PROPORTIONAL INTEGRAL REGULATION CONTROL OF A ONE
DIMENSIONAL SEMILINEAR WAVE EQUATION*

HUGO LHACHEMI', CHRISTOPHE PRIEUR!, AND EMMANUEL TRELATS

Abstract. This paper is concerned with the Proportional Integral (PI) regulation control of the
left Neumann trace of a one-dimensional semilinear wave equation. The control input is selected as
the right Neumann trace. The control design goes as follows. First, a preliminary (classical) velocity
feedback is applied in order to shift all but a finite number of the eivenvalues of the underlying
unbounded operator into the open left half-plane. We then leverage the projection of the system
trajectories into an adequate Riesz basis to obtain a truncated model of the system capturing the
remaining unstable modes. The controller is computed by applying a classical PI control design
scheme to this truncated model. Local stability of the resulting closed-loop infinite-dimensional
system is obtained through the study of an adequate Lyapunov function. Finally, an estimate
assessing the set point tracking performance of the left Neumann trace is derived.

Key words. 1-D semilinear wave equation, PI regulation control, Neumann trace, Partial
Differential Equations (PDEs).
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1. Introduction.

1.1. Historical context. Due to its widespread adoption by industry [2, 3],
the stabilization and regulation control of finite-dimensional systems by means of
Proportional-Integral (PI) controllers has been intensively studied. For this reason,
the opportunity of extending PI control strategies to infinite-dimensional systems,
and in particular to systems modeled by partial differential equations (PDEs), has
attracted much attention in the recent years. Efforts in this research direction were
originally devoted to the case of bounded control operators [25, 26] and then extended
to unbounded control operators [35]. The study of PI control design combined with
high-gain conditions was reported in [23]. More recently, the problem of PI boundary
control of linear hyperbolic systems has been reported in a number of works [6, 12, 17,
36]. This research direction has then been extended to the case of nonlinear transport
equations [5, 8, 13, 16, 27, 33]. The case of the state-feedback boundary regulation
control of the Neumann trace for a linear reaction-diffusion PDE in the presence of an
input delay was considered in [21] while extensions to output feedback strategies were
reported in [18, 20]. The case of the boundary regulation control of the boundary
velocity for linear damped wave equations, in the presence of a nonlinearity in the
boundary conditions, has been considered in [4, 32]. A general procedure allowing the
addition of an integral component for regulation control to open-loop exponentially
stable semigroups with unbounded control operators has been proposed in [30, 31].

This paper is concerned with the PI regulation control of the left Neumann trace
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of a one-dimensional semilinear (undamped) wave equation. The selected control
input takes the form of the right Neumann trace. The control design procedure goes
as follows. First, inspired by [10], a preliminary (classical) velocity-feedback is applied
in order to shift all but a finite number of the eigenvalues of the underlying unbounded
operator into the open left half-plan. Second, inspired by the early work [28] later
extended in [9, 10, 29] to semilinear heat and wave PDEs, we leverage the projection of
the system trajectories into a Riesz basis formed by the generalized eigenstructures of
the unbounded operator in order to obtain a truncated model capturing the remaining
unstable modes. Finally, similarly to [21] in the context of a reaction-diffusion PDE,
we adapt to this infinite-dimensional model a classical PI control design procedure as
the one recalled in Subsection 1.2 for finite-dimensional systems. The local stability
of the resulting closed-loop infinite-dimensional system, and the subsequent set point
regulation performance, is assessed by a Lyapunov-based argument. The theoretical
results are illustrated based on the simulation of an open-loop unstable semilinear
wave equation.

1.2. The rationale behind Proportional-Integral control. Consider the
case of a finite-dimensional linear time invariant system described by

#(t) = Az (t) + Bu(t), y(t) = Cz(t)

where z(t) € R™ is the state, u(t) € R is the control input, and y(¢) € R is the to-be-
regulated output. Here one has A € R"*", B € R", and C € R'*". Assuming that the
control design objective is to (i) stabilize the closed-loop system, and (ii) ensure that
the system output y(t) achieves the setpoint tracking of a reference signal r(t) € R,
that is y(t) — 7. as t — +oo as soon as r(t) = r. € R, the PI approach consists of
the addition of the integral component ((t) € R whose dynamics is described by

() = y(t) — r(t) = Ca(t) — r(t).

]" € R"*! and defining A = [A 0} €

Augmenting the state vector as X = [mT ¢ C 0

0
1

X(t) = AX(t) + Bu(t) — B,r(t).

R+ (n+1) B = [g] € R""1 and B, = [ } € R™"1 the system dynamics read

The pair (A, B) satisfies the Kalman condition if and only if the pair (A, B) satisfies

the Kalman condition and the matrix {é g] is full rank. In that case, by setting

the state-feedback u(t) = KX (t) where K € R'*("+1) ig selected such that the matrix
A = A 4+ BK is Hurwitz, the closed-loop dynamics reads

X(t) = AgX(t) — B,r(t).

We can now characterize the equilibrium condition of the system associated with a

constant reference signal r(t) = r. € R. Since Ak is Hurwitz and thus invertible, we
T . .

can define X, = [332 (e] = Al}lBTre which satisfies 0 = Ag X, — B, r.. From the

latter identity, we obtain in particular from the last line that Cz. = r.. Introducing

AX =X — X, and Ar =r — r., we infer that

AX(t) = AxAX(t) - B, Ar(t), y(t)—re=[C 0] AX().
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PROPORTIONAL INTEGRAL REGULATION CONTROL OF A ONE DIMENSIONAL SEMILINEAR WAVE EQUATIOSH

When r(t) = re, this ensures the exponential decrease of both the system trajectories
AX(t) and the regulation error y(¢) — r. to zero. More generally, this achieves the
setpoint tracking of the reference signal in the sense that if r(t) — 7. as t — +o0,
then y(t) = 7.

1.3. Contribution. Let L > 0 and let f : R — R be a function of class C2. We
consider the wave equation on (0, L)

1) ST=00aw), we0)=0,  LD)=u(),
L) 0D =w@), 0.2 = ).

for t > 0 and z € (0, L), where the state is y(¢,-) : [0,L] — R and the control input

is u(t) and applies to the right Neumann trace. The control objective is to locally

stabilize the closed-loop system and locally regulate the system output selected as the
d

left Neumann trace z(t) = 5%(t,0).

DEFINITION 1.1. A function y. € C%([0,L)) is a steady-state of (1.1) with asso-
ciated constant control input u. € R and constant system output z. € R if y(x) +
f(ye(@)) =0 for all z € (0,L), ye(0) =0, y.(L) = ue and ze = y,(0).

Remark 1.2. Introducing F(y) = foy f(s)ds for any y € R, assume either that
F(y) — 400 when |y| — +o0, or that, for any a > 0, the integral | \/liizrw diverges

at —oo and +oo. Then we have the existence of a steady state y. € C?([0,L]) of
(1.1) associated with any given value of the system output z. € R. Indeed, define
y € C%([0,1)) with 0 < I < +00 as the maximal solution of y” + f(y) = 0 with y(0) = 0
and y'(0) = z.. We only need to assess that [ > L. Multiplying by y’ both sides of
the ODE satisfied by y and then integrating over [0,z], we observe that y satisfies
the conservation law y/(z)? + 2F (y(x)) = 22 for all & € [0,1). Hence any of the two
above assumptions implies that y and y’ are bounded on [0,1). Thus I = +00 and the
associated steady state control input is given by u, = y'(L).

Let y. € C?([0, L]) be a steady-state of (1.1) with associated output z, € R. This
steady-state is fixed for the rest of the study. The objective addressed in this paper
is the design of a controller ensuring for any given steady-state yo € C%([0, L]) of (1.1)
located in a neighborhood! of y., and with associated output zg € R, the local stability
of the closed-loop system and the regulation z(t) = %(t, 0) — 2o when ¢t — 4o00. To
achieve this objective, we propose to apply a PI-type control design procedure on the
PDE model. We introduce the following deviations: ys(t,z) = y(t,z) — ye(x) and
us(t) = u(t) — ue. A Taylor expansion with integral remainder shows that (1.1) can
equivalently be rewritten under the form

82 82 1
(1.22) G = G P+ [ (=97 e+ ) s
0
(1.2b) us(t.0) =0, TE(1.L) = us(0),
0
(1.2¢) us(0.2) = yo(@) — yela),  ZL0.2) = (a),

'In the sense of the L>°(0,1) norm.
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for ¢ > 0 and x € (0, L), while the output to be regulated is now expressed as

ys
1.3 t) = —=—(t,0) = z(t) — z.
(13) w(t) = 22(1,0) = 2(t) — =
Finally, following classical proportional integral control design schemes, we introduce
the integral component on the tracking error

_ s
ox

where z, € R stands for the output value of the steady-state y. while z.(t) € R
represents deviations of the reference signal around z..

(1.4) ¢(t) (t,0) = 2r(t) = 2(t) = (ze + 2:(1))

Remark 1.3. Tt was shown in [21] for a linear reaction-diffusion equation with
Dirichlet boundary control that a simple proportional integral controller can be used
to successfully control a Neumann trace. The control design was performed on a
finite-dimensional truncated model capturing the unstable modes of the infinite di-
mensional system while assessing the stability of the full infinite-dimensional system
via a Lyapunov-based argument. Such an approach cannot be directly applied to the
case of the wave equation studied in this paper due to the fact that, even in the case of
a linear function f, the open-loop system might exhibit an infinite number of unstable
modes. To avoid this pitfall, we borrow the following remark from [10]. In the case

f = 0, the control input wus(t) = fa%(t, L), with a > 0, ensures the exponential

2 2
decay of the energy function defined by E(t) = OL (%(t, m)) + (%(t, x)) dz. As
suggested in [10], a suitable control input candidate for (1.2) takes the form

9
ot

where a > 0 is to be selected and v(t) is an auxiliary command input. In particular, it
was shown in [10] that, in the presence of the nonlinear term f, the velocity feedback
can be used to locally stabilize all but possibly a finite number of the modes of the
system. Then the authors showed that the design of the auxiliary control input v can
be performed by pole shifting on a finite dimensional truncated model to achieve the
stabilization of the remaining unstable modes. The stability of the resulting closed-
loop system was assessed via the introduction of a suitable Lyapunov function.

(1.5) us(t) = (t, L)+ v(t)

We propose to take advantage of the preliminary control input (1.5) in order to
achieve the regulation of the left Neumann trace by means of a proportional integral
control design scheme via the introduced integral component (1.4). The main result
of this paper can be informally stated as follows.

THEOREM 1.4. Considering a steady-state y. of the wave equation (1.1) and the
preliminary control input (1.5), there exists a dynamical controller taking the form of
a state-feedback of ys that achieves the exponential stabilization of the wave equation
(1.1) in a neighborhood of the steady-state y. as well as the local regulation control of
the left Neumann trace.

The rest of the paper is organized as follows. The proposed control design pro-
cedure, with its whole explicit construction, is presented in details in Section 2. The
subsequent stability theorems, which formalize Theorem 1.4, are stated in Subsec-
tion 2.6. The proofs of the main results are reported in Section 3. The theoretical
results are numerically illustrated in Section 4. Finally, concluding remarks are for-
mulated in Section 5.
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2. Explicit control design.
2.1. Equivalent homogeneous problem. Making the change of variable
(2.1) W o) = st a),  w(tw) = D w) — u(t)
- ) ) 9 9 8t ) QL )

we obtain from the wave equation (1.2), the integral component (1.4), and the control
strategy (1.5) that

(2.2a) aa—“: =w?+ a—va(t),
a 2 82 1
(2.2b) 8—“2 = a;ﬂz + ' (ye)w' +r(t,x) — ﬁv(t),
2.2 )= 2% 4o t
(22 &) =20 0,0) =00,
1 dw' 2
(220) w'(t0)=0,  ZL(tL)+awt(t, ) =0,
(22¢)  w'(0,2) = yo(x) —ye(x),  w?(0,z)=yi(x) - %U(0)7 €(0) = Go
for ¢ > 0 and x € (0, L), with the residual term
1
(2.3) r(t,z) = (wl(t,x))z/ (1= 8)f" (ye(z) + sw'(t,z)) ds.
0

Remark 2.1. A more classical change of variable for (1.2) with control input u
given by (1.5) is generally obtained by setting

(2.4) w(t,z) = ys(t, z) — Tv(t).

In that case, (1.2) with u given by (1.5) yields

(2.5)
2w 2w x(x — x(x —
= S £ - T 4 (T ) + 2wt + riv o),
ow ow
wit,0) =0, S0 +aS (1) =0,
w(0,2) = (@) — we(@) ~ Do), P0.2) = () - 1B
with

rito) = (it o)+ o) [0 (o) +swie.o) + 2 un)) as

However, this change of variable (2.4) induces the occurrence of a ¥ term in (2.5),
while only a v term appears in (2.2a-2.2b). The control procedure presented in this
paper could have also been applied in such a setting. Nevertheless, the consideration
of the change of variable (2.1), instead of (2.4), allows a reduction of the complexity of
the controller architecture by avoiding the introduction of an extra additional integral
component.
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6 HUGO LHACHEMI, CHRISTOPHE PRIEUR, AND EMMANUEL TRELAT

Let H = {(w',w?) € H*(0,L) x L*(0,L) : w'(0) =0} be the Hilbert space en-
dowed with the inner product ((w',w?),(z!,2?)) = fOL(wllzll + w?22) dz. Defining
the state vector W (t) = (w'(t,-),w?(t,-)) € H, the wave equation with integral com-
ponent (2.2) can be rewritten under the abstract form

. . . ow?
(2.6a) W(t) = AW (t) + av(t) + bo(t) + R(¢, ), ¢(t) = W(t, 0) — z:(t),

(260)  W(0.2) = (wle) — ge(@)mn(2) = —=0(0)) . C(O) =G

for t > 0 and x € (0, L), where A9 = A + f/(y.) Id,

(2.7) A= («20 Ig)

defined on D(A) = {(w',w?) € H : w! € H?0,L), w? € HY(0,L), w?*0) =
0, (w') (L) + aw?(L) = 0}, and a,b, R(t,-) € H are defined by

(2.8) a(xz) = (z/(aL),0), blx)=(0,—x/(aL)), R(t,z)=(0,r(t x)).

We have R(t,-) € H because r(t,-) € L?(0,L), which follows from the facts that
wh(t,-) € H*(0,L) C L>=(0, L), f" is continuous on R, and ¥, is continuous on [0, L].

Remark 2.2. Tt is well-known that the operator A generates a Cp-semigroup [34].
Moreover, since the Neumann trace is .A-admissible, the application of [35, Lemma 1]
shows that the augmentation of A with the integral component ( still generates a
Co-semigroup. As v is seen as the control input, the state-space vector can further
be augmented to include v, and the associated augmented operator also generates a
Co-semigroup. Now, noting that the residual term (2.3) can be rewritten under the

form r(t,x) = fywz;t)@)ﬂe(m)

f;1+ye (w! +ye — s) f"(s) ds, when seen as a function from {w! € H(0,L) : w!(0) =
0} to L2(0, L), is continuously differentiable. Consequently, the well-posedness of (2.6)
follows from classical results [24]. In the subsequent developments, we will consider for
initial conditions W (0) € D(.A), continuously differentiable reference inputs z,, and
a control input v that will take the form of a state-feedback, the concept of classical

solution for (2.6) on its maximal interval of definition [0, Tiax) With 0 < Tiax < +00,
ie., W € CY[0, Thmax); D(A)) N CL([0, Tinax); H).

2.2. Properties of the operator A.

LEMMA 2.3. The adjoint operator A* is defined by A*(z',22%) = (=22 —g, —(21)")
on D(A*) = {(z',2?) € H : 2t € H*(0,L), 22 € H'(0,L), 22(0) = 0, (z1)"(L) —
az?(L) = 0} with g € C3([0, L)) defined by g" = f'(ye)z? and g(0) = ¢’(L) = 0.

Proof. We write A = Ay, + A, with

0 Id 0 0
Atr = (A 0) s Ap = (f/(ye) 1d 0)

where Ay, is an unbounded operator defined on the same domain as A while A, in de-
fined on H. As A, is bounded, straightforward computations show that A} = (—g,0)
where g is defined as in the statement of the Lemma. It remains to compute Aj,.. To

do so, we observe that 0 € p(Ay,) with A w = (—aw! (L) + [ ng w?(s)dsd¢, w')

(wl(t, ) +ye(x) — 5) f”(s) ds, one can observe that w!

This manuscript is for review purposes only.
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220 for all w = (w',w?) € H. Since A}, is bounded, straightforward computations show

221 that (A;") w = (—ozwl(L)x— Iy ng w?(s) dsd§, —wl) for all w = (w!,w?) € H.
222 We deduce the claimed result by computing the inverse of the latter operator.

223 The strategy reported in this paper relies on the concept of Riesz bases. This
224 concept is recalled in the following definition.

225 DEFINITION 2.4. A family of vectors (ex)rez of H is a Riesz basis if this family
226 is maximal and there exist constants m,., Mg > 0 such that

27 mp 3 el <D eerlll < Mr Y el YN >0 Vep,,....cn, €C
|k|<N |[F|I<N |k|<N

228 The dual Riesz basis of (eg)rez is the unique family of vectors (fr)rez of H which is
229 such that (e, fi)q, = Ok € {0, 1} with 6py = 1 if and only if k = 1.

230 We can now introduce the following properties of the operator 4. These proper-
231 ties, expect the last item, are retrieved from [10, Lemmas 2 and 5].

232 LEMMA 2.5. Let o > 1. There exists a Riesz basis (ex)rez of H consisting of
233 generalized eigenfunctions of A, associated to the eigenvalues (A\;)kez and with dual
234 Riesz basis (fx)kez, such that:

235 1. ex € D(A) and ||ek|l = 1 for every k € Z;

236 2. each eigenvalue \ is geometrically simple;

237 3. there exists ng > 0 such that, for any k € Z with |k| > no+ 1, Ag is algebrai-
238 cally simple and A\, = 57 log (g—ﬁ) + Z’% + O(‘—i') as |k| = +oo.

239 4. ifk > ng+1, then ey, (resp. fi) is an eigenfunction of A (resp. A*) associated
240 with the algebraically simple eigenvalue N (resp. A );

241 5. for every k > ng + 1, one has e, = e—x and fr = f_1;

242 6. if |k| < ng then Aey € span{e, : |p| < no} and A* fi, € span{f, : |p| < no};
243 7. introducing ey, = (e}, er), one has (e})'(0) = O(1) as |k| — +oc.

244 The proof of Lemma A, which is essentially extracted from [10], is placed in annex
245 for self-completeness of the manuscript.

246 In the sequel, we select the constant o > 1 such that i log (g—_ﬁ) < —1. Thanks

247  to the third item, only a finite number of eigenvalues might have a non negative real
248 part. Thus, without loss of generality, we also select the integer ng > 0 provided by
249  Lemma 2.5 large enough such that Re A\ < —1 for all |k| > no + 1.

250 Remark 2.6. The state-space can be written as H = H; € Ho with the subspaces
251 M1 = span{e, : |p| < no} and He = span{e, : [p| > no + 1}. Introducing 1,72 the
252 projectors associated with this decomposition, Lemma 2.5 shows that A takes the form
253 A = Ajm + Agmy where A € ﬁ(Hl) and A : D(AQ) C Hy — Ho with D(.AQ) =
254 D(A) NHa. Moreover, Lemma 2.5 shows that As is a Riesz spectral operator. Then,
255 as D(A) = H1 @ D(Az), we obtain that D(A) = {3, ., wrer + Yy [ Aewi]* < oo}
256 and, for any w € D(A), Aw = Aimiw + 32450041 M (W, fi) e, Where the equal-
257 ity holds in H-norm. Now, for any w € D(A), consider the series expansion w =
258 (w',w?) =3, oy (w, fi) €. In particular, one has w' = 3", ., (w, fi) €}, in H'-norm.
25

Moreover, we have that Aw = >, ., (w, fr) Aex and thus Agw' = >, ., (w, fi) Aoes,
260 in L%mnorm. Since f'(y.) € L*(0,L), the expansion of the latter identity shows
261 that (w')” =, oy (w, fr) ()" in L2-norm. Consequently, w' =3, _, (w, fi) e}, in
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H?-norm and thus, by the continuous embedding H'(0, L) C L>(0, L),
(2.9) (W")'(0) = > (w, fi) (1) (0).

keZ

The latter series expansion will be intensively used in the remainder of this paper.

2.3. Spectral reduction and truncated model. Introducing, for every k € Z,

wi(t) = W), fr)ar  ak = (@ fr)gs bk = (0 frdggs i) = (R(E-), fr)ay
we obtain from (2.6a) that
Wi (t) = (AW (t), fi)y+arv(t)+bpo(t)+ri(t) = (W(t), A" fi) 5 +arv(t)+bpo(t)+ri(t)
Recalling that A* f, = g fx for |k| > ng + 1, we obtain that
(2.10) W () = Mewg () + agv(t) + bro(t) + ri(t), |k| > ng + 1.

Moreover, after possibly linear recombination® of (er)k|<ny and (fi)k|<n,, still de-
noted by (ex)jkj<n, and (fx)jk/<n,, to obtain matrices with real coefficients, we infer
from Lemma 2.5, Item 6, the existence of a matrix Ay € R(Zm0+1D)x(2n0+1) gych that

(211) Xo(t) = AoXo(t) + Bo’l’U(t) + BO’Q/l.)(t) + Ro(t)
where X (t), Bo 1, Bo2, Ro(t) € R*™+! are defined by

W—ny (t) A—ng b—no T—ng (t)
Xo(t) = : , Boi=| ¢ |, Boa=| |, Ro(t)=

) )

w’ﬂo (t) a”ﬂo bno T’ﬂo (t)

Introducing the auxiliary control input v4(t) = 0(t) € R, we augment the state-space
representation (2.11) with the actual control input v as follows:

(2.12) Xi1(t) = A1 X1 (t) + Biva(t) + Ra(t)

where X1 (t), Ry(t), By € R?™%2 and A; € R(Zno+2)x(2m0+2) are defined by

(2.13) Xi(t) = [;;(52)] . Ri(t) = {R(?(t)} . A= {Bg’l XO} , By = {B;] .

Using vy as the control input, we now apply a PI control design procedure to
(2.12) similar to the one recalled in Subsection 1.2. To do so we further augment the
latter state-space representation to include an adequate integral component. First,
we note from (2.9) that the dynamics of the integral component ¢ satisfies ¢ (t) =
> ez Wk(t)(e}) (0)—zp(t). We observe that the (-dynamics involves all the coefficients
of projection wy(t), with k¥ € Z, hence cannot be used to augment (2.12). This
motivates the change of variable

ey en=cn- Y WDOumn_n-2 T Re((e’lf”o’wk(t))

A A
k| >m0+1 k E>no+1 k

2In that case, all the properties stated by Lemma 2.5 remain true except that (ek)lk\SNo might

not be generalized eigenvectors of A.
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where, by the Cauchy-Schwarz inequality, the series is convergent because |Ag| ~ @
and (e},)'(0) = O(1) as |k| — 4+o0. Moreover, the time derivative of £ is given by
§i)= > wi(t)(eh)'(0) + aou(t) + Bob(t) — y(t) = L1 X1(t) + Bova(t) — (1)
[k|<no
where
_ (e)'(0) (e})'(0)
(2.15a) ap = kl; . ar = —2 Z Re( " ak)7
>no+1 k>no+1
_ () (0), _ (e1)'(0)
(2.15b) fo=-— > = 2 3 Re ( " bk),
|k|>no+1 k>no+1
_ (e1)'(0) _ (€)' (0)
(2.15¢) (t) = 2:(t) + Z " ri(t) = 2z:(t) + 2 Z Re( " rk(t)>7
[k|>no+1 k>no+1
and Ly = [ag  (eL,,,))'(0) ... (el )/ (0)] € RP*(2n0+2) Thus, with the introduction
of X(t),B,T'(t) € R?™+3 and A € R(270+3)x(270+3) defined by

£ R A B o R it

2.16 X(t) = . A= , B= . T(t) = ,
@19 x0= L 0 g) "= S0

we obtain the truncated model X (t) = AX (t) + Bvg(t) + T'(t). Using the latter and
(2.10), the wave equation with integral component (2.6) admits the following equiva-
lent representation used for both control design and stability analysis:

(2.17a) X(t) = AX(2) + Bua(t) + T(2),
(2.17b) wg(t) = )\kwk(t) + akv(t) + brva(t) + Tk(t), |k‘| >ng + 1.

Remark 2.7. The representation (2.17) shows that the dynamics of the wave equa-
tion with integral component (2.6) can be split into two parts. The first part (2.17a)
consists of an ODE capturing the unstable dynamics plus a certain number of slow
stable modes of the system. The second part (2.17b), referred to as the residual dy-
namics, captures the stable dynamics of the system which are such that Re Ay, < —1.
The control strategy consists now into the two following steps. First, a state-feedback
is designed to locally stabilize (2.17a). Then, a stability analysis is carried out to
assess that such a control strategy achieves both the local stabilization of (2.17), as
well as the fulfillment of the regulation of the left Neumann trace (1.3).

2.4. Control strategy and closed-loop dynamics. The control design strat-
egy consists in the design of a stabilizing state-feedback for (2.17a). Such a pole
shifting is allowed by the following result.

LEMMA 2.8. The pair (A, B) satisfies the Kalman condition.

Proof. From (2.16), the Hautus test easily shows that (A, B) satisfies the Kalman
condition if and only if (A;, By) satisfies the Kalman condition and the square matrix

T = 4 By € R(2no+3)x(2n0+3) ig invertible.
Ly po
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We first prove that, for any A € C and z € D(A*), (a+ Xb,z),, = 0 and A*z = Xz
implies z = 0. Recall (based on Lemma 2.3) that A*z = Az gives

(2.18a) 2+ 9= _lev (21)” = _XZ27 g” = f/(ye)227
(2.18b) 21(0) = 2%(0) = g(0) = ¢'(L) = 0, (zYY(L) — az*(L) = 0.

From the definition (2.8) of a,b € H one has

@ Ab, 2) — /OL <(;L)’<z1y(x)Aaf”Lzz@)> ax

= [Och(zl)/(I)}i:jALOZJ((Zl),,(I)+AZZ(I)) dx =

L v
HESIA
where we have used (2.18a). Thus we have (z')’(L) = 0. Then (2.18b) shows that
2%2(L) = 0 and we infer from (2.18a) and (2.18b) that (22)’(L) = 0. Moreover,
taking twice the derivative of the first equation of (2.18a), we obtain that (22)"” +
(f'(ye) — (N)?) 2% = 0. By Cauchy uniqueness, we deduce that 2% = 0. Using (2.18a),
(2.18b) and (2')/(L) = 0, we reach the conclusion z = 0.

Assume now that (A;, By) does not satisfy the Kalman condition. From (2.13),
the Hautus test shows the existence of A € C, z; € C, and x5 € C?"0+1 with either
x1 # 0 or g # 0, such that 3By 1 = Az}, 540 = x5, and =] + 2582 = 0. This
implies the existence of 3 # 0 such that Ajze = Arg and x35(Bo1 + ABo2) = 0,
where Bo1 + ABo2 = ({a+ Ab, fr)g)—no<k<no- Noting that Af is the matrix of
A* in (fx)|k|<no» this shows the existence of a nonzero vector z € D(A*) such that
(a+Ab,z),, = 0 and A"z = Az. The result of the previous paragraph leads to the
contraction z = 0. Hence (A4;, By) does satisfy the Kalman condition.

It remains to show that the matrix T is invertible. To do so, let a vector X, =
[ve W_pge --- Wonge vd,e]T € R?™0+3 be an element of the kernel of T'. Then,
by expanding T'X. = 0, we obtain that vg. = 0,

e (1) (0)
_ . _ N7 €x
0= Ay : + Bo,1ve, 0= Z wg.e(ex)'(0) Z " ar | ve.
W_pg,e [k|<no |k|>no+1
We define, for |k| > ng + 1, wy,e = *%Ua Then, as (wg,¢)kez is square summable,
we can introduce we = ), ., Wk cex € H. We obtain that
wfno,e
0= A4 : + Bo,1ve, 0= AWie + apve, [k >no+1, 0= Zwk,e(ellc)l(o)~
w keZ
—MNg,€e

In particular (Axwg,)kez is square summable and thus w. € D(A). The developments

of Subsection 2.3 show that the above system is equivalent to Aw, + av. = 0 and
(wl)(0) = 0 with w, = (w},w?). By expanding the former identity, we first have that

€

(wH)" + f'(ye)w!l = 0 with wl(0) = (w})’(0) = 0 and thus, by Cauchy uniqueness,

€

wp = 0. We also have w? = =Fv, with v. = —aw?(L) = (w})'(L) = 0, and thus

w2 = 0. This yields w, = 0, which shows that wy,e = 0 for every k € Z. Hence the
kernel of T is reduced to {0}, which concludes the proof.
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PROPORTIONAL INTEGRAL REGULATION CONTROL OF A ONE DIMENSIONAL SEMILINEAR WAVE EQUATIANE

The result of Lemma 2.8 ensures the existence of a gain K € R'*(2n0+3) gych
that Ax = A+ BK is Hurwitz. Then, we can take the state feedback

(2.19) va(t) = 0(t) = KX (1),

which yields the closed-loop system dynamics

(2.200) X(t) = A X (1) +T(0),
(2.20b) Wi (t) = Apwg () + arv(t) + brog(t) + ri(t), |k| > ng + 1.

Our main result establishes the local stability of the closed-loop system. We also
study the tracking performance.

Remark 2.9. Ultimately, the controller takes the form of the preliminary feedback
(1.5) which is combined with (2.19). It consists of a state-feedback and two integral
components. One is introduced due to the fact that the design is performed on the
homogeneous wave equation composed of (2.2a-2.2b) and (2.2d), and one is due to the
integral component (2.14) introduced to achieve the desired PI set point regulation
control.

2.5. Dynamics of deviations. Consider now an arbitrary steady-state yg €
C%([0, L)) of (1.1) with associated constant control input 1y € R and constant system
output zg € R, ie., yi(z) + f(yo(z)) = 0 for all z € (0,L), yo(0) = 0, y4(L) = ug
and 2o = y4(0). Introducing wj(z) = yo,5(x) = yo(z) — ye() and wi(z) = —Zvo
with vy = up — u., we infer that (wl, w?) is a steady state of (2.2a-2.2b) and (2.2d)
because w3 + v = 0 and (w()” + f'(ye)wg + 1o = 0, where ro(z) = (w§(z))? fol(l -

$) " (ye(x) + sw(z))ds, with w!(0) = 0, 85?5’ (L) + aw3(L) = 0, and (wi)'(0) =
Z0 — Ze- Let W() = (wé,wg) € H, Ro(x) = (O,T()(LC)), ’Ll)()’k(t) = <W0’fk>3‘-[,’ and
rok = (Ro, fr)g- Setting the constant reference signal z.(t) = 2o — 2z, we define
Ty similarly to I'(t) as in (2.16). Then, since Ax is Hurwitz hence invertible, we
can define the vector Xy = —A;Fo. From the above reasoning, this implies the
existence of & € R so that the triple (Wy,vg,&o) defines an equilibrium condition
for (2.20), i.e, 0 = AgXo + T, 0 = Mpwor + arvo + rok, and vgo = KXo = 0.
Defining the deviations of the system trajectories with respect to the steady-state yq
by AW =W — Wy, AX = X — Xo, Av = v — vy, Avg = vg — vg,0, AL = £ — &,
Az, =z, — (20 — 2.), AT =T — Ty, Ar =1 —r9, AR = R— Ry = (0,Ar), and
Ary =1 — ro 1 we infer that

(2.21a)  Awg(t) = KAX(t)
(2.21b)  AX(t) = AgAX(t) + AT(t),
(2.21c)  Awg(t) = MAwg(t) + arAv(t) + bpAvg(t) + Arg(t), || > no+1

2.6. Main results. The two theorems below precisely formalize Theorem 1.4.

THEOREM 2.10. There exist k € (0,1) and C1,7,6 > 0 such that, for any n €
[0,1), there exists Cy > 0 such that, for any steady-state yo € C2([0,L]) of (1.1) so
that ||yo — Yell Lo (0,0) < 7, for any initial condition satisfying || AW (0)[|3, 4+ |AE(0)[* +
|Av(0)|?> < &, and any continuously differentiable z,. with “AZT‘liw(R+) < 4, the
solution of (2.2) with control law (2.19) is well defined on Ry and satisfies

(2.22) |Aw (¢, Moo,y <1, vVt >0

This manuscript is for review purposes only.
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12 HUGO LHACHEMI, CHRISTOPHE PRIEUR, AND EMMANUEL TRELAT

(2.23)
AW () |13, + [AE(H)]? + |[Av(8)]* < Cre™ > (JAW(0)[|3, + |AE(0)[* + |Av(0)[?)

+Cy sup e 29| Az (s)[%, vt > 0.
0<s<t

Remark 2.11. When f is linear, the closed-loop system is also linear (in particular
the residual term (2.3) is identically zero). In that case, the local exponential stability
result (2.23) stated by Theorem 2.10 becomes global.

Remark 2.12. Estimates (2.22-2.23) can be interpreted as a local ISS estimate
with respect to Az,.

Remark 2.13. The result of Theorem 2.10 ensures the stability of the closed-loop
system in w coordinates. This immediately induces the stability of the closed-loop
system in its original coordinates because, from (2.1) and recalling that w{ = yo — ye

and w§ = — vy, we have AW (t,z) = (y(t,x) —yo(z), $(t,x) — = Av(t)) hence

<
[(s6: -0, 22000) | < oo+ 4 B

THEOREM 2.14. Let k € (0,1), § > 0, and n € [0,1) be as provided by The-
orem 2.10. There exist constants C3,Cy > 0 such that, for any steady-state yo €
C2([0, L)) of (1.1) so that ||yo — YellL=(0,0) < 0, for any initial condition satisfying
AW (0)[3, + |AL(0)|* + |Av(0)|* < 6, and any continuously differentiable z, with

||AZ»,«H%OQ(R ) < 6, the solution of (2.2) satisfies
(2.24)
() (£,0) = 2 (t)] < Cae™* (AW (0) I3 + [AE(0)] + [Av(0)] + [LAAW (0) 13)
+C4 sup e ™Az, (s)], vt > 0.
0<s<t

Remark 2.15. In particular, z,.(t) — 2o — 2. implies (w!')'(t,0) — 20 — z., i.e.,
z(t) — 2o, which achieves the desired set point reference tracking.

3. Proof of the main results.

3.1. Proof of Theorem 2.10. Let M > 3(||a||3, + [|b]|3||K|*)/mr be given,
where we recall that a,b € H are defined by (2.8) and the constant mgr > 0 is as
provided by Definition 2.4. We set

(3.1) V(t) = MAX(t)T PAX(t) + % Z |Awy, ()2, Vt>0
|k|>no+1

where P is a symmetric definite positive matrix such that A, P + PAx = —I. Then
we obtain from (2.21) that

V(t)= MAX ()" (AkP+ PAx) AX(t) + M (AT(t) " PAX (t) + AX ()T PAT(t))
+ Y Reddaw®P+ Y Re (Awk t) (arAv(t) + bpAvg(t) + Ark(t)))

|k\zno+1 |k|>no+1
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20 < =MIAX@O1P = > |Awk(t)? + 2M|[P||[AX (1)[[| AT (1))
|k|>no+1

2+ > | Awp(®)] (Jarl| Av(t)] + [bil|Ava(t)] + [Ari(#)])
422 [k|>no+1

423 where we have used that Re Ay, < —1 for all |k| > no+1. Using now Young’s inequality,
424 we infer that 2M || P||[|AX (®)|||AT(¢)] < M||AX(1§)H2 + 2M || P|?||AT(t)|* and

425 > 1Awi(®)] (Jarl|Av()] + [bel|Ava(t)] + [Arg(t)])
[k|>no+1
1 3
126 <5 > Bw®P 5 Y (laPlAo(®) + bkl Ava(t)] + |Ari (1))
1 3||alf3 3|0]3
27 <z Awy ()| 2 Au(t)|? 2| Avg(t)]? + A
e <5 D IdwOF + IR A + 5 A () + 5 AR,
[k|>no+1
1 3(llall3, + [Iol5 I K1) 3
e <! 2 H H 2 NE
2 <5 Y Aw@P+ S IAXWI? + 5 — AR,
429 [k|>no+1

430 where we have used (2.21) and the fact that Awv(t) is the first component of AX(¢).
131 Thus, we obtain that

432 (32) V(t) < — (M _ 3(”&“’2;_[ + |b||’2H|K|2)) HAX(t)HQ _ % Z \Awk(t)|2

2 2m
R k| >no+1

3
433 +2M||PPATO + o — AR, )%
434 mpr

435 We evaluate the two last terms of the above inequality. Recalling that Rq(t), (),
436 and I'(t) are defined by (2.13), (2.15¢), and (2.16), respectively, we have

2
er) (0

w7 JAT@P = > AP + [Az )+ > ( ,3)( )Ark(t)

|k|<no k>no+1 ¥

(e))'(0)|*
138 < Arg(t)? + 2| Az ()| + 2 k2 Ary(t)]?
A

k|<no k| >n0+1 k k| >n0+1
1y (3.3) < GEIAR(E, )3, + 2z (1)
w1 with CF = Z-max (1,23 50011 ’(ek) (0)| ) < +oo. We now need to evaluate
112 ||AR(t, |3 = fOL |Ar(t,2)|? do. From (2.3) we have
443 Ar(t,z) =r(t,x) — ro(x)

(@) +ye(z)
144 _ / (W () + ye(2) — 5)f(5) ds

Ye ()

wo () +ye ()
s -/ (1) + ) — )(5) s

Ye ()

w! (t,2)+ye (2) wp () +ye (2)
446 = Awl(t,x)/ f"(s)ds + Aw'(t, x)/ 1" (s)ds
w§ (z)+ye (z) Ye (@)
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-wAw%meA<1—sw%w%nw+y4m+wu%ma—w%um»ds

Let € € (0,1) to be chosen later. Let C; > 0 be the maximum of | f”| over [miny, — 2, max y, + 2].]j
For?® ||w || Lo (0,0) = [0 — ¥ellL(0,) < € < 1 and assuming that

(3-4) IAw! (¢, )| o,) S € <1,

we obtain that |Ar(t,z)| < 207|Aw(t, ) |> + Crlwd (z)||Aw! (¢, x)| < 3eCr|Aw!(t, z)]
and thus

(3.5)

IAR(, )13, < 9 CHII AW (8, )1 720,1) < 9L CFIAW ()13,

(3.6) <9EMRLACEY |Awp(t)? < ECT [ [AX )P+ D0 [Awg(t)
kEZ [k|>no+1

where the second inequality follows from Poincaré inequality, the fourth inequality
follows from Definition 2.4, and with the constant C; > 0 defined by C? = 9MrL?>C?%.
We deduce from (3.2-3.3) and, under the a priori estimate (3.4), (3.6) that

: 3(”@“%{ + ||bH%{|| ||2) 2 2 22 3 2
Vit) < — [ =— — — 2M||P — AX
0<-(5 ) et (ampipcs + 5 ) ) 1aX(0)]
1 2 2 2 2 3 2 2 2
—3 1—-2e*Cy | 2M||P||*Cy + 727713 E |Awg(t)]7 + 4M || P||%|Az-(t)|*.

[k|>no+1

With M > 3(|lal|3, + [|bll3,|K*)/mr and by selecting e € (0,1) small enough (in-
dependently of the initial conditions and the reference signal z,.), we obtain the ex-
istence of constants x,Cy > 0 such that, under the a priori estimate (3.4), V(t) <
—26V (t) + C2|Az.(t)]>. Let n € [0,1) be arbitrary. Assuming that the a priori

estimate (3.4) holds on [0, t] for some ¢ > 0, we obtain that

t
V(t) < e2V(0) + Cy / 2= Az, (5)|2 ds
0

sup e 219 | Az, () ]2

< e—QHtV 0 _|_ e
- ©) 26(1 —n) o<s<t

Since P is symmetric positive definite, we obtain from (3.1) the existence of constants
C3,Cy > 0 such that V(0) < Cs (|AW(0)[]3, +|AL(0)]? 4 [Av(0)[*) and V(i) >
Cy (AW ()3, + [AE()|* + |Av(t)[?). Thus, assuming that the a priori estimate
(3.4) holds over [0,¢] for some t > 0, we deduce from the three above estimates the
existence of constants C1,Cy > 0 such that

(3.7)
AW (8)[1F, + |AE(H)? + [Av(t)[? < Cre™ < (JAW(0)[|3, + |AL(0)]* + |Av(0)[?)

+Cy sup e 29| Az (s) ]
0<s<t

3The evaluation of the distance between yo and ye in L™ norm, rather than in L? norm, is

required to obtain the upcoming estimate for |Ar(t, z)|.
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478

179 We now note that [|Aw(t, )||r<(0,z) < VL|[(Aw') (¢ )|r20,0) < VLIAW(#)| .
180 Hence, for a steady state yo so that ||w§||ze0,r) = 1Yo — Vel L(0,r) < €, if the initial
181 condition is selected such that ||AW(0)]3, + |A&(0)[? + |Av(0)]* < % min (1, %),
182 which in particular ensures that [|Aw!(0,-)||p~0,1) < €/V2 < €, and the reference
483 input is chosen such that ||AZ7~||L00(0 L < ﬁ, it is readily checked based on (3.7)

484 that the a priori estimate (3.4) holds for all ¢ > 0. In this case, the stability estimate
185 (3.7) holds for all ¢ > 0.

3.2. Proof of Theorem 2.14. We first derive an estimate of Hd(AR)( t,)]|x
To do so, we assume that the assumptions and conclusions of Theorem 2.10 apply.
Following up with Remark 2.2, we have that

OB _(0.2). = (e Sow) [T rea

486 Let Cy > 0 be the maximum of |f”| over [miny. — (r 4+ 1), maxy, + (r + 1)]. Recall-
487 ing that w' = Aw! +w§ with wg = yo — ye, the use of [|yo — ye L (0,0) < 7 and (2.22)
188 imply that

2

d(AR) | / L‘ ) 2 /w1<t,x>+ye<x> )
489 . < w?(t,x —i——vt‘ [f"(s)|ds| dz

H a ¢ )7-[ 0 ST ye (x)

L
190 <2C%(1+7)? (AwQ(t)liz(O,L) + W|Av(t)|2>
L

191 (3.8) <2C%(1+7)? (|AW( [ — 37 Av(t)2> .
492

193 where we have used that 0 = w? + ZFvo. We are now in position to complete the
494 proof of Theorem 2.14. We fix an mteger N > ng and a constant 7 > 0 such that?
195 Redp < —y < —k < 0 for all |k| > N + 1. Recalling that (wg)'(0) = zg — 2e, we have
196 from (2.9) that

197 [(w")'(£,0) — 2. (t)| = |(Aw")'(£,0) — Az (t)]|
498 < [Awg(®)](e})' (0 )I+|Azr( )|

kEZ

1y (e1)'(0)

199 < D [Aw IR O+ D [MwAwg(D)] | Az )]

|k|<N |k|>N—+1 k
500 (3.9) SCIAW@) i +Cs | D> [MeAwg(t)]? + [Az(t)]
501 k|2 N+1

147 2

502 with C5 = max (mlR Skien €D (02,3 s v (Ekgk“’)] Based on (2.23),

03 we only need to evaluate the term -, -y IAkAwg(t)]?. We have from (2.21) that,
04 forall k| > N+1>ng+1,

t
505 AAwy () = eMIALAwy(0) + / A3 (ap Au(s) + bpAvg(s) + Arg(s)) ds
0

4We recall that Re A < —1 for all |k| > no + 1 and that & € (0, 1).
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16 HUGO LHACHEMI, CHRISTOPHE PRIEUR, AND EMMANUEL TRELAT

(3.10) = eAkt)\kAwk(O) — arAv(t) — b Avg(t) — Arg(t)
-+ eAkt (akAv(O) + bkAvd(O) + Ary, (O))

t
+/ M=) (@) Avg(s) + bpAva(s) + Ary(s)) ds.
0

We have from (2.21) that Avg(t) = KAX(t) and Avg(t) = KAgAX(t) + KAT(¢)
with

1
(3.11a) IAX ()] < mfRIIAW(t)II% +IAEWP + |Av(t)?,
(3.11b) IAT(@)]* < 9IL2CFCTIAW ()3, + 2| Az ()]

where the second inequality follows from (3.3) and (3.5). Using v > k > nx > 0, and
denoting CI = /[[AW(0)[12, + |A&(0)]2 + [Av(0)[2, we have from (2.23) that

¢
/ e %) Apy(s) ds

t
<l [ e ax(s)]s
0 0

¢
< ||K||max(1,m1_{1/2)e*7t/ e’ (\/ae“SCI-i- Cy sup €nN(ST)|AZr(T)> ds
0

0<7<s
(3.12)
< Cse ™™ CI+ Cg sup e 7| Az, (7)]
0<r<t

for some constant Cg > 0 and, similarly,

¢
/ M%) Apy(s) ds
0

< Cre ™ CI+ C7 sup e DAz, (7)]
0<r<t

(3.13)

for some constant C7 > 0. Finally, we also have, for —y < —k < —k < 0,

t t
< \/ / e=2(1=F)(t=5) ds\/ / =2 (t=)| Afy (5)[2 ds
0 0

1 L
3.14 <y — / e 2R(t=9)| Ay (s)|2 ds.
(.14 2(M)\/O Ate(s)

t
/ e M=) Afy () ds
0

Taking the square on both sides of (3.10), using Young’s inequality, substituting
estimates (2.23), (3.5), and (3.11), and using the fact that > > n.q [ (2, fk) |2
|z]13,/mr for all z € H, we infer the existence of a constant Cg > 0 such that

A

> MAwp(B)]? < Cge Y [\ Awg(0))?

|k|>N+1 |k|>N+1

)| s

t
_’_Cge—thCIQ_’_CS sup 6_27m(t_7)|AZT(T)|2+Cg/ e—2%(t—s) o
0

0<r<t

where we recall that ReA\; < —y < —k < 0 for all |k| > N 4 1. Noting that, for |k|
N+12=mno+1, (AAW(0), fr)3 = AeAwy(0), we infer that 3 - n iy [ Ak Awy (0)?
>wez | (AAW(0), i)y |* < [AAW(0)[13,/mp. Then, based on (2.23) and (3.8), and

IN IV
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Fic. 1. Time domain evolution of the closed-loop system

as k > k > 0, estimations similar to the ones reported in (3.12-3.13) show the existence
of a constant Cg > 0 such that

Z Ak Awg (t)|? < Coe 2" (CI? + [ AAW(0)[13,) + Co sup e 2= Az, (1)|2.
|k|>N+1 0<7<t

Substituting this latter estimate and (2.23) into (3.9), we obtain the existence of
constants C'3, C'y > 0 such that (2.24) holds.

4. Numerical illustration. For numerical illustration, we set L = 1, a = 1.1,
and we consider the nonlinear function f(y) = y*. Since F(y) = [ f(s)ds = y*/4 —
+o0o when |y| — 400, it follows from Remark 1.2 the existence of a steady state
ye € C2([0, L]) associated with any given value of the system output z. € R = y.(0).
We set z. = 1.5 and numerically compute the associated steady-state trajectory ye,
giving in particular the equilibrium control input u, = y.(L) ~ 0.781. In the absence
of non linearity, i.e., f =0, it is known (see e.g. [28, Section 4]) that the eigenvalues

of the operator A defined by (2.7) are given by A\, = ilog (g—__&) + z’% These

values are used as initial guesses to determine the eigenvalues A\ and the associated
eigenvectors e, of the operator A in the presence of the non linearity f(y) = y3
by using a shooting method. We obtain one unstable eigenvalue Ay ~ 0.326 while
all other eigenvalues are stable with a real part less than 1. The feedback gain is
computed to place the poles of the truncated model at —0.5, —1, and —1.5.

For numerical simulations, we take W (0,z) = (£, —z72) € D(A). The adopted
numerical scheme is the modal approximation of the infinite-dimensional system using
its first 10 modes. The time domain evolution of the closed-loop system is depicted
in Fig. 1. The simulation results are compliant with the theoretical predictions.

5. Conclusion. In this paper we have investigated the boundary regulation con-
trol of the left Neumann trace of a one-dimensional semilinear wave equation using a
proportional integral (PI) control design procedure. Our control strategy combines a
traditional velocity feedback and the design of an auxiliary control law performed on
a finite-dimensional (spectrally) truncated model.

The PI control design procedure carried out in this paper has been focused on
the ability for the system output to achieve local set point reference tracking of the
reference signal. However, it is well-known for finite-dimensional systems that PI
control design schemes carry on certain robustness properties, e.g., w.r.t. to external
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perturbations. We conjecture that such robustness properties also hold for the control
design problem addressed in this paper. For instance, the addition of an additive
perturbation d(t,z) to the semilinear wave equation (1.1), sufficiently small in L?
norm and evolving around a steady-state do(x), should conduct to a stability estimate
similar to (2.22) from Theorem 2.10 but augmented on the right-hand side with a term

of the type sup e™27(!=%)||Ad(s,-)||2,. A similar remark holds for Theorem 2.14
0<s<t

with estimate (2.24) also augmented by the above mentioned term, as well as a term
of the type sup e~ 2"(t=9)||(9d/0t)(s, -)||2..
0<s<t

It was shown in [21] for a 1-D reaction-diffusion equation that the PI controller
design procedure can be augmented with a predictor component [1, 7, 19, 22] to
handle constant control input delays. Such a strategy fails in the context of the wave
equation studied in this paper. The reason is that, even for arbitrarily small h > 0,
the preliminary feedback wu;s(t) = —a%(i—h, L) might fail to stabilize the linear wave
equation, yielding an infinite number of unstable modes. To illustrate this remark,

let us consider the following linear wave equation:

Py _ %y
o2 Ox2

8y, oy =0, Py = -a®u L),

(5.1) Oz ot

where h > 0 is a constant delay, @ > 0, and 8 € R. It was shown in [11] in the
case « = 1 and 8 = 0 that (5.1) admits an infinite number of unstable modes for
some arbitrarily small values of the delay h > 0. We elaborate here this remark
by extending it to the case @ > 0 and S € R. We proceed similarly to [11] by
looking for solutions of (5.1) under the form w(t,z) = e sinh (1/A? + Bz) for some
A € C. It is easy to see that such a solution exists if and only if A € C satisfies

VA2 + Beosh (/A2 4+ BL) = —aXe M sinh (y/A2 + BL). We start by studying the

special case = 0. Then the above identity becomes equivalent to
(5.2) eM = —atanh(\L).

Let k¥ € N be arbitrarily fixed and select the input delay h = L/(k + 1/2) > 0.
Let v > 0 be the only positive number such that e”® = acoth(yL). Tt is easily
seen that A) = v+ £ (k+ 1) (4n + 1)m, n € Z, are distinct solutions of (5.2) with
Re A, = > 0. We now turn out attention onto the case 8 # 0. Let h,y > 0 be still
defined as above. We introduce the open set A = ()\ €C:0<Rez<2y, |\ > \/B)
We define for A € A the holomorphic functions f(A) = Acosh (AL)+aXe " sinh (AL)
and g(\) = /A2 + Bcosh (\/A2 + BL) + are M sinh (/A2 + SL) with /A2 4 3 =
Aexp (% Log (1 + %)), where Log denotes the principal determination of logarithm.
We have f(\2) =0 for all n € Z and

(5.3) g =) +0(1),  AeA, |\ +oo.

For a given constant R > 0 to be defined later, we consider the simple loop A, :
[0,27] — C defined by A, () = X2 + R g ¢ [0, 27r]. We consider an integer Ny > 1

n

such that A\,(f) € A for all [n| > Ny and all 6 € [0,27]. Standard computations
yield f(A,(0)) = (—1)kiA%R%w§COSh(7L) + O(%) when |n| — 400, uniformly with

1
respect to 6 € [0,27], where ¢ = L + htanh(yL) — Ltanh?(yL). We note that ¢ # 0.
Indeed, the condition ¢ = 0 would imply that tanh(yL) > 0 is the positive root

of L +hX — LX?, yielding the contradiction tanh(yL) = (h + v/h2 +4L?)/(2L) >

This manuscript is for review purposes only.
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604 1+ h/(2L) > 1. We deduce that
605 (5.4) [f(An(6))] ~CR

606  when |n| — 400, uniformly with respect to 6 € [0,2n], where the constant C' =
607 2(2k + 1)7|¢| cosh (yL) /L # 0 is independent of R > 0. Hence, in view of (5.3-5.4)
608 and by selecting R > 0 large enough, we can apply Rouché’s theorem for |n| > N; with
609 Nj > 0 large enough. This shows for any |n| > N; the existence of A2 = X0 + O (%)
610 such that g(A2) = 0. Since h = L/(k + 1/2) > 0, with k € N arbitrarily fixed, h > 0
611 can be made arbitrarily small by selecting k large. Hence we have shown the existence
612 of arbitrarily small delays h > 0 such that (5.1) admits an infinite number of unstable
613 modes. Such an observation implies that the strategy reported in this paper cannot
614 be successfully applied to the case of a delayed control input. Hence, the PI regulation

615 control of (1.1) in the presence of a delay in the control input remains open. This
616 research direction may be the topic of future works.
617 Appendix A. Annex - Proof of Lemma 2.5.

From the definition of A given by (2.7), A € C is an eigenvalue of A associated
with the nonzero eigenvector w = (w',w?) € D(A) if and only if w? = Aw’ and

(W")" + f(ye)w' = Nw',  w'(0)=0, (w')(L)+alw'(L)=0
618 for & € (0,L). Then, for |A\] = +o0, we obtain for = € [0, L] that

619 w'(z) =sinh (/A2 + O0(1)z), (w")(z) = /A% + O(1) cosh (/A2 + O(1)z),
uniformly with respect to x € [0,L]. Using now the right boundary condition, we
obtain the item 3. Then

ey = Ai(sinh (\/A2 + O(1)z), A sinh (/A2 + O(1)z))

k

620 is an associated unit eigenvector where, recalling that > 1 and introducing 8 =
621 —5- log (3—;%) > 0, we have Ay = |)\k\/5inh§?gm +0 (Ii}CI) In particular, (e;)'(0) =
622 O(1) as |k| = 400, showing that item 7 holds true.

623 We show that the eigenvalues of A are geometrically simple (item 2). Assume
624 that w; = (w},w?) € D(A), with i € {1,2}, are two eigenvectors of A associated with
625 the same eigenvalue A € C. We note that w;(L) # 0 because otherwise (w})'(L) =
626 —aAw; (L) = 0 hence, by cauchy uniqueness, w; = 0 and thus w? = \w} = 0, giving
627 the contradiction w = 0. Then the function g defined by g = wi(L)wi —wi(L)wi # 0
628 satisfies ¢” + f/'(ye)g = A2g and g(L) = ¢'(L) = 0, implying g = 0. Recalling that
629 w? = Aw}, this shows that w; and ws are not linearly independent.

630 Recalling that .4 has compact resolvent, we denote by (ex)rez a complete set
631 of unit generalized eigenfunctions of A associated with the eigenvalues (Ax)xez [14].
632  We are going to apply Bari’s theorem [14] to show that (e;)rez is a Riesz basis. To
633 do so, we need a Riesz basis of reference. Based on the definition (2.7) of A, we
0 Id
A0
635 the same domain as A. We know from [28, Section 4] that Az admits a Riesz basis
636 of eigenvectors (i )rez associated with the eigenvalues (uj)rez given for any k € Z
637 by

634 consider the operator Ay = ), obtained by removing f’(y.)Id, defined on

)ﬂ%ﬂ

1 a—1
638 U = —log(a+ .

1, . .
5L dr = — (sinh(pg), pg sinh(ugx))

By,
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where By = 35=1/(2L? + k272) sinh(26L) with § = —5log (257) > 0. We de-

a+1

duce that e, = ¢ +0 (\Til)’ in H-norm as |k| — +oo. Hence (ex)kez is quadratically

close to the Riesz basis (¢x)rez. Then, with the results of [15, Lemma 6.2 and Theo-
rem 6.3] relying on Bari’s theorem, we obtain that (e)gez is a Riesz basis. Introducing
(fx)kez as the Dual Riesz basis of (e)rez, items 1, 3, 4, and 6 hold true. Finally, an
homotopy argument using the operator Ay, shows that the algebraic multiplicity of
the real eigenvalues of A is odd, yielding item 5.
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