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Motivation

Quasilinear parabolic PDEs that exhibit finite-time blow up model
catastrophic events

» Thermal runaway — Lithium-ion battery explosion
» Reactor core meltdowns
» Uncontrolled chain reactions

» ... Destruction of the plant
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Benchmark Model

n

g = £(U)Ugy + Z vt ug + uP, (1)
=1

ug(0) = vo(u(0)), uz(1) =vi(u(l)), (2)

u(z,0) = up(x) € H*P0,1], Be(0,1), (3)

where x € [0, 1] denotes the space variable, ¢ > 0 denotes the time
variable, and u € R denotes the state variable.
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uP with p € (1,400): Reaction (cause of finite-time blow up)

>
| 2
> > yiu'u,: Convection (possibly destabilizing)
» (2): Neumann-type actuation

>

Solutions understood in the classical sense
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'size’ of the initial condition u,. E.g., consider u; = ey, + u?
under u,(0) = u,(1) = 0. Finite-time blow up occurs if

1
/ Uo(x)dr > 0 — Independent of ¢
0

Moreover, the blow-up time T;,, verifies

1 -1
T < (/ uo(x)dx> — Independent of ¢
0
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Open loop (u;(0) = u,(1) = 0)

Indeed, integrating both sides of u; = cuz, + u? in space, we get

d 1 1 1
— [ u(z,t)de = 5/ Uz (T, t)dx + / u(z,t)?dx
dt Jo 0 0

1
= cug(1,t) — euy(0,t) —i—/ u(z,t)*dz
0

1
= / u(z,t)*dz.
0

Using Cauchy-Schwarz inequality, we conclude that

;i/olu(:c,t)dx > </01u(x,t)dx>

As a result, if fol uo(z)dz > 0, then u blows-up in finite time since
fo z,t)dzr < |u(-, )]0

2
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E.g., for us = cuy, + u?, there are sufficiently 'large’ initial
conditions for which the solutions (if they exist) blow-up in
finite time regardless of the choice of v, and v1; see
[Fernandez-Cara, Zuazua; AIHPC'2000]

Best stability guarantees — estimate of the region of attraction
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» Nonlinear PDE backstepping [Krstic, Vazquez;

Automatica'2008]: Specific to semilinear diffusion reaction
PDEs such as

Up = EUpy + UP
e Diffusion is constant, not state dependent
e No convection

e Positivity of solutions is not preserved: state may become
negative even if the initial condition is positive. Problematic
in applications where negative values of the state are
physically meaningless (chemical autocatalysis)
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e The approach relies on the Cole-Hopf transform: A change
of variables that linearizes wu,

e The Cole-Hopf transform is specific to Burgers' equation
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Previous works

» Lyapunov method [Karafyllis, Krstic; SIAM'2019]:
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Previous works

» Lyapunov method [Karafyllis, Krstic; SIAM'2019]: Global
stabilization of diffusion-reaction PDEs with polynomial
reaction

Ut = EUgy + U — u?

e The reaction term +u — u? is stabilizing when the state is
large — No finite-time blow-up phenomena in open loop
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Previous works

» Lyapunov method [Belhadjoudja et al.; ACC'2024]: We
proposed non-local Dirichlet boundary controllers for
semilinear parabolic PDEs with convection, and with
finite-time blow up in open loop

e Non-local: Controller involves state norms

e Along the solutions (if they exist), the L? norm decays to
zero

e Because of the nonlocal terms: difficult to study H' norm
of the state, and to prove well-posedness
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Assumption in our work

The map u — e(u) is differentiable, and there exist ¢ > 0 and a
continuous non-decreasing map ¢ : R>¢ — R>¢ such that

infle(u)} > ¢

and

le'(u)] < &(s) Vu € [—s,s], Vs >0.
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infle(u)} > ¢

and

le'(u)] < &(s) Vu € [—s,s], Vs >0.

— the PDE X is uniformly parabolic
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Controllers

We propose Neumann cubic feedback laws

uz(0) = vo(u(0)) := Aou(0) + pu(0)?,
uz(1) = vi(u(l)) == —Mu(l) — pu(1)?,

where
1 (|| i |M'—2
we (e
and
A 2(my + k1) + || \o— 2(mo + ko) + ||
1= ;Ao 1= .
2e 2e

Here, M, m1,m, > 0 and k1, k, > 0 are control gains.
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Stability
There exists w > 0, s.t., if

Ko(to) 1= ||tto|2 + Muo(1)? + %u0(1)4

1/2
. /

+ Aotio(0)% + §uo(0)4 < V2w,
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Stability
There exists w > 0, s.t., if

Fo(tto) = [[utoff1 + Ao (1) + Suo(1)!
" 1/2
+ Aotio(0)? + 5“0(0)4 < V2w,
then there exist o(,) > 0 and ¢ : R0 X R>9 — Rx( continuous,
nondecreasing in both arguments, and ¢ (0,0) = 0, such that every

complete solution satisfies, for all t > 0,

ot

[u( )72 < Juolz2 exp™",
o/2)t

ot

+|uo\i2 exp %",
|u1('7 t)|%2 < 5("107 |UO|L2) eXp_(U/g)t _Alu(lv t)2

— Aou(0,)? — gu(l,t)‘* - gu((),t)4.

[l ) 3 < 2roluo| g2 exp¢
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Convergence

Moreover,
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Convergence

Moreover,

. 4
tlbrmooexp("/ )t max {|um(',t)|2Lz, ‘Ut(',t)‘%z, ]ux(,t)@o} =

No restrictions on the size of |ull|72, |us(-,0)|r2, and |u) |-
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Region of attraction

w > 0 is any constant that verifies
m1 +me > 2(6w) P2 4 (6w)P~ /e,

£ —2(my +my) > V6we(v6w <Z% (6w) )

Z il i Zm(ﬁw)(i—”/z if Ji € {2,3,..,n} s.t. v 2 0.

z+2 ps
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Region of attraction

w > 0 is any constant that verifies

m1 +me > 2(6w) P2 4 (6w)P~ /e,

£ —2(my +my) > V6we(v6w <Z% (6w) )

n n
il i—2 1%l i—2)/2 .p —-
> MY (6w) T2 Fi € {2,3,.,n) sty £ 0.
i:21'+2 i:2i+2(w) = n}st v #

— At initial time,

Reaction < Convection <
Diffusion "’ Diffusion

15/22



Decay rate

(p—1)
U::m1+mo—2<\/§ﬁo)p > 0,

_ K
Ci= R4 400 + Aodroluolze + Euols + 0 [+
5
A1+ Ao + duk? N 3PP g 2
u,
2 2¢ (my +m, — 2(6w)(P-D/2) | L

3/4 [( ?1 31; 2’> +m1-§mo:|

+ |UA%2-
e — V6we (Vbw) — 2(mo +m1)
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Well-posedness

If e € C2, Ko(to) < V2w, and the following compatibility condition
holds
ug(O) = 0o(u0(0)), u;(l) = v1(uo(1)),

then there exists a unique solution that is complete, and any other
solution must be a restriction of the complete solution.
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Positivity of solutions

If uo(z) > 0 for all x € [0,1] and w is a complete solution to ¥,
then u(x,t) > 0 for all (z,t) € [0,1] x [0, +00)
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Positivity of solutions

If uo(z) > 0 for all x € [0,1] and w is a complete solution to ¥,
then u(x,t) > 0 for all (z,t) € [0,1] x [0, +00)

» Necessary to establish this property when the PDE's state is a
physical nonnegative quantity: chemical concentration,
temperature, ...
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Invertibility of the feedback

The maps v, and v; are invertible, i.e., there exist d,, d; : R = R
such that, given any solution u to 3,

uz(0) = vo(u(0)) <= u(0) = do(uz(0)),
uz(1) = vi(u(l)) <= u(1) = di(ux(1)).
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The maps v, and v; are invertible, i.e., there exist d,, d; : R = R
such that, given any solution u to 3,

uz(0) = vo(u(0)) <= u(0) = do(uz(0)),
uz(1) = vi(u(l)) <= u(1) = di(ux(1)).

In particular, when p # 0, with

—1)ly v N
d =) ( “ L
1(y) J 2N + 4)\? + 27,58

of Dy [y N
L+ 2L e o1
+$ 2\ we Ty M0

and, when 1 = 0, with d;(y) := (=1)'y/)\; for all I € {0,1}.
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Further results: One-sided boundary feedback

Suppose that 75 := 0 for all k € {1,3, ...}, and 7% > 0 (resp.,
v < 0) forall k € {2,4,...}.
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Further results: One-sided boundary feedback

Suppose that 75 := 0 for all k € {1,3, ...}, and 7% > 0 (resp.,
v < 0) forall k € {2,4,...}.

Then, by designing v; (resp. v,) as a Neumann cubic feedback
while setting v, := 0 (resp., v1 := 0), the above stability,
convergence, well-posedness and positivity guarantees remain
verified.
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Simulation results

No convection

Closed Loop

Open Loop

20 40 0 20 40

Open Loop Closed Loop

With convection

u(x,t)
u(x,t)
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Research perspectives

> Extension to cases where ¢ depends on u,
» Extension to PDEs defined on higher-dimensional domains

» In-domain pointwise measurement and/or actuation

22/22



