = 0, and (w1

0)′(0) =370

z0 − ze. Let W0 = (w1
0, w

2
0) ∈ H, R0(x) = (0, r0(x)), w0,k(t) = 〈W0, fk〉H, and371

r0,k = 〈R0, fk〉H. Setting the constant reference signal zr(t) = z0 − ze, we define372

Γ0 similarly to Γ(t) as in (2.16). Then, since AK is Hurwitz hence invertible, we373

can define the vector X0 = −A−1
K Γ0. From the above reasoning, this implies the374

existence of ξ0 ∈ R so that the triple (W0, v0, ξ0) defines an equilibrium condition375

for (2.20), i.e, 0 = AKX0 + Γ0, 0 = λkw0,k + akv0 + r0,k, and vd,0 = KX0 = 0.376

Defining the deviations of the system trajectories with respect to the steady-state y0377

by ∆W = W −W0, ∆X = X − X0, ∆v = v − v0, ∆vd = vd − vd,0, ∆ξ = ξ − ξ0,378

∆zr = zr − (z0 − ze), ∆Γ = Γ − Γ0, ∆r = r − r0, ∆R = R − R0 = (0,∆r), and379

∆rk = rk − r0,k we infer that380

∆vd(t) = K∆X(t)(2.21a)381

∆Ẋ(t) = AK∆X(t) + ∆Γ(t),(2.21b)382

∆ẇk(t) = λk∆wk(t) + ak∆v(t) + bk∆vd(t) + ∆rk(t), |k| ≥ n0 + 1(2.21c)383384

2.6. Main results. The two theorems below precisely formalize Theorem 1.4.385

Theorem 2.10. There exist κ ∈ (0, 1) and C1, r, δ > 0 such that, for any η ∈386

[0, 1), there exists C2 > 0 such that, for any steady-state y0 ∈ C2([0, L]) of (1.1) so387

that ‖y0−ye‖L∞(0,L) ≤ r, for any initial condition satisfying ‖∆W (0)‖2H+ |∆ξ(0)|2 +388

|∆v(0)|2 ≤ δ, and any continuously differentiable zr with ‖∆zr‖2L∞(R+) ≤ δ, the389

solution of (2.2) with control law (2.19) is well defined on R+ and satisfies390

(2.22) ‖∆w1(t, ·)‖L∞(0,L) < 1, ∀t ≥ 0391
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392

‖∆W (t)‖2H + |∆ξ(t)|2 + |∆v(t)|2 ≤ C1e
−2κt

(
‖∆W (0)‖2H + |∆ξ(0)|2 + |∆v(0)|2

)(2.23)

393

+ C2 sup
0≤s≤t

e−2ηκ(t−s)|∆zr(s)|2, ∀t ≥ 0.394

395

Remark 2.11. When f is linear, the closed-loop system is also linear (in particular396

the residual term (2.3) is identically zero). In that case, the local exponential stability397

result (2.23) stated by Theorem 2.10 becomes global.398

Remark 2.12. Estimates (2.22-2.23) can be interpreted as a local ISS estimate399

with respect to ∆zr.400

Remark 2.13. The result of Theorem 2.10 ensures the stability of the closed-loop
system in w coordinates. This immediately induces the stability of the closed-loop
system in its original coordinates because, from (2.1) and recalling that w1

0 = y0 − ye
and w2

0 = − x
αLv0, we have ∆W (t, x) =

(
y(t, x)− y0(x), ∂y∂t (t, x)− x

αL∆v(t)
)

hence

∥∥∥∥(y(t, ·)− y0,
∂y

∂t
(t, ·)

)∥∥∥∥
H
≤ ‖∆W (t)‖H +

1

α

√
L

3
|∆v(t)|.

Theorem 2.14. Let κ ∈ (0, 1), δ > 0, and η ∈ [0, 1) be as provided by The-401

orem 2.10. There exist constants C3, C4 > 0 such that, for any steady-state y0 ∈402

C2([0, L]) of (1.1) so that ‖y0 − ye‖L∞(0,L) ≤ δ, for any initial condition satisfying403

‖∆W (0)‖2H + |∆ξ(0)|2 + |∆v(0)|2 ≤ δ, and any continuously differentiable zr with404

‖∆zr‖2L∞(R+) ≤ δ, the solution of (2.2) satisfies405

∣∣(w1)′(t, 0)− zr(t)
∣∣ ≤ C3e

−κt (‖∆W (0)‖H + |∆ξ(0)|+ |∆v(0)|+ ‖A∆W (0)‖H)

(2.24)

406

+ C4 sup
0≤s≤t

e−ηκ(t−s)|∆zr(s)|, ∀t ≥ 0.407

408

Remark 2.15. In particular, zr(t) → z0 − ze implies (w1)′(t, 0) → z0 − ze, i.e.,409

z(t)→ z0, which achieves the desired set point reference tracking.410

3. Proof of the main results.411

3.1. Proof of Theorem 2.10. Let M > 3(‖a‖2H + ‖b‖2H‖K‖2)/mR be given,412

where we recall that a, b ∈ H are defined by (2.8) and the constant mR > 0 is as413

provided by Definition 2.4. We set414

(3.1) V (t) = M∆X(t)>P∆X(t) +
1

2

∑
|k|≥n0+1

|∆wk(t)|2, ∀t ≥ 0415

where P is a symmetric definite positive matrix such that A>KP + PAK = −I. Then416

we obtain from (2.21) that417

V̇ (t) = M∆X(t)>
(
A>KP + PAK

)
∆X(t) +M

(
∆Γ(t)>P∆X(t) + ∆X(t)>P∆Γ(t)

)
418

+
∑

|k|≥n0+1

Reλk|∆wk(t)|2 +
∑

|k|≥n0+1

Re
(

∆wk(t) (ak∆v(t) + bk∆vd(t) + ∆rk(t))
)

419
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≤ −M‖∆X(t)‖2 −
∑

|k|≥n0+1

|∆wk(t)|2 + 2M‖P‖‖∆X(t)‖‖∆Γ(t)‖420

+
∑

|k|≥n0+1

|∆wk(t)| (|ak||∆v(t)|+ |bk||∆vd(t)|+ |∆rk(t)|)421

422

where we have used that Reλk < −1 for all |k| ≥ n0+1. Using now Young’s inequality,423

we infer that 2M‖P‖‖∆X(t)‖‖∆Γ(t)‖ ≤ M
2 ‖∆X(t)‖2 + 2M‖P‖2‖∆Γ(t)‖2 and424 ∑

|k|≥n0+1

|∆wk(t)| (|ak||∆v(t)|+ |bk||∆vd(t)|+ |∆rk(t)|)425

≤ 1

2

∑
|k|≥n0+1

|∆wk(t)|2 +
3

2

∑
|k|≥n0+1

(
|ak|2|∆v(t)|2 + |bk|2|∆vd(t)|2 + |∆rk(t)|2

)
426

≤ 1

2

∑
|k|≥n0+1

|∆wk(t)|2 +
3‖a‖2H
2mR

|∆v(t)|2 +
3‖b‖2H
2mR

|∆vd(t)|2 +
3

2mR
‖∆R(t, ·)‖2H427

≤ 1

2

∑
|k|≥n0+1

|∆wk(t)|2 +
3(‖a‖2H + ‖b‖2H‖K‖2)

2mR
‖∆X(t)‖2 +

3

2mR
‖∆R(t, ·)‖2H428

429

where we have used (2.21) and the fact that ∆v(t) is the first component of ∆X(t).430

Thus, we obtain that431

V̇ (t) ≤ −
(
M

2
− 3(‖a‖2H + ‖b‖2H‖K‖2)

2mR

)
‖∆X(t)‖2 − 1

2

∑
|k|≥n0+1

|∆wk(t)|2(3.2)432

+ 2M‖P‖2‖∆Γ(t)‖2 +
3

2mR
‖∆R(t, ·)‖2H.433

434

We evaluate the two last terms of the above inequality. Recalling that R1(t), γ(t),435

and Γ(t) are defined by (2.13), (2.15c), and (2.16), respectively, we have436

‖∆Γ(t)‖2 =
∑
|k|≤n0

|∆rk(t)|2 +

∣∣∣∣∣∣∆zr(t) +
∑

|k|≥n0+1

(e1
k)′(0)

λk
∆rk(t)

∣∣∣∣∣∣
2

437

≤
∑
|k|≤n0

|∆rk(t)|2 + 2|∆zr(t)|2 + 2
∑

|k|≥n0+1

∣∣∣∣ (e1
k)′(0)

λk

∣∣∣∣2 ∑
|k|≥n0+1

|∆rk(t)|2438

≤ C2
0‖∆R(t, ·)‖2H + 2|∆zr(t)|2(3.3)439440

with C2
0 = 1

mR
max

(
1, 2

∑
|k|≥n0+1

∣∣ (e1k)′(0)
λk

∣∣2) < +∞. We now need to evaluate441

‖∆R(t, ·)‖2H =
∫ L

0
|∆r(t, x)|2 dx. From (2.3) we have442

∆r(t, x) = r(t, x)− r0(x)443

=

∫ w1(t,x)+ye(x)

ye(x)

(w1(t, x) + ye(x)− s)f ′′(s) ds444

−
∫ w1

0(x)+ye(x)

ye(x)

(w1
0(x) + ye(x)− s)f ′′(s) ds445

= ∆w1(t, x)

∫ w1(t,x)+ye(x)

w1
0(x)+ye(x)

f ′′(s) ds+ ∆w1(t, x)

∫ w1
0(x)+ye(x)

ye(x)

f ′′(s) ds446
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− |∆w1(t, x)|2
∫ 1

0

(1− s)f ′′(w1(t, x) + ye(x) + s(w1
0(x)− w1(t, x))) ds447

448

Let ε ∈ (0, 1) to be chosen later. Let CI ≥ 0 be the maximum of |f ′′| over [min ye − 2,max ye + 2].449

For3 ‖w1
0‖L∞(0,L) = ‖y0 − ye‖L∞(0,L) ≤ ε < 1 and assuming that450

(3.4) ‖∆w1(t, ·)‖L∞(0,L) ≤ ε < 1,451

we obtain that |∆r(t, x)| ≤ 2CI |∆w1(t, x)|2 +CI |w1
0(x)||∆w1(t, x)| ≤ 3εCI |∆w1(t, x)|452

and thus453

‖∆R(t, ·)‖2H ≤ 9ε2C2
I ‖∆w1(t, ·)‖2L2(0,L) ≤ 9ε2L2C2

I ‖∆W (t)‖2H

(3.5)

454

≤ 9ε2MRL
2C2

I

∑
k∈Z
|∆wk(t)|2 ≤ ε2C2

1

‖∆X(t)‖2 +
∑

|k|≥n0+1

|∆wk(t)|2
(3.6)455

456

where the second inequality follows from Poincaré inequality, the fourth inequality457

follows from Definition 2.4, and with the constant C1 ≥ 0 defined by C2
1 = 9MRL

2C2
I .458

We deduce from (3.2-3.3) and, under the a priori estimate (3.4), (3.6) that459

V̇ (t) ≤ −
(
M

2
− 3(‖a‖2H + ‖b‖2H‖K‖2)

2mR
− ε2C2

1

(
2M‖P‖2C2

0 +
3

2mR

))
‖∆X(t)‖2460

− 1

2

(
1− 2ε2C2

1

(
2M‖P‖2C2

0 +
3

2mR

)) ∑
|k|≥n0+1

|∆wk(t)|2 + 4M‖P‖2|∆zr(t)|2.461

462

With M > 3(‖a‖2H + ‖b‖2H‖K‖2)/mR and by selecting ε ∈ (0, 1) small enough (in-463

dependently of the initial conditions and the reference signal zr), we obtain the ex-464

istence of constants κ,C2 > 0 such that, under the a priori estimate (3.4), V̇ (t) ≤465

−2κV (t) + C2|∆zr(t)|2. Let η ∈ [0, 1) be arbitrary. Assuming that the a priori466

estimate (3.4) holds on [0, t] for some t > 0, we obtain that467

V (t) ≤ e−2κtV (0) + C2

∫ t

0

e−2κ(t−s)|∆zr(s)|2 ds468

≤ e−2κtV (0) +
C2

2κ(1− η)
sup

0≤s≤t
e−2ηκ(t−s)|∆zr(s)|2.469

470

Since P is symmetric positive definite, we obtain from (3.1) the existence of constants471

C3, C4 > 0 such that V (0) ≤ C3

(
‖∆W (0)‖2H + |∆ξ(0)|2 + |∆v(0)|2

)
and V (t) ≥472

C4

(
‖∆W (t)‖2H + |∆ξ(t)|2 + |∆v(t)|2

)
. Thus, assuming that the a priori estimate473

(3.4) holds over [0, t] for some t > 0, we deduce from the three above estimates the474

existence of constants C1, C2 > 0 such that475

‖∆W (t)‖2H + |∆ξ(t)|2 + |∆v(t)|2 ≤ C1e
−2κt

(
‖∆W (0)‖2H + |∆ξ(0)|2 + |∆v(0)|2

)(3.7)

476

+ C2 sup
0≤s≤t

e−2ηκ(t−s)|∆zr(s)|2.477

3The evaluation of the distance between y0 and ye in L∞ norm, rather than in L2 norm, is
required to obtain the upcoming estimate for |∆r(t, x)|.
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478

We now note that ‖∆w1(t, ·)‖L∞(0,L) ≤
√
L‖(∆w1)′(t, ·)‖L2(0,L) ≤

√
L‖∆W (t)‖H.479

Hence, for a steady state y0 so that ‖w1
0‖L∞(0,L) = ‖y0 − ye‖L∞(0,L) ≤ ε, if the initial480

condition is selected such that ‖∆W (0)‖2H + |∆ξ(0)|2 + |∆v(0)|2 ≤ ε2

2L min
(
1, 1

2C1

)
,481

which in particular ensures that ‖∆w1(0, ·)‖L∞(0,L) ≤ ε/
√

2 < ε, and the reference482

input is chosen such that ‖∆zr‖2L∞(0,L) ≤
ε2

4LC2
, it is readily checked based on (3.7)483

that the a priori estimate (3.4) holds for all t ≥ 0. In this case, the stability estimate484

(3.7) holds for all t ≥ 0.485

3.2. Proof of Theorem 2.14. We first derive an estimate of ‖d(∆R)
dt (t, ·)‖H.

To do so, we assume that the assumptions and conclusions of Theorem 2.10 apply.
Following up with Remark 2.2, we have that

d(∆R)

dt
=

(
0,

dr

dt

)
,

dr

dt
(t, ·) =

(
w2(t, ·) +

(·)
αL

v(t)

)∫ w1(t,·)+ye

ye

f ′′(s) ds.

Let CJ ≥ 0 be the maximum of |f ′′| over [min ye − (r + 1),max ye + (r + 1)]. Recall-486

ing that w1 = ∆w1 +w1
0 with w1

0 = y0−ye, the use of ‖y0−ye‖L∞(0,L) < r and (2.22)487

imply that488 ∥∥∥∥d(∆R)

dt
(t, ·)

∥∥∥∥2

H
≤
∫ L

0

∣∣∣w2(t, x) +
x

αL
v(t)

∣∣∣2 ∣∣∣∣∣
∫ w1(t,x)+ye(x)

ye(x)

|f ′′(s)|ds

∣∣∣∣∣
2

dx489

≤ 2C2
J(1 + r)2

(
‖∆w2(t)‖2L2(0,L) +

L

3α2
|∆v(t)|2

)
490

≤ 2C2
J(1 + r)2

(
‖∆W (t)‖2H +

L

3α2
|∆v(t)|2

)
.(3.8)491

492

where we have used that 0 = w2
0 + x

αLv0. We are now in position to complete the493

proof of Theorem 2.14. We fix an integer N ≥ n0 and a constant γ > 0 such that4494

Reλk ≤ −γ < −κ < 0 for all |k| ≥ N + 1. Recalling that (w1
0)′(0) = z0 − ze, we have495

from (2.9) that496 ∣∣(w1)′(t, 0)− zr(t)
∣∣ =

∣∣(∆w1)′(t, 0)−∆zr(t)
∣∣497

≤
∑
k∈Z
|∆wk(t)||(e1

k)′(0)|+ |∆zr(t)|498

≤
∑
|k|≤N

|∆wk(t)||(e1
k)′(0)|+

∑
|k|≥N+1

|λk∆wk(t)|
∣∣∣∣ (e1

k)′(0)

λk

∣∣∣∣+ |∆zr(t)|499

≤ C5‖∆W (t)‖H + C5

√ ∑
|k|≥N+1

|λk∆wk(t)|2 + |∆zr(t)|(3.9)500

501

with C5 = max

(
1
mR

∑
|k|≤N |(e1

k)′(0)|2,
∑
|k|≥N+1

∣∣∣ (e1k)′(0)
λk

∣∣∣2)1/2

. Based on (2.23),502

we only need to evaluate the term
∑
|k|≤N |λk∆wk(t)|2. We have from (2.21) that,503

for all |k| ≥ N + 1 ≥ n0 + 1,504

λk∆wk(t) = eλktλk∆wk(0) +

∫ t

0

λke
λk(t−s) (ak∆v(s) + bk∆vd(s) + ∆rk(s)) ds505

4We recall that Reλk < −1 for all |k| ≥ n0 + 1 and that κ ∈ (0, 1).
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= eλktλk∆wk(0)− ak∆v(t)− bk∆vd(t)−∆rk(t)(3.10)506

+ eλkt (ak∆v(0) + bk∆vd(0) + ∆rk(0))507

+

∫ t

0

eλk(t−s) (ak∆vd(s) + bk∆v̇d(s) + ∆ṙk(s)) ds.508
509

We have from (2.21) that ∆vd(t) = K∆X(t) and ∆v̇d(t) = KAK∆X(t) + K∆Γ(t)510

with511

‖∆X(t)‖2 ≤ 1

mR
‖∆W (t)‖2H + |∆ξ(t)|2 + |∆v(t)|2,(3.11a)512

‖∆Γ(t)‖2 ≤ 9L2C2
0C

2
I ‖∆W (t)‖2H + 2|∆zr(t)|2(3.11b)513514

where the second inequality follows from (3.3) and (3.5). Using γ > κ > ηκ ≥ 0, and515

denoting CI =
√
‖∆W (0)‖2H + |∆ξ(0)|2 + |∆v(0)|2, we have from (2.23) that516 ∣∣∣∣∫ t

0

eλk(t−s)∆vd(s) ds

∣∣∣∣ ≤ ‖K‖ ∫ t

0

e−γ(t−s)‖∆X(s)‖ds517

≤ ‖K‖max(1,m
−1/2
R )e−γt

∫ t

0

eγs
(√

C1e
−κsCI +

√
C2 sup

0≤τ≤s
e−ηκ(s−τ)|∆zr(τ)|

)
ds518

≤ C6e
−κtCI + C6 sup

0≤τ≤t
e−ηκ(t−τ)|∆zr(τ)|

(3.12)

519

520

for some constant C6 > 0 and, similarly,521

(3.13)

∣∣∣∣∫ t

0

eλk(t−s)∆v̇d(s) ds

∣∣∣∣ ≤ C7e
−κtCI + C7 sup

0≤τ≤t
e−ηκ(t−τ)|∆zr(τ)|522

for some constant C7 > 0. Finally, we also have, for −γ < −κ̃ < −κ < 0,523 ∣∣∣∣∫ t

0

eλk(t−s)∆ṙk(s) ds

∣∣∣∣ ≤
√∫ t

0

e−2(γ−κ̃)(t−s) ds

√∫ t

0

e−2κ̃(t−s)|∆ṙk(s)|2 ds524

≤

√
1

2(γ − κ̃)

√∫ t

0

e−2κ̃(t−s)|∆ṙk(s)|2 ds.(3.14)525

526

Taking the square on both sides of (3.10), using Young’s inequality, substituting527

estimates (2.23), (3.5), and (3.11), and using the fact that
∑
|k|≥N+1 | 〈z, fk〉 |2 ≤528

‖z‖2H/mR for all z ∈ H, we infer the existence of a constant C8 > 0 such that529

530 ∑
|k|≥N+1

|λk∆wk(t)|2 ≤ C8e
−2κt

∑
|k|≥N+1

|λk∆wk(0)|2531

+C8e
−2κtCI2 +C8 sup

0≤τ≤t
e−2ηκ(t−τ)|∆zr(τ)|2 +C8

∫ t

0

e−2κ̃(t−s)
∥∥∥∥d(∆R)

dt
(s, ·)

∥∥∥∥2

H
ds,532

533

where we recall that Reλk ≤ −γ < −κ < 0 for all |k| ≥ N + 1. Noting that, for |k| ≥
N + 1 ≥ n0 + 1, 〈A∆W (0), fk〉H = λk∆wk(0), we infer that

∑
|k|≥N+1 |λk∆wk(0)|2 ≤∑

k∈Z | 〈A∆W (0), fk〉H |2 ≤ ‖A∆W (0)‖2H/mR. Then, based on (2.23) and (3.8), and
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Fig. 1. Time domain evolution of the closed-loop system

as κ̃ > κ > 0, estimations similar to the ones reported in (3.12-3.13) show the existence
of a constant C9 > 0 such that∑
|k|≥N+1

|λk∆wk(t)|2 ≤ C9e
−2κt

(
CI2 + ‖A∆W (0)‖2H

)
+ C9 sup

0≤τ≤t
e−2ηκ(t−τ)|∆zr(τ)|2.

Substituting this latter estimate and (2.23) into (3.9), we obtain the existence of534

constants C3, C4 > 0 such that (2.24) holds.535

4. Numerical illustration. For numerical illustration, we set L = 1, α = 1.1,536

and we consider the nonlinear function f(y) = y3. Since F (y) =
∫ y

0
f(s) ds = y4/4→537

+∞ when |y| → +∞, it follows from Remark 1.2 the existence of a steady state538

ye ∈ C2([0, L]) associated with any given value of the system output ze ∈ R = y′e(0).539

We set ze = 1.5 and numerically compute the associated steady-state trajectory ye,540

giving in particular the equilibrium control input ue = y′e(L) ≈ 0.781. In the absence541

of non linearity, i.e., f = 0, it is known (see e.g. [28, Section 4]) that the eigenvalues542

of the operator A defined by (2.7) are given by λk = 1
2L log

(
α−1
α+1

)
+ ikπL . These543

values are used as initial guesses to determine the eigenvalues λk and the associated544

eigenvectors ek of the operator A in the presence of the non linearity f(y) = y3545

by using a shooting method. We obtain one unstable eigenvalue λ0 ≈ 0.326 while546

all other eigenvalues are stable with a real part less than 1. The feedback gain is547

computed to place the poles of the truncated model at −0.5, −1, and −1.5.548

For numerical simulations, we take W (0, x) = (α5 x,−
1

5Lx) ∈ D(A). The adopted549

numerical scheme is the modal approximation of the infinite-dimensional system using550

its first 10 modes. The time domain evolution of the closed-loop system is depicted551

in Fig. 1. The simulation results are compliant with the theoretical predictions.552

5. Conclusion. In this paper we have investigated the boundary regulation con-553

trol of the left Neumann trace of a one-dimensional semilinear wave equation using a554

proportional integral (PI) control design procedure. Our control strategy combines a555

traditional velocity feedback and the design of an auxiliary control law performed on556

a finite-dimensional (spectrally) truncated model.557

The PI control design procedure carried out in this paper has been focused on558

the ability for the system output to achieve local set point reference tracking of the559

reference signal. However, it is well-known for finite-dimensional systems that PI560

control design schemes carry on certain robustness properties, e.g., w.r.t. to external561
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perturbations. We conjecture that such robustness properties also hold for the control562

design problem addressed in this paper. For instance, the addition of an additive563

perturbation d(t, x) to the semilinear wave equation (1.1), sufficiently small in L2564

norm and evolving around a steady-state d0(x), should conduct to a stability estimate565

similar to (2.22) from Theorem 2.10 but augmented on the right-hand side with a term566

of the type sup
0≤s≤t

e−2ηκ(t−s)‖∆d(s, ·)‖2L2 . A similar remark holds for Theorem 2.14567

with estimate (2.24) also augmented by the above mentioned term, as well as a term568

of the type sup
0≤s≤t

e−2ηκ(t−s)‖(∂d/∂t)(s, ·)‖2L2 .569

It was shown in [21] for a 1-D reaction-diffusion equation that the PI controller570

design procedure can be augmented with a predictor component [1, 7, 19, 22] to571

handle constant control input delays. Such a strategy fails in the context of the wave572

equation studied in this paper. The reason is that, even for arbitrarily small h > 0,573

the preliminary feedback uδ(t) = −α∂yδ∂t (t−h, L) might fail to stabilize the linear wave574

equation, yielding an infinite number of unstable modes. To illustrate this remark,575

let us consider the following linear wave equation:576

(5.1)
∂2y

∂t2
=
∂2y

∂x2
− βy, y(t, 0) = 0,

∂y

∂x
(t, L) = −α∂y

∂t
(t− h, L),577

where h > 0 is a constant delay, α > 0, and β ∈ R. It was shown in [11] in the578

case α = 1 and β = 0 that (5.1) admits an infinite number of unstable modes for579

some arbitrarily small values of the delay h > 0. We elaborate here this remark580

by extending it to the case α > 0 and β ∈ R. We proceed similarly to [11] by581

looking for solutions of (5.1) under the form w(t, x) = eλt sinh
(√

λ2 + βx
)

for some582

λ ∈ C. It is easy to see that such a solution exists if and only if λ ∈ C satisfies583 √
λ2 + β cosh

(√
λ2 + βL

)
= −αλe−λh sinh

(√
λ2 + βL

)
. We start by studying the584

special case β = 0. Then the above identity becomes equivalent to585

(5.2) eλh = −α tanh(λL).586

Let k ∈ N be arbitrarily fixed and select the input delay h = L/(k + 1/2) > 0.587

Let γ > 0 be the only positive number such that eγh = α coth(γL). It is easily588

seen that λ0
n = γ + i

L

(
k + 1

2

)
(4n + 1)π, n ∈ Z, are distinct solutions of (5.2) with589

Reλn = γ > 0. We now turn out attention onto the case β 6= 0. Let h, γ > 0 be still590

defined as above. We introduce the open set A =
(
λ ∈ C : 0 < Re z < 2γ , |λ| >

√
β
)
.591

We define for λ ∈ A the holomorphic functions f(λ) = λ cosh
(
λL
)
+αλe−λh sinh

(
λL
)

592

and g(λ) =
√
λ2 + β cosh

(√
λ2 + βL

)
+ αλe−λh sinh

(√
λ2 + βL

)
with

√
λ2 + β =593

λ exp
(

1
2 Log

(
1 + β

λ2

))
, where Log denotes the principal determination of logarithm.594

We have f(λ0
n) = 0 for all n ∈ Z and595

(5.3) g(λ) = f(λ) +O(1), λ ∈ A, |λ| → +∞.596

For a given constant R > 0 to be defined later, we consider the simple loop λn :597

[0, 2π]→ C defined by λn(θ) = λ0
n + Reiθ

n , θ ∈ [0, 2π]. We consider an integer N0 ≥ 1598

such that λn(θ) ∈ A for all |n| ≥ N0 and all θ ∈ [0, 2π]. Standard computations599

yield f(λn(θ)) = (−1)kiλ0
n
Reiθ

n ζ cosh(γL) + O
(

1
n

)
when |n| → +∞, uniformly with600

respect to θ ∈ [0, 2π], where ζ = L+ h tanh(γL)− L tanh2(γL). We note that ζ 6= 0.601

Indeed, the condition ζ = 0 would imply that tanh(γL) > 0 is the positive root602

of L + hX − LX2, yielding the contradiction tanh(γL) = (h +
√
h2 + 4L2)/(2L) >603
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1 + h/(2L) > 1. We deduce that604

(5.4) |f(λn(θ))| ∼ CR605

when |n| → +∞, uniformly with respect to θ ∈ [0, 2π], where the constant C =606

2(2k + 1)π|ζ| cosh (γL) /L 6= 0 is independent of R > 0. Hence, in view of (5.3-5.4)607

and by selecting R > 0 large enough, we can apply Rouché’s theorem for |n| ≥ N1 with608

N1 > 0 large enough. This shows for any |n| ≥ N1 the existence of λβn = λ0
n +O

(
1
n

)
609

such that g(λβn) = 0. Since h = L/(k + 1/2) > 0, with k ∈ N arbitrarily fixed, h > 0610

can be made arbitrarily small by selecting k large. Hence we have shown the existence611

of arbitrarily small delays h > 0 such that (5.1) admits an infinite number of unstable612

modes. Such an observation implies that the strategy reported in this paper cannot613

be successfully applied to the case of a delayed control input. Hence, the PI regulation614

control of (1.1) in the presence of a delay in the control input remains open. This615

research direction may be the topic of future works.616

Appendix A. Annex - Proof of Lemma 2.5.617

From the definition of A given by (2.7), λ ∈ C is an eigenvalue of A associated
with the nonzero eigenvector w = (w1, w2) ∈ D(A) if and only if w2 = λw1 and

(w1)′′ + f ′(ye)w
1 = λ2w1, w1(0) = 0, (w1)′(L) + αλw1(L) = 0

for x ∈ (0, L). Then, for |λ| → +∞, we obtain for x ∈ [0, L] that618

w1(x) = sinh
(√

λ2 +O(1)x
)
, (w1)′(x) =

√
λ2 +O(1) cosh

(√
λ2 +O(1)x

)
,619

uniformly with respect to x ∈ [0, L]. Using now the right boundary condition, we
obtain the item 3. Then

ek =
1

Ak

(
sinh

(√
λ2
k +O(1)x

)
, λk sinh

(√
λ2
k +O(1)x

))
is an associated unit eigenvector where, recalling that α > 1 and introducing β =620

− 1
2L log

(
α−1
α+1

)
> 0, we have Ak = |λk|

√
sinh(2βL)

2β +O
(

1
|k|

)
. In particular, (e1

k)′(0) =621

O(1) as |k| → +∞, showing that item 7 holds true.622

We show that the eigenvalues of A are geometrically simple (item 2). Assume623

that wi = (w1
i , w

2
i ) ∈ D(A), with i ∈ {1, 2}, are two eigenvectors of A associated with624

the same eigenvalue λ ∈ C. We note that wi(L) 6= 0 because otherwise (w1
i )
′(L) =625

−αλw1
i (L) = 0 hence, by cauchy uniqueness, w1

i = 0 and thus w2
i = λw1

i = 0, giving626

the contradiction w = 0. Then the function g defined by g = w1
2(L)w1

1−w1
1(L)w1

2 6= 0627

satisfies g′′ + f ′(ye)g = λ2g and g(L) = g′(L) = 0, implying g = 0. Recalling that628

w2
i = λw1

i , this shows that w1 and w2 are not linearly independent.629

Recalling that A has compact resolvent, we denote by (ek)k∈Z a complete set630

of unit generalized eigenfunctions of A associated with the eigenvalues (λk)k∈Z [14].631

We are going to apply Bari’s theorem [14] to show that (ek)k∈Z is a Riesz basis. To632

do so, we need a Riesz basis of reference. Based on the definition (2.7) of A, we633

consider the operator Atr =

(
0 Id
∆ 0

)
, obtained by removing f ′(ye) Id, defined on634

the same domain as A. We know from [28, Section 4] that Atr admits a Riesz basis635

of eigenvectors (φk)k∈Z associated with the eigenvalues (µk)k∈Z given for any k ∈ Z636

by637

µk =
1

2L
log
(α− 1

α+ 1

)
+ i

kπ

L
, φk =

1

Bk

(
sinh(µkx), µk sinh(µkx)

)
638
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where Bk = 1
L
√

2β

√
(β2L2 + k2π2) sinh(2βL) with β = − 1

2L log
(
α−1
α+1

)
> 0. We de-639

duce that ek = φk+O
(

1
|k|

)
, in H-norm as |k| → +∞. Hence (ek)k∈Z is quadratically640

close to the Riesz basis (φk)k∈Z. Then, with the results of [15, Lemma 6.2 and Theo-641

rem 6.3] relying on Bari’s theorem, we obtain that (ek)k∈Z is a Riesz basis. Introducing642

(fk)k∈Z as the Dual Riesz basis of (ek)k∈Z, items 1, 3, 4, and 6 hold true. Finally, an643

homotopy argument using the operator Atr shows that the algebraic multiplicity of644

the real eigenvalues of A is odd, yielding item 5.645
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