Federico Bribiesca Argomedo, Emmanuel
Witrant and Christophe Prieur

Safety Factor Profile Control in a
Tokamak

July 3, 2013

Springer






Preface

Tokamak reactors pose a myriad of interesting control ehgks that have been
tackled (with more or less success) for the past few decadl@sever, until re-
cently, most of the control objectives were formulated it of one or a few scalar
parameters or quantities (such as the plasma positiongshtatpl plasma current,
etc.). In the last few years, more complex control problémalving spatially dis-
tributed quantities (such as the plasma current densitypéeature, magnetic field,
etc.) that also evolve in time (and are thus represented tijapdifferential equa-
tions) have begun to appear in the literature. One of sudbl@nts is the control of
the safety factor profile in a tokamak. This book presentsiasef techniques and
new methods applied to this control problem.

Although some results presented in this book are based ories ¢ articles
by the authors, a great deal of effort was made to present @semncoherent body
of work, as opposed to individual self-contained resul@vging the logical pro-
gression of the research carried by the authors. Sincedlois $hould be accessible
to the widest possible audience, we have opted to provideskatches of proofs
whenever possible in order to give to the reader the po#gilbdl understand the
main concepts without reducing the readability of the conte

In Chapter 1, we present a brief introduction on the contfthermonuclear fu-
sion and highlight the interest of regulating the safetydad detailed explanation
of the distributed reference model is provided in Chaptas2yell as a general state-
ment of the control problem and its main technical diffiasgtiA finite-dimensional
control approach is proposed in Chapter 3, after discrggittie partial differential
equations that model the poloidal magnetic flux evolutiome Partial fulfillment
of the control objectives obtained with this approach naitg the distributed ap-
proach that is followed in the rest of the book. Chapter 4itiettae main theoretical
results necessary for developing a distributed controltkat can take into account
space and time-variations of the transport parametersttiegwith some simulation
results on a control-oriented simulator. Finally, Chapteresents some extensions
required for implementing the proposed scheme on a reafisénario, along with
simulation results on more complex, physics-oriented sode
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Chapter 1
Introduction

Global warming of the climate system is now unequivocal, tigadue to green-
house gases (GHGs, increased by 70 % between 1970 and 2@0grasols, with
a dominant contribution of Cemissions [8]. CQ from fossil fuel use amounts
for 56.6 % of the anthropogenic GHG emissions. The need fidrocafree energy
resources thus appears as a first priority.

Controlled thermonuclear fusion could be a solution to pomisustainable en-
ergy. Indeed, harnessing the energy generated by the faibauterium and Tri-
tium (isotopes of Hydrogen extracted from water and thehésactust) can be done
in an harmless way (no direct radioactive waste and rapidyde€ the structure
radioactivity). The natural abundance of Deuterium angibesibility of producing
Tritium from readily available Lithium mean that easily dshle fuel reserves for
this kind of energy production could amount, in all likeldth to thousands of years
of world energy consumption at current levels [37]. Likeralclear power sources,
the absence of carbon emissions is a key advantage of usiteanéusion. Further-
more, the inherent safety of the fusion reaction (as opptséte fission one) and
the comparatively easy treatment of radioactive bypral(estly structural compo-
nents that are in close proximity to where the reaction tpksse become activated
and need to be stored for a few decades before being safglledr make this form
of energy production extremely attractive.

However enticing the prospect of controlled nuclear fusioay be, achieving
and maintaining the fusion reaction is not simple. To fuse (positively charged)
nuclei, the electrostatic force keeping them apart mustdeecome (Coulomb bar-
rier reduced by quantum-mechanical tunneling). This isedoytaking the fuel to
extremely high temperatures (which ionize the fuel atoimsnfng a plasma). Once
the fuel has enough kinetic energy to overcome this bagiguestion that remains
is whether or not a significant amount of nuclei will fuse pohg a net energy
gain. To achieve this (in a technically feasible way), twoinmapproaches have
been explored:

e heating the fuel to obtain a high-density plasma (high fasate) and keeping
it confined for a short period of time, which is the principkehind inertial con-
finement fusion, and
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Fig. 1.1 ITER Tokamak (www.iter.org)

e heating the fuel to obtain a low-density plasma (low fusiatey and keeping
it confined for a long period of time, which is the principlehiied magnetic
confinement fusion.

Tokamaks use a magnetic field to confine a plasma in the shap#oofis. The
charged particles follow a helicoidal trajectory accoglio the field created by
controlled magnets, which thus set the position and shapbeoplasma. Radio-
frequency antennas allow selective action on electronsra and modify internal
plasma properties such as current and temperature. Thagladueled by pellets
shot at high speed toward the plasma center and neutratlpartire injected to
increase the plasma momentum and energy.

The ITER Tokamak [16] (see Figure 1.1), an internationaljgmiinvolving
seven members (European Union, Russia, USA, Japan, Chareakand India),
is planned to start its operation during the next decads ftirieseen to produce 500
MAout of 50 MWof input power, thus competing with the traditional fissicower
plants. ITER is currently under construction at Cadaraohsouthern France. Fu-
sion devices using magnetic confinement of the plasma, sitblkamaks, can thus
envisaged as a major carbon-free energy resource for thieefut
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Challenges in plasma physics for tokamaks

A tokamak is a toroidal chamber in which magnetic coils gateea very strong
magnetic field with both toroidal and poloidal componenéee(Eigure 1.1). In this
chamber, the Tritium-Deuterium plasma circulates so thatftision reaction can
take place (a detailed account of tokamak physics can bedfouf87]). Tokamak
operation presents several challenging control probleamsyerview of which can
be found in [30], [36], [35] and [1]. Until recently, most dfe literature considered
the control of one or several scalar parameters of the plggnaxample: shape,
position, total current, density). In particular, [1] addses most of these problems.

When dealing with advanced tokamak scenarios (see fomiost2], [14] and
[41]) it is desirable to have a finer degree of control on soméables. In particu-
lar, full profile control of the current density and pressoray be required. Given
the high uncertainty in online profile reconstruction andasweements, as well as
in modeling of transport phenomena inside the plasma, ollingy these internal
profiles is a very challenging task and necessitates robadblack approaches.

But the control of internal plasma dynamics and radial pesfflL-D distributions)
is still in its infancy. This control is likely to be cruciabf robust stability and to
maintain high-efficiency tokamak operation.

Tokamak control is becoming more and more important for tleeass of mag-
netic fusion research and will be crucial for ITER (e.g. s2®, [30] and related
tutorials). Feedback control of the main plasma macroscpprameters, such as
plasma position and shape, total current or density is nasaeably well mastered
in the different worldwide Tokamaks. But the control of itel plasma dynamics
and radial profiles is still in its infancy. This control i&dily to be crucial for robust
stability and to maintain high-efficiency tokamak operatio

According to the plasma physics issues highlighted for IT&FR different ob-
jectives can be mentionned:

0.1 Magneto-hydro-dynamics (MHD) stabilityton-axisymmetric electric currents
cause perturbed magnetic fields within (e.g. magnetic dslgB84]) or outside
(e.g. resistive wall modes [24, 25]) of the plasma, as weltastral plasma
relaxations (e.g. sawteeth [40]). These instabilitieshavat a fast time-scale
(~ 106 —-103s) and need to be adressed in both the poloidal and toroidal di-
rections.

0.2 Heat confinementhe fusion reaction efficiency ultimately depends on our ca
pability to raise the central temperature of the plasma ty Wgh values &
150x 10°K, 10 times the central temperature of the sun) while havingdge
temperature that can be sustained by the plasma-facingamengs. Maintaining
large temperature gradients is thus essential to achiee#ieient “burn” control
while preserving the plasma shell. Confinement predictimsadased on empiri-
cal scaling laws, non-dimensionally similar studies or frdhsport descriptions
[17]. A strong limitation for model-based control comesnfrehe difficulty to
model the heterogeneous heat transport and internal wetrtsrriers. First ap-
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proaches on feedback design have been attempted for thecbotol using a
0-D approach (e.g. see [5] and references therein).

0.3 Steady State Operatiorelates to our ability to continue the Tokamak operation
indefinitely, e.g. the pulse is terminated by the operatosice and not due
to the plasma behaviour. To this aim, the so-called “safetyer” (dynamics
evolving at the current density diffusion timgl-100 s) and the pressure profiles
provide an indicator on the potential avoidance of MHD ibdites [33]. Based
on control-oriented models of the safety-factor profilectsas [39, 20]), lumped
[19, 28, 21] and distributed [6, 7] control strategies hagerbproposed.

0.4 Control of Plasma Purityan impurity flux is driven by different transport phe-
nomena (e.g. ashes transport, gas puffing at the plasma &guaiad impurity
removal) as well as plasma-wall interactions. This problemelated to both
preliminary design (e.g. optimal divertor and plasma+igccomponents) and
real-time feedback. This topic and the next one are moreifsgaly associated
with extended burn plasmas (to be explored with ITER) and begome first
priorities in the nearby future [31].

0.5 Exploration of the new physics with a dominanparticles plasma self heating
the a-particles (Hé+) produced by the fusion reaction being charged, they are
trapped by the magnetic field and transfer their energy te@khema. They thus
provide an extra heat source and induce a local non-lineaibfeck. Control-
ling such an effect would imply to combine anisotropic tyams analysis and
burn control. A first attempt, focused on maximizing the lst@ip effect on the
magnetic flux, is proposed in [12].

While each “physical challenge” is mostly considered asratependent con-
trol problem, the automation system will ultimately havedial with the strong
couplings that exist between the different plasma dyna@ucsthe multiple roles
of each actuator [18]. For example, the safety factor prifile key parameter for
both the global stability of plasma discharges and an erdgthoonfinement of the
plasma energy (O.1 and 0.3), which may reduce the size andthgure fusion
reactors. Other examples include the couplings betweemtdrmal variables (e.g.
the temperature profile strongly affects the safety facyavadhics, thus coupling
Objectives 0.2 and 0.3) and the multiple effects of eachatotue.g. using the
antenna at electron cyclotron radiofrequency mostly &f@bjectives O.1, 0.3 and
0.5).

Control challenges for distributed parameter systems

The control issues associated with tokamaks involve thiécstpenporal dynamics of
transport phenomena (magnetic flux, heat, densities,irtthg anisotropic plasma
medium. For “steady-state” operation, the state-spadahlas can be averaged on
surfaces of identical magnetic flux (identified with diffatecolors on Figure 1.2)
and the radial profile is regulated in the 1-D space. Both Hannand distributed
controls and measurements are available. The physicallmtygécally involve in-
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Fig. 1.2 Ideal model of a tokamak plasma for profiles control, withistured isoflux surfaces and
the radial direction.

homogeneous partial differential equations (PDEs, mastiparabolic or hyper-
bolic type) with transport coefficients that differ by sesfeorders of magnitude
depending on their location and involve nonlinear coudibgtween the physical
variables. New results are thus sought on:

¢ Identification and estimation, possibly with unknown inputs, of transport pa-
rameters varying in time and space (Objectives 0.1-0.2¢.t0the lack of accu-
rate physical models (e.g. for temperature diffusion agrindl transport barriers),
such results are of prime interest for model-based contrdl @rocess super-
vision. Furthermore, the wide ranging of tokamak instrutaan provides an
exceptionally rich database for evaluating new estimatioategies in the PDE
framework.

e Stabilization with computation constraints, for high-order linear systems with
multiple time-varying delays. Such models can be used tordesconvective
transport and MHD instabilities based on modal analysigé€ilve O.1). The
fast time-scale of these instabilities prevents the usalbffHD or PDE models
and simple feedback laws should be preferred, to contrlaitively) large arrays
of sensors and actuators (e.g. see [23] for a PID approaciXoREP-T2R).

e Robust PDE control of 1-D transport equations for the regulation of surfaced-
average physical quantities (e.g. safety factor, temperatnd density), which
results in a profile control in the radial direction. Thisatels to several specific
problems, such as feedback with time-scales separatioe¢®i O.2), control
of linear parameter-varying PDEs (Objective O.3), bougidantrol (Objective
0.4) and nonlinear optimal feedback design for coupled P@gective O.5).

e Optimal reference designto provide scenarios that integrate the multiple cou-
pling constraints for the feedback strategies. These siosnean be computed
offline and use advanced physical models that include thelxity of plasma
interconnected dynamics.
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Problem Statement and Background

This book is focused on the feedback control ofshéety factor profiler g-profile
The safety factor corresponds to the number of toroidalugepoloidal rotations
done by a field line and is determined by the relation betwberiwo components
of the magnetic field. This physical quantity is related teesal phenomena in the
plasma, in particular the appearance of MHD instabiliti&ile the g-profile evo-
lution results from dynamics that are inherently stableghttcontrol is necessary
to avoid operating conditions at which the MHD instabiktimay appear.

Having an adequate safety factor profile is thus particularportant to achieve
advanced tokamak operation, providing high confinementMHkid stability. To
achieve this, we focus in controlling the poloidal magnétig profile (and in par-
ticular, its gradient). This is a challenging problem fovesl reasons [7]:

e The evolution of the magnetic flux is governed by anisotraiifftision, which is
a parabolic equation with spatially-distributed rapidipe-varying coefficients
that depend on the solution of another partial differertplation related to heat
transport;

e the control action is distributed in the spatial domain bomlinear constraints
are imposed on its shape (with only a few engineering parnsetailable for
control, strong restrictions on the admissible shape apogad);

e nonlinear source terms appear in the evolution equatiopditicular the boot-
strap current);

e important uncertainties exist in most measurements, atitims and models.

The regulation of the poloidal magnetic flux profile is rethtby means of the
Maxwell equations, to the control of the plasma current profihe possibility of
controlling profile shape parameters has been previougwishn the literature.
In [38], the shape of the current profile shape is chara@drizy the internal in-
ductance of the plasma and the central value of the safetyrfamd experimental
results are presented. In [4], the control of the width ofltireer hybrid power depo-
sition profile is shown and validated with experiments. Acdi$e real-time control
of steady-state safety factor profile is proposed by [15hs@tering several possi-
ble operating modes. Other works consider the distribuétdra of the system and
use discretized linear models identified around experialegerating point. For
example in [19], where a model based on a Galerkin projest@sused to control
multiple profiles in JET,; [22], where a reduced order modeilssd to control some
points of the safety factor profile; [20, 21], where the apgility of these identifi-
cation and integrated control methods to various tokanmksalyzed; and in [26]
where a robust controller is constructed based on a PODKialdecomposition
and assuming diffusivity profiles with constant shape (iragynly modulo a scalar
quantity).

The automatic control research community has also made seceat contri-
butions based on simplified control-oriented models thiimethe distributed na-
ture of the system. Some examples are [27], where an extreseeking open-loop
optimal control is developed for the current profile in DDI-and [9], where non-
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linear model-based optimization is used to compute opep-&xtuator trajectories
for plasma profile control. For closed-loop control exarspia [28] and related
works, an infinite-dimensional model, described by pardiéferential equations
(PDEs), is used to construct an optimal controller for therent profile, consid-
ering fixed shape profiles for the current deposited by thedrBrequency (RF)
antennas and for the diffusivity coefficients. Other PDBtool approaches, related
to Tore Supra, can be mentioned: [11], where sum-of-squaly@mpmials are used
to construct a Lyapunov function considering constantagitfity coefficients; [13],
where a sliding-mode controller was designed for the irdhditmensional system,
considering time-invariant diffusivity coefficients; [[L2vhere the nonlinear source
term (bootstrap current) is maximized using a Lyapunowlddsedback strategy
that employs the sum-of-squares framework.

The derivation a simplified control-oriented model of théogiaal magnetic flux
diffusion is first recalled in Chapter 2. It is based on [39jiSTmodel is composed of
a diffusion-like parabolic partial differential equatiarith time-varying distributed
parameters. This type of PDEs (in particular diffusion dfugion-convection equa-
tions) are used to model a wide array of physical phenomemginrg from heat
conduction to the distribution of species in biologicalteyss. While the diffusivity
coefficients can be assumed to be constant throughout thialgp@main for most
applications, spatially-distributed coefficients aredezkwhen treating inhomoge-
neous or anisotropic (direction-dependent) media. Unfately, extending existing
results from the homogeneous to the inhomogeneous case sraightforward,
particularly when the transport coefficients are time-iragy

Main Contributions

The goals of this book are:

e the illustration of some control schemes that result froendiscretization of the
distributed model before designing a control law (lumpedapeter approach)
and their inherent limits;

e the use of a simplified infinite-dimensional model for the@lepment of a dis-
tributed control law to track the gradient of the magnetig fiuofile by means of
an Lower Hybrid Current Drive actuator, with specific treatthof time-varying
effects and the possible extension to other non-inductivesat sources;

e the consideration of time-varying profiles for the diffuspvcoefficients in the
control design, to guarantee stability and robustnessesyistem with respect
to several common sources of errors as well as unmodeledrdysa

e the inclusion of couplings between the total plasma curentrol and the mag-
netic flux profile control;

e areal-time optimization strategy that includes the nadinconstraints imposed
by the current deposit profiles while preserving the thecaestability and ro-
bustness guarantees;
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e the validation of the proposed control approach using thel Ecode [2] (a
module of the CRONOS suite of codes, suitable for closeg-tmmtrol simula-
tions [3]) for Tore Supra;

¢ the addition of profile-reconstruction delays in the cohiop;

e the extension of the control scheme to Electron Cyclotromé Drive (ECCD)
actuators and simulation using the RAPTOR code [10] for t8% Experiment
(EPFL, Lausanne, Switzerland).

Outline

This book is organized as follows:

e Chapter 2 presents the main distributed model and its denvéom the mag-
netohydrodynamics equations. It is used throughout thaskkdong with the
physical hypotheses required for the model simplification.

e Chapter 3 presents a control approach based on the spatiattiiation of the
distributed model presented in Chapter 2. The time-vargivagacter of the diffu-
sivity profiles implies linear matrix inequalities (LMIs)fierred from a polytopic
linear parameter-varying (LPV) structure of the model. §eheMls allow com-
puting stabilizing controllers for the extreme variatiafsthe parameters (the
vertices of the polytope). Even though this approach takiesaccount the vari-
ation of the diffusivity coefficients, its extension to thentrol of the gradient of
the poloidal flux profile is not straightforward (due to near contraints on the
admissible inputs);

e In Chapter 4, a strict Lyapunov function is derived for theogoop distributed
system, which allows constructing strongly constrainedtics laws that pre-
serve the stability of the system while modifying the inpatstate gains be-
tween different disturbances and the gradient of the magfiex. Alternative
Lyapunov functions are compared to motivate our final choice

e Chapter 5 includes the important couplings between the taduydbrid (LH)
power and the total plasma current in the tokamak in theibiged control de-
sign method. Advanced simulations using the METIS codstilte the robust-
ness of the control scheme with respect to modeling erropaitidisturbances
(represented, for example, by the lon Cyclotron Resonareaih (ICRH) ac-
tuator) and profile-reconstruction delays. Finally, theifigity of the proposed
scheme to accomodate different actuator models and pldsapas s illustrated
with some simulations using the RAPTOR code [10] for the T@¥ddfications;

e Chapter 6 contains some concluding remarks and suggesesmssible future
research lines.
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Chapter 2

Mathematical model of the safety factor and
control problem formulation

We are interested in controlling the safety factor profil@itokamak plasma. As
the safety factor depends on the ratio of the normalizedisadi the poloidal mag-
netic flux gradient, controlling the gradient of the magadiix allows controlling

the safety factor profile. In this chapter we present theresfee dynamical model
[20] for the poloidal magnetic flux profile and its gradient(é/alent to the ef-

fective poloidal field magnitude, as defined in [10]), usadtiyhout the following

chapters, as well as the control problem formulation. Sofrieeomain difficulties

encountered when dealing with this problem are also higkid.

2.1 Inhomogeneous transport of the poloidal magnetic flux

Fig. 2.1 Coordinate system
(R,Z) used in this chapter.

The poloidal magnetic flux, denoted R, Z), is defined as the flux per radian of
the magnetic fiel®B(R,Z) through a disc centered on the toroidal axis at hemht
having a radiug, see Fig. 2.1. A simplified one-dimensional model for thibjtal
magnetic flux profile is considered. Its dynamics is givenh®/following equation

11
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[3]:

C, 92 WMB
ow _mC2 oy P 1(0203)5_4’ opZ®, o (2.0

ot woCz dp?  peC3dp \ p ) dp FCy
with the geometry defined by:

- | _ 9 lel? B

where(-) represent average over a flux surface, indexed by the equivadiusp.
The remaining coefficients are, the toroidal magnetic flux,, the value of the
toroidal magnetic flux at the plasma centgy, the parallel resistivity of the plasma;
and Lo, the permeability of free spac, is a source term representing the total
effective current produced by non-inductive current searE is the diamagnetic
function and‘;—’g is the spatial derivative of the plasma volume enclosed byrthg-
netic surface indexed kyy. A summary of these variables can be found in Appendix
B.

With the following simplifying assumptions:

e p << Ry (usually referred to as the cylindrical approximation, whiy is the
major radius of the plasma);
¢ the diamagnetic effect caused by poloidal currents can pected,

the coefficient€,, Cz andF simplify to:
F~RBg. Calp) =Calp) =4k

and the spatial derivative of the enclosed plasma volumerhes:

av
Z— =4
Introducing the normalized variabte= p/a, a being the minor radius of the last
closed magnetic surface, we obtain the simplified model 120,

oy, . nrt) (0%y 1oy
=10 (G

ar2 FW) + 0 (R H)Rojni(r;t) (2.2)

with the boundary condition at the plasma center:

oy,
S 0n=0 (2.3)

one of the two boundary conditions at the plasma edge:

oW .. Ropolp(t) oy,
W(l,t)ffimT or ot (1,t) = Vioop(t) (2.4)
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wherel, is the total plasma current aigl,p, is the toroidal loop voltage) and with
P p
the initial condition:

p(rto) = to(r)

Remark 2.1The validity of this model (derived for Tore Supra) can becexted to
other tokamaks by changing the definition of the valigsCs, F and%.

2.2 Periferal components influencing the poloidal magnetiflux

The dynamics (2.2) depend on the plasma resistivity (diffusoefficient), the in-
ductive current generated by the poloidal coils (boundamtrol input) and the
non-inductive currents (distributed control input and lireearity), which can be
described as follows.

2.2.1 Resistivity and temperature influence

The diffusion term in the magnetic flux dynamics is providgdle plasma resis-
tivity ), which introduces a coupling with the temperature (mairugriice) and
density profiles. This parameter is obtained from the nesaal conductivity pro-
posed in [12] (approximate analytic approach) using theteda thermal velocity
and Braginskii time, computed from the temperature anditlepofiles as in [18].

The temperature dynamics is typically determined by atigsisliffusion equa-
tion [10], where the diffusion coefficient depends nonlimgan the safety factor
profile [5]. A quasi-1D model was proposed in [19] to model tteemalized tem-
perature profiles as scaling laws determined by the globBl)(@lasma parameters
and to constrain the temperature dynamics by the globaggrmemservation. This
grey-box model was shown to provide a sufficient accuracyHfermagnetic flux
prediction in [20].

The resistive-diffusion time is much faster (more than 18es) than the cur-
rent density diffusion time, which motivated lumped cohtapproaches based on
the separation of the timescales and using a linear timarignt model [15], [17].
In our case, we consider thaf varies in time and space, to avoid the strong de-
pendency on the operating point, but we do not address sgalyifthe problem of
a coupling with the temperature dynamics (thus considesimly the linear time-
varying contribution of the resistivity).

As an example, the resistivity calculated with measuredegature profiles is
depicted in Fig. 2.2. This plasma shot is characterized lwepanodulations of
the lower hybrid (LH) and ion cyclotron radio heating (ICR&)tennas. Note the
difference of three orders of magnitude between the plagntecand its edge on
Fig. 2.2(a), and the modulated and noisy time-evolutionignZ2(b). The crewels
observed after 28 result from LH modulations (step inputs) at relatively loower
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and illustrate an input-to-state coupling effect, as LHus main input on the mag-
netic flux.

\

:E: E Iy \H‘“W\” i W\‘ "\‘(“ "1” (J I r‘}ru, ‘/H(‘J\ W
c 2 16° il
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(a) Spatial distribution for different time in- (b) Time evolution at different locations
stants

Fig. 2.2 Plasma resistivity profiles computed for Tore Supra sho635@nodulations on the LH
and ICRH antennas).

2.2.2 Inductive current sources

The magnetic flux at the boundaﬁw(l,t) is set by the poloidal coils surrounding
the plasma and the central solenoid, and constitutes tlieting current input. This
can be described by the classical transformer model wheredlts generate the
primary circuit while the plasma is the secondary, modetiech single filament.
The dynamics of the coils currehit) and of the plasma currefy(t) are coupled

as [14]:
it el =[S ml (6] ri

whereR; andL. are the coils resistance and internal inductafGeandLp are
the plasma resistance and inductarideis the matrix of mutual inductance¥g

is the input voltage applied to the coils ahd is the current generated by the non-
inductive sources. Note that the value®RefndL; are given from the colil properties
while M is obtained from an equilibrium code (i.e. CEDRES++ [9]).nSialering
the effects of the plasma current and inductance variattbedoop voltag®/qop is
obtained from [6] with:

1d |Lpl} di
\ﬁoop(t):*ma l%} +Md—tc
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In practice, a local control law is set on the poloidal callsitljust the value of,
according to a desired value g, Which can be measured with a Rogowski coil.
If the reference is set on the plasma currgrinstead, thei; is such that the coils
provide the current necessary for completing the non ingeisburces to obtaitp.

2.2.3 Non-inductive current: sources and nonlinearity

The non-inductive current,; in the magnetic flux dynamics (2.2) is composed of
two types of sources: the controlled inputs and the bogisffect.

The controlled inputs are the current drive (CD) effectoaisded with neutral
beam injection (NBI), traveling waves in the lower hybridH)frequency range
(0.8-8CGHz, the most effective scheme) and electron cyclotron (ECewaVhe pre-
cise physical modeling of the CD effects necessitates a aamalysis of the cou-
pling between waves and particles, which cannot be usece&hitime control pur-
poses. We consider instead some semi-empirical modelsddrawer Hybrid Cur-
rent Drive (LHCD) and Electron Cyclotron Current Drive (ED¥antennas (NBI is
not explicitly included in our control schemes but the gahstrategy would remain
the same), where the current deposit shape is constrairfié@ tpaussian bell [20].
The gaussian shape is identified from experimental data @HE obtained from
model simplifications (ECCD), while the amplitude of the dsip comes from CD
efficiency computations involving the density, temperatand total current of the
plasma.

For example the shape of LHCD deposit can be adequately sippated by a
gaussian curve with parameteus o and A, (which depend on the engineering
parameter§) andN;| and on the operating point) as:

fin(r,t) = A (t)e~T—HO?/0%0) y(r t) € [0,1] x [0, T] (2.5)

Scaling laws for the shape parameters can be built basedpoatkarmal electron
emission, measured via hard X-ray measurements, see fanges[13] and [2]. The
total current driven by the LH antenna is then calculatedgistaling laws such as
those presented in [8]. It should be noted that the methadsepted in this book can
easily be extended to other current deposit shapes (e@hesé in other tokamaks
or to change the non-inductive current drives used).

While the impact ofi, on the deposit amplitude would induce a nonlinearity
(product between the state and the control input), we netiieceffect by consid-
ering an extra loop on the radio-frequency antennas thatlsetengineering inputs
according to a desired profile. Such strategy is motivatethbyact that the anten-
nas react much faster than the plasma and can thus geneesieedgrofile almost
instantly.

The second non-inductive source of current is due to thestramteffect, induced
by particles trapped in a banana orbit. Expressing the palysiodel derived by [11]
in cylindrical coordinates and in terms of the magnetic fitve, bootstrap current is
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obtained as:

i _ _PeRo 10pe pi(10p 10T\|_ , 10T
Jos(r:) = ow/aor {Al[pe ar Pe <pi or T or AZTe or

wherepg; is the electron and ion pressuflg;; is the electron and ion temperature,
ai depends on the ratio of trapped to circulating partieieand A »(r,t) depend
on x and on the effective value of the plasma charge. Maximizivgliootstrap
effect, as a “free” source of non-inductive current, is ohthe prime objectives for
large tokamaks such as ITER, which motivated the bootsuagiet maximization
strategy proposed in [7]. As the control approaches disclissthis book are fo-
cused on linear time-varying strategies (on the lumped dpid Rodels), we will
consider small deviations from an equilibrium bootstragirihution (given by the
reference magnetic flux distribution) and ensure the ratasst with respect to these
deviations rather than addressing the nonlinearity direct
To summarizejy; is considered as the sum of three components:

jni = jlh+jeccd+jbs

2.3 Control problem formulation

Based on the previous description of the system dynamicperifgéral components

obtained from a physical analysis of the tokamak plasma sibction discusses the
appropriate change of variables to formulate the contrablam. We also describe
the control objectives and challenges for an efficient ratiorh of the safety-factor

profile, which will be answered in the following chapters.

2.3.1 Equilibrium and regulated variation

We definen = r;H/uoa2 andj = Hpa®Rojni to simplify the notations. An equilibrium
U, if it exists, is defined as a stationary solution of:

o= [, +[n7l, vre @) (2.6)

with the boundary conditions:

2.7)
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for a given couple(],1Tp), where, to simplify the notation, for any functidhde-

pending on the independent variabteandt, & andé; are used to denot%‘;z and
%, respectively.

Remark 2.2When seeking an equilibrium by solving (2.6)-(2.7) two cakave to
be considered:

(i) there is no drift ing (equivalent toVieep = O at all times using the alterna-
tive boundary conditionjt(1,t) = Vigoop(t) in (2.4)) and therefore the solution
of (2.6)-(2.7) verifies:

LI +n7=0 (28)

In this caselp (and its spatial derivative) is independent on the valug aihd
therefore the stationary solution exists (i.e. there is uildrium of the time-
varying system) regardless of the variationg]inThis is the case we directly
address in this book.

(ii) there is a radially constant drift iy (equivalent td/jqop # O for some times when
using the alternative boundary condition) and therefoeestiiution of (2.6)-(2.7)
verifies, for some(t):

rt -
2 e, (100 + 00T = <) 29)
In this case1p, does not correspond to an equilibrium since it will be a fiorct
of time and space (in particular, it will be a function gfr,t) andc(t)), we
will call the correspondin@(r,t) a pseudo-equilibrium of the system. It can be
shown to verify:

N R
T = [ (5Ege0-ile) ) dp (2.10)

with time-derivative:

1 op L pPRest)
T =7 [ (F5pe0-2nEden)de  2an

This case is not extensively addressed in this book but thdtsepresented in
chapters 4 and 5 will not be severely affected as long(8sand n(r,t) are
bounded in a suitable way. Since a pseudo-equilibrium wiliteat each time,
the robustness result presented in Theorem 4.2 can be @eleriting the evo-
lution of the system around this pseudo-equilibrium (iadtef an actual equi-
librium) and consideringv = -9, (r,t) (the time-varying nature of the pseudo-
equilibrium acts as a state-disturbance for the system).

Around the equilibrium (assumed to exist as per the previensark) and ne-
glecting the nonlinear dependence of the bootstrap cuorethte state, the dynamics
of the system is given by:
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@=L @)+ 0, V0D € (0.1 < [0.T) (2.12)

with boundary conditions:

lllr (07t) - O
’l’r(l t) _ Rouzorp(t) (2'13)
) L
and initial condition:
P(r,0) = o(r) (2.14)
where the dependencef= ¢ —, ] = j—J andn on(r,t) is implicit; Ty =1p,—Tp

and 0< T < 4o is the time horizon.

Fig. 2.3 Cartesian coordi-
nates(xi,xz), and polar co-
ordinates(r, 8) used in this
book.

As the safety factor profile depends on the magnetic flux gragdour focus is on
the evolution ofz= d{J//dr (equivalent to deviations of the effective poloidal field
maghnitude around an equilibrium), with input= |, defined as:

z(r,t) = {w [rz(r,t)]r} +[n(r,tu(r,t)],, ¥(r,t) €(0,1) x[0,T)  (2.15)

r

with Dirichlet boundary conditions:

z(0,t) =0 N
Asz—%fﬁm (2.16)
and initial condition:
Z(r,0) = zo(r) (2.17)

wherezy = (o], -
Following [4], the following properties are assumed to hiold2.15):

P1: K> n(r,t) > k> 0forall (r,t) € [0,1] x [0,T) and some positive constarks
andK.
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P,: The two-dimensional Cartesian representationgaffidu are int C1*9:%/2(Q x
[0,T]),0< ac < 1, whereQ = {(x1,X2) € R? | X2 +x3 < 1} as shown in Fig. 2.3.
P3: Ipis inC(1+a9)/2([0,T))

For completeness purposes, the existence and uniquengsficiently regular
solutions (as needed for the Lyapunov analysis and feedtssign purposes in the
next chapters) of the evolution equation is stated, assyithat the propertieB;-Ps
are verified.

Theorem 2.1.1f Properties R-P; hold then, for everyz [0,1] — R in C2+%([0,1])
(0 < ac < 1) such that g(0) = 0 and (1) = —Ropoip(0)/271, the evolution
equations(2.15)(2.17) have a unique solution @ C*%:1+2/2([0 1] x [0,T]) N
C2+C!c,1+ac/2([07 1] % [O,T]).

The proof of this result is given in [4] and mainly follows fro[16].

2.3.2 Interest of choosingy as the regulated variable

A natural question that may arise at this point is why stugyhre evolution of the
poloidal magnetic flux profile instead of studying directhetsafety factor profile.
Considering that the safety factor profile is related to tlegnetic flux profile as:

Bga’r
rt)=— 2.18
=4y 219
the evolution of the safety factor profile is then given by:
_ Byl _ QY
q(r,t) = m#’rt(rvt) = By W (r,t)

and, from (2.2):

[n(r,t)u(r,t)]; (2.19)

r r (rt)],], Bgar

or, in a more general form:

et
a(p,t)= Lop [

(P, 0P {Cz(p)cs(p)] L Fot) [P
CGp) L atet) J, P

which can be obtained from (2.1) and the relation:

1 HereC%P:(Q x [0, T]) denotes the space of functions which ageHolder continuous i, -
Holder continuous in [0, TIP, can be strengthened by assuming thandu are inC>1(Q x [0, T])
which is the case for the physical application.
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Equation (2.19) is nonlinear ig (making it difficult to extend results obtained
around one equilibrium to other equilibria). This can bevedlby working instead
with the so-called rotational transform (denoteih [18], which is the inverse of
the safety factor). Nevertheless, the boundary conditiothé z variable (i.e. the
total plasma current) can be directly (and precisely) messusing either a con-
tinuous Rogowski coil or several discrete magnetic coitsuad the plasma (see
[18]). Therefore, in this book, we have chosen to controlfety factor profile by
controlling thez variable.

2.3.3 Control challenges

Controlling the safety factor profilg in a tokamak is done by controlling the
poloidal magnetic flux profilep. In particular, the desired properties of the con-
troller are:

e to guarantee the exponential stability, in a given topolaifythe solutions of
equation (2.15) to zero (or “close enough”) by closing theplavith a controlled
inputu(-,t);

e to be able to adjust (in particular, to accelerate) the raoavergence of the
system using the controlled input;

e to be able to determine the impact of a large class of erroitivated by the
physical system and to propose a robust feedback desidagtréctuation er-
rors, estimation/measurement errors, state disturbaraeboundary condition
errors should be considered specifically.

The problem under consideration poses several challehgehave to be ad-
dressed, some of which are:

o different orders of magnitude of the transport coefficielggending on the radial
position that are also time-varying;

e strong nonlinear shape constraints imposed on the actuatat saturations on
the available parameters;

e robustness of any proposed control scheme with respectn@rcal problems
(in particular given the difference in magnitude of the sport coefficients) and
disturbances;

e coupling between the control applied to the infinite-dimenal system and the
boundary condition;

e the control algorithms must be implementable in real-timestfictions on the
computational cost).
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Chapter 3

A polytopic LPV approach for
finite-dimensional control

In this chapter, we consider the problem of controlling @diszed version of model
(2.2). For control purposes, this model was spatially @szed (in N+2 points)

using the (finite-differences) midpoint rule to approxim#te operator%zg and

%l%. Details of the process used for the discretization andaateimplementation

details can be found in [11]. The calculations are made twalbr a non-uniform

spatial step distribution. For simulation purposes, thelehavas discretized in both
space and time following the procedure detailed in [11]. Afrst step towards
controlling the safety factor profile in the Tokamak, we fe@u this chapter on the
control of the magnetic flux profilg.

After spatially discretizing model (2.2), a Polytopic LareParameter-Varying
(Polytopic LPV) controller was designed to take into acddha transient behavior
of the diffusion coefficients in the feedback design. Aftehange of variables, the
time dependence of the (input) matBxs removed, allowing us to formulate a sta-
bilizing control law for the system (extended with an outjpiégrator) in the form
of a convex (linear) combination of suitable controlleratated for the extrema
of the dynamic variations (the vertices of a set of eitherentain or time-varying
parameters). This chapter is based on [3]. An extensivatiiee is available on
linear parameter-varying systems (LPV), linear matriqualities (LMIs) and gain
scheduling, see for example [8], [6], [10] and [5].

Discretizing the PDE (2.2) and solving for the boundary p®in= 0 andr = 1,
the dynamics of the remaining states is given by:

¥ =AY +B(t)jni+W(H) 3.1)

hereA(t) is anN x N matrix representing the discretized differential operatoul-
tiplied by the coefficient)H/(uoaz). B(t) is anN x N matrix representing the coef-
ficientnRo. W(t) is anN x 1 column vector representing boundary conditions of
the system and possibly other disturbances. For simpliityotation, we will refer
to Y(ri,-) simply asys(t) in this chapter.

This section is based on results presented in [3]. Our aimdgvelop a suitable
control law for the regulation of the steady-state magnfidic profile that allows

23
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for a closed-loop stability analysis. In particular, it Bded on a polytopic approach
similar to the one described in [2]. The tokamak actuatioreiricted to the use
of the non inductive Lower Hybrid Current Drive (LHCD), whi@cts as a current
and heat source on the plasma (altering both the currentesdarmj, and the
resistivity profilen).

3.1 LPV Model

Since the time-varying coefficient multiplying the soureen is a common factor
of the diffusion-like operator, equation (3.1) can be faizied as follows:

W(t) = M(t) (Acttp(t) + Betjni(t)) +W(t) (3.2)

whereM(t) is anN x N diagonal matrix (with only positive elements in the diagipna
representing the resistivity coefficient). It should beetbthatA.; andBg; are now
constant matrices.

Let us define the variation of the state around an equilibiigy,,;, W) (chosen
as operating point for the system) as:

?iwfw
Ini = Jni— Inj
W=W-W

The values for the equilibrium profiles can be obtained fremilable experimental
data (obtained by using data from different diagnosticesystin the tokamak to
reconstruct internal states) or by numerically simulathrggevolution of the system.

Assuming that the plasma current is almost constant dutesyly-state opera-
tion and considering the variations of the bootstrap curaeound the equilibrium
as disturbances, the telti can be neglected for small excursions around the oper-
ating point. Furthermorg,; is assummed to be composed of only the LHCD current
depositjjn, which can be approximated as in (2.5).

Linearizing (2.5) with respect to a variation of the paraengtaround the equi-
librium parametersip = [f,, Tin, An]" (assumed to result ify,), and defining the
variation of these parameters @s= up — Up, We obtain the following linearized
representation of the system dynamics:

B(t) = M(t) (Aal(t) + BetDuy jin Jup—a, Up(t)) (3.3)

We define a change of variablés= M~1(t){ such that the new input matrix in
the evolution equatioBj, = BctDupjm |up:Up is not time-varying. The evolution of
the state] is thus given as:

{(t) = (AaM(t) =M H(t)M(t)) (1) + ByinTip(t) (3.4)
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As M(t) is positive definiteM~1(t) always exists, is positive definite and bounded
(in fact, M(t) being a diagonal matrix for all times, the inversion is &iyi Assum-
ing thatM(t) is continuously differentiable with respect to time andhabibunded
derivative, the new dynamic matri; (t) = AcM(t) — M~1(t)M(t) is bounded at
all imes. Choosing a basis’ = {Az, Az, ...Az, }, subset ofRN*N to represent

A, we write:
Np

with np < 2N, Aj(t) € [0,1] for all i < np and allt > 0. The number of parameters
can be chosen ad\Xinstead of the more intuitivid?) due to the fact tha(t) and

M(t) are diagonal (and require only parameters to be exactly represented).
Using (3.5) in (3.4), we get:

()= (Ago + 'iAi(t)AZi) ¢(t) +BiinUp(t) (3.6)

To reject some disturbances, the dynamical system is eatetodnclude an out-
put error integrator with dynamids = £ = —CZ (C in RN*N is the output matrix).
The resulting extended matrices aree {1,2,...,np}:

S e L

and the dynamics of the extended system are therefore gwen b

2(t) = <A0+ _imm) 2(t) + Belip (1) (3.7)

This model will be used in this chapter for deriving a polyitopontrol law. The
statez belongs taRMe, whereNe = N¢ + N.

3.2 Controller synthesis

In order to construct the polytopic control law, we must fitsfine the vertices of
the polytope. In the case considered in this chapter thetqudyis, in fact, a scaled
hypercube constructed by defining the set of all partitidnsig = {1,2,...,np} as

Q(Mp) ={(%1,2)) | 610 2j = 0,61V T} = Ny}

The cardinality of this set isard Q(.#p) = 2" (each element can be, or not, in a
given subset). Each partition represents an extreme casgiafion within the set
of parameters (i.e. if a given element is in the partitiondbeesponding parameter
is set at its maximum allowable value, otherwise the paramistat its minimum
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allowable value). The polytopic control law will then be angex combination of
the set of vertex controlledsy, ..., Konp € R3*N constructed by choosing adequate
coefficientsAy(t), ..., An, (t) € [0, 1] (representing the value of each parameter within
its allowable range of variation) as:

2"p

Op(t) = 3 Bi(OK;2(t) (3.8)
=1

where the coefficients (positive, adding to 1) are calcdlate

Bit) = k@(l = A@M) T[] A

IG”J'
for the sets:
(¢1,2;) € Q(Ap), V] € M

Remark 3.1The condition thatzjzn:p1 Bj(t) = 1forallt > 0 (necessary for the com-
bination to be convex) can be shown by an induction argumerthe number of
parameters.

The next theorem, from [3], states sufficient conditiongteni in terms of LMIs
to compute a polytopic control law. These conditions are exically tractable and
there are many tools to find solutions (if any) that verify thequalities and to
optimize some parameters relevant for control applicati@ee Section 3.3 for an
application of these numerical tools to the safety factofifa control problem.

Theorem 3.1.A polytopic control law, as defined {{8.8), that quadratically stabi-
lizes systen{3.7) can be constructed by settingKQjW*l, with W e RNexNe g

positive definite symmetric matrix ang QR¥MNe =123 .. 2%, full matrices
such that the following LMIs are verifiéd

{SlHNe W

i n

whereg is a positive constant and, for gll M; is defined as:

Np Np T
M;j = <Ao+Zs,jAa> W+W <Ao+‘ZS,in> +B:Qj +QjBg

with, forall j, 5 j = 0 if i € 4], ands; = 1 otherwise.
Sketch of ProofConsider the candidate Lyapunov function:

V() =2"Pz (3.10)

1 The symbol > 0 means that a matrix is positive definite.
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with P = PT = 0. Taking the derivative df in the direction of the solution to (3.7)
with control law (3.8), we obtain:

n 2"p
\'/zTP<AO+ZpAiAi+BeZ B,—Kj>z (3.11)
i= =1

T
Np 2"p

+7' <A0+ Z/\iAi +Be ) B Kj) Pz
i= =1

Using the Schur complement, the inequality condition ofttte®mrem can be rewrit-
ten as:

T
Np Np
Ao+ Zs,jAa WH+W | Ag+ Zs,jAa +BeQj+QBf +£W? <0
i= =
Vje€{1,2,3,...,2"}(3.12)
SettingW = P~1 andQ; = K;W, multiplying each inequality by the corresponding
Bj, adding all the inequalities together, exchanging themwtisummation and after

some computations (involving the fact t@‘{pl Bit) =1 andzjznzpl Bis.j = Ai), we
obtain:

n 2"p
P<Ao+ZpAiA-+BeZ B,—K,—) (3.13)
i= =1

-
Np 2"p

+ A+ S AA +Be BjKj P < —¢ln,
(o ppm e,

which, in turn, implies thaV is a Lyapunov function for the system (3.7) under
control law (3.8). For the detailed proof, see [3].
O

The next proposition is necessary to bound the gain (in.fheorm sense) of the
polytopic controller obtained in the previous result.

Proposition 3.1.Let W € RNe*Ne pe a positive definite matrix, K R3Ne a full
matrix and Q= KW. A sufficient condition to guarantee thgt||> < ,/y is that the
following LMIs are satisfied:

-Iz3 Q
0
[QT VHNE] =
W >~ HNe

wherel, represents thex | identity matrix.
The proof of this proposition follows from using the Schunggdement and can
be found in [3].
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From Theorem 3.1 and Proposition 3.1 the next corollary$iold

Corollary 3.1. Giveny > 0, a polytopic control law as defined {8.8)that quadrat-
ically stabilizes systerf8.7)and has an B gain between the state and control input
strictly less than /y can be computed by setting K QjW*l, with W € RNexNe 5
positive definite symmetric matrix and QR¥MNe j =123 .. 2%, full matrices
such that the following LMIs are verified:

SilﬂNe W
[ W MJ} -0
=3 Qj
|:Q-Jr _V]INe:| =0
W - ]INe

Vj € {1,2,3,...,2"}

whereM;j is defined as in Theorem 3.1.

Remark 3.2When trying to find a solution to this set of LMIs, the relatiogtween
the desired convergence ra@nd the gain limity plays a crucial role. Intuitively,
it is not possible to arbitrarily accelerate the system evkgeping the control gain
small. Therefore, for large values®{with respect to a givep), no feasible solution
will exist.

3.3 Results for a Tore Supra plasma shot

3.3.1 Implementation

An important step required to test the approach presentddsrchapter is to find
a basis that adequately represents the time-varying cieeftéc(depending on the
resistivity and its time-derivative). Although a basis izEs2N is enough to perfectly
represent the desired coefficients (as previously merdiptieis would result in a
system of 2N LMIs of size 4Ne+ 3 which would be too computationally demanding.
Therefore, a small basis (consisting of 5 vectors, and foexé parameters) that
closely approximates the desired coefficients, was chdsenapproximation error
was (a posteriori) determined to be under 1% on average éoAdivi(t) term and
peaking around 10% for a few pointsdf~1(t)M(t).

In order to compute the value of the parameters at each tiepe atconstrained
least-squares optimization problem was solved using @iagprogramming. Pos-
itivity constraints were introduced to ensure that all of ttertices of the polytope
have a physical meaning (i.e. to avoid negative resistidtyies). Other optimiza-
tion algorithms could be implemented without significantdifications (for exam-
ple, a recursive least-squares algorithm). The resultiMslwere solved using Se-
DuMi, see [9] and YALMIP, see [7]. These numerical tools anenconly used to



3.3 Results for a Tore Supra plasma shot 29

solve constrained optimization problems written in terrhEMIs. See e.g. [1] for
an introduction on the use of such matrix inequalities fartoa purposes.

3.3.2 Simulation results

Based on the reconstructed profiles from Tore Supra shotSll®R a suitable ref-
erence was chosen for three points in the radial poloidalneigg flux profiley.
This reference was chosen similar to those in [4] and [3].tS1835109 has the
following global characteristics:

e Total input power: 18 MA
e Total plasma current (assumed constan§:NW
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Fig. 3.1 Tracking error around with LMI controller with low gain (plain line: numerical sim
lation, dashed line: the reference).

The discretization follows the procedure described in [Tio different dis-
cretized models were used in the simulations: a low-ordedeh@ = 8) used for
the computation of the polytopic controller, and a highetes model N = 22)
used for the simulation. The difference of order betweersthrilation model and
the controller was chosen to better capture the effect ofgusifinite-dimensional
controller to close the loop in an infinite-dimensional syst

The three simulations are initialized by applying the firse®8onds of the open-
loop control used in shot TS-35109 and then closing the loitp the polytopic
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Tracking errorin W [Tm 2]

Time [s] Radius (normalized)

Fig. 3.2 Tracking error aroundp with LMI controller with medium gain (plain line: numerical
simulation, dashed line: the reference).

xlO3

Change of Reference

Tracking errorin W [Tm 2]

Time [s] Radius (normalized)

Fig. 3.3 Tracking error around@ with LMI controller with high gain (plain line: numerical siu-
lation, dashed line: the reference).

controller. The operating point is changed at2@ test the transient response of
the closed-loop system.

The behavior of the system under three different contraigjisi shown in Figures
3.1,3.2and 3.3. The chosen LMI formulation allows for easyrig of the controller
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by modifying two scalar quantitiesandy. In these simulations, the value of gamma
was fixed and then the maximum valuesdor which a solution could be found for
the LMI system was chosen. The plots 3.1, 3.2 and 3.3 showvbleten of the
error between the target profile and the obtained profilelfolt should be noted,
however, that the controller only tracks three points cspomding to, Yi,2 and
Un, (i.e. a point near the center of the plasma, a point at mdiissand a point near
the outer edge of the plasma). In the plots, it can be seendbahe gain of the
controller increases, the width and amplitude of the erroind) the initialization
phase and change of reference are reduced. The plots alaotisabthe system
presents more oscillations.

It should be noted that the polytopic approach presentedisrchapter requires
the solution of a system of LMIs that grows exponentiallyhatihe number of pa-
rameters chosen to represent the time-varying coeffictditt® evolution equation.
However, this can be done only once, offline, and takes less dhminute for the
example considered.

3.4 Summary and conclusions on the polytopic approach

In this section, a polytopic controller was developed fa tagulation of the mag-
netic flux profile in a tokamak plasma based on the model ptedén the previ-
ous chapter using a polytopic controller. A sufficient caiodi for the stability of
the closed-loop system with bounded time-varying parareeted bounded time
derivatives of these parameters is established. The imgudontroller was then
tested in simulation with a more precise model to test thasuiess of the approach
with respect to unmodeled dynamics, disturbances and gippation errors.

Although this approach adequately addresses some of thieimusrtant draw-
backs of previous approaches like [4] (i.e. the absencebflgy guarantees for the
closed-loop system with time-varying matrices) it stilledonot entirely satisfy the
requirements of the physical system. First, small and slasations of the operat-
ing point must be considered in order to limit the norm of ki~ term. Second,
the use of a linearized version of the actuator constramitsithe use of the control
law far from the calculated operating point. Third, the ukthtee parameters in the
Gaussian as control inputs is unrealistic since only twdreseging parameters are
available in the LH antennas (the povig and the refractive indei ). Fourth, the
complexity of finding a suitable control law grows exponeltyi with the size of
the basis chosen to represent the time-varying matricethencbnservatism of the
sufficient condition might make the problem unfeasible &wgk variations of some
parameters (crucially including the time-derivative oé ttiiffusivity coefficients).
Finally, the algorithm remains computationally expensiveich may be a problem
for real-time implementation.

The approach presented here thus has some important diesihatleave sev-
eral of the key challenges presented in Chapter 2 unsolwethérmore, the pos-
sibility to control a few points in the poloidal magnetic flgpxofile does not ad-
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dress the main objective of controlling the safety-factmfipe. Since extending
these results to the gradient of the magnetic flux is notgttttorward and requires
imposing some limits in the variation of the resistivity file, a different, infinite-
dimensional, approach will be pursued in the rest of thiskboo

References

S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnadrinear matrix inequalities in system
and control theoryvolume 15. Society for Industrial Mathematics, 1987.

C. Briat. Robust Control and Observation of LPV Time-Delay systé?h® thesis, Grenoble
INP, France, 2008.

F. Bribiesca Argomedo, C. Prieur, E. Witrant, and S. Byéch Polytopic control of the mag-
netic flux profile in a tokamak plasma. Rroceedings of the 18th IFAC World Congress.
Milan, Italy, pages 6686-6691, 2011.

F. Bribiesca Argomedo, E. Witrant, C. Prieur, D. Georges] S. Bremond. Model-based
control of the magnetic flux profile in a tokamak plasma.Phoceedings of the 49th IEEE
Conference on Decision and Contrplages 6926-6931, Atlanta, GA., 2010.

. W. Gilbert, D. Henrion, J. Bernussou, and D. Boyer. Poiyi@ LPV synthesis applied to

turbofan enginesControl Engineering Practicel8(9):1077-1083, 2010.

. D. Leith and W. Leithead. Survey of gain-scheduling asialyand design.Int. J. Contro|

73(11):1001-1025, 2000.

. J. Lofberg. YALMIP : A toolbox for modeling and optimidzah in MATLAB. In Proceedings

of the CACSD Conference, Taipei, Taiwa004.

. W. Rugh and J. Shamma. Research on gain sched#imgmatica 36:1401-1425, 2000.
. SeDuMi. Sedumi website: http://sedumi.ie.lehigh.ed011.
. M. G. Wassink, M. Van de Wal, C. W. Scherer, and O. BosgRY¥ tontrol for a wafer stage:

beyond the theoretical solutio@ontrol Engineering Practicel3:231-245, 2005.

. E. Witrant, E. Joffrin, S. Bremond, G. Giruzzi, D. Mazdd. Barana, and P. Moreau. A

control-oriented model of the current control profile indakak plasmaPlasma Phys. Con-
trol. Fusion 49:1075-1105, 2007.



Chapter 4
Infinite-dimensional control-Lyapunov function

In this chapter, we analyze the stability of a diffusiorelé&quation that evolves in
a closed disk. The symmetry conditions imposed in the eiwiutf this equation
were chosen according to the steady-state operation obkiaetak, where the evo-
lution equation is averaged over isoflux surfaces, i.e. raagrsurfaces with the
same indexp (refer to Appendix B). This chapter recalls some previossiits by
the authors from [1] and [2] and develops some new resulf#pgrg the potential
use of other Lyapunov functions.

The current models for the evolution of the internal stafes imkamak present
high levels of uncertainty and the online reconstructiorihef variables required
for a feedback control strategy is subject to errors andenditie robustness of
the closed-loop system is thus extremely important. In ¢hizpter, we study sta-
bility in the sense of so-callebhput-to-State StabilityThis concept implies that,
given a bounded input to the dynamical system, the intetatds remain bounded.
This notion of stability is extremely useful when dealingttwphysical systems,
where the energy of the system remains bounded as long agathietd the system
is bounded. A comprehensive survey on Input-to-State BiafiSS) concepts for
finite-dimensional systems is available in [18]. In this ptes the system considered
is infinite-dimensional and some concepts may require sdigig adaptation. We
rely on the development of a strict Lyapunov function for thagnetic flux dynam-
ics. For another approach to obtain ISS properties in theiiefdimensional setting
through a frequency domain approach, the reader is refeored.

4.1 Lyapunov functions for distributed parameter systems

As strict Lyapunov functions are at the core of this chaeme background on
Lyapunov theory for infinite-dimensional systems shouldghen. Being a long-
standing research topic and a very active one, a comprefadissiof works dealing
with Lyapunov functions (e.g. see the recent survey [4]utside the scope of this
book. However, a brief overview is provided by the followiagdicles. Concern-
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ing parabolic PDEs (such as the magnetic flux dynamics in anak plasma) [3]
proves the existence of a global solution to the heat equasing a Lyapunov func-
tion. The series of articles [10],[16] and [17] constructsyapunov function with
unknown destabilizing parameters (also for the heat eguiati-or other classes of
PDEs, [6] uses a Lyapunov function for the problem of stalnij a rotating beam;
[7] proposes a Lyapunov function to build a stabilizing barydcontroller for a sys-
tem of conservation laws; [5] uses Lyapunov functions tdgthe stability of quasi-
linear hyperbolic PDEs. In both [11] and [13], the use ofcttiyapunov functions
to extract ISS properties is applied to both parabolic amqehyolic PDEs. Although
most of these references use simpleorms as Lyapunov functions (sometimes af-
ter a change of variables), the use of weighted (or othermisgified)L? norms is
not new, the reader may refer to [12] and [8], just to mentioms recent exam-
ples. Other related works, dealing with reaction-diffusegjuations in cylindrical
domains, are [19] and [21]. However, in these referencesdtmain does not in-
clude the central point, which precludes the use of the tigci®s contained in those
articles.

Using a procedure similar to the one presented in the prewibapter (in the
finite dimensional setting), this chapter proposes a comiogapunov function that
guarantees the stability of the system for all resistivitgfites within a given set.
An important difference with respect to the previous chajgt¢hat (with the cho-
sen Lyapunov function) we do not constraint the rate of vneof the resistivity
profiles in time. This is crucial for the safety factor redida since the resistivity
depends mostly on the temperature of the plasma, which esvdtva much faster
timescale than the magnetic flux profile.

We avoid using the classical singular perturbation arguméiirst, because the
temperature profile depends also on the input power (whidiurn, depends on the
magnetic flux profile) and on external disturbances whicldmex vanish or evolve
on any particular timescale. Second, because the coupditvgelen both equations
is particularly complicated (i.e. not an input-output cbog through a bounded
or unbounded operator but a coupling via the diffusivityfiornts, which would
require a nonlinear analysis). Instead, the common Lyaptunaction approach is
classically used for uncertain parameter systems anccpkatiy well suited when
the parameters change rapidly (since the time-derivafiteeoparameters does not
appear in the derivative of the Lyapunov function). Otheprapches to deal with
time-varying parameters can be found for example in [14] find [20] but these
will not be discussed here.

The construction of a strict Lyapunov function allows for eamsy treatment of
wide classes of disturbances, uncertainties and errohgisytstem. This is particu-
larly important for a system with the degree of complexityadbkamak. Not only
the physical parameters are uncertain, but noise and béasesmnipresent in the
measurements. Furthermore, the Lyapunov function cactsdlifor the open-loop
system can be treated as a control-Lyapunov function. ldhse the objective is
not to stabilize the system (which is open-loop stable ai®] ¥ will be shown in
this chapter) but to accelerate the rate of convergence &eduate the effect of
disturbances. Recalling results from [1] and [2], robussmesults will be given for:
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state dynamic disturbances

actuator errors

state reconstruction and measurement eryors
temperature and resistivity profile estimation errors

To motivate the final choice of the weighteé norm as a Lyapunov function we
consider two possible candidate Lyapunov functions baseaht?(Q) norm. The
first one is defined for functions on the domanfor the Cartesian representation
of (2.12)-(2.14) as:

1EC) By = [ &%) (4.1)

for some functiorf : Q — R. The second one is defined for functions on an interval
[0,1] based on the spatial domain defined in (2.15)-(2.17) as:

1
1€C) Eagoy = [, €2ar (4.2)

for a functioné now defined ag : [0,1] — R.

It is important to note that convergence in the topology tetiiby thel.?(Q)
norm is not equivalent to the one obtained in the topologyneefby thel ([0, 1])
norm proposed in the last sections (sincelth@) norm is constructed with surface
differentials which, when expressed in polar coordinaes, proportional to the
radius). The choice of th?(]0,1]) norm allows us to have a non-zero weight near
the center, which is necessary to regulate the central wdlte safety factor.

4.2 Some possible Lyapunov functions

When considering the problem of guaranteeing the staloifitie poloidal magnetic

flux equation we may consider some Lyapunov functions thd¢éast in the case of

constant diffusivity coefficients) simplify the analysife first consider the simple
homogeneous case with a state,t) = ¢(x,t) — P(x). We choose to use in this
section the notatiom instead of the usuall to emphasize the fact that we will be
using the alternate boundary condition (Wigop = 0). The dynamics of this state
is given by:

vt = N(X1)Av(xt), V(x,t) € Q x [0,T] 4.3)

whereQ is defined as in Properf in Chapter 2 (an open ball of radius 1¥),
with boundary condition:

v(x,t) =0, Y(x,t) € 0Q x [0,T] (4.4)

Consider the.2(Q) norm of this state, defined as:

VDl gy = [Pty 45)
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4.2.1 First candidate Lyapunov function

The first candidate Lyapunov function for system (4.3)-{4s4he following:

1/ 1
W(vt) = E/vaz(y,t)dy (4.6)

Remark 4.11t should be noted that Prope®y in Chapter 2 implies that this norm
is equivalent to (4.5).

Differentiating (4.6) with respect to time along the sabuis to (4.3)-(4.4), we
obtain:

1/ nit)
DW:/ ) AV(y,t)dy— /
W= J VAV dY =3 | ma
which, integrating by parts and using the boundary condittb4) implies:
1 (¥;t)
DW:f/D ,tzdf/ ’
t [V D"dy—3 o N2(y,0)

Using Poincaré’s inequality,

VA(y,t)dy

VA(y,t)dy

2 1 VAIRY
DW<—C/ ) dy— / : t)d
W< —Cp [ V(yt)dy 2 Jo n2(y.0 (y;t)dy
for some constar@@, > 0 depending only on the domaé. Using the boundedness

of n we obtain:

17 0yt

1/ 1
DW < —21minC —/—v2 ,td) (y,t)d
tVW S —Zmin p(Z,QI‘[(y,'[) (y,t)dy 2 an(%t) (y,t)dy
Defininga = 2nminCp > 0
1 nyt)
DW<—aW——/ V2 (y,t)d
e 2 Jo 2y VY

and

DW < —aW — inf (”(X’t))w
xeQ \ N (xt)

We obtain therefore that, if:

nxt)
(<)@ x[0.T] (n(x,t)) > —(a—¢) (4.7)

for somee > 0, then W is a Lyapunov function for the system (4.3)-(4.4)hw

DW < —eW (4.8)
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For the safety factor regulation, however, (4.7) is toorietste, since it strongly
limits the allowable rate of variation of the parametersvatrg point in time. In the
next section, this Lyapunov function is modified in orderdtax this condition.

4.2.2 Second candidate Lyapunov function

To relax condition (4.7), we use the same method as the oisenuesd in [13] (for
hyperbolic systems of conservation laws). Consider thieviohg candidate Lya-
punov function:

U(vt) = eS.((t)W(V7t) = %e‘ll' St T a(§)dEdt / n()];t)vz(y’t)dy (4.9)
JQ s

whereq(t) = infyco (7(x,)/n(x,t)) ands(t) = ¥ [ J; (€ )dédr.

Remark 4.21t should be noted that, to hay¢ equivalent to the Cartesian norm
(4.5),s(t) has to be uniformly bounded in time.

Calculating the time derivative &f along the solutions of (4.3)-(4.4), we obtain:
t
DU = (qk(t) f% / qk(m)dm> exOw(v,t) + eXUDW (v t)
Jt-T

and therefore:

DU < X {%/tt int <'7(X’ T>>dra]W(v,t)

,TXGIQ n(x)
- [%/tthiQé <ZE§ 3) dr - a} U(vt)

Hence, sufficient conditions fa to be a Lyapunov function are the existence of
T, e > 0 andg; such that:

Coe (N T)
/H b (r)(xJ)) dr> -T(a —¢),vt [0, T] (4.10)
and 1 ot ot I'I(X E)
T ./H /r b (n(x:5)> dédr > &, vt € [0,T] (4.11)

The first condition implies:
DiU < —eU,vt € [0,T] (4.12)
while the second guarantees that:

U > W, ¥t € [0,T] (4.13)
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which implies the convergence of the desired norm (4.5) dubé equivalence of
norms stated in Remark 4.1.

Even though this condition is less strict than (4.7) it il &bio conservative for
the g-profile regulation, due to the fast evolution of théudiivity coefficients driven
by the system inputs (including possible disturbanceshd@mns (4.7) and (4.10)
require, to guarantee the stability of the system, to eitineit the rate of varia-
tion of the diffusivity coefficients (incompatible with thghysical evolution of the
temperature equation) or to guarantee a control gain largagh to overcome the
possible positive term in the time-derivative of the Lyapuifiunction (in general
incompatible with the constraints imposed on the actugators

4.3 Selected candidate Lyapunov function and nominal stabiy

Two problems are tackled in this section:

e Constructing a Lyapunov function that captures the opep-ktability and ro-
bustness of the physical system considered (since moshesato date operate
in open-loop configurations, an important degree of rolrsstris expected);

e Selecting a Lyapunov function that can be used to build ag@ate controller
for the system. In this context, the open-loop system belalle, we look for
more than a stabilizing controller: we require the closexplsystem to retain the
ISS properties of the open-loop and we use the controlledjissaithe 1SS gains
and convergence rate.

As a first step towards developing a control Lyapunov fumcfar the magnetic
flux dynamics, we start do not constrain the shape of the asiloléscontrol input
and build a Lyapunov function that captures the stabilitthefsystem in open-loop.
A feedback law that assigns the exponential convergene®fdhe system (2.15)-
(2.17) is then proposed (assuming an unconstrained cdngrat u). Throughout
this section, we consider the normalized magnetic flux gratdi as the state and
the boundary conditions are thus assumed to be homogeneous:

2(0,t) = z(1,t) =0, ¥t € [0, T) (4.14)

The error in the tracking of the plasma current is handledvindifferent ways, in
this chapter and in the next one, in order to obtain robustresults. In the rest of
this book, unless explicitly stated, we will refer to th&([0,1]) norm (defined in
(4.2)) simply as thé&2 norm.

4.3.1 Selected Lyapunov function

Consider a candidate (control) Lyapunov function given byeightedL? norm
as follows. Letf : [0,1] — (0,0) be a (strictly) positive function with bounded
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second derivative. Define, for system (2.15) with boundamydition (4.14) and
initial condition (2.17), a weighted? norm as:

V(z()) = %/Olf(r)zz(r)dr (4.15)

It can be shown that this norm satisfies the following inetjesl (and is thus equiv-
alent to the classical? norm):

1:min 1:max
— 120l < 120l < 4/ == l120) I (4.16)

where fmax= max¢o.1 f(r) and fmin = min,c g 4 f(r).

Remark 4.3We use thé.2([0,1]) norm to construct a candidate Lyapunov function
since we can assume enough regularity in the solution 05§d2.17) for the mag-
netic flux dynamics. Furthermore, we avoid infinite valuethefweighting function
since we need this approach to be implementable. Havingvzadwes in the weight-
ing function is not desirable since the equivalence to thesitalL? norm (widely
used in the application) would be lost.

We can now establish a sufficient condition for the derivatid a control Lya-
punov function (see also [1]):

Theorem 4.1.1f there exist a positive function:f|0, 1] — (0, ) with bounded sec-
ond derivative and a positive constamisuch that the following inequality holds:

o0+ 00 [ -3 + 10 [0 -2 <-at@), vien e .1 0T)
(4.17)

then the time derivativ®’ of the function V defined big.15) verifies, for some
positive constant,:

V< —(a 4—&:p)V(z(-,t))+/ol f(r)[nu], z(r,t)dr, vt € [0,T) (4.18)

along the solutions of the PDR.15) with the boundary condition@.14)and the
initial condition (2.17)

In the statement of the theorem could also be taken as non-negative and the sum
a + &p would remain positive. This was not done since, in the resiistbook, we
neglectep and wanta to be positive. For more information, see the remark after th
proof.

Sketch of ProofSince a sulfficiently regular solution to (2.15) exists, we ddfer-
entiateV (z(-,t)) with respect to time along this solution:
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V= / (r)zzdr
1 1 1
7/1‘ [nru+ nuy] zdr+/ (r]r |:Zr+ z}zqtn{ r—zz]z>dr
+/0 f(r)nzz.dr

Integrating by parts each integral term and using the homegés boundary condi-
tions (4.14), the following equation is obtained:

V:/1f(r)[nru+nur]zdr—/1f(r)nzr2dr
5 [ (FrOnTHonE - o0+ 00 + 10n, ) Zar

Using (4.17), we obtain the following inequality:
V< +/ )[nu], zdr— / f(r)nZdr, vt € [0,T) (4.19)

which, using Poincaré’s inequality in the teH:r][Ol f(r)nz2dr to obtain the positive
constantp, implies the condition (4.18) of the theorem (see [1] for aendetailed
proof). a

Remark 4.41n practice, the value of, that is obtained by bounding the last term
in equation (4.19) using Poincaré’s inequality is negligicompared to the (pos-
itive) value ofa that can be obtained by solving the differential inequalising
the heuristic method detailed in Appendix A. Thereforehia test of this book, we
neglect the terna,,.

Note that the method presented in Appendix A is not the only t@asolve the
differential inequality required by the theorem. In fact,mhany cases a simple so-
lution may exist. Whenever the condition:

1

is verified for some positive constagtuniformly in (r,t), the regulat.? norm veri-
fies the conditions set in the theorem. This conditions atefioreexample, when the
(positive) diffusivity coefficients are monotonically deasing (which also includes
the case when they are constant in space). The method prdseftppendix A is
a practical (heuristic) way of finding suitable weightingnétions for a large class
of exponential-like diffusivity coefficients which are Weluited for the tokamak
application.

A direct consequence of Theorem 4.1 is the global exporiesitiility of the
system considered. This result, proven in [1] is stated hétteout proof.
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Corollary 4.1 (Global Exponential Stability). If the conditions of Theorem 4.1
are verified, and if (r,t) = 0, for all (r,t) in [0,1] x [0,T), then the origin of the
system(2.15)with boundary conditioné4.14)and initial condition(2.17)is glob-
ally exponentially stable. The rate of convergence-ts/2 in the topology of the
norm L2, i.e., for all t € [0,T), ||z(-,t)[|,2 < ce 2!||z|| .2 for a positive constant

c= fmax, where faxand fnin are defined as if4.16)

fmin

A logical extension is to consideras a controlled input (without adding any
constraints) and build a controller that arbitrarily aecetes the closed-loop system.
This is done as follows.

Corollary 4.2 (Convergence rate control). If the conditions of Theorem 4.1 are
verified, and considering ucy where yy is chosen, for al(r,t) € (0,1) x [0, T),
as:

() =~ ["2(p.0)0p (4.21)

with y > 0 a tuning parameter, then the systé¢h15)with boundary conditions
(4.14)and initial condition(2.17)is globally exponentially stable. Its convergence
rate is—B/2= —(a +y)/2, in the topology of the norn?L

The proof of this corollary uses Theorem 4.1 and the fact [that]r = —yz,
forall (r,t) € [0,1] x [0, T) (see [1] for the complete proof).

4.4 Input-to-State Stability and robustness

In the previous section, two corollaries were inferred froheorem 4.1. The first
one adequately captured the open-loop stability of the midgfiux gradient. The
second one constructed a control law for this system thatvallarbitrarily accel-
erating the system convergence under two strong assursptioruncertainties or
errors exist in the system and there are no constraints icathigol action available.
Since this book deals with a system for which uncertaintres exrors arise in al-
most every element in the model and the control, the robestissue is crucial. This
section makes use of the previous strict Lyapunov functicadidress this feedback
criterion.

4.4.1 Disturbed model

We begin by studying the effect of state disturbances anddeted dynamics. This
analysis is crucial to deal with the issuepsfeudo-equilibriamentioned in Chapter
2.

Consider a modified version of (2.15) that includes a stattithance, denoted
by w:
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7= [? [rz],}r+ [nul, +w, V(r,t) € (0,1) x [0,T) (4.22)

for notational simplicity, the dependencewfon (r,t) was omitted. However, the
reader should be aware that this disturbance can vary ingimdespace.

To guarantee the existence of sufficiently regular solgtitm(4.22), an extra
property is assumed to hold (additionally to properBe$ of Chapter 2):

P4: The two-dimensional Cartesian representatiow belongs to
CU%/2(QQ x [0,T]), 0< ac < 1.

Under these conditions, we can state the equivalent of Enedr1 for (4.22) as
follows:

Proposition 4.1.Let the conditions of Theorem 4.1 hold. Then the following in
equality holds:

: 1 1
V< faV(z(~,t))+/O f(r)[nu]rzerr/O f(r)wzdr vt € [0,T) (4.23)

along the solution of the PD.22)with the boundary conditiong.14)and the
initial condition (2.17)

The proof of this theorem follows the same lines as the onéhebfem 4.1.

Proposition 4.1 allows us to formulate an 1SS-like ineqydbr the state of the
system, considering the disturbane@s an input (bounded in drf sense). These
inequalities are not given in the usual form for ISS sincedisturbance appears
inside an integral with an exponentially vanishing weighihich permits the evo-
lution of the ISS bounds in time for time-varying disturbaacThis formulation
is, however, equivalent to the usual one since the timeivgrgisturbance can be
upper-bounded by the supremum of its norm. This formulasie@ms to be more
appropriate when the transients of the disturbance are ampared to its steady-
state values.

We now formulate the main ISS result of this section.

Theorem 4.2 (ISS). Let the conditions of Proposition 4.1 be verified and conside
U= Uy as definedin Corollary 4.2. The following inequality holdsthe evolution

of the PDE(4.22)with boundary condition§4.14)and initial condition(2.17) for
allt €[0,T):

L B
I12(,t)ll2 < e 220 2 +C/O e 2077||w(., 7)| dT (4.24)
with c= \/ffmT?:, fmax=max (o, f(r) and fnin = min,c o 1) f(r).

Sketch of ProofThis proof is obtained from the following steps:

(i) Use proposition 4.1 and Corollary 4.2 to upper bound threetderivative of
the Lyapunov function along the solution of (4.22), (4.2).17);
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(i) Upper bound in turn the obtained expression in termshef product of the
|- ||+ norms of the disturbance and the state by applying the CaSchyarz
inequality to the integral term;

(iiiy Use the fact that, modulo a constant factor, the Lyapufunction is||z(-,t)||3
and find a bound for the time-derivative [(#(-,t)|| ;

(iv) This new upper bound for the time-derivative of the nasfithe state implies
the desired result.

The details of this proof can be found in [1]. O

Theorem 4.2 provides a strong stability result for both tpersloop and the
closed-loop systems (in the open-loop cg8ereduces toa) under state distur-
bances. However, it is versatile enough to be applied to a wéahge of errors.
The next results, proven in [1], show the ease with whichdloas be tackled using
the proposed approach.

First, we consider the inputto include both a controlled pauty, assumed to
be governed by the previously proposed control law, and aontnolled parg,(r,t)
accounting for actuation errors. The result can then bedd:

Corollary 4.3 (Actuation errors). In addition to the conditionsin Theorem 4.1, we
consider yr,t) = ugy (r,t) — €4(r,t), with Uy, defined in Corollary 4.2 and"(r,t) a
distributed actuation error verifying the regularity coitidns stated in proposition
P>. Then, with w= 0, the following inequality holds vt € [0, T):

B t B
[2(-, )2 < ce zt”zOHLZ+Cmax{’7maxvnr,maX}/0 e 20|, 1) [ adT (4.25)

With Nmax= SURt)cj0.1x[o,T) | N | @NANrmax= SURy)e(o,1yx[0,T) | N |-

The proof of this result follows directly replacingby [n€"]; in Theorem 4.2.

Another important source of error is the profile reconstarc(done in real-time
from the diagnostic measurements available in the tokanakhis case, the ro-
bustness estimation can also be derived from Theorem 4.2ibiggwthe error term
in an adequate way, which provides the following result.

Corollary 4.4 (Estimation errors in the z profile). Assume that the conditions
of Theorem 4.1 are verified and consider the control define@drollary 4.2 but
substituting z by an estimatg(r,t) = z(r,t) — €%(r,t) for all (r,t) € [0,1] x [0, T),
with €%(r,t) being a distributed estimation error verifying the regutgrconditions
stated in proposition  The following inequality is then verified:

B t g
Iz(-,t)]] 2 < ce 20| 2 + ve /0 e 20D, 1) 2dT, L €[0,T)  (4.26)

The error term ye?) that appears in the system dynamics has the same form as
the disturbancev in Theorem 4.2.

1 TheH® norm of& on 0,1, is denoted a§&||y1 = || €| 2 + || 25 |.2



44 4 Infinite-dimensional control-Lyapunov function

So far, the robustness results that have been stated gear@ot all bounded
values of disturbances and errors) the boundedness of #ralbsystem. The next
result, considering estimation errors in the resistivitgfile (which arise mostly
from errors in the estimation of the plasma temperaturegsdmwt guarantee the
same unconditional boundedness (for the closed-loopmsysiehis arises mostly
from the fact that the profile is used in the control law computation and multiplies
the state of the system. Therefore, the norm of the equitatemtrol error is not
uniformly bounded for an arbitrary initial condition.

Proposition 4.2 (Estimation errors in the n profile). Assume that the conditions
of Theorem 4.1 are verified and consider the control define@Qdrollary 4.2 but
substitutingn by an estimate] (r,t) = n(r,t) — 7(r,t) for all (r,t) € [0,1] x [0, T),
with £7(r,t) being a distributed estimation error verifying the regutgarconditions
stated in B. The following inequality is then verified:

_B
I1z(-,t)]l 2 < c&” 2"|z0]l 2, Yt € [0,T)
wheref’ = B+ yinf ;1) cio,1xo.1) (5,72) — 2yCSURep) |l [%Z]r [ 2-
Sketch of Proof Under the conditions of the theorem, the control action is:
y r
U(r,t) == / Z(pat)dp
nJo

It implies that:

en en r
[UU]rVZVTZV[T} /Z(p,t)dp
n nlJo

Using the previous expression in the time-derivative ofliygpunov function along
the solution to the system, the following upper bound carhosve to hold:

Vi <= (BH[(r,t)e[tiﬂ{x[o,T) (%)DV(Z("U)
5] | o

After some computations (noticing that the prodiet,t) ||, 2||z(-,t) ||+ can be writ-
ten in terms oW (z(-,t)) by the equivalence of norms):
7
n 1

en
— + inf <T>} —2yCc su
(B y[(ryt)e[O,l]X[OyT) n 4 te[O,'IP)

—BV(z(-,1)),

+2yllz(-, 1) 2

v(t)

IN

L2

)V(Z(wt)),

IN
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for some positive constamt Using the same procedure followed by the proof of
Corollary 4.1 one can prove the desired result. The detbili®proof can be found
in [1]. O

Remark 4.5Finding a stabilizing control law (even one that arbitiaéccelerates
the convergence) for system (2.15)-(2.17) without comnsti@n the input is fairly
simple. However, the main purpose of the results present&ections 4.3 and 4.4
is the detailed account of the effect of closing the loop imteof the rate of con-
vergence and, much more importantly, in terms of the ISSgyafithe system. This
is particularly important for a system that has uncertam#ind errors appearing at
various places and with very different characteristic§ #ains provide also inter-
esting tools to estimate the effects of each separate coempon the overall per-
formance of the system. For example, from Proposition 4e2aam conclude that if
the control gain is chosen small enough, the destabilizifegeof any given level
of uncertainty in the) estimation can be avoided (that is, if this level too larbaf t
the closed-loop system will behave close to the open-lo@).drhis compromise
is not surprising as it arises frequently when balancindoperance and robustness
of a system. Finally, it should be stressed that the factdhatveighted Lyapunov
function captures the ISS properties of the open-loop sysgfigarantees that stabi-
lizing control laws can be found for the linearized systerapite strong (and pos-
sibly nonlinear) shape constraints in the admissible dctaalues. This property
allows applying the theoretical results to the tokamak wauithloosing all the the-
oretical guarantees of stability (which would happen if thatrol was required to
have a particular shape or amplitude, which may not be feagiteen the physical
constraints).

Before considering the input constraints explicitly, wdlwkplore in the next
section one way to tackle non-homogeneous boundary conditin the system.

4.5 D'-Input-to-State Stability

We now consider the effect of nonzero boundary conditioribértokamak. For the
tokamak, this represents errors in tracking the prescribtd plasma curreni,.
This is not unrealistic since variations in the currentésipower induces transient
errrors in the plasma current. The first approach consideoedd the norm of the
state using similar techniques as those presented in pieBECtions.

Unlike previous sections, without introducing additiomestrictions, the state
will now be upper bounded not only by the magnitude of the lalauy condition,
but also by its time-derivative (thus the namE 88, following the notation in [18]).
We begin by defining some extra appropriate notationsglat— g(r) be an al-
most everywhere (a.e.) piecewise twice differentiablefiom,g’(r) denotes an ab-
solutely continuous function equal (a.e.) to the first datie ofg with respect ta,
andg” denotes a piecewise-continuous function equal (a.e.gteebond derivative
of g with respect ta.
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Remark 4.6Henceforth, we will require the weighting functidnto be almost ev-
erywhere (a.e.) twice differentiable.

4.5.1 Strict Lyapunov function and sufficient conditionsifo
DL-Input-to-State Stability

Following the naming conventions proposed in [18] and otbérencesy as de-
fined in (4.15) is said to be a strict Lyapunov function for Hystem (2.15)-(2.17)
with homogeneous boundary conditions if, ®(t) = —Ropoip/(21) = 0 for all

t € [0,T), there exists a positive constamtsuch that, for every initial conditior
as defined in (2.17):

V(t) < —aV(z(-,t)),vt €[0,T) (4.27)
where, following the notation in previous chaptérét) represents the time deriva-
tive of V along the solution to (2.15)-(2.17).

We introduce the following assumption:

A1: There exists a weighting functiohas defined in (4.15) such th¥tis a strict
Lyapunov function for system (2.15)-(2.17) with= 0 if

£(t) = —Ropolp(t)/(2m) = 0, ¥t € [0, T)
which allows us to obtain the next theorem.

Theorem 4.3 (3-ISS). Under Assumption Aand Properties RPs, the following
inequality is satisfied, for alte [0,T), by the state of the disturbed systé2ril5)
(2.127)with u=0:

Cag 1
I2(- )]l 2 < cem 2 [Ilzc,to)uﬁﬁle(to)@

t a
+c/ e $08(, 1)l 20T +

Cc
, ﬁlf(t)l (4.28)

whereg(r,t) = 2n(r,t)e(t) —re(t), for all (r,t) € [0,1] x [to, T), and c= 1/?“7?:
With fmin = mineco 1 { F(r)} and fnax=maxcjo {f(r)}-

Sketch of Proof.The first step in this proof is to define a change of variables th
makes the boundary condition homogeneous as follows:

2(r,t) = z(r,t) —re(t),v(r,t) € [0,1] x [to, T) (4.29)
The dynamics of are then defined by:

5% = [? [rz]r} r +2nre —re,v(rt) € (0,1) x [to, T)
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with the homogeneous boundary conditions:
2(0,t) =2(1L,t) =0,vt € [to, T) (4.30)
and initial condition:
2(r,to) = z(r,tp) —re(to),vr € (0,1) (4.31)

Computing the time derivative &f(2) in the direction of the solution to (4.30)-
(4.31) we obtain:
1

V= / [ra, dr+2/f znredr—/ f(r)zredr

0

which, applying inequality (4.27) and the definition&(f,t) in Theorem 4.3, im-
plies:

V<—aV(z +/f r)zedr, vt € [to, T)

whereg(r,t) is uniformly bounded ir0,1] x [to, T). Using a procedure similar to
the one used to prove Theorem 4.2 it can be shown that:

126,6)] < &2 2(- to) Hf+/ e 20 |g(, 1) rdr

Inverting the change of variables (4.29), we obtain:

2 )l < e 2t [HZ( to)||f+|f=‘(to)|||fllf]

+ [ e #IEC e+ el € fa,T)

which implies (4.28) and completes the proof. The full detaf this proof can be
foundin [2]. a

Theorem 4.3 implies the following result, for the case whenlioundary distur-
bance vanishes.

Corollary 4.5. If there is a non-negative constagtguch that for all t> tg, £(t) is
zero, the state of the syst€th15)(2.17)with u= 0 converges exponentially fast to
zero in the topology of theknorm.

The next section will take advantage of the results present¢his chapter to
compute a strict Lyapunov function for a set of exponengalstivity profiles. An-
other weight that works for a larger class of resistivityfjjes is proposed in Ap-
pendix A.
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4.6 Control of the poloidal magnetic flux profile in a tokamak
plasma

4.6.1 Stability and numerical computation of the Lyapunov
function

o
N
o

o
[N)

IS
s
a

Fig. 4.1 Functionf verifying
the conditions of Theorem
4.1 for an exponential)

with time-varying parameters.
frmin = 0.001, fmax= 0.2823.
(©[2013] IEEE. Reprinted, 0 02 0.4 06 08 1
with permission, from [1]. Radius (normalized)

o
e

Weighting function f(r)

o
=}
5]

To apply the theory proposed in the previous sections, amat of the range
of variation of the plasma resisitivity is required. As if] [&e consider the profile
to be of the form:

n(r,t) = At)er®r (4.32)

We also consider, for simulation purposes, that the valfiggtg are contained in
the interval[9.3 x 1073, 12.1 x 103 andA (t) in [4.3, 6.9]. These limits were esti-
mated from Tore Supra shot TS-35109 used in [22] and [1]. Téighting function
f, satisfying the requirements of Theorem 4.1 was numeyicalculated using
Mathematic& software.

As it was the case for the finite-dimensional polytopic ajpgtg having a com-
mon Lyapunov function for all these profiles also guarantbesstability of the
system for any convex combination of such profiles. Theggfibre actual resistivity
coefficient does not necessarily need to be an exponentiatiin. Also, since we
are considering a strict Lyapunov functian,> 0 provides a certain level of robust-
ness with respect to both numerical errors and small deviatirom the allowable
set of resitivity coefficients.

The fact that we require a common Lyapunov function to hotdlie whole set
of diffusivity coefficients introduces some degree of canatism. However, given
that the diffusivity coefficients vary in a faster timescttian the rest of the mag-
netic flux dynamics, the use of a time-varying Lyapunov fiorctmay not provide a
greatimprovement. This is due to the difficulty to find an uglpeund for the terms
depending on the time-derivative of the Lyapunov function.
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Fig. 4.2 Response of the nominal system without control actioi2013] IEEE. Reprinted, with
permission, from [1].

For the particular weight used in this section, the rate @iveogence obtained
in simulation is faster than the one guaranteed by the thieateesults. This result
could be expected, as we require the inequality in Theordntodhold pointwise
in r and the resistivity profile varies by a factor close to 100€himi the domain
of r. The rate of convergence given by the numerical value if, however, less
conservative than bounding the evolution by the lowestevafithe resistivity in the
plasma.

Remark 4.7For a detailed discussion on how to compute adequate Lyapuno
weights, as well as an example computed for a more generpesifadiffusivity
coefficients, we refer to Appendix A.

The closed-loop behavior of the system is shown in Figure(dsgg the un-
constrained control of Corollary 4.2) and can be comparék thie response of the
open-loop system presented in Figure 4.2. The evolutiohefyapunov function
is also plotted and we can clearly see the accelerated qemwes obtained with the
control strategy. The controller gain was calculated usinglue ofy = 1.6.

Both of these simulations were done with the same modelgfitime-varying)
as the one used for the control computation. In view of thetgdactor regulation,
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Fig. 4.3 Response of the nominal system with unconstrained contt@ra(y = 1.6). (©[2013]
IEEE. Reprinted, with permission, from [1].

we develop in the next sections more elaborated simulafiormdving neglected
couplings and nonlinearities in the system (see [22]).

4.6.2 ISS property and robust unconstrained control of the
magnetic flux gradient

Building up toward the main simulations of this chapter, wetfinvestigate the
robustness by applying the unconstrained controller iroltamy 4.2 to the control-
oriented model [22]. This model takes into account someineatities in the evo-
lution of the magnetic flux profile, as well as the evolutionhaf temperature (based
mostly on scaling laws). The main new effects that are intoed are:

e the bootstrap current (its variations represent a neglaatalinearity in the evo-
lution of the magnetic flux profile);

e other non-inductive inputs, such as ECCD (used in our tesst batween 8 and
20s and acts as a disturbance);
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e changes in the temperature profile (which in turns affectréséstivity profile)
caused by changes in the injected power (in particular LHgyoxariations).

These effects act as additive state disturbance (the baptstirrent variations), in-
put disturbance (ECCD current) and multiplicative statgutbance (variations of
the resistivity coefficients).

As mentioned before, the equilibrium points can be chosen 8hot reconstruc-
tions. We used here a reconstructed profile data from TSBBilOrder to have an
equilibrium that is physically feasible. The power injettey the ECCD antennas
was chosen as being three times higher than their capari#ynphasize their dis-
turbance effect. Unlike for the nominal case, a lower gais @lzosen witly = 0.75
(again we encounter the performance versus robustnesoffadentioned in the
discussion on the ISS inequalities). Two main factors limét gain amplitude:

e the amount of noise present in the signals (tokamak sigypisally have a rel-
atively low signal-to-noise ratio, due to measurement agdas reconstruction
issues, as well as the neglected fast dynamics of the geslicl

e the amplitude of the control signals has to remain within s@chievable physi-
cal limits.

Figure 4.4 shows the results obtained for these conditibne.control loop is
closed at = 16 s. Also, since these simulations were done with a more complet
tokamak model, we can also show the values of the physicellas (not only the
variations around an equilibrium). The magnetic flux gratdend the LH current
are thus shown in Figure 4.5. It can be appreciated that thieatter both increases
the rate of convergence of the system and decreases the ii58hgasteady-state
error during the ECCD disturbance is active is noticeabdiuoed).

4.6.3 Using the Lyapunov approach to include actuation
constraints

The nature of the available actuators requires that we dengtie effect of the shape
constraints on the control action. Indeed, instead of adiifig every point in the
current deposit profile, only a few engineering parametarstie modified in real
time. In the case of the LH antennas in Tore Supra, these paeasnare the total
injected poweR(t) and the parallel refractive inde¥ (t). For Tore Supra, two of
these actuators exist and the admissible values of theaepéars are:

e 0<Rh2<30MN167<N;,<233

Since our approach can be easily extended to other numbgreof non-inductive
actuators, we develop the following results as if only ori@§engineering parame-
ters(Rn, N)) was available. The advantage of having a strict Lyapunoetfan that
captures the open-loop stability of the system will becotaarawhen looking for a
feasible starting point for the optimization algorithm.
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The optimization problem has two main components: the agsttfon and the
restrictions. One restriction guarantees the closed-talpility of the system while
the other restriction constrains the gain of the contrglfeorder to preserve the ro-
bustness). The cost function aims to accelerate the coeneegas much as possible
with the available parameters (there is a link between tleelarated convergence
and the ISS gain with respect to some kinds of errors). Aliiathhe cost function
may not be convex (it depends mostly on the nonlinear reldigtween the engi-
neering parameters and the current deposit), it can beysegslimed to be continu-
ous. The fact that the engineering parameters take valuagompact set, together
with the continuity of the cost function, guarantees both loundedness and the
existence of a minimum (which may not be unique).

We then propose to compute, at each time step, the contrats@}, N‘T) asthe
solution to the optimization problem:

1
(Ph:Nj) = arg(ahm‘|)r;% ./o f(r) [nu(Rn,Ny)], zdr (4.33)

subject to the constraints:

1
02/0 f(r) [nu( ﬁ],N‘T)derz —-W(2) (4.34)

where? = [RAn min, Bh,max % [N|,min, N|,max represents the (compact) set of allow-
able engineering parameters, andZ — C*([0,1]) represents the variation in the
LH current deposit as a function of the engineering pararaeidis profile is based
on scaling laws as presented in [22].

The left-hand side of the inequality (4.34) guaranteesttimsystem verifies the
conditions of Theorem 4.2 (i.e. that the system is ISS witleast the same rate
of convergence as the open-loop system). The right-hardddithe inequality, in
turn, was added to limit the gain of the controller. A natuyaéstion that may arise
at this point is wether the optimization problem can be edfitly solved with a
nonlinear and possibly non-convex cost function. The angsvéhat our stability
proofs do not require the problem to be solved at all. As losigh@ engineering
parameters satisfy the constraints, the closed-looprsysteuld be stable. The cost
function was added just to choose a reasonable value witkeimdmissible set of
inputs. If a different cost function and retain the same traigts, all of the above
results would still hold. For example, adding a quadratimtén the variation of
the engineering parameters would help avoiding long ex@usof the engineering
parameters around the equilibrium values.

At this point, we have proposed a method to choose a contithide satisfies
the physical constraints of the actuators. We only havedwsthen, that a feasible
value exists at all times. It is here that the operating poarhes into play. Since
the evolution we are considering is around an equilibriumogsing the parameters
corresponding to the equilibrium would resultin a curreariation (1) equal to zero.
This point satisfies both sides of the inequality (4.34)c8iwe are not required to
find the actual solution of the optimization problem to gudea the stability of the
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system, we will implement a gradient-descent algorithnolgng on a discretized
version of the parameter set) ensuring the constraintd étreds. Having, at all
times, a feasible starting point, the algorithm can alwagfault to the (stable) open-
loop behavior.

In order to speed the computation of the closed-loop continel values of the
function u for the chosen parameter grid were computed off-line. Tigerghm
only needs to do the gradient descent online. The partigelaion of the algorithm
used for the simulations in this chapter (see also [1]) tavkweerage of 400s to
run when implemented as a Matf@function on a processor running aba GHz..

4.6.3.1 Simulation Scenarioisim, Prescribed|p, constant parameters, ECCD
disturbance.
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with constrained control action beginningtat 16 s (y = 0.6). ©[2013] IEEE. Reprinted, with
permission, from [1].
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Using an equilibirum reconstructed from experimental ¢atee Supra shot TS-
35109) two scenarios were constructed. The first scenaidesgned to test the
performance of the controller for disturbance attenuatidre chosen timestep in
the simulation is OLs, which is more than enough for the control algorithm to run.
The disturbance is in the form of ECCD current injection @oerated to better
illustrate the effect of the controller). The results carsben in Figure 4.6, where
the constrained control attenuates significantly the eféche disturbance and,
once the disturbance is removed, converges close to thibemum (the zero of the
Lyapunov function). For comparison purposes, the Lyapunoetion was scaled
as to have the initial value equal to 1. The second scenarfoceaceived to test
the performance of the control when changing the operatirgt pThe controller is
activated at = 4s. The reference is changedtat 17s. The results can be seen in
Figure 4.7. The main difference between this simulationthedinconstrained one
is the effect of measurement noise and the less smooth letaivihe Lyapunov
function.
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Fig. 4.7 Response of the system, change of reference applied &7 s with constrained control
action beginning at=4s (y = 0.6). ©[2013] IEEE. Reprinted, with permission, from [1].
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4.6.3.2 Simulation Scenarioisim, Prescribedl,, SomeRy, variation, ECCD
disturbance.

Using a different equilibrium, this time reconstructedrnfrdore Supra shot TS-
31463 involving two types of non-inductive current geniemat(LH and ECCD),
the last scenario that will be presented in this chapter wastcucted. In this case,
the controller was set to track a reference that evolvesnie.tiOnly one set of
equilibrium parameters is used in the controller, thusngshe robustness of the
approach when stabilizing the system around a differentatipey point or when the
equilibrium information is inaccurate. Figure 4.8 shows tibtained results. The
controller performs well under these less-than-ideal d¢ads, which are natural
when considering experimental implementation.

Even though these results seem promising, the degree oflerityof the toka-
mak cannot be adequately represented by the simplified nusddlfor these simu-
lations (and described in [22]). In the next chapter, it ingidered coupling condi-
tions, along with the use of a more sophisticated simulatmofe that incorporates
different actuation models than the ones used in the cofanaiulation.
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Chapter 5
Controller implementation

The main objectives of this chapter are:

e tointroduce a simplified model for the evolution of the boandcondition (2.16)
involving the coupling between the LH power injected inte gystem and the
total plasma current;

¢ to use this simplified model to explore the possible impathefe couplings on
the stability of the interconnected system;

e to implement the control law, developed in Chapter 4, in $ation using the
METIS code, part of the CRONOS suite of codes [2];

e to simulate the effect of profile-reconstruction delays 00 irs (based on the
sampling time in [4]);

¢ to extend the control law developed in Chapter 4 in simutatising the RAP-
TOR code [9] for TCV scenarios.

In the first section of this chapter, we present an extendetkehfor the system,
taking into account not only the resistive diffusion eqoatjoverning the poloidal
magnetic flux (infinite-dimensional system), but also theplmgs that exist be-
tween the LH power injected into the system and the boundargitions given by
the total plasma current (finite-dimensional dynamicatesyd. The dynamic be-
haviour of the finite-dimensional subsystem is approximhateing a transformer
model as proposed, for instance, in [11].

Since the parameters of the LH antennas are considered &sléoputs for the
infinite-dimensional subsystem and are calculated coriaglenly their impact on
this system, it is important to study their impact in the fnllerconnected system.
This could be particularly challenging since in Chapter 4digenot obtain ISS in-
equalities for the gradient of the magnetic flux with respetioundary disturbances
(only DYISS). However, with the introduction of a useful physicapbghesis (re-
lated to the total current density at the last closed magmsetiface), we are able to
develop stronger (ISS) inequalities.

Two main approaches for guaranteeing the stability of theptswl system are
explored in this chapter: a perfect decoupling controtbettifie total plasma current
and a stabilizing (not decoupling) controller (both usihg bhmic voltage as actu-

59
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ator). The idea behind these controllers is to be able tohesednstrained control
law proposed in Chapter 4, with as little modifications assgas, in a more realis-
tic (coupled) scenario while preserving some interestiegtetical properties (ISS,
for instance).

For the perfect decoupling controller, a trajectory thafexetly decouples the to-
tal plasma current and the LH power and a stabilizing colarébr the subsystem
are required. Since constructing a stabilizing contrdtethis subsystem (assumed
here to be LTI and verified to be controllable) is quite simple focus on calculat-
ing the decoupling trajectory. Eliminating the couplinige tentire system becomes
nothing more than a cascade interconnection of two ISS igst8ince the output
operators of both systems are bounded, this directly imghat the full system is
ISS (in particular, all properties presented in Chapterldhdlevertheless, this tra-
jectory turns out to be physically unrealistic and cannoubed for safety factor
profile regulation. In particular, the presence of an irdggrin the transfer between
the variations of LH curreniq,) and the ohmic voltagé/p) is undesirable.

Next, we turn to a stabilizing (but not perfectly decoup)icgntroller. Instead
of calculating a perfectly decoupling trajectory, we extéime system to include an
output integrator (integrating the error in the total plastarrent tracking) and we
assume that there exists a controller gain such that theallo®p matrix of the sys-
tem has all its eigenvalues in the left-hand side of the cemplane (with negative
real parts). For an LTI system, this implies the existenca ghiadratic Lyapunov
function (and also the desired ISS properties of the subsystWe then use this
Lyapunov function to build a global Lyapunov candidate fiime (encompassing
both subsystems) and find sufficient conditions for the Btglbf the interconnected
system. Simulation results of this approach, using the MEJdde, are presented
and discussed in the last section.

5.1 Total plasma current dynamic model

In order to present the transformer model, we first assumtthkcurrent deposited
by the LH antennas verifies the following relatibfp = ninRAnL/(Ron) (WwhereRy is
the location of the magnetic centeg, is a coefficient standing for the LH current
drive efficiency,Ry, is the injected LH power and is the electronic line average
density). The current drive efficiency of the antennas caagy@oximated using
scaling laws, such as those presented in [10].

Considering the plasma as being the secondary circuit imrssfiormer (with
the poloidal magnetic field coils being the primary), as id][lthe evolution of
fp = Ip—Tp around an equilibrium given bif p, Pin,N|,Vo,To) is given by:

i)
M Lo

o[ %) [E)

w;;] (5.1)
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where, following the notation in the rest of this book, agilépresents the difference
between the actual value and the equilibrium value of a btgige.E =& —¢&).Lp
andL o stand for the plasma and coil inductances, respectivetgpresents the mu-
tual inductance, anBp andRq stand for the plasma and coil electrical resistances.
o andVg represent the ohmic current and voltage, respectively.

We further assume the initial condition is:

5(0) = (0 (0) = 0 (5.2)

5.1.1 Perfect decoupling and cascade interconnection d81S
systems

The first idea that we explore is the construction of a dednggkedback (in this
section referred to as a decoupling trajectory since, dtrestbnearity of the system,
it defines a trajectory for the state variables in the finitaehsional subsystem that
can be superposed to that of an independent controllerémsame subystem). The
purpose behind this decoupling trajectory is to simplifg thability analysis of the
system and to be able to use the control algorithm alreadsidped in the previous
chapter with few, if any, modifications.

If this perfect decoupling can be achieved, the stabilitglgsis of the overall
system is reduced to showing that the cascade intercooneatiwo ISS systems
is asymptotically stable. This result is straightforwasthce the ISS property is
equivalent to a bounded gain between the input and stateecgytstem. The first
system being linear and finite-dimensional, ISS implies BI&ability (the output
operator is clearly bounded by the norm of the state). Thantbed output of the
first system becomes a bounded input to the infinite dimeasigystem (via the
boundary condition) and, introducing a further physicaptihesis (on the total
current density at the last closed magnetic surface), th8®inequality presented
on the previous chapter for boundary disturbances can lecexpby a stronger ISS
one.

Consider then decouplingrajectory(V o, o) calculated as:

i: LpRo Lp T

Q| — | LpLlg—M? LyLg—M? { Q] +
_[01][Tq
-[ol[]
with initial conditionsT (0) =U(0) = 0. Here,U is merely an internal variable
used to generate the required trajectory (i.e. it does nmassarily have a physical
meaning). Adding this trajectory to the original equililom (using equation (5.1))

effectively decouples the variabl& and fp, i.e. after some computations we ob-
tain:

MihRp
nM
RoninRp
MTRy
NihLoRp
MRy
0

P

Vo
To

Ph (5.3)
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io—To
and therefore, the evolution &f does not depend d.

Since (5.3) describes an LTI system, the transfer functemeenf, andV o
can be easily calculated and it is actually an Pl gain. Tloeegfin order to per-
fectly decouple (at all frequencies) the total plasma eurfieom the variations of
the LH power, the ohmic voltage has to integrate the devidtiom the equilibrium
total LH current deposit. As mentioned in the chapter inficitbn, this decoupling
feedback poses two main problems: first, small variationshenLH power will
eventually result in actuator saturatiovip(is limited, as is the total flux that can
be produced using the inductive actuators); and seconegitires a very aggres-
sive control action that, as discussed in the next subsedimot really required
by the application. Furthermore, the total plasma currentrollers currently em-
ployed are not designed to achieve perfect decoupling.dBas¢hese observations,
although this approach may be appealing from a theoret@atipoint, it is not pur-
sued in the next sections. Instead, a second approach @sgtstringent conditions
on the total plasma current tracking) will be presented aadwil show that, under
certain conditions, we do not require such a decoupling soenthe stability of the
interconnected system.

5.1.2 Interconnection without perfect decoupling

In order to deal with the shortcomings of the previous apgho@hus obtaining
something more easily implementable) we consider an irepedecoupling and
establish some sufficient conditions for the interconristestem to remain stable
(and, under certain circumstances, with a similar rate oivemence as that ob-
tained in the previous section). This will be assumed to be#se for the remainder
of this book.

Let us define the following matrices:

r_ L_QRp MRg
Lplo—M2  Lplg—M2
A= | My o _LRo o),
Lolo—M2  ~ LpLg—M2
-1 0 0
r—_ ™M _
" LpLlg—M2
B=| _tp _
Lplg—M2 [~
L 0
r LomnRp
(LpLo —M2)nRy
D= | _ MnihRp
(LpLo—M2)nRy
0
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Writing (5.1) as a system of ODEs, after substracting thdligum and ex-
tending the system to include an integrator (similar to whas done in Chapter 3)
we obtain: _

{ =Al +BVg + DR, (5.5)

where the state of this system is defined as:

¢=[ipigE]"

and the extended stalferepresents the integral &f

In this chapter, we consider only the case of constant negt#icB andD. Other
methods, like the polytopic LPV approach shown in Chaptémsi([5]), could han-
dle the time-varying system, however this would only cowgtée the calculations
in this chapter and decrease its readability.

Giventhat_pLq — M? > 0, the matrixA has two stable eigenvalues (with negative
real part) and one marginally stable eigenvalue (corredipgrio the integrator).

The nonhomogeneous boundary condition in (2.16) can b&awiiih terms of an
output of this finite-dimensional system as:

z(1,t) =C¢ (5.6)

with the output matrix defined &= [ -k 0 0].

5.2 Modified Lyapunov function

Following [7], we consider the following candidate Lyapuwrfanction:
V(2,0) = Va(2) +kV2({) (5.7)
1
w@:}/fmﬂmmr
2 Jo
1
Va({) = 5¢TR¢

with f : [0,1] — [€,) a twice continuously differentiable positive functidh—
PT € R?*2 a symmetric positive definite matrix, arda positive constant.

We now present the main result of this Chapter. Although te®tem seems
similar to that in [7], there are several important diffecea between both results
(item 2. is different and different properties are used aghoof). We will therefore
provide the complete proof instead of the custontkgtch of Proof

Theorem 5.1.1f the following two conditions are satisfied:

1. there exists a twice continuously differentiable pgsitiveight f: [0,1] — [€, )
as defined irf4.15)such that the functionMn (5.7)is a strict Lyapunov function
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for system(2.15}(2.17) with homogeneous boundary conditions (i.e. verifying
for some positive constant, Vi < —a;1Vy);

2. anindependent control loop (i.e. a local controller tidaes not take into account
the infinite-dimensional dynamics when computing the cbatttion) regulates
the total plasma current while ensuring, for some symmeidsitive definite
matrix Pe R3*3, some matrix Ke R™3 and some positive constams:

P[A+BK+ a»l3] <0 (5.8)
where- < 0 denotes the negative definiteness of a square mdtris,the3 x 3
identity matrix;

then there existx large enough such that the function(?/{) is a strict Lya-
punov function for the interconnected system whose dérezatong the solutions
of (2.15}(2.17)and (5.5) satisfies, for some positive constants@:

V() € —cV (2. Q) + PR (1), vt € [0,T) (5.9)

Proof. Given an adequate weighting functid(r) satisfying condition (i) of Theo-
rem 3.9 we have along the solution of (2.15)-(2.17):

Vilt) < —ana(2) — 3 (1) + /(1) n(LH2(LY) (5.10)

for somea; > 0. This equation is obtained by keeping the terms that depertlde
boundary condition in the proof of Theorem 4.1 and assuniiagthe total current
density, defined as in [3]:

1
HoRoa?r

is zero on the last closed magnetic surface. If avoiding ligisothesis were de-

sirable, uniform boundedness and uniform Lipschitz-aarity in time could be

assumed building upon [6], with more conservative bound$gB instead of ISS).
DifferentiatingV, along the solution of (5.5), we get:

(rr + )

jr=

Vo = %ZTP [AZ +BVq + DRy + % [{TAT+VABT+BIDTIP  (5.11)
DefiningVo = K, with K a row vector of size 3, the previous equation implies:
Vo ={TP[A+BK]{ +{"P DRy (5.12)

Applying Young'’s inequality, for any positive constant
V< {TPIA+BK]Z + S¢TPDDTRC + -, (5.13)

Let us choose small enough so that:
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&
—aP+ EPDDTP < —a3P (5.14)
with 0 < a3 < a. Then:
. 1 ~
Vo < —as{ TP+ R (5.15)

Using the boundary condition (5.6), and the definitiorCothe derivative ol
along the solution of the coupled system is bounded by:

2
V(t) < —aVi(2) - % (F(D+ (1) n(LHI"¢

~2ka3Va(¢) + 5 (1) (5.16)

We now consider two cases: depending on the sigi{df+ f/(1). We will focus
first on the case wherg(1) + f/(1) < 0. In this case, we can choosédarge enough

so that:
Ro1
8?2
for some O< a4 < as uniformin time (by using).
The case wheré(1) + f/(1) >= 0 is even simpler, since we can choese- 1
and get the same inequality withy, > as.
This implies that, in both cases:

—kKazP—

(f(1)+1'(1))n, )z < _%p

V < —anVi— aaVo + 2% 52 (5.17)

and therefore: _ K .
V < fmin{al,a4}V+2—£P|% (5.18)
thus completing the proof. O

Remark 5.1Based on equation (5.18) and the boundedne$s,dfy, is bounded
since botH, andP, belong to the same bounded intervaH), for any bounded
initial state, the state of the system will remain boundeallaimes. Furthermore,
the ISS gain of the system can be bounded by a function of the odiconvergence
of both subsystems and the constantnde used in the proof. In order to obtain
as small an ISS gain as possible, it would be desirable to &avig value fore
and a small value fok, together with as big as possible convergence rate (given
by min{ai, as4}). To obtain this, ara, as large as possible is desirable (which is
quite logical, the faster the finite dimensional system eoges, the less impact
the coupling will have). The limiting case would, of courbe,the case of perfect
decoupling mentioned in the previous section.

Remark 5.2From equation (5.18), we conclude that if, in addition tod¢hastraints
already included in the control law, see (4.34), an addii@onstraint is imposed
as:



66 5 Controller implementation

P? < (—as+ min{al,a4})%V(z,Z), vt € [0,T] (5.19)

for some 0< as < min{ai, 04}, then the interconnected system is exponentially
stable.

This condition is indeed a small-gain condition involvilgtiSS gain of the cas-
cade interconnection of both subsystems, represented (Be min{ai,a4}) (see
equation (5.18)), and the gain of the controller (given By/ghevious inequality).

Remark 5.3We may also remark that pr ever converges to zero, the infinite-
dimensional state will converge to zero as well (this wilppan, for instance when

R is constant, due to the added integrator in the system).

5.3 Simulation result: closed-loop tracking using METIS

In this section, instead of using the simplified controleoted model presented
in [13] for simulation purposes, we will validate the propdsapporach using a
more comprehensive simulation code. A simulation platfaas developed using a
Simulink® interface developed by the CEA (France) for the METIS code,[4].
An integral part of this platform was the versatility to sitae the evolution of the
magnetic (and other) variables in a Tokamak using diffebenindary conditions
and actuator models (in order to test, with increasing eweéldetail, the control
approach presented in this book). For more details on thi$qom, please refer to

(71

5.3.1 General description

In this section, two simulation cases are presented. Asavipus chapters, the con-
troller requires an approximate equilibrium in order to dtion. The equilibrium
given to the controller will be obtained from profiles recsasted from experimen-
tal data of Tore Supra shot TS-31463. During the test caseg\er, the operating
point will not correspond to the equilibrium given to the tatfler. In fact, both
simulation cases were chosen in order to take the systenmdiar the controller
equilibrium to test its robustness and its applicabilitydanmore realistic condi-
tions.

Although both engineering parameters can be modified bylgjogithm, we built
the references by varying first the LH powRy (in the first case) and the refractive
indexNj (in the second case). As mentioned before, the range ofticariaf these
two parameters will be chosen large enough to properiytititis a wide set of op-
erating conditions. In all cases, the control law is giver{4$3) and the weighting
function was calculated following the procedure outlined\ppendix A.

Compared to the results presented in Chapter 4, in this cas®, attention was
given to the parameter tuning in order to limit the impact afasurement noise
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(present in the experimental data used to feed the simnjat&so, the rate of
variation of the engineering parameters was limited in ptdéetter represent the
physical system.

The following information was provided to the controller:

e An estimation of the equilibrium profiles along with a refece (current and
magnetic flux gradient): in this case, this estimation wdibdeately chosen from
at a different operating point;

e a real-time (or near-real-time) estimation of the gradigithe magnetic flux
(the effect of the profile reconstruction delay will be stdllater in this chapter,
under simulation);

e areal-time estimation of the profile;

e an estimated shape for the current deposit profile basedatimgdaws, as de-
scribed in [13] (in this case, the shape function was evatliat a grid in the
parameter space in order to speed the online optimization).

Since adequate scaling laws exist describing the currgragdieprofiles for most
tokamaks and an estimated equilibrium profile can be obdagitber from simula-
tion or experimental data, these two do not represent a rpepbtem. The magnetic
flux profile reconstruction is more difficult to obtain butstavailable in Tore Supra
in near real time thanks to the Equinox code [4]. However,dbetroller proves
to be robust with respect to estimation errors in both thistiegy profile and the
magnetic flux profile. The estimation of plasma parametemsatso be done using
the method described in [9], which was used in the next sectio

The only outputs from the controller are:

e The Lower Hybrid poweRp;
e The parallel refractive indel.

An independent controller is active throughout the shoulsing the total
plasma currenty using the poloidal field coils. Every shot starts in an opsopl
configuration and then, &= 9 s the proposed controller is activated.

The general parameters of the flat-top phase of the shot amaatized in Table
5.1.

Global Shot Parameters
n 1.45x 1099 m?
Rh referencd between 1 and 8
N referencd PEtween 18 and 22
Bg, 3.69T
Ip 580KA

Table 5.1 Global parameters used for simulation, based on Tore SinataTs-31466, with ex-
tended range.

These global parameters were chosen similar to the onesiug@fifor easy
comparison. The general structure of the shots is alsoasinailthough the ranges
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and shapes of the input parameters were chosen differétsly, the shape and
magnitude of the ICRH disturbances are different (for examip the first simula-
tion scenario, the ICRH power is not constant during theudigthce window). In
this case, the lower values of the ICRH magnitudes allow fueter rejection of the
disturbances. Also, some tuning was done on the gradienedealgorithm which
explains the somewhat different response of the system.

5.3.2 Simulation Scenario: METIS, independemg control, large
variations of By, ICRH heating disturbance.

The test case shown in this section was constructed to adplias closely as possi-
ble, under simulation, the main difficulties that would be@mtered in an exper-
imental setting. First, the total plasma current cannotdxéegtly controlled. Even
though the poloidal field coils can effectively generaterent to offset the current
changes generated by the variations in the non-inductivess, the tracking cannot
be perfect. Second, the equilibrium profiles given to thetradler cannot be more
than approximations since they have to be either obtaired imulations or re-
constructed from experimental data (neither of which is pletely reliable). Third,
the reference given to the controller may not be achievébéight the constrained
actuators available. Fourth, the current deposit profitlesrgto the controller and
those applied to the Tokamak are not the same, they are jpsbdmations using
scaling laws. Fifth, measurement noise is present in allsoregments in the toka-
mak. All of these sources of error are integrated into theuktions in different
ways:

e The tracking error in the total plasma current appears asiadary disturbance
in (2.16)

e A single equilibrium profile is given to the controller, cesponding to a point
with Ry = 2.76 MVandN; = 2.

e A (mostly temperature) disturbance is introduced ViAttky = 1.5 MAV(ICRH).

e The LH actuator model used for simulation uses scaling laaged on param-
eters of the plasma and the LH waves (see [10]) to computefficercy and
then Landau absorption, accessibility and caustics torahite the current de-
posit profile (see [1])

Figure 5.1 shows the tracking performance and the contriutsi during the
simulation. The initial, open-loop ramp-up phase is nowwahd/Ne focus, instead,
on the flat-top evolution of the safety factor profile. Forritia figure 5.1 (a) shows
only the evolution of six points in the safety factor profiléis does not, however,
imply that only these six points are being tracked. The b@gmof the closed-loop
action is marked at 8. Solid lines represent the simulated closed-loop values fo
each variable, while dashed lines represent the referaalues/(used for the open-
loop computation of the reference magnetic flux profile) haligh the error does
not converge to zero when the ICRH disturbance is preserg $he target profile is
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69

no longer achievable with the available actuation meahs)etror remains bounded
and small. Also, given that the magnitude of the ICRH distmde is smaller than
that used in [7], the magniture of the error is smaller. Wherdisturbances are

present, the error converges to zero with no evident ovetsfithe effect of the

boundary condition is more noticeable closer to the plasduge éfor example, at

r = 0.8). Whenever there are variations of the LH power, the tdtdpa current is

disturbed but eventually returns to its nominal value. Fégb.1 (b) shows that the
controller is able to adequately reconstruct the sequehergineering parameters
used to generate the given trajectory. The engineeringmpteas corresponding
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Fig. 5.2 Total plasma current evolution and corresponding loopagmsit

to the equilibrium value given to the controller are markéetha begininig of the

control action with a star. The effect of measurement noisthe control action can
be appreciated in the small high-frequency variatiordipivhich, if desired, can be
reduced by decreasing the gain of the controller. Finaibyfe 5.2 (a) and (b) show
the evolution of the total plasma current and the loop v@tddnis figure illustrates
that a simple local controller is able to adequately regula¢ total plasma current.

5.3.3 Simulation Scenario: METIS, independemg control, large
variations of N, ICRH heating disturbance.

The second chosen scenario was chosen to test the capattigyadntroller to use
the other available control parameter. The value of thealeariables is the same
as in the previous case. The valueRyf is now held constant at. 2 MV while the
value of N is set to vary in the intervdlL.8,2.2]. In this scenario, the differences
in shape of the safety factor profile are noticeable, varyirggvalue ofN; tends
to change the mid-radius values of the safety factor profilehmmore than the
central or edge values. In this case, the power of the ICRtidliance being less
than in the case used in [7], the disturbance is better mgjedtt other times, the
controller adequately recovers the engineering paranpetdites used to generate
the reference.

5.4 Some preliminary extensions

In this section, we present simulation results illustrgtiome possible extensions
of the methods discussed in this book. All simulation residt TCV, using ECCD
(Electron Cyclotron Current Drive) actuation, were congulwith the RAPTOR
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Fig. 5.3 Safety factor profile tracking and radio-frequency antepayx@meter evolution.

code [9]. Tore Supra results were obtained using the METH2 s discussed in
the previous section.

5.4.1 Profile reconstruction delays

Based on the sampling time set for the profile reconstrudtidd], the proposed
control scheme was tested under simulation adding ans0@elay in the control
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action. The test case is otherwise exactly as describeddtioBe5.3.2. The re-
sults are presented in Figure 5.5. Some tuning was requiradadid overshoots or
oscillations and the resulting response is expectedlyesidhan that shown in Fig-
ure 5.1. However, good convergence is maintained even fiereneces far from the
equilibrium value and in the presence of ICRH disturbankéesme overshoots are
tolerated, a bigger gain can be used to decrease the sditlieg However, since
the delay is not negligible compared to the response timaimdd in Figure 5.1,
some performance degradation is unavoidable without @gladdressing the de-
lay (with some predictive structure, for example).

5.4.2 Extension for TCV

In this subsection we present simulation results using E@Ciation in a simu-
lated shot for the TCV tokamak. A typical shape for the diéfercoefficients and
functions in equation (2.1) can be found in [9]. These coieffits can be adequately
represented by defining the diffusivity coefficients as inl(®and slightly modify-
ing the definition of the contral to reflect the small deviations caused by the actual
coefficients. Furthermore, the proposed approach is ndtigixe to LH actuation.
By changing the function in the optimization problem used to calculate the control
action, the same methods previously discussed can be ireptexh The reference
ECCD modelis the one proposed in [9]:

iecen(p,t) = Ccde*PZ/O-SZ%e*(P*Pdep)z/ngPECCD(t) (5.20)
e

wherecgq is an experimentally determined coefficiepdep, andweq define the po-

sition and width of the current deposit aRe-cp represents the power used by the

actuator. All other variables are defined as in Chapter ZhEuamore, the controller

is used around a precomputed open-loop trajectory for theatmrs that could be

obtained using the methods described in [8] or, possibé, phesented in [12]. For
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Fig. 5.5 Safety factor profile tracking and radio-frequency antecorarol parameter evolution.

this application, we consider two ECCD actuators with dé@pdscated atr = 0
andr = 0.4. The two normalized control profiles considered availapeshown in
Figure 5.6. The following simulations aim to illustrate flexibility of the proposed
method when considering different non-inductive actusatord a different plasma
shape.

The first set of simulations presents the behaviour of theéstumbed system in
open-loop and closed-loop, see Figures 5.7 and 5.8, régggctn both cases the
initial power ramp-up is done with an open-loop profile. Hoe tlosed-loop sim-
ulation, after the ECCD power of the first actuator reach®\2the controller is
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activated to accelerate the convergence of the systeme Siodisturbances are
present, both the open-loop and the closed-loop case reactesired safety-factor
reference at the end of the simulation time. The closed-$ysfem converges faster
than the open-loop system 0.5s vs~ 0.8 s), the acceleration being most notice-
able for small values af. Some undershoot is present in the closed-loop behaviour,
but the control algorithm is tuned so that the safety factmesdnot reach values
under 1. At the end of the simulation time, the values of th&€B@ower in both
antennas are the same in the open-loop and closed-loop cases

The second set of simulations includes a disturbance imlbgeextra ECCD
current that peaks at= 0.4. Since one of our available actuators is placed at this
particular position, we may expect the controller to be ablgreatly attenuate the
effect of such a disturbance. The open-loop behaviour ofgtstem is shown in
Figure 5.9, while the closed-loop behaviour is presentdegare 5.10. Figures 5.9
and 5.10 (b) illustrate the main interest of the closed-lacion: at the end of the
simulation time only the closed-loop system is able to reghehdesired g-profile.
The final value of the ECCD power in the closed-loop systensquts a negative
offset that corresponds to the value of the applied disnobaThe power of the
central actuator is used only to accelerate the converggfrtbe system and, at the
end of the simulation time, returns to its open-loop value.

The third set of simulations presents a more realistic so@redisturbance that
cannot be entirely offset by the available actuators wilitteoduced in the system.
In this case, we chose a combination of a heating input (ECREated at = 0.2,
and a current drive input (ECCD), locatedrat 0.4. The combination of these two
inputs cannot be exactly offset by the two available acnsatdevertheless, com-
paring the open-loop response (Figure 5.11) and the cllmsgdene (Figure 5.12),
the closed-loop action is clearly beneficial. At the end & simulation time, the
reduction of the error between the reference and the sadetgrfprofile in Figure
5.12 (b) with respect to Figure 5.11 (b) is quite apparent.
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Fig. 5.7 Safety factor profile and open-loop ECCD power evolution.

5.5 Summary and conclusions

In this chapter, the strict Lyapunov function (4.15) for {h&oidal magnetic flux
resistive diffusion equation in 1D was modified to considher touplings that exist
between the flux diffusion and the total plasma current dif@ssumed to behave
like a transformer, as in [11]). By adding a component regméng the energy of the
finite-dimensional subsystem, ISS properties similar tséhestablished in the pre-
vious chapter can be obtained. A particularly interestimgotusion of this section is
that we can always find a controller gain small enough (in $eofrthe variations of
LH power) to guarantee the exponential stability of thercd@nected system and
that, as we approach a perfectly decoupled system (wherateeof convergence
of the finite-dimensional system is much faster than thahefnfinite-dimensional
one), this constraint becomes less strict.
At this point, most of the difficulties outlined in Chapter &Je been tackled:
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Fig. 5.8 Safety factor profile tracking and closed-loop ECCD powe@ion.

e the time-varying distributed nature of the diffusion cogéts is taken into ac-
count (for more details see Appendix A);

e the strong nonlinear shape constraints imposed on thetacduare considered
in the control algorithm;

¢ the robustness of any proposed control scheme with respéifférent sources
of error and disturbances has been analyzed;

¢ the coupling between the controller for the infinite-dimenal system and the
boundary condition is taken into account;

¢ the control algorithms considered are implementable ihtieee.

Some preliminary extensions of the proposed approach hsw®een presented.
Namely, the addition of a profile-reconstruction delay ia tfosed-loop simulations
and the use of ECCD actuation with TCV parameters.
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Fig. 5.9 Safety factor profile and open-loop ECCD power evolutiorhvECCD disturbance ap-
plied atr = 0.4 fort > 0.4 s.
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Chapter 6
Conclusion

In this book, the problem of controlling the poloidal magoéux profile in a toka-
mak plasma has been studied. The motivation for this prolidethe possibility
of controlling the safety factor profile necessary to attail maintain advanced
operating modes in a tokamak with enhanced confinement and Mability.

The first two control approaches illustrate classical meéshmonsisting on a spa-
tial discretization of the distributed parameter systerfoteeapplying established
techniques for finite-dimensional systems. In Chapter 3lustiate an updating
LQR controller (that requires the online solution of an Algaic Riccatti Equation)
and does not guarantee the stability of the time-varyingesysThis approach is
not too different from some existing approaches in the tadaoontrol field in the
sense that the time-varying nature is overlooked to simgié problem. Knowing
that the the diffusivity coefficients can vary much fastertlthe flux diffusion time
and that some concurrent actuation may be in use (to corttiet plasma param-
eters), neglecting the variations of the diffusivity preéilis unsatisfactory. In order
to take into account these variations, a Polytopic LPV fdation is developed for
the discretized system. While it allows us to consider soate@tions, this approach
can be too conservative and fail to provide useful resulterwé large operating
range is considered. Furthermore, the extension of thisoaph to the gradient of
the poloidal flux profile (a more significant physical vareiik far from straightfor-
ward and the proposed change of variables (leading to aamismatrix) cannot
be applied.

In order to address the weaknesses discovered in the fifgbged approaches, in
Chapter 4 we present a new approach based on a strict Lyafumadion developed
for the open-loop system. Since the physical flux diffusigstem is known to be
stable, this allows us to construct strongly constrainettrob laws that guarantee
the closed-loop stability of the system while acceleratimg rate of convergence
and attenuating disturbances. A detailed analysis of takss properties of control
laws based on the constructed ISS-Lyapunov function isldped to illustrate the
impact of different design parameters in the controlleisTdpproaches are tested
under simulation using both a simple simulation of only tifeudion equation and
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a more complete model based on [2] that corresponds to thelnpoesented in
Chapter 2.

Finally, in Chapter 5, the interconnection of the poloidagnetic flux diffu-
sion equation with the peripheral dynamics controlling Hmindary conditions
of the model is explored. An extended Lyapunov function iestaucted to show
the stability of the interconnected system and the contbéme is tested using
METIS. Some extensions are presented, taking into accdliat onportant aspects
that directly add to the relevance of the proposed appraaanly the effect of
profile-reconstructuon delays and the possibility of edieg the results to other
tokamaks (done here using the RAPTOR code [1] and TCV pams)eind other
non-inductive actuators (in this case ECCD).

The main contributions of this book are:

e the explicit consideration of the time-varying nature oé ttiffusivity profiles
(not limiting their variation to a scalar quantity multifiyg a static shape);

¢ the explicit consideration of the nonlinear dependencyefdurrent deposit on
the antenna parameters;

¢ allowing for actuator saturation;

e the explicit consideration of the couplings existing begwehe control action
and the boundary condition in the stability analysis;

e a thorough characterization of the gains between diffesentces of error and
disturbances and the state;

¢ the lack of imposed limits on the rate of time variation of thi#usivity profiles
to maintain the stability;

e particular provisions for the real-time implementatiorttoé proposed approach
for safety factor control on a real tokamak.

The main remaining challenges are:

e extending the stability results to incorporate perforngagoarantees (to limit
overshoots, for instance);

e considering the coupled problem of temperature and cuprafile control (nec-
essary for burn-control);

e considering the nonlinear impact of the bootstrap currinst, to guarantee the
stability of the system and then to maximize the bootstrapeci fraction;

¢ finding conditions to guarantee the stability of the systarthe presence of de-
lays;

e experimental validation of the proposed approaches.
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Appendix A
Finding a Lyapunov function

A.1 Finding a weighting function

A.1.1 Considered set of diffusivity profiles

In this Appendix we present a heuristic method to find an adegueight verifying
all the conditions of Theorem 4.1 for a sufficiently large gktesistivity profiles.
As mentioned in previous chapters, the stucture of mod&bj2mplies that finding
a common Lyapunov function for a set of resisitivity profitpsarantees (as in the
finite-dimensional case) the stability for any convex camaktion of these profiles.
Unlike the finite-dimensional case, however, the timeadgiie of these coefficients
does not appear in the evolution of the Lyapunov Function.
Following [1], we select the following set of resistivitygfiles:

n(r,t) = a(t)elo ®EN% (1 t) € [0,1] x [0,T) (A1)
withO<a<a(t) <3,
o(r,it) e @ ={o(r,t) e €°([0,1] x [0,T]) | Vt € [0, T|, @(-,t) €A}

and
A= {A(r) €¢°([0,1)) | Vr €[0,1], A < A(r) gX}

This shape is very similar to an exponential but allows foicher basis for the
resistivity profiles (it reduces to an exponentiakifs constant over).

A.1.2 Alternative sufficient conditions and algorithm

Proposition A.1. With n defined as irfA.1), a sufficient condition to apply Theorem
4.1 is the existence of an a.e. twice-differentiable pesitinction f: [0,1] — R*
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with piecewise-continuous second derivative such thafdhewing inequality is
verified:
f(r)+ f'(r) [/\(r)—ﬂ + f(r) {@—%—1—8] <0 (A.2)

for every(r,A) € (0,1] x A and some positive constast

See [1] for the proof.

We can rewrite the inequality (A.2) as an equation usingekstariablew(r,A) <
0. Rewriting the resulting second order differential egprags a system of two first
order ODEs we obtain:

Tl 3o W)l e

We can now introduce the following proposition (see alsg:[1]

Proposition A.2. Given an a.e. twice-differentiable positive function vaibcewise-
continuous second derivative : f0,1] — R*, the following two conditions are
equivalent:

i: there exists \r,A) < 0 such that(A.3) is verified for all(r,A) € (0,1] x A;
ii: there exists w(r) < O such that the following equation is verified for aktn(0, 1]

m — A1) [ff,] + m Wa(r) (A4)

where:

The proof will not be given in this Appendix, however, it isdea on the fact that,
for a givenr, the left-hand side of inequality (A.2) is linear h and thus has a
maximum value at eithex or A. If the inequality holds at thisritical point, it has
to hold for all admissible values af.

Remark A.1Setting the slack variable to zero and solving the ineqguattan equa-
tion does not provide adequate weighting functions (thetsnis have a singularity
at zero). For more information on this subject, we refer tager to [1].

In order to solve the inequality, we propose to set boundangitions atr = 1
and then solve the equation backwards up 60 using Algorithm 1 proposed in

(1].
Algorithm 1.

1: Set numerical values for the boundary conditions at &, f(1) and (1), and
for €.
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2: Evaluate@ + f/(r) and fix the value of the dynamic matrikfAr) accordingly,
using(A.4).

3: Find a numerical solution going backwards until hittingaro-crossing 0@ +
f/(r), setting w(r) = 0, and verifying that {r) remains positive. Otherwise,
change the boundary conditions or the value of

4: Use the values of (f) and f'(r) at the zero-crossings ot-ﬁﬂ + f/(r) as initial
values for the next step in solving the equation, switcHiegdynamic matrix but
keeping w(r) = 0, always verifying that fr) remains positive and bounded.

5: Repeat 3-4 until either reaching= 0 or finding a point such that both elements
in the lower row of the A matrix are positive, as well as f aridwiith f(r) —
rf’(r) > 0. If no such point exists before= 0, change the boundary conditions
or the value ok and start over.

6: If r = 0 has not been reached yet, complete the solution by setti(rg v have
f”(r) = 0 for the remaining interval, in order to avoid singularitiés the solu-
tion near zero.

Remark A.2It should be stressed that this algorithm is not guarantegedavide a
solution. For the desired range dfbased on experimental reconstructions in Tore
Supra, however, it yields adequate results.

A.2 Numerical application

A.2.1 Weighting function

Greatly extending the range used in [1] by using a negatjwge select the follow-
ing range of variation for the parameters required in (A.1):

This set of parameters is larger than the usual set of nagigpirofiles encountered
in Tore Supra and allows for non-monotonic functions.
The following values were set for the algorithm:

f(1)=1

f’(1) = —100

£=11/2

f”(r)=0forallr €[0,0.1]

The obtained weight can be seen in Figure A.1.
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(a) Functionf obtained using the heuristi¢b) Piecewise continuous second derivative
of function f obtained using the heuristic.

Fig. A.1 Example of weighting function that can be obtained usingotfesented heuristic.
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Appendix B
List of acronyms, physical variables and symbols

List of acronyms

ARE
BIBO
CD
ECCD
ICRH
ICRH
ISS
LHCD
LMI
LPV
LOR
LTI
MHD
NBI
PDE
RF
SeDuMi

Algebraic Riccati Equation
Bounded-Input Bounded-Output
Current Drive

Electron Cyclotron Current Drive
lon-Cyclotron Radio Heating

lon Cyclotron Resonance Heating
Input-to-State Stability

Lower Hybrid Current Drive
Linear Matrix Inequality

Linear Parameter-Varying

Linear Quadratic Regulator
Linear Time-invariant
Magneto-hydro-dynamics
Neutral Beam Injection

Partial Differential Equation
Radio Frequency
Self-Dual-Minimization

TS-35109 Tore-Supra shot number 35109

YALMIP

Yet Another LMI Parser

List of physical variables (unit)

a
Bw
C, G

Ced
F

lo
Ip
]

Location of the last closed magnetic surfaag (

Toroidal magnetic field at the centerr)(

Geometric coefficients

Experimentally determined coefficient

Diamagnetic FunctionT{m)

Ohmic current )

Total plasma currenty)

Normalized non-inductive effective current dengigya®Rg jni
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Ibs bootstrap currenAn 2)

jeced ECCD current depositr 2)

jih LHCD current deposit4m 2)

jni Non-inductive effective current densitjr )
n Electron average densityi(3)

N Hybrid wave parallel refractive index

Pe/i Electron and ion pressure

RAn Lower Hybrid antenna poweky

q Safety factor profile) = do/dy

r Normalized spatial variable= p/a

Ro Location of the magnetic centar)(

t Time (s)

Te/i Electron and ion temperaturk)(

v Plasma Volumer(?)

Moop Toroidal loop voltageY)

Vo Ohmic voltage ¥)

Weg Width of the current depositj

n Normalized diffusivity coefficienty / poa?
n| Parallel resistivity Qm)

Mh LH current drive efficiencyAnT2W-1)

Ho Permeability of free spacer#x 10~ (Hn1)
P Equivalent radius of the magnetic surface (
Pdep Position of the current deposit)

[0} Toroidal magnetic flux profileTn?)

1] Poloidal magnetic flux profileTin?)

List of symbols

froer First and second derivative of a given functibn
L% |- The set of square-integrable functions equipped with thennjo ||
M>0 The matrixM is positive definite

\% Lyapunov function
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disturbance
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ICRH 68
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regularity 19
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rotational transform 20

S
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simulation code

l1Usim 51
METIS 66,71
RAPTOR 71

TCV 72
W
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