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GLOBAL WELL-POSEDNESS OF THE KDV EQUATION ON A
STAR-SHAPED NETWORK AND STABILIZATION BY SATURATED
CONTROLLERS*
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Abstract. In this work, we deal with the global well-posedness and stability of the linear and
nonlinear Korteweg-de Vries equations on a finite star-shaped network by acting with saturated
controls. We obtain the global well-posedness by using the Kato smoothing property for the linear
case and then using some estimates and a fixed point argument we deal with the nonlinear system.
Finally, we obtain the exponential stability using two different kinds of saturation by proving an
observability inequality via a contradiction argument.
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1. Introduction and presentation of our results. The Korteweg-de Vries
(KdV) equation ut 4+ uy + Uzzs + v, = 0 was introduced in [13] to model the prop-
agation of long water waves in a channel. The KdV equation has been very well
studied in recent years, in particular, the controllability and stabilization properties;
see [9, 22] for a complete introduction to these problems. With respect to the KdV
equation on networks, we can mention the work [8] where well-posedness of the KdV
equation on a star metric graph was studied. In the works [1, 10], stabilization and
controllability problems were studied, for the KdV equation on a star-shaped network,
and recently the problem of stabilization using internal delay was addressed in [16].
In this work, we are interested in the global well-posedness and stability properties
of a KdV equation posed on a star-shaped network using internal saturated feedback
terms. Let K = {k, : 1 <n < N} be the set of the NV edges of a network 7 described
as the intervals [0,¢,] with ¢, > 0 for n = 1,..., N, the network T is defined by
T = Uivzl kn. Specifically, we are going to consider the next evolution problem for
the KdV equation,

(KdV-N)
(Ostin, + Optiy + UnOptty, + O2uy ) (t, ) =0 Vo € (0,4,), t>0, n=1,...,N,
Un (t,0) = up(t,0) Vn,n'=1,...,N,
o N
> Bun(t, 0) = —aus (t,0) — gu%(t, 0), t>0,
n=1
Up (b, £y) = Opup(t,€,) =0, t>0,n=1,...,N,
un(0,2) = ul (), x € (0,£,),
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2 WELL-POSED SATURATED STABILIZATION KDV NETWORK
where o > % The central node conditions are obtained taking account of the fol-
lowing: If we denote by u, and v, the dimensionless and scaled variables standing,
respectively, for the deflection from rest position and the velocity on the branch n of
long water waves, then we get from [25, eq. (13.102)]

{ gty + Oty + O3y + unOpti, =0 Vz € (0,4,), t>0, n=1,...,N,

1
Vp = Uy — Bu% +20%u, Vo € (0,£,), t>0, n=1,...,N.
Moreover, at the central node, we can suppose that the elevation of water is the same
in all branches and that the sum of the flux is null, which implies

U (t,0) = up/ (¢,0) Vn,n' =1,...,N,
N

> tn(t,0)v,(t,0) =0, t>0.

n=1

Then we obtain the following problem:
U (£,0) = up/(,0) Yn,n' =1,...,N,
N

N N
n=1

We adapt the boundary condition at the central node to have a decreasing energy.
The hypothesis o > & was introduced in [1] and then in [10] the case a = £ was
included. (KdV-N) was studied in [1] by using the following functional setting: Let
H0,6,) = {ve H'(0,£,), v(¢,) =0}, where the index r is related to the null right
boundary conditions, the space H.(7) be the Cartesian product of H}(0, £,,) including

the continuity condition on the central node (uy(0) = u,/(0) Yn,n' =1,...,N)

N
HY(T) = {u— (ur, -+ un)” € [ HHO, €4),1n(0) = (0) Vn,n' = L...,N} ,
n=1

and
N
HHHI%Q(T) = Z ||Un||?11(o,en)v
n=1

where the index e is related so that each edge belongs to H!(0,£,). Introduce also
the state space

N N ln
L*(T) = H L*(0,4,) with (u,v)r2() = Z/o Upvpdr  Yu,v € L*(T).
n=1 n=1

We also define the space By = C([0,T],L3(T)) N L2(0, T; HX(T)) with |jullp, =
lulleqorLzcry + lwllz2o,rm (7)), and Y be the space of all functions v € Br

11—k

such that 0%v,, € L°(0,4,; H 5 (0,T)) for k = 0, 1,2, with the induced norm

2
lollvr = llollsr + ) 1952
k=0

N [eo(0,6H T (0,T))
[Tne1 L2 (0,4n; (0,7))

In [1, 10] the next well-posedness result was proved for small initial condition and for
any time horizon.
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H. PARADA, E. CREPEAU, AND C. PRIEUR 3

THEOREM 1.1 (Theorem 2.7 of [1]). Let (3)p=1,..n € (0,00)V, & > & and
T > 0. Then there exist ¢ > 0 and C > 0 such that for all u® € L2(T) with
|u’llL2(ry < e, there exists a unique solution of (KAV-N). Moreover, it satisfies
lullzr < Cllw’ Iz (r)-

The main problem to get a global well-posedness result is the action of the non-
linear boundary condition on the central node. Similar boundary conditions appear
for the first time to our knowledge in the work [21] where a wave maker control for
a single KdV equation was studied and then in the work [5] where a well-posedness
result was given. The system studied in these papers was the next one

(1.1)
Opu(t,z) + Opult, z) + u(t, v)0zu(t, z) + O3u(t,z) =0 VY € (0,L), t >0,

92u(t,0) = —u(t, 0) + éuz(t, 0) + h(t), £ 0,
u(t, L) = Ozu(t,L) =0, t>0,
u(07x) = ¢($), S (Oa L)»

and the following well-posedness result local-in-time for bounded initial data was
proven in [5].

THEOREM 1.2 (Theorem 1.1 of [5]). Let T > 0 and v > 0 be given. There
exists T* € (0,T) such that for any ¢ € L2(0,L) and h € H~3(0,T) satisfying,
9l 220,y + ||hHH,%(0 - < 5. Then the problem (1.1) admits a unique solution u €

C([0,T*]); L3(0, L)) N L2(0,T*; H'(0, L)). Moreover, the corresponding solution map
is Lipschitz continuous and the solution possesses the hidden regularities (the sharp
Kato smoothing properties) Ofu € L°(0, L; H*" (0,7%)), k=0,1,2.

The first main result of our work is the following global-in-time well-posedness
theorem.

THEOREM 1.3. Let (bn)n=1,..N € (0,00)V, a > %, and T > 0. Then, for all
u® € L%(T), there exists a unique solution u € By of (KdV-N). Moreover, there ewist

0<T*<T,C>0 such that u € Yy and |Juy,. < C|u’||2(7)-

Note that our result generalized Theorem 1.1 in the sense that the smallness
assumption on the initial data is not needed. Our idea is to follow [5] to obtain
a similar sharp Kato smoothing regularity presented in Theorem 1.2 for a linear
problem of the KdV equation on a star-shaped network. In order to deal with the
nonlinear part, we use a fixed point argument to obtain global well-posedness for
small time. Finally, we use an energy estimation to obtain a global well-posedness
in time. Similar ideas were applied in the case of a single KdV equation in [18].
From the point of view of stabilization, we can refer to the work [26] in which the
boundary exponential stabilization problem in the bounded spatial domain z € (0,1)
was studied. It is well known that the length L of the spatial domain plays an
important role in the stabilization and controllability properties of the KdV equation.
For example, when L = 27 it is possible to find a solution of the linearization around
0 of KdV (u(t,z) =1 — cos(z)) that has constant energy. More generally, if L € N,
where N is the set of critical lengths defined by

[ 1.2 2
N:{Q’]T W7k7leN*}y

we can find suitable initial data such that the solution of the linear KdV equation
has constant energy. For the case of internal stabilization, it is proved in [18, 17] that
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4 WELL-POSED SATURATED STABILIZATION KDV NETWORK

for any critical length we achieve local exponential stability for the nonlinear KdV
equation by adding a localized damping. In most real-life settings we have to take
into account the saturation in the input control due to some (physical, economical,
etc.) constraints. With respect to saturated control in infinite-dimensional systems,
we can refer to [19] where a wave equation with distributed and boundary saturated
feedback law was studied, [14] where the saturated internal stabilization of a single
KdV equation was studied and recently [15] where a saturated feedback control law
was derived for a linear reaction-diffusion equation. Our idea closely follows works
[14] and [16] to prove the stability of the KdV equation in a star-shaped network with
saturated internal control. In this work, we consider a saturation map sat that could
be any of the following cases:
e sat = saty,.: First consider the following scalar saturation,

-M if f<—-M,
sat(f) =4 f if —M<f<M,
M it f> M,

where M > 0 is given and denotes the saturation level. Then we take the
next extension to an infinite-dimensional setting

(1.2) satioc(f)(x) = sat(f(x)).
e sat = saty: For f € L?(0, L) we define

f(z) if | fllz2(0,0) < M,
a8 sab@) = TEM g2 m
£l 220,z T

In what follows, sat corresponds to either satjo. or saty. In order to consider the
saturated stabilization problem, we study the next system

(KdV-S)
(st + Oty + UpnOptiy + O3uy)(t, )
+ sat(an(z)u,(t,x)) =0, x€(0,4,), t>0, n=1,...,N,
U (£,0) = up/(t,0) Vn,n'=1,...,N,
zﬁj, &2uy (t,0) = —auy (t,0) — Ju?(t,0), t>0,
un (t,4y) = 8un(t£n)—0 t>0,n=1,...,N,
un (0, 2) = ud (), x € (0,0,),

where the damping terms (ap)n=1,.. N € Hivzl L*>(0,£,) act locally on all branches,
formally written as

(14)  an>c¢, >0 in an open nonempty set wy, of (0,4,), foralln=1,... N.

In this work, we are going to consider the following energy E(t) of u = (uy,...,unx)? €
L2(T) by

L2
(1.5) E(t) = 5H@||L2(T)~

The second main result of this paper states the semiglobal exponential stability of
(KdV-S).
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THEOREM 1.4. Assume that the damping terms (an)n=1,.. .~ satisfy (1.4). Let
(€,)N_; C (0,00) and R > 0, then there exist C(R) > 0 and u(R) > 0 such that for
all u® € L*(T) with |u°|lL2(7) < R, the energy of any solution of (KAV-S) defined by
(1.5) satisfies E(t) < C(R)E(0)e U for all t > 0.

Then, in order to add damped terms only on the critical lengths as in [1], we ne-
glect the term w,, 0, u, in the KdV equation (KdV-N). Let I, = {n € {1,--- ,N}; ¢, €
N} be the set of critical lengths and I'* be the subset of I, where we remove one index.
We consider now the following problem,

By, + Oy, + O2uy) (¢, )
+ sat(an (z)uy(t,2)) =0, x€(0,4,), t>0, n=1,...,N,
U (£,0) = up/(¢,0) Yn,n' =1,...,N,
SN 02un(t,0) = —auy (,0), t >0,
Un (b, €n) = Opun(t, €y) =0, t>0,n=1,...,N,
un(0,7) = vl (), x € (0,4,),

(LKAV-S)

where the damping (a,)n=1,...n € Hgil L>°(0,¢,,) satisfy

an =0 for ne{1,...,N}\I,
(1.6) an > ¢, in an open nonempty set wy, of (0,£,), for all n € I¥,
and ¢, > 0 is a constant.

Then we are able to prove the following global stabilization result, which is the last
main result.

THEOREM 1.5. Assume that the damping terms (an)n=1,... N satisfy (1.6) and let
(£,)N_, C (0,00). Then, there exist C > 0 and p > 0 such that for all u® € L23(T),
the energy of any solution of (LKAV-S) defined by (1.5) satisfies E(t) < CE(0)e !
for allt > 0.

Remark 1. Note that for the system (LKdV-S) the stabilization result is global,
instead of the one for (KdV-S) which is semiglobal. This difference comes from the
action of the term u,8;u,: The condition ||u®|| 2(7) < R is necessary to handle this
term. o

Remark 2. A global stabilization result for (KdV-S) is, to our knowledge, an open
problem. o

2. Well-posedness. This section is devoted to prove well-posedness results for
(KdV-N)-(KdV-S) and (LKdV-S); in particular, we focus on Theorem 1.3. Our
scheme will be to consider appropriate linear systems to derive regularity proper-
ties. Then, using a fixed point result, we obtain the well-posedness for the nonlinear
systems.

2.1. Linear problems. We start by considering the following linear system for
the KdV equation on a star-shaped network 7

(LKdV-N)
Ostiy, + O3y = fr Vx € (0,4,), t>0, n=1,...,N,
Un (t,0) = un(t,0) Vn,n'=1,...,N,
N
> un(t,0) = h(t), t>0,
n=1

Un(t, 0n) =0, Oyun(t,ln) =0, t>0, n=1,...,N,
un(0,2) = ul () vz € (0,4,),j=1,...,N.

n
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6 WELL-POSED SATURATED STABILIZATION KDV NETWORK

The terms f,, and h are internal and boundary functions that are useful for the fixed
point approach. First, we deal with the linear system (LKdV-N) with homogeneous
initial condition and homogeneous internal source terms (f,, = 0):

Oty + O3u, =0 Vo € (0,4,), t>0, n=1,...,N,
un(t 0) = un (t,0), t>0, Vn,n'=1,...,N,
(2.1) Za%n (t,0) = h(t), t>0,
un(t £,) =0, Opun(t,ly,)=0, t>0, n=1,...,N,
un(0,2) =0, Vz € (0,4,),n=1,...,N,

The fact that we work with the linear system Oyu,, + 03u, = 0 instead of dyu,, +
Oty + O2u, = 0 is motivated by [3, 5]. It is well known, that the term d,u,, yields
problematic behaviors with respect to regularity and controllability properties, as well
noted Rosier in [20] and then in several works [7, 27, 4]. Now, formally we apply the
usual Laplace transform with respect to time to the system (2.1) and obtain

sty + 030, =0 Vo € (0,4,), n=1,...,N,
Un(8,0) = Uy (s,0) Vn,n' =1,...,N,
N

(2.2) > 0Ziin(s,0) = hs),

n=1
Un(8,0n) =0, Opln(s,ln)=0, n=1,...,N,
Un(0,2) =0 Vo € (0,4,),n=1,...,N,

where

i (5,7) = / et (t,2)dt, h(s) = / e th(t)dt Vo € (0,0).
0 0

Following [3], we can see that the N component solutions to (2.2) can be written as

3
(23) ’l,ALn(S,-Z') = Zcé\zn—l)-i-j(s)e)\](S)zv
Jj=1

where X;(s), j = 1,2, 3 are the solutions of the characteristic equation s+ A3 =0 and

cN = (ck),i\[:l’__.’gN solves the following linear system
N 3
N 2 _7
DD g = h
n=1j=1

3
N A&
E c; et =0,
j=1
3
Ny A\l
E c; Ajetitt =0,
=1
ZC an(n OEE
le
N Ajln
E C3(n-1)4;€¢"" " =0, vn
Jj=1

3

N Ajln _
> n1ya e
i=1

(2.4)

Il
S
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We write this previous system in its matrix form AycV = Bel, where e; is the first
vector of the canonical basis in R3N. We can see easily that Ay € M3y can be
decomposed by induction in blocks as

(A)? ()2 (Ag)?
(2.5) A = eh el sl
)\18)‘121 >\2€/\251 )\36>\3[1

(2.6)
(A)? (A2)? (Xs)?
An_1
e 03(N—1)—1><3 |:AN—1 BN:|
N = C Dy
T 1 1 N
000 03><3(N—2) Dy
0 0 0

for an appropriate choice of By, C, and

-1 -1 -1
(2.7) Dy = eMén eratn erstn
)\16>\1[N )\26)\221\7 >\3€)\3@N

Formally, taking the inverse of the Laplace transform of 4, in (2.3), we get for ¢t > 0
and x € (0,4,,)

1
Un(t, I) = Tm/

—100

100

3 .
1 e .
QSthn(S7 I)ds = E Tm/ . 68t0§n71)+jh(5)6>\j(s)mds_
j=1 —100

If we denote, for t > 0 and z € (0,4),

3
1 S)x
I,(t,x) = 2—7”/ 8‘33(n 1)_s_]h()k()ds
J=1 0
3 1 0 R
Tt =Y g [ et s s
7j=1
we have
(2.8) Up(t, ) = L,(t, ) + Jo(t, x).

Now we introduce the notation, super index, T\~ which corresponds to taking s =
+ip?, p > 0, in the characteristic equation. Then the roots of the characteristic
equation are given by

SP(=V3—i)

) =i, (o) = gp(VB—i), Af(p)=
Aj(p) =X (p), 5=1,2,3.

Let ANt (p) be the determinant of Ay (ip3) and A 1)+ (s) be the determinant of

the matrix that is obtained by replacing the column 3(n 1)+4 of the matrix Ay (ip?)
by [10... 0]7 and h(p) = h(ip?). Assuming that AN+ (p) # 0 (this property will be
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8 WELL-POSED SATURATED STABILIZATION KDV NETWORK

justified in Proposition 2.1), Cramer’s rule implies that cé\é’ntl)ﬂ,(p) = cé\zn_l)ﬂ. (ip®)
is given by

AS )

N+ 3(n—1)+j5
(2.9) Cano1)4+5(P) = Wh ().

Thus, I,, and J,, can be seen as

AN (p) .
&P 3t >\+(p)ac 3(" 1)+J + 2
(2.10) n(t, ) § 2W/ AVH(p) h*(p)3p*dp,
AN (p).
E e~ t /\ (p)xz _Sn—1)+5"7 3(" 1)+J 2

where we use the notation AkN’f(p) = A]kv’+(p), AN~ (p) = AN+(p), and h~(p) =

h+ (p). Our idea now is to obtain estimates for u,; for that we are going to prove
AN

some asymptotic properties for %(*Ij)(p), the following proposition collects these

properties.

PROPOSITION 2.1. For all p > 0, AN:F(p) # 0. Moreover, the following asymp-
totic properties hold, for p — oo,

N N,
A3(n+ D+t —2,—5pV3l,—i%ply A?>(n+*1>+2 —2,—pVBlo+i%
AN TOnp e VTR, T~ oNp e S,
(212) AN+ 5
3(n—1)+3 — _2 3 n—1)+ _2 T
LNJ: ~dnpTleT'E, ANJBJ Snp?e7'5, n=1,...,N,
. In—1
where oy > 0 only depends on N and satisfies 6y = —————.
On—1+1

Proof. The main problem in this proof is to deal with the determinant of the
matrix without making explicit computations. Recall that, in the case of N branches,
the matrix Ay has size 3N x 3N. Our proof is based on an induction argument over
the number N of branches of the network.

e N = 1: in this case, system (2.4) is exactly the system studied in [5] for
¢; = 1. By Appendix B, it holds that AT (p) # 0 for all p > 0. Moreover,
following the explicit calculations given in [5] we can deduce

1+ . 1,+ 1+
A ~ =2, 5pVBl—i5pl Ay ~ p=2,—PV3U+iE Az ~ 20"
AL+ p e ALY TP € ALY TP e
3 ALt
A; 2,3

That gives (2.12) in the case N = 1.
e Suppose now that AN~1F(p) # 0 for all p > 0 and that the asymptotic
property (2.12) is true for any network of N — 1 branches. Let us prove that
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AN+ (p) #£ 0 for all p > 0 and that the asymptotic property (2.12) holds for
a network of N branches. As

A — An_1 By
N Cy Dy

and we have det(Ay_,) = AN~LF =£ 0 by hypothesis, we can write

Ay = { IS(N o Osnon } { An_1 O3v-1)
CnvAN_, IDyw-y) 03(N—1) Dy — CyAN' By

o [ Iyn—1) AN By ]
3(v—1)  I3v—1)

which implies directly that

(213) AN’Jr = det(AN) = det(ANfl) det(DN — CNAJ_\,vlilBN)

The difficulty of the last expression is the role of the matrix A;,l_l. In fact,
to calculate this inverse explicitly is quite complicated. Note now that if

T
T2

z3

then, we have
(2.14)
AP a2 +23) (M) (@1 + a2 +23)  (A)* (21 + @2 + a3)
CNAR" By = 0 0 0 ;
0 0 0

from here we can see that it is not necessary to calculate all the entries of
the matrix A;,l_l. Indeed, we only need the 3 first entries of the first column.
Straightforward calculations show that

AiV*LJr A§71’+ AéVfl,Jr

(215) xl:m’ mz:w» I'SZW.

Using (2.14) and (2.15) we get

(2.16)
3 N 1,4+ 3 -1+ 3 AN-LA
2 J
Z AN-1,+ Z AN-1,+ 3)ZAN71,+
_ j=1 j=1 j=1
CNAN By =
NEN-12N 0 0 0
0 0 0
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Then with (2.7)

(2.17)
Dy — CyAN' By

3 ].\771,4» N 1,+ 3 AN 1,+
_1_(A1+)2;W_ >‘+ ZAN 1+ ’\+ ZAN 1,4+
= HMin eA;eN eA;zN
)\fe)‘TZN A;eA;[N )\g'eAQ—ZN

and using the multilinearity of the determinant

3 AN 1,4+
det(Dy — CnANL By) = =) 5 det(Fy) + det(Dy),
j=1
where
A ) )
(218) FN = e)‘réN e)\;réN e)\;rfN

)\1+e>‘1+eN )\SreA’ﬂN )\3+e>‘?feN

Then, it holds that
3 AN71,+
(2.19) ANT = ANZLH Z W det(Fy) + det(Dy)
j=1
Using (2.7) and (2.18) we can derive

; _eY3 4 ip
e - s (28 P

+ (—M + = p> (s sig)en,

2

(2.21) det(Fn) = \fpSe_ipZN + \/gpge_%”(‘/g_i)m + \/§p3e—%p(—\/§—i)£1\r.
Now, to compute A 1) s let A}{,’ ; the matrix obtained by replacing the col-
umn 3(n—1)+j of AN by [10---0]7, for j=1,2,3 and n=1,..., N—1, thatis
(2.22)

n
AN 1 BN
0 1 1
O ifj=1, n=1
00 0 Dn
_ 0
(§+3(n—1)—th)
~~
n
1 AN 1 BN
0 BN 10 1
ifj=2 n=1
: 00 0 DN
A = : =
N,j - 00 0
n
Dy AN—14 BN
: 110
ifj=3 n=1
L o i 00 0 0 DN
00 0
AR B
N_1, N ifj=1,2,3 n=2---,N—1.
CN Dn

We claim the following property of AS(n Dtj°
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LEMMA 2.2.
(2.23) Aévdinﬂ = A;V(;}fw det(Dy), n=1,...,.N—1, j=1,2,3.

Proof. Using the decomposition given by (2.22), we get

n
AN—I,j By

CY,; Dn

n —

N —

for an appropriate choice of C}; ;. Thus, with the same idea as (2.13) it holds
that
(2.24)

N, _
Ay 1)y = det(AR ;) = det(Ax_ ;) det(Dy — CR (A% 1 ;)" Bw).
Similarly, as before, we need to study the product C’]’{,J(A’X_Lj)*lBM in
particular, the first column of the matrix (A’;,_Lk)*l. To do that, note that

(j+3(n—1)—th) 1
~~
1
0 BN_—1 |
0
n .
N—l,jv = : v = : ’
0
. Dy
0
J+3(n—1)
. . . . . . ’-/\ T
by simple inspection; the solution of this problem is v = [0 - - - 1 -+ 0

which we know coincides with the first column of (AR, ;)~" and, therefore,
CR (A% _1 ;) 'By = 0s,.3; therefore, with (2.24)

N+ _ AN-1+ _ .
AS(nfl)+j = Ag(n71)+j det(Dy), n=1,...,N—1, j=1,23,
which finishes the proof of Lemma 2.2. ]

In order to show that AM:* £ 0, note that by (2.19) we get

3
ANT = =N AN det(Fy) + ANV det(Dy), j=1,2,3.
j=1
Using (2.23) recursively, we get

N-1
AYEE = AT T det(Dy).
=2
Noticing that AY+ = det(F), — Zj-’:l Ajl-’Jr = det(D;) and invoking induc-
tively (2.19), we deduce

N N
ANT = "det(F;) J[ det(Dy).
j=1 =1, #j]
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Then, from Appendix C, it holds, for all j =1,..., N, det(D;) # 0, thus

N N
AN+ (H det(Dz)> %’
(=1 =t ’

and from Appendix D, Zjvzl g::((gf])) £ 0, thus AMT £ 0. Now as AN+ £ 0,

we can obtain using (2.19) and (2.23) that

N+ N—1+4
(2.25) A1)t _ Dsn-1)45 det(Dy)
: AN+ T AN-1+ 3 AN-L+
1

AN-T+ det(Fy) + det(Dy)
=1

for j = 1,2,3, n = 1,...,N — 1. Then, using (2.21) we get det(Fn) ~
G . N—1,+
V3p3esV3In+isin and by the induction assumption Z?zl % ~
- N-1.+ 0 /7 - p s
dn_1p"2e7%5. Thus Z?:l iﬁvﬁdet(FN) ~ On_1V/3peVEINTIEIN =T and
then for p — oo
det(DN) 1

(2.26) o N |
_ 3 AT det(Fy) + det(Dy)  ON-1 T

Now by the induction assumption

AN-1+ AN-1+
3(n—1)+1 o 1 i3 3(n—1)+2 o i
7A(]:]L_1’)+ N*(SN*Ip 26 2/1\/5[71 ngfn’ A(;VT—L)-&- N(SNflp 26 p\/§£n+z37
N-1,+
A3(77,—1)-4—3 ~5 —2,-i%
AN71’+ N—-1p = 3
and (2.25)—(2.26) we have
(2.27)
AN"+ AN’+
3(n—1)+1 o 1 3 3(n—1)+2 o i
XN,JE =~ Oy p e TRVl XN-: ~ Oy p 2PV T
N,+ 3 N,+
3(n—1)+3 _o _4m 3(n—1)4j o _ym
#’\NSNP %75, %N&vp 275, n=1,...,N—1,
j=1
where 0y = ~22=L_ Tt just remains to study the case n = N. Note that

ON_1+1°
using the block decomposition of Ay we get

- N, -
ANF
AN+
N,
A2,+
AN+
N,+ N,+
Ay A3N—2 0
AN+ ANF
. AN+
Cn : +Dn | =0 |,
N,+ N,
AZNls A3N+ 0
AN+ AN+
N+
Azniy
AN+
N,+
AZNls
L AN+ ]
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and recalling (2.6) and (2.7) explicit calculations show that

AT, 3 ANt —p/3e—irtn
ANN: _ijl ANTF o3 L ip
(2.28) Bavy = 7 (M + Eip) e(*T*?)fN
' A det(Dy) 2 5, i ’
Si- off — gip) ("4 8)w
and using (2.27) we can conclude from (2.28)
Aévz\’/tz —2 —1pVBin—idply Agf{’tl -2 —pV3IN+i%
AN ~ —dypCe"2 2N ANT ~dOnp e %,
N,+
AN _9 ;= > AgiN—1)+j _2 ;=
R S
j=1
which gives the induction and concludes the proof of Proposition 2.1. 0

Remark 3. Recently, in [11], the problem of small-time local controllability of the
nonlinear single KdV equation was addressed. To reach the obstruction to small-
time controllability in [11] new regularity results in the spirit of [2] were established.
Those results have some connections with the analysis developed in this work. Here,
the analysis of the linear problem (2.4) is based on the estimate of the terms I,
and J, ((2.10) and (2.11)). These involve two integrals of p from 0 to infinity, and
Proposition 2.1 shows the integrands are well-defined (AY:* # 0) and deal with their
behavior at infinity. However, in [11] the behavior of the integrands might be infinite
for finite p. This is the case where L € N, with 2k + 1 ¢ 3N* [11, Lemma B1].
The main difference between these two different behaviors is because in [11] they
worked with the linear system including the term, wu, which is necessary to study
controllability issues. o

Now we are going to state the next regularity result for the solution (2.1) using the
Laplace representation obtained in (2.8) and Proposition 2.1.
PROPOSITION 2.3. LetT > 0 and h € H*%(O, T), then we have a unique solution

uw € Yr of (2.1). Moreover, there exists C > 0 such that for all h € H=3(0,T),

lullvr < ClIAlL, -3 o -

Proof. This proof uses Proposition 2.1 and follows closely [5, Proposition 2.2] and
[3], thus it is omitted here. O

Note that Proposition 2.3 justifies the formal computations given in (2.8). Let W
the operator that corresponds to the integral representation obtained in Proposition
2.3,1i.e., given T >0 and h € H*%(O7 T), the unique solution u of (2.1) is given by

Uy
u = =Wh € Br.
un

Our next step is to consider the linear problem including nonhomogeneous initial data
and source terms, as follows:

Opvn(t, ) + O2vy(t, ) = fu(t,z) Vo €(0,4,), t>0, n=1,...,N,

v (t,0) = v, (¢, 0) Yn,n' =1,...,N,
(2.29) SN 020, (t,0) = h(t), t>0,

Un(t, ) =0, Opun(t,£,) =0, t>0, n=1,...,N,
v (0,2) = 02, x € (0,£,).
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We know from [1] that in the case, h = 0 the solution of (2.29) can be written as

WJFﬂ%®f+AHM%4MmM,

for any v° € L*(T) and f € L*(0,T;1*(T)), where {W(¢)}+>0 is the Co-semigroup
in the space L?(T) generated by the operator Av = —d2v, with domain

N N d2v

DA ={ve H3(0,4,) | nHX(T),Y ——(0) =0,
w={oe (Lm0 nmm. 3 Grw -0}
where H?(0,4,) = {v € H?(0,4,), (%)171 v(l,) = 0, 1 < i < 2} and the space
H2(T) is the Cartesian product of H2(0, £,) including the continuity condition on the
central node (u,(0) = u,/(0) Vn,n’ =1,..., N). Using semigroup theory it is possible
to show that v € C([0, T]; L2(T)) and also using multipliers we can obtain the classical
Kato smoothing result v € L2(0,T;HL(T)), but it is difficult (if not impossible) to
derive the sharp Kato smoothing property established in Proposition 2.3 using energy
methods. Now we use the following result obtained in [3] for a single KdV equation
posed on a bounded domain.

8t1/1+8§1/)=f7 CEG(O,L), t >0,
(2.30) ¥(t,0) =¢(t, L) = 0.9(t, L) =0, t=0,
$(0,x) = ¢°(x), z €(0,1L),

PROPOSITION 2.4 (Lemma 3.3 of [3]). Let T > 0 and L > 0 be given. For any
¥® € L2(0, L) and f € L*(0,T;L?(0, L)), the problem (2.30) admits a unique solution
v € O([0,T]; L2(0, L)) N L2(0, T H*(0, L)), with 954 € LP(0, L; H'5(0,T)), & =
0,1,2. Moreover, there exists C > 0 depending only on T and L such that

2

[lleqo ez ©.pnnzorm oo + 2OV, o ) 5e o

k=0

< C (I19°l 20,y + IflLr 0,150 0,1)) -
Now for any v0 € L?(0,¢,) and f,, € L*(0,T; L?(0,4,)), consider

%Z%@J:WWWU+AWﬂFﬂh@MR

where W7*(t) is the Cp-semigroup associated with the boundary-value problem (2.30)
on (0,¢,). Let bh(t) = Zif:l 921, (t,0) € H3(0,T) by Proposition 2.4. Now take
h € H=5(0,T), then by Proposition 2.3 the function w = W (t)(h — b) is well-defined
and is the solution of (2.1) with boundary data h — §. Finally, the solution v of (2.29)
can be expressed as

uft,) = Wi’ () + /O Wit = 7)f(7,-)dr + W(t)(h = b)().

The next result encapsulates these ideas.

PROPOSITION 2.5. Let T > 0 be given, then, for any v° € L2(T), h € H3(0,T),
and f € L*(0,T;1L2(T)), the problem (2.29) admits a unique solution v € Yp. More-
over, there exists C' > 0 depending only on T and {1, ..., ¢, such that

lelher < € (IRlly-3 .7y + 1m0 azery + 12ler))
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37 2.2. Nonlinear problem. With all the tools developed in the last sections we
ais are ready to prove the global well-posedness result established on Theorem 1.3; the
s main ingredients of this proof are the regularity obtained in the linear cases, energy
;0 and multiplier estimates, and a fixed point argument. Let 7" > 0 and define X =
wm L2(T) x H3(0,T).

382 Proof of Theorem 1.3. Let (u°,0) € Xr and R, 6 > 0 that will be chosen after.
s Consider the closed ball By, (0,R) := {v € Yy, |jv|]ly, < R}. Then By,(0,R) is a
s« complete metric space. Consider the map @ : Yy — Yy defined by ®(v) = u, where u
s 18 the solution of

(2.31)
(Opn, + O2up) (t, 7)) = —(Opvn + V5,050, (t, ) Vo € (0,4,), t>0, n=1,...,N,
up (t,0) = up(t,0) Yn,n' =1,...,N,
N

wo QS 92, (t,0) = —av (t,0) — 5 Wit0), t>0,

U (b, €n) = Ozun(t, ) =0, t>0,n=1,...,N,

un(O,x) :u%» x € (O,gn)
s Clearly, u € Yy is solution of (KdV-N) if u is a fixed point of ®. Now we write two
s lemmas to deal with the source term and boundary conditions. ]
389 LEMMA 2.6 (Lemma 3.1 of [3]). There ezists a constant C' > 0 such that for any

390 T>0andu,v€YT

T
" / lu(t, )0s0(t, ) L2(0,ydt < C(TY2 + T fullyz 0] v
0

s where Yp is Yp for N = 1.

393 LEMMA 2.7 (Lemma 3.2 of [12]). There ezist of constants C, B > 0 such that
s forany T >0 and g1, g2 € H%(O, T), it holds that, g1g2 € H=35(0,T) and

205 lgrgall -3 or < CT? || gy [ 1) g2l 3 01y

306 From Proposition 2.5 and Lemmas 2.6 and 2.7 we get for all v € Yy

N
@)y, =< (uu“mm +-an o - S0

H™3(0,0)
397 0 9
[ 10aat Mot + [t )0unt. Yo
0 0
< C (Iellaer + 0 (lellv, + I2l3,) + (022 +6'*)llullE, +0"/2ully, ) -
s We consider ® restricted to the closed ball By, (0, R) and choose 6, R > 0 such that
R =3C|u" 27y,
(2.32) C° +0'/%) < L

C0° + 02+ 0 /R <
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Thus, for u € By, (0, R), ® maps By, (0, R) into itself. Take now v and v € By, (0, R),
then w = ®(v) — ®(v) solves the equation

Oywp, + 03w, = —(0pv, — Opvy)
—%ax((vn — ) (vn 4+ Vp)) Vo € (0,4,), t>0, n=1,...,N,
wy,(£,0) = wy (t,0) Yn,n'=1,...,N,

N
D" 02w, (t,0) = —a(vi(t,0) — 61(t, 0)),

N - ~
—E((vl(t,()) —01(¢,0))(v1(¢,0) + 01(¢,0))), ¢>0,
Wy (t, ) = Opwp(t, ) =0, t>0,n=1,...,N,
wp(0,2) =0, x € (0,4y,).

Now from Proposition 2.5 we obtain
~ ~ 1 - ~
[®(v) — @(@)[ly, <C (91/2”2— oy, + 5(91/2 +0%) o = v, ll + Ty,
+6%||v = Tllv, + 6% ||v = Tllv, [lv + v, )
- 1 -
< (024 0l =Tl + 5672+ 6+ 26°) o ~ T, 2R)

then with (2.32)

1 1 2
I9() - 2@l < (5 +3) lo T, = 3o T

That means that the map ® is a contraction on By, and by the Banach fixed point
theorem has a unique fixed point u € Yy. It gives the local-in-time well-posedness for
bounded initial data. Now taking 7" > 0, we can check using integration by parts and
the boundary conditions that every solution of (KdV-N) satisfies

N
(2.33) %E(t) =— (a - %) Jur (¢, 0) ]2 — % D 10pun(t,0)* <0

since N < 2«. This dissipation law tells us that the energy is a nonincreasing function
of the time variable, that means

1
(2.34) E(t) < E(f) < E(0) = §|\g0\|L2m vt > 6> 0.

From here, taking the maximum for ¢ € [0,7] we can see that

(2.35) lulleqomizry < 1w’z -

Finally, following [16, 10] we multiply (KdV-N) by ¢, u,, integrate over (0,7") x (0, £,,),
and sum over n = 1,..., N to obtain the following equality:

In

N L N T
(2.36) Z/ @n(t, @) |un(t,2)|?dz |] —Z/ / (D4 + Onn + 03y |un |*ddt
n=1 0 n=1 0 0

N T ol o N /T pln
+3 Z/ / |0 tn|* Opgndadt — 3 Z / / |t | O g dacdt
n=1"0 0 n=1"70 0
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N T
= Z/ [(qn + 632CQH)|UH|2 + QQnunaiun
_ 0

2

e Taking ¢, = 1 in (2.36) we can derive

N T
(2:37) )3 / Orun(1,0) Pt < [l a7,

o If we take ¢, = 1(2[ _I) in (2.36), defining L = max l,and £ = min N€n,

n=1,--- ,N n=1,--,
we can obtain

2N _2r T
ﬁﬂul( 01720,y < = |l o, rys12(y) — 2 ; uy(t,0) 28 un (t, 0) dt

n=1

+ |ju® HLz(T) + = 27 Z/ / o (t, x)dzdt.

Using (2.35)—(2.37) and Young’s inequality we derive

(2.38) |jusl(t, 0)\|L2(0T)<C(T+1)||u°||L2(T)+cZ/ / 3 (t, ) dxdt.

As H'(0,¢,) embeds compactly into C([0, £,]) we get

N T pln
Z/O /0 [unl?dadt < CTY2 0|22 () lull 20,7381 ()
n=1

and then with (2.38)
(2.39)
lur (8, 0) 122 0.7y < C(T + DI’ IEa () + CT 2|6’ |Ea (7 el 20, mim2 1) -

o Finally, considering ¢; = = and using (2.35)—(2.37)—(2.39)
10zl 72 0 727y < C(T + D127y + CT 2wl ) el 22 0,78 (7))
Using Young’s inequality, we can find C' > 0 which does not depend on 7' > 0

such that
(240)  0sullFagoracry < O +1) ([ lEaer + s )
which concludes the proof of Theorem 1.3. O

To obtain a well-posedness result for the systems (KdV-S) and (LKdV-S) we
can use the same idea presented in Theorem 1.3 and Lemma A.3 to take into ac-
count the saturation. It is very important that in Lemma A.3, time appears on the
right-hand side; this estimate gives us the possibility of using small time in the fixed
point approach. Then to derive the global-in-time well-posedness similar estimates to
(2.35)-(2.40) can be obtained.

N
THEOREM 2.8. Let ({p)p=1,..N € 0,00)V, a > 5 and T > 0. Then, for

all u® € L2(T), there exists a unique solution u € By of (KdAV-S) or (LKAV-S).
Moreover, there exist 0 < T* < T and C > 0 such that v € Y- and |ully,. <
Cllw’llezcr)-
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3. Stabilization. In this section, we are going to prove our stabilization results
inspired by [14]. The proofs are based on observability inequalities for (KdV-S) and
(LKdV-S), respectively. These inequalities imply the exponential stability. First, note
that, given T' > 0, we can check that every solution of (KdV-S) and (LKdV-S) has a
nonincreasing energy,

(3.1)
d N , 1Y y e [
B0 =~ (a - 5) lux (t,0))? — 5; |0 (t,0)]* — 7;/0 upsat(anuy, )dzr < 0.

3.1. Stability of (KdV-S). We start by studying (KdV-S). First, note that
multiplying (KdV-S) by u,, and integrating on (0, s) x (0, £,) we get

N ln N s ln s
S / [ (5,2) P+ 3 / / sat(anun)undadt + (20 — N) / lun (£, 0)2dt
n=1"0 n=170 0 0

N s
3 / Bytin (1, 0) 2t = [0 -
n=1

Integrating again this expression with respect to time on (0,7") we obtain

T T
TNy < [ It s e+ 20 = NIT [ jus(t.0) e

N T N T hn
Ty / Deun(t, 02t + T / / sttty )undadt.
0 —Jo Jo

n=1

(3.2)

Our goal here is to prove the following observability inequality:
T N T
)22 < C <<2a N [t 0P+ Y [0t 0P
0 =170

N (T by
+Z/ / sat(anu, ) uydzdt | .
n=170 0

Note that (Obs) is quite similar to (3.2). From (3.2) we can observe that to get (Obs)
it is enough to prove the following inequality:

(Obs)

T T N T
/ ||u<t,->|izmdt<c<<2a—N> / s (1,0) Pt + 3 / 100t (2,0) Pt
0 0 =170

N T ol
+ Z/ / 5at(anun)undacdt) .
/o Jo

Suppose that it is false and take ||u°[|2(7) < R, then we can find (u%7);eny C L*(T)
such that [|u®/]| 2(7) < R and

1112
1w 1220, 702 (1)

N T by o =
(20 = M)l (O 1y + 10,5 ) gy + D [ [ sat(anud uddade
0 0

n=1

lim
J —00

oo,
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where u’ is the corresponding solution of (KdV-S) with initial data u®J. Note now
that using (2.33), we deduce

(3-3) (8, l2ery < 1w llezry < R

Take M = ||u/ | z2(0,712(7)), then X < TV/2(|u® || 27y < TY2R. Thus (AM)jen C R

is bounded. Taking v} = %, then v fulfills
(3.4)

. . . - . t(a, N vl

(@vﬁl + v + O3v] + Nl vl + 5“%7]%» (t,z) =0 Vz € (0,£,), t>0,
n=1,...,N,

vl (t,0) = v, (£,0) vn,n' =1,...,N,

N

) . N .

> 9203(1,0) = —av](t,0) = N (] (1,0)%, t>0,

n=1 )

U%(t,fn):axv%(t7€n,):0, t>0,n=1,...,N,

127 | 20,72 (1)) = 1,

and satisfies
(3.5)

N T
. . no1 S
(2a=N) o] (£, 0) 2202y 1027 (1, 0)F2 0.7y + D / / 5eat(an N v )uhdadt — 0.
n=170 0

First, note that multiplying (3.4) by v/ and integrating on (0, s) x (0,£,) we get
(3.6

)
N ln N s Ly 1 o s .
Z/ |Ug;(s,x)|2da;+z// ﬁsat(an)ﬂv%)vfbdmdt—&-(2a—N)/ [v] (,0)2dt
0 =170 Jo 0

n=1
N s ) .
3 / 10,03 (1,0) 2t = [[07(0,)|Par,
n=1

which gives us, using that sat is odd,

G710y < 1Oy, 1027 (0 F20,1) < 127(0,) 27

Now integrating (3.6) again with respect to time on (0,7") we obtain
(3.8)
T

T
T’ (0, )12 (7 S/O \ij(t,‘)llﬁz<7)dt+(QQ*N)T/O [0 (¢, 0)|dt

N T ) ) N T Zn 1 o .
Ty /0 CRICUREE DY /0 /0 L oo ed ol

This last inequality implies that (v7(0,)) ey is bounded in L?(7). Again using that
sat is odd and similar estimates in (2.37)—(2.39)—(2.40) we conclude

(3.9) 107122 0,71 (1)) < C (||Qj(0a Wiz + 127 (0, ')H]?}(T)) :
Thus (v7)jen C L?*(0,T;H(T)) is bounded and it holds that

002V 20,7501 0,6,)) < 107 e o,m12(m) 107 | L2 0,750 (1)
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which implies that (v]0,v7),en is a subset of L(0,T; L*(0,4,)). Using Lemma A.1
we have

sat(a, Mvl) ‘
— < 3llan | = 0.0 G 107 | 220, mm2 (1),
L2(0,T;L2(0,£,))

and then (mmj\‘%)jeN is a subset of L2(0,T; L%(0,£,)). From this, we can see that

Ol = —(03v] + vl + Nvldyvl + ”t(a;\‘#) is bounded in L2(0,T; H=2(0,£,)).
Hence, by the Aubin—Lions lemma ([24, Chapter III, Proposition 1.3]) we can deduce
that (v7)jen is relatively compact in L?(0,7;L%(7)) and we can assume that v’
converges strongly at v in L*(0,T;L*(T)) with ||lv|r20,r;2¢7)) = 1. Now we are
going to study the case sat = saty and sat = saty,. separately.

3.1.1. Case sat = saty. First, we consider the case sat = sat;. We know that
by (3.3), [[u (,-)||lL2(7) < R and then by Lemma A.2 we have that

T : N Tt g -
0< Z/ / ankn(R)|ng|2dxdt < Z/ / ﬁsab(anyvi)%’
n=1 0 0 n=1 0 0

which gives us using (3.5), as j — oo,
(3.10)

N T b, ‘
(20— N)od (5, 0) 2 0.2 + 19527 (£, 0) 2200y + 3 / / Gk (R) 03, Pt — 0.

n=1

Furthermore, passing to the limit in (3.10) we get

N T ln
(20 = N)[[o1(£,0) 220,y + 1008, 0) s 0.0y + 3 / / G (R) v Pt
n=1

< lim inf ((2a = N)|[vf (£, 0)1 20,7 + 10227 (£, 0) 1 20,1

N T )
+Z/O /0 ank"(R)wg?dmdt) ~0.
n=1

Thus, v,(t,z) = 0 in (0,T) X w, and (2a — N)v1(t,0) = 9,v,(¢,0) = 0 in (0,T)
for all n = 1,..., N. Additionally, as ()\j)jeN is bounded and nonnegative, we can
extract a convergent subsequence such that M) — A > 0, consequently v satisfies
2l 20,7502 (7)) = 1 and solves the following system:

Oyvn, + Opvy, + O30y, + MpOpvy, =0 Vo € (0,4,), t>0, n=1,...,N,
Un (b, y) = Opun(t, £n) = Oz (t,0) =0, ¢t€(0,T)Vn=1,...,N,

(2ac — N)un(t,0) = 0, te (0,7),

vn(t,z) =0, (t,x) € (0,T) X wh,.

1. If A = 0 the system satisfied by v is linear, then we can use Holmgrem’s
theorem as in [18] to conclude that v = 0, which contradicts the fact that
lollz2 .72y = 1.
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2. If A > 0, we have to prove that v, € L2(0,T; H3(0,¢,)) in order to apply [23,
Theorem 4.2]. Consider w,, = d;v,, then

Bywy, + Opwy, + 03w, + A, 0yvy + Apdpwy, =0
Vo € (0,¢4,), t>0, n=1,...,N,
W, (t, b)) = Opwp(t, r) = Ogwy(t,0) =0
Vn=1,...,N,
(2 — N)wy(t,0) =0,

wy(t,z) =0,
(t,x) € (0,T) X w,

w(0,7) = =0/, (0,2) — v”(0,2) — M, (0,2)v/,(0,2) € H=3(0,4,),

€(0,4,), j=1,...,N.
With [9, Lemma A.2] we can get that w,, (0,z) € L*(0,4,) and w, € C([0,T],
L2(0,4,)) N L%(0,T; H'(0,4,)). Thus, 83v,, = —(0tvy, — vy — Ay Opvy,) €
L?(0,T; L?(0,¢,)) which implies v,, € L2(0,T; H3(0,4,)). Applying [23, The-
orem 4.2] we obtain that v,, = 0 for all j = 1,..., N that contradicts the fact
that ||Q||L2(0,T;]L2(T)) =1.

te(0,T)Vj=1,...,N,

3.1.2. Case sat = saty,.. Let us consider the case where sat = saty,., by the
injection of H(0,£,) into C([0,¢,]), we can derive using similar estimate as in (3.9),

T
(3.12) /0 [uf, (¢, @) [Pdt < Lol || 720,751 (7)) < €nB
for B = (R*+ R"). Now, inspired by [14], take €, ; C [0, 7] defined as follows:
(3.13) Qpi = {t €1[0,7], sup |un(t,z)| > z}
z€[0,4,]

Then denote €2, ; as the complement of ), ; and observe that

T
/ sup |ul(t,z)*dt 2/ sup |ul,(t, x)[2dt > V(D ;)
0

z€[0,6,] Qi ©€[0,£5]
for v(£2,, ;) the Lebesgue measure of ©,, ;. Thus, using (3.12) we obtain v(£,, ;) < 2 ﬁ.
Hence,
(3.14) max <T — "—ﬂ 0) < Z/(Qfm») <T.

Now using Lemma A.2

TR > o
Z/o /0 ﬁﬁat]_oc(an)ﬂ’v%)v%dmdt = Z/ / ﬁﬁatloc(an)\jv%)vgzdl'dt
n=1 p
+ Z/ / 5atloc CLn)\ Uj) J
N 1
—satioc(an N il )UJ
> [ /0 » st

n=1

N Ln
Z/ / ankn, (R |U]| dxdt,
0

Qe

n=1 K

%

(A%
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which gives us, using (3.5),
(3.15)

N 0 .
(0= N0l 0r) + 10OV oy + 3 [ [ auka (R Pzt =0,
n=1 n,i

Thus, the limit function v satisfies (2a — N)v1(¢,0) = 0,v,(¢,0) = 0 in (0,T) for
alln = 1,...,N and v,(t,z) = 0 in Ujen{;, ; X w,. Using (3.14), we know that
v(Uien$;, ;) = T, thus we get that, for almost every t € [0,T7, v,(t,z) = 0 for z € wy,.
Last v is a solution to (3.11) and we conclude as we do in the case sat = sats.

Finally, we obtain that (Obs) is valid for a solution (KdV-S) with [Ju}||i2(7) < R.

Proof of Theorem 1.4. The proof closely follows [16] (see also [14]). Note that
for u® € IL*(T) such that ||u’(| 2(7) < R using that the energy is nonincreasing using
(3.1) and (Obs) we argue the existence of C' = C(R) > 0 such that.

C
1+C
Now as the system is invariant by translation in time, we can repeat this argument
on [(m — 1)T,mT] for m = 1,2,... to obtain
E(mT) <~E(m—-1T) <--- <~™E(0).
Hence we have E(mT) < e *™TE(0), where p = 7 ln(%) > 0. Let ¢ > 0 then there

exists m € N* such that (m — 1)T" < ¢t < mT, and then again using the nonincreasing
property of the energy we get

(3.16) E(T) < yE(0) with v = <1

E(t) < E((m —1)T) < e #Mm=UTB(0) < %e*mE(o),

This concludes the proof of Theorem 1.4. 0

3.2. Stability (LKdV-S). Now we study the stabilization of (LKdV-S). For
doing that, we follow the approach of section 3.1, and we prove the following observ-
ability inequality

T N T
4|12y < C (Za—N)/ |u1(t,0)|2dt+2/ |Dpun (t,0)2dt
0 —1 /0
(Obs2) ’
T by
+ Z/ / sat(an Uy )undedt
JEI* 0 0

for any soh_ltion u of (LKdV-S). Suppose that it is false, then there exists a se-
quence (u”7);en C L2(T) such that [|u®’||p2(7y = 1 and the corresponding solution
of (LKdV-S) satisfies

T, o
(20 = W) () oy + 10220 ( OV oy + 3 [ [ sat(anuu et 0,
0 0

nelr

as j — oo. Using the same arguments as in Theorem 1.4 we can find a nontrivial
solution v € By of (LKdV-S) such that

(200 = N) [[v1(+,0) | 2(0,7) = 0,
[0z0(-,0)l| 20,7y = O,

v, =0 in (0,T) X wy, n € I7,
lvllz20,mn2(m)) = 1.
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We distinguish three cases:

e Forne I v, =0in (0,T) X w,. Then, dyv, + v, + v, = 0 and thanks
to Holmgrem’s theorem, v, = 0 for all n € I}. Note that this implies that
vp(t,0) = 0 for all n € I* and by the continuity condition v, (¢,0) = 0 for all
n=1,...,N.

e Forn e {1,...,N}\I., v, is the solution to

atvn + awvn + agvn = 07 S (07 ﬁn), te

Un(t,()):o, t€(07T) J AR

SN 920, (t,0) = 0, te (0,T),

U (t, €y) = Ozvp(t,0,) =0, t€(0,T), n=1,...,N,

v, (0,2) = 02, x € (0,4,).

Then thanks to [1, Lemma 3.2], v, = 0.
e For n € I.\I}, v, then satisfies

Oyvy + Oyvy, + O3v, = 0, te (0,T) Va € (0,4,),
vn(t,0) = O, (t,0) = 020, (t,0) =0, tc (0,7),
Vp (b, £y) = Ozvp(t,4,) =0, te (0,7),
v (0,2) = 2, x € (0,£,).

Due to the three null conditions at the central node, we obtain that v, = 0.
Thus v = 0 and we get a contradiction, with ||| r2(0,7;.2(¢7)) = 1 which ends the proof
of (Obs2). As we have the observability inequality (Obs2), to derive the exponential
decay of the energy of (LKdV-S) given in Theorem 1.5, it is enough to follow the
proof of Theorem 1.4.

4. Conclusions and remarks. In this paper, the global well-posedness was
studied and the exponential stability of a KdV equation on a star-shaped network
with internal saturated feedback terms has been established. The well-posedness
was addressed using the Laplace transform of the linearization and obtaining Kato
smoothing properties which gave the local-in-time well-posedness, then using multi-
plier estimates the global-in-time result was deal with.

4.1. Generalization of the well-posedness result. In the work [7] a com-
plete result for general linear boundary conditions for the KdV equation on a bounded
domain was derived. In this work, homogeneous Dirichlet and Neumann right condi-
tions (un,(t,€n) = Ozun(t, €,) = 0) were considered. These conditions come from the
problems studied in [1, 16], but in a more general framework the following problem
could be studied:

(4.1)
(8tun+axun+un6xun+8§un)(tv CE) = fn(t:x)v Vz € (07 én)a t>0,n=1,...,N,
Up (t,0) = uy (¢, 0) vn,n' =1,..., N,

al N
Z 02un(t,0) = —auy(t,0) — gu%(t, 0) + h(t), t>0,
n=1

Un(t 0n) = gn(t), Optin(t,€,) = palt), t>0,n=1,...,N,

un(0,2) = ul, x € (0,4,).
We expected that adapting the ideas introduced in this paper and in [3], it could be
possible to obtain the following result.
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CONJECTURE 4.1. Let (by)n=1,..n € (0,00), 0 < s <3, and T > 0. There

exists 0 < T* < T such that for all

N N N
w e [T B°0,60), (hogop) e B (0,7) x [] HF (0,1) x [] #H3(0,7),
n=1 n=1 n=1
N g
fe [ ws'o,1:L2(0,,)),
n=1

satisfying the compatibility condition,
ud () = gn(0) n=1,...,N if$<s<3,
0,10 (£,) = pn(0) n=1,...,N if3 <s<3,
Sy 2u%(0) = h(0) if 3 <s <3,

there exists a unique solution u € Hf:/:l C([0,T); H5(0,£,)) N L2(0,T*; H**1(0,4,))
—

of (4.1). Moreover 0fu,, € LgO(O,Zn;HSHs “(0,T%) for k=0,1,2.

The complications would come from the study of the matrix, which is obtained
by replacing the column j + 3(n — 1) of Ay by [0 1 0---0]T for the g, case and
[001---0]T for the p, case. It is not clear how to derive a result similar to (2.23).

4.2. Exact controllability in the network. In the paper [1] the exact con-
trollability of linearization around 0 of (KdV-N) was achieved by acting with N + 1
boundary controls (N controls in the external nodes and one in the central node) if
#{¢, € N} < 1. Recently, in [10] the authors could reduce the numbers of controls
(N controls acting on the external nodes), but the controllability holds for a large
time and small lengths. This raises the question of what happens for the boundary
control and how many components corresponding to the critical lengths one needs
to control in the network case. In particular, we can mention the following open
problems:

o Is the linearization around 0 of (KdV-N) exactly controllable with N controls
acting in the external nodes for T'> 0 and ¢,, ¢ N for all n € {1,...,N}?

o Is (KdV-N) exactly controllable from the boundary in the case where for some
lengths we have ¢, € N7 A starting point could be, to consider the smallest
critical lengths (k=I1l=1or k=1=2).

4.3. Generalization of stabilization results. The stabilization results were
obtained, proving appropriate observability inequalities working directly on the non-
linear systems. In the work [19] more general feedback laws were considered as cone
bounded control laws. Note that Theorems 1.4 and 1.5 hold, replacing sat by any odd
nonlinearity that satisfies the properties given in Lemmas A.1, A.2, and A.3.

Appendix A. Useful lemmas. In this section, we present some technical
lemmas about the regularity and sector condition of the saturation maps sat. Let
a: [0, L] — R such that

(A1) a* > a > a, >0 in an open nonempty set w of (0, L).
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LEMMA A.1 (Lemma 3.2 of [14]). For all (f, f) € L*(0,L), we have

(A.2) lIsat(f) — sat(N)lz20.2) < 31f = fllzz0.0)-

LEMMA A.2 (Lemma 4.3 of [14]). Let r be a positive value and a : [0, L] — R be
a function satisfying (A.1) and k(r) defined by

=
10
axT

1. Given sat = saty and f € L*(0,L) such that || f||120,1) < 7, we have

(A.3) k(r) = min{

(A4) (satz(a(x) f(x)) = k(r)a(x)f(x))f(z) = 0 Yz € [0, L].

2. Given sat = saty,. and f € L*>(0,L) such that Yz € [0,L], |f(z)| < r, we
have

(A.5) (satioc(a() f(x)) — k(r)a(x) f(z))f(x) = 0 Va € [0, L].

LEMMA A.3 (Proposition 3.4 of [14]). Let a : [0,L] — R satisfy (A.1). If
y € L2(0,T; HY(0,L)), then sat(ay) € L'(0,T;L?(0,L)) is continuous and Vy,z €
L2(0,T; H*(0, L)) we have

Hsat(ay) — 5at(az)||L1(0’T;L2(O’L)) S 3L1/2T1/2a*||y — Z||L2(0,T;H1(O,L))~

Appendix B. For all s # 0 with Re(s) > 0, it holds that Al(s) # 0.

This property was stated in [7, Remark 2.5] without proof; here, for the sake of

completeness, we give a proof based on [6]. Suppose that Al(s) = 0 for some s with
Re(s) > 0. Then, there exists f € H3(0, /1), a nontrivial solution of

sF() + 17 (x) =0, re(0.0),
(B-1) {f%mszoszﬂ=a 1

Now, consider the conjugate of (B.1):

sf(z)+ f"(z) =0, x € (0,£y),
(B2) {fwm:fwn:fwn:o

Multiplying (B.1) by f, integrating over (0,¢;), and performing integration by parts,
we get

61 Zl
(B.3) s/ \flPde — [ ff7dz+|f(0)]* = 0.
0 0
Similarly, multiplying (B.2) by f and integrating over (0, ¢1), we get
él Zl _
(B.4) g/ fPde+ [ Fpdz=o.
0 0
Then adding (B.3) and (B.4) yields

01
(B.5) md@/ F2dz = — | (0) .

0
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As f is nontrivial and Re(s) > 0, we get f'(0) = 0. Then, by (B.5) Re(s) = 0. Thus,
we can make the change of variable s = ip3 for p € R. Multiplying (B.1) by zf,
integrating over (0, ¢;), and performing integration by parts, we get

£ ] &G
(B.6) ip3/ x|f|2dx+3/ |f’\2dx7/ xf fdx = 0.
0 0 0

Similarly, multiplying (B.2) by xf and integrating over (0, ¢;), we get

£ b
(B.7) fipg/ ;r|f|2d:c+/ cf" fdx = 0.
0 0

Then, adding (B.6) and (B.7), we obtain f’ = 0. Using the boundary conditions of
(B.1) we deduce f = 0 which is a contradiction. Finally f = 0 and Al(s) # 0 for all
s # 0 with Re(s) >0
Appendix C. For all p>0 and j€{1,..., N}, it holds that det(D;)##0.
Let j € {1,...,N}. Following [6] and Appendix B, suppose that det(D,) = 0 for
some p > 0. Then, there exists f € H3(0,¢;), a nontrivial solution of

i (@) + 17(x) = 0,
() {fm> £ = £(t) =

Now, consider the conjugate of (C.1),

—ip*f(@) + [7(@) =0,z € (0.4,
(C.2) { F(0) = f(t;) = f'(¢;) =0.

€ (07€j)7

Multiplying (C.1) by f, integrating over (0, ¢;), and performing integration by parts,
we get

£ L
(C3) io [ 1fPda~ [ £ 417 O =
0 0
Similarly, multiplying (C.2) by f and integrating over (0,¢;), we get
£ U
(C.4) — ip3/ |f|?da +/ f" fdx = 0.
0 0

Then, adding (C.3) and (C.4) yields f'(0) = 0. Multiplying (C.1) by zf, integrating
over (0,¢;), and performing integration by parts, we get

£ £ &G
(C.5) ip3/ x|f|2d:v+3/ |f’\2dx7/ xf f"dx = 0.
0 0 0
Similarly, multiplying (C.2) by xf and integrating over (0,¢,), we get
¢ G
(C.6) — ipg/ z|f|?dr + / xf" fdx = 0.
0 0

Then, adding (C.5) and (C.6), we obtain f’ = 0. Using the boundary conditions of
(C.1) we deduce f = 0 which is a contradiction. Hence, det(D;) # 0 for all p > 0.
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N
Appendix D. For all p > 0, it holds that Z M
=1 det(DJ)
det(F)
det(D]‘)

# 0. Letting

j € {1,...,N}, we are going to show that Re(
(2.21) we get

) < 0. Using (2.20) and

det(F}) B \/§p3 (e—ipfj + e~ zP(V3-1) —I—e_%P(—ﬁ—i)lj)
det(D;) s —— .
( J) \/§p <e_if’zj + <; _ \/FZ> e(fT\/gJ”E)gJ 4 (; + égl) e(\2/§+22)51>

, i ¢ Gip\
e~ —e 3 cosh <\/§2JP> + ﬁie% sinh (\/§2.7p>

After some algebraic manipulations and writing the complex numbers in their binomial
form (Re + ilm), we obtain

0 Ll 4
0% | cos (3 Jp)+2cosh V3lip — isin <3 ]p>
det(Fy) 2 2 2
det(D;) 3¢, 3¢, 3¢, 3,0\
! cos 5P cosh Q +i [ v/3sinh V3 P sin 5P
2 2 2 2
Letting ¢ = cos (31{2”) — cosh (@) +i (\@Sinh (@) — sin (3%”)), and mul-

tiplying the previous equation by % we get
det(F}) p? 3Lip V3eip o (V3Lp
=—|1 —= h| ——— | —2cosh” | ——
Re <det(Dj) RE + cos 5 cos 5 cos 5

—V/3sin (MTJ”) sinh <\/§’2€j”>> .

By analyzing the function

F(p,t;) =1+ cos (3571[)) cosh (\/i@]p) — 2cosh? <\/§fjﬂ>

2
— V3sin (%) sinh (\/i&p) ,

it can be shown that for all p > 0, ¢; > 0 it holds that F(p,£;) < 0. Thus,
Re(3N det(Fj)) <0, and thus SN det(Fy) # 0.

j=1 det(D;) j=1 det(D;)
Remark 4. In the case ¢ = --- = {y, the proof become easier. In fact,
N
det(F; det(F
(F) _ ydetF) o

= det(Dj) o det(Dl)

because, det(F;) = AL+ 5 0 thanks to Appendix B. o
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