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Abstract: We consider aBernoulli-Euler beam, whichis clamped at one boundary and free
at the other, and to which are attached a piezoel ectric actuator and a coll ocated sensor. We
provide an output feedback law and characterize the sensor/actuator location for which

the strong stabilization holds.
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1. INTRODUCTION

There exists now an important literature devoted to the
controllability and stabilizability of flexible structures.
We focus in this paper on the use of piezoelectric de-
vicesto control flexible structures, asit has been mod-
eled in (Destuynder et al., 1992; Destuynder, 1999)
with second order infinite dimensional models.

The controllability of a PDE is often considered as
a first step towards the stabilization of the system.
Classical controllability results for the beam (or plate)
equation may be found in (Komornik, 1994). See also
(Rebarber, 1989), where the eigenvalue specification
problem is studied for the Bernoulli-Euler beam (with
the same boundary condition but with different control
thanin our paper), and (Fliesset al., 1997), whereflat-
ness technics are used for approximate controllability
problems.

The main purpose of our paper is to study the strong
stabilization of a clamped-free beam, i.e. a beam
clamped at one end and free at the other end. There
exist technological and industrial motivationsto study
the stabilization of abeam equipped with piezoelectric
actuators/sensors with such boundary conditions (see
(Leleu, 2002)).

A very important work related to our study is (Crépeau
and Prieur, to appear), where the exact controllability
of a clamped-free beam equipped with a piezoelectric
actuator is studied in detail. Another important work
related to our study is (Ammari and Tucsnak, 2000),
where an unbounded feedback is designed for the
Bernoulli-Euler beam equation with different bound-
ary conditions.

Here, we consider the control problem modelling the
vibrations of a Bernoulli-Euler beam that is subject to
the action of an attached piezoelectric actuator. If we
assume that the beam is clamped at one boundary and
free at the other we obtain the system:

W 0]+ W0, 8) = (E) (3009~ B2
W(0,t) = Wy (0,t) = Wi (T, t) = Wy (Tr, 1),
W(X’ O) = Wo(x)a WI(Xa O) = ( )

In the above equations, x € (0, ) isthe spatial coordi-
nate, t istime, w stands for the transverse deflection of
the beam, w; = dw/dt, etc., n| and & stand for the ends
of the actuator (0 < m < & < m), Jy is the Dirac mass
at the point y, and h stands for the control input (see
Figure1).
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Fig. 1. A beam equipped with two piezoelectric de-
vices.

We are interested in the stabilization of the above
system, the control h being expressed as a function
of the output wy(n) — wx(&). This corresponds to the
situation where the output comes from a piezoel ectric
sensor located on the same interval (n,&) as the ac-
tuator. Formal computations on the variations of the
energy

K
Ew) = [ (1whol+ [t ?) o
lead to take

h = k(wy (1) — Wyt (E))

wherek issome number whose range will be specified
later. Summing up, we will investigate the stability
property of the system

Wit (X, t) + Wy (X, 1) =

k(wx (n) — er(é)) < [on(X) =B (x)], @
w(0,t) = wy(0,t) Wxx(n,t) W (T, 1) =0, (2)
w(x,0) = w’(x), wi(x,0) = w(x). ®

2. WELL-POSEDNESS OF (1)-(3)

The well-posedness of (1)-(3) in the standard energy
space is obtained in this section as adirect application
of the classical semi-group theory. To specify the
operator, we have to see for which function w the
r.h.s. of (1) belongsto L?(0, w). Let usintroduce some
notations. If wisany functionin H(0,n)NH(n,&)N
HY(&,m), we define {wy} € L?(0,) by

wy OV () ifx e (0,m),
w09 = 4wy ") ifxe (n,8),
wy ™ (%) ifx e (&,m).
We set aso [w]y = w(n*) —w(n~), and [w]; :=
w(E*T) —w(E™). Thenit followsthat
Wy = {Wy} + [W]n8n 4+ [W]ed:  in D'(0,m).

Assume now that w € H?(0, ) and that v € H?(0, ),
and define u € D'(0,m) by U 1= —Wwyxxx + k(vx(M) —
Vi(€)) & (8n — 8). If u € L2(0,m), then the restric-
tion of u to each of the intervals (O,n), (n,&) and
(&, ) has also to be a square integrable function. The

same conclusion holds for wyyyx, hencew € H4(0, nn
H4(M, &) NH4(E, 7). We may then compute Wywy, Wyxx
and u. We obtain

Waxx = {Wyx } 4 [Wi]n On + [WXX}E_,S&

Wixxx = { W} + [Waoe n O + [WXXX]&,SQ

d d
+ [Win " dx = O+ Wz 7~ dx &,
and
= —{ Wy}
- [Wxxx]nSn - [Wxxx]gsg

—[Wi]n %Bn - [WXX]§%5§
K~ (E)) o (3~ ).

Then u € L2(0, ) provided that all the coefficients in
front of the Dirac masses vanish, i.e.

[WaJn = K(vx(M) =V (§)) = —[Wi]e

and

Wy In = [Wxxx]g =0
We are now in a position to define the operator associ-
ated with (1)-(3).
LetV = {we H%(0,r)| w(0) = w'(0) = 0}, (W1, W)y =
Jowiwgdx, and H = L2(0, 1), (v1,V2)n = JFvavadx.
Then H =V x H endowed with the usual product

norm is a (complex) Hilbert space. If we introduce
v := w; and define the operator A with domain

D(A) ={z= ()| (W) € H(0,m)%,
n)

weH*(0,n) NH M,&) NH*E, ),
W(0) = Wy (0) = Wyx(Tt) = Wyux () = 0,
v(0) = v(0) =0,
Wiy, = k(vx(M) = Vx(8)) = — Wil »
[Wxxx]n = [Wxxx]g = 0}

and defined by

Az = (V, —Wyoxx + k(VX (ﬂ) - VX(&)) % (811 - 83))
= (v, —{Wxxxx})

then the closed-loop system (1)-(3) may be seen as
the initial value problem for the abstract first-order
evolution equation in H

% =Az,t>0
2(0) = (WP, w?).
Thefirst main result in this paper isthe following one.

Theorem 1. If k > 0, then 4 generatesaCo-semigroup
(S(t))t>0 of contractions on .
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Proof: Obviously, D(A) isdensein 4. According to
aclassical result (see e.g. (Liu and Zheng, 1999, Thm
1.2.4)), the theorem is proved if we show that A is
dissipative and that 0 € p(A), the resolvent set of A.
Let us begin with the dissipativity property.

Lemma 1. For any z = (w,v) € D(A) we have that
K
(AZ,Z)}[ =2i Im(/(; VxdoX) - k|VX(n) - VX(§)|2‘
In particular, Re (Az,2), = —k|vx(n) — w(€)|? < O,

i.e. Aisdissipative.

Proof of Lemma 1: Pick any pair of functions (w,v) €
H.Then
(A(W’ V)’ (W! V))ﬂ
i T
= /0 VXXWTde—/0 {Wyxx JVAX.

After some integrations by parts on the intervals
(0.m), (n,&), (€,m), we obtain that

—/;n{wxxxx}v
= _/)n {Wxxxx}V—/f {Wxxxx}V—An{Wxxxx}V

n
= - '/O Wiy Vix AX + [WxxW]Q=o+ [WxxW]izn

+ [WinVx] ;t:g

_ /o" WacWrx AX — W]V (M) — WiV (&) -

Hence

(A(W: V) ) (Wa V) ) H
= AK(VXXW — WiV ) dX

~[Woan¥x (M) — [WeaeVx (&)
Y Im(/onvxwaxdx) — kv (1) — (&) 2.

This completes the proof of Lemma 1. |
We now proceed to the study of A=1. The following
result holds true.

Proposition 1. 0€ p(A).

Proof: We have to prove that the operator A : D(A) —
H is one-to-one and onto, and that its inverse A1 :
H — H iscontinuous. Let apair (f,g) € #H begiven,
and let us investigate the equation A(w,v) = (f,g),
where (w,v) hastobefoundin D(A). Wehaveto solve
the system

{ v=f

—{Woox} =9

supplemented by adequate boundary conditions. To
eliminate g, we introduce the (unique) solution W &
H*(0, ) of thefollowing elliptic problem

—Woxx = 0
{ W(0) = Wy (0) = Wix () = Wyyx (1) = 0.
Setting w = W+ W and K = k(w(m) — w(&)) =
k(fx(m) — x(§)), we have to solve

{Wxxxx} =0 4
W(O) = WX(O) = Wxx (‘IE) = Wxxx (TE) =0 (5)
[Wx]n = K = = [Wie (6)
Vo = [Wxxx]g =0 ™

where W is to be found in H?(0,m) N H4(0,€) N
H4(&,m) NH4(n,m). In particular,

W]y = [W]g = [VixJn = [Vix]e = O. ®)

We infer from (4) and (5) that there exist some con-
stants ap, as, bo, b1, b2, bz, co and ¢; such that

ax? + agx’® ifo<x<m,
W(X) = bo+bix+baP+bad ifn<x<&
Co+C1(x—m) ifE<x<m.

It follows from (7) that az = bz = 0. (6) gives 2bs —
2a; = K = 2by, henceaz = 0 and by = K/2. Finally,
it is easily seen that b, b1, co and ¢, are uniquely de-
termined by the following system of linear equations
(coming from (8))

K
bo-+bin+ 51 =0

b1+ Kn: 0

K
bo+b1& + 5&% = co+ca(§ —m)
b1+ K&:cl

This proves the existence and uniqueness of W, and the
existence and uniqueness of apair (w,v) € D(A) such
that A(w,v) = (f,g). To seethat 0 € p(A), it remains
to provethat themap A= : 4 — #{ iscontinuous. Let
(w,v) = A7L(f,9). Then V|| = || ||, | [l e <

Const||g||n, ||W|lv < Const|K| < Const||f|]v. There-
fore

(1w, V)15 < Const[[(f,9)]]4-

This completesthe proof of Proposition 1 and of The-
orem 1. |

Proposition 2. The operator A=Y : H — % is com-
pact.

Proof: Since
IA~(F,0) 1 ocay = AT, ) Lo+ 11 (F,0) s

we see that A=1 is continuous from # into D(A),
hence it is sufficient to prove that the embedding
D(A) — H is compact. Let ((w",v")) ., be any
bounded sequence in D(A). We have to prove that a
subsequence ((w™,v")) converges (strongly) in #.
As |[V"|2(0ry < Const, there exists a subsequence
(v") and some function v € H = L2(0,7) such that
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v — v in H. On the other hand, |[W"||yz0z +
||{W>Txxx} ||L2(0,1t) < Const, so

W™ Hagomy + W [Hagn, &) + W[ e zy < Const.

Extracting a subsequence once again, we infer that
there exists afunctionw € V such that w" —winV,
andw" — winH4(0,n),inH4M,&) andin H4(&, ).
It followsthat w" — win H2(0,n),inH2(n,&) andin
H2(&, 7). We conclude that w™ — winV. |

3. STRONG STABILITY
3.1 Free evolution
In this section we recall some useful facts about the

free evolution of (1)-(3) (i.e., when k = 0). Thus we
consider the homogeneous Cauchy problem

Ott + Oxox = 0, 9
9(0,1) = 0x(0,1) = 0xx(T, 1) = duux(m, 1) = 0, (10)
0(-,0)=¢° ¢u(-,0) = o™ (1)

Let 4: D(4) — L?(0, ) bethe operator with domain

D(A) := {6 € H*(0,7); (0) = ¢x(0) =
= Oxx (1) = Oxxx(m) = O}

and defined by A = Gyxxx. Obviously, 41 is acom-
pact symmetric operator on #, hence there exists a
countable orthonormal basis of # consisting of eigen-
vectors of 471, The following result (Crépeau and
Prieur, to appear, Lemma 2.1) provides useful results
about the eigenvectors of 4.

Proposition 3. The L?(0, r)-normalized eigenfunctions
of 4 arethe functions (y)k>1, defined by

\|lk(X) = ’Yk(COS(OLkX) — COSh((XkX)

+ i (sinh(ox) — sin(oyx))),  (12)
where oy is the k-th positive root of
1+ cos(oy ) cosh(oym) = 0, (13)
and
_cos{agm) + cosh(oy )
M= “Sin(cumy+ sin(ogm)
-1
Yk - ‘E;

and the eigervalue associated with yy is A = of.
Moreover, we have ask — +oo

1 23
ow=k=3+ (—1)k+1%e—nk Fole™),  (14)

e = 14 2(—1)Ke~%T 4 o(e~%T), (15)

107

and
— sinh(ockp) + [,lkCOSh(O(kp) =
=P | o(e~%P) ifo<p<r,
(=1)ke=%(m=p) 4 g(e=o(m=P)y jf g <p<T.
(16)

It is easily seen that if ¢° = Fy5100uk, and ¢ =
Sk>100k, then the solution o = o(x,t) of (9)-(12)
reads

+oo ¢1
o(xt) =Y (q)gcos(aﬁt) + sin(ocﬁt)) Wk(X).
k=1 O

17
Let L :=&—mn denotethe length of the actuator/sensor.
Forany k > 1andany L € (0,7, let
Sk(L) =

{ne0,m—L]lw(m) —wi(n+L) =0},
set

(18) and
S(L) = Ukzlﬁk(L)A

Definition 1. We say that (1)-(2) is strongly stable in
A, if for any (w0, w?) € # we have that

E(w(t),wi(t)) = || (w(t), w(t))[[3, = O

ast — H-oo.

The following theorem provides a characterization of
thelocation of the actuator/sensor for which the strong
stability holds. Its proof restson LaSalle principle (see
also (Ammari and Tucsnak, 2000) for strong stability
results obtained this way).

Theorem 2. The system (1)-(2) isstrongly stablein #H
if andonly if k> Oandn & S(L).

Proof: First of all, it follows from Lemma 1 that for
any (w0, wl) € D(A) and for any t >0,

E(W(T),v(T)) —E(w°,w')
- fk/oT V(1) — (&, 1) [2dt.  (19)

Thus, the condition k > 0 is needed for the energy
to decrease. Moreover, the relation (19) shows that
the trace vy(n,.) — w(&,.) exists in L2(0, T) for any
T > 0and any (w°,wh) € #{. Furthermore, a density
argument showsthat (19) still holdstruefor (w°, wl) €
. Since the embedding D(A) C # is compact, we
obtain that the set orb(w®,wl) := {(w(t),v(t))| t >
0}} is precompact in # for any (WO, wl) € D(A).
Therefore, the w—limit set of (W, w?), defined as

oW, wh) = {z€ 4
3(tn) = oo, lim S(ta) (WO, w') = 2},

isnonempty. On the other hand, accordingto LaSalle’s
invariance principle (see (Cazenave and Haraux, 1998)),
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forany (¢, %) € o(wP,wl), wehavethat S(t)(¢°,¢1) =
(0(t), (1)) € (WO, W) and E(0(t), (1)) = E (6%, 01).
The above relation and (19) imply that ¢ is a solution
of (9)-(11) and fulfills

Oa(M,t) —0x(§t)=0  Vt>0.
Derivating w.r.t. x and t in (17), we obtain

oo
0= ox(M,t) —0x(E 1) = ka (ooRsin(ogt)
=1

ok cos(ogt)) (wi(m) — V(&)

Since o, ; — 0 — e, we infer from a generalization
of Ingham’s inequality that for any T > 0

T 2
0= [ ba(n.t) - 6u(&.) et

> Cr ¥ (log0g]? + 10%1%) [vic(m) — vi(E)I%.

k=1

Therefore, if n ¢ S(L), then ¢ = ¢t = Oforal k> 1
and S(t) (w®, wh) — (6%, %) = (0,0) in #. Conversely,
if n € S(L) for somek > 1, then any state of the form
(09,91 = (¢2wk, dtwk) givesrise to asolution of (1)-
(3) (or (9)-(11)) whose energy does not tend to 0. The
proof of Theorem 2 is achieved. |

Remark 1. (1) In sharp contrast to (Tucsnak, 1996)
and (Crépeau and Prieur, to appear), thelength of
the actuator/sensor may take here any real value.
Furthermore, the position of the left endpoint for
which the strong stability holds is given explic-
itly, and the theory of Diophantine approxima-
tionis not involved here.

(2) Whenn € S(L), then there is also a strong sta-
bility in the quotient space # /Span{ (y, 0),
(0,91} if S (LYyNSk(L) = 0 for any k' #Kk.

Asthe set S(L) plays acrucia rolein the stability re-
sults, we collect some of its propertiesin the following
proposition.

Proposition 4. For any L € (0,) the set S(L) of crit-
ical values of 1) is countable and densein [0, T — L].

Toprovethat S(L) iscountable, it issufficient to prove
that each set S(L) is finite. But S(L) = fo2(0)n
[0, — L], where fi(n) := (M) — Wi (n+L). Asthe
function fy isanalytic, weinfer that it has only afinite
number of zeros in the interval [0, — L] (i.e,, S(L)
isfinite) if it is not identically null. To check the last
property, we need first to establish the following
CLAIM1. p#1 vk>1

Argue by contradiction. If theclaim isfalse, then there
exists somek > 1 with

__ cos(okm) + cosh(am)
- sin(ockn) =+ sinh(akn)

=1 (20

Let x = cos(oxm). Using (13) and (20), we arrive to
the equation

Xx—x1=4V1-x24/x2-1

whose solutions are easily found to be 1. Now, the
equation (13) has no solution if cos(oym) = +1. The
claimis proved. O

Derivating in (12) we obtain

\.Ujk(X) =Yk ( — Ok Sin((ka) — Ok sinh(akx)
+pk((xk COSh(OLkX) — Ol COS(O(kX)))
~ YO (Mk cosh(oyx) — sinh(aix))
~ YO (M — 1)e*/2
asx — —+oo. Therefore, fi(M) ~ —y ok (M — 1)e% M+ /2

asm — +oo, Which shows that fy Z 0. The proof that
S(L) iscountableis achieved.

Let us now check that S(L) is dense in [0, — L].
The idea is that fy(n) oscillates like the function
sin(ox(M+5) — %), so that the set (L) is constituted
of O(k) points “almost equidistributed” in [0,t— L].
Inalessformal way, using (20) and (16), we have that

fim) = wi(n) —wi(n +L)
= oy (Sin(o (N + L)) — sin(ayn)
+Hx(cos(ok (N + L)) — cos(axn))
—sinh(oym) + p cosh(oym)
+sinh(ok (M + L)) — pcosh(o (n +L)))

= ox(2c05(04(n + 5) (a5

—24esin(e(n + %))sin(akg) +0(e™5%))

= 2v2pai(sn(; — il + 5)sin(ok5)
+o(e™%%))

for some positive constant & € (0,/2), provided that
M and n + L are both different from 5. The following
claim is needed.

CLAIM 2. VL € (0,m], Yko > 1, 3k > ko such that
|sin(acs)] > 5%,

If the claim isfalse, then there exists an integer ko > 1
such that

. L
|sm(ock§)e&’k| <1 Vk>ko.

As |sin(oys) —sin((k— 3)5)| < Ce™™ by (14), we
infer that

jsn((k— ) 5)e%| <C ko, (2D

where C and C' denote some positive constants. |f
L € nQ, then the sequence (Sin((k—3)5)), . is peri-
odic (not constant). If L ¢ nQ, then the same sequence
is dense in [—1,1]. In both cases, (21) cannot hold.
Claim 2 is proved. O
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With Claim 2 we conclude that for a sequencek’ — oo,
fir vanishes between any pair of successive extrema
of sin(% — o (m+ 5)). The density of S(L) followsat
once. |

The sets S (L) have been numerically computed for
L = Z and k < 6. This choice corresponds to the case
of an actuator/sensor which covers half of the length
of the beam. The repartition is sketched out in Table
1.

Table 1. S (L) for small values of k and for

L=1

S; | 015
Sy | 048
Sz | 0.07 | 062 | 1.28
Ss4 | 021 | 0.67 11
Ss | 0.04 | 0.35 07 | 1.05 | 141
Se | 013 | 043 | 0.71 1] 128

4. CONCLUSION

The paper was devoted to the output stabilization
of a clamped-free beam with collocated piezoelectric
sensor/actuator. It was proved that for any length of
the actuator, the strong stability holds provided that
the left endpoint n of the actuator does not belong to
a dense countable set S(L). The determination of the
decay rate will be the purpose of further research in a
near future.
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