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I.BackgroundonTime-Delay

•Lyapunov-Krasovskiiapproaches(Niculescu,Kharitonov,Verriest,Yu...):
constanttime-delays/upperbound.

•Passivity(Anderson/Spong,Niemeyer/Slotine...):teleoperation.

•Stability(BoLincoln03,Meinsma/Zwart,Sename...):robustness.

•Pole-placement(Kwon/Pearson,Manitius/Olbrot...)

•Stochasticapproach(Nilsson98...):LQGcontrol.
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II.ProblemFormulation

Considerthesystem:

ẋ(t)=Ax(t)+Bu(t−τ2(t))(1)

y(t)=Cx(t)(2)

żi(t)=Wi(zi,t)+Fi(zi,t)τdiz(t),(3)

τi(t)=Ei(zi,t)+Ri(zi,t)τdiτ(t),i=1,2(4)

(3)-(4)satisfy

τmax≥τ(t)≥0∀t≥0

∃t0≥0s.t.|τ(t)|<1∀t≥t0
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III.Controldesign

•Assumethatthedelayedstateoroutputismeasurable,(i.e.x(t−τ1(t))
ory(t−τ1(t))),

•Definev(t)=u(t−τ2(t))and∞>δ(t)≥0,

•(1)→ẋ(t+δ(t))=Ax(t+δ(t))+Bv(t+δ(t)),

•Assumethatv(t+δ(t))=−Kx(t+δ(t)).

Thentheresultingclosed-loopequationis

ẋ(t+δ(t))=(A−BK)x(t+δ(t))=Aclx(t+δ(t))
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•Twoconditionshavetobesatisfied:

1.Thepossibilitytopredict

x(t+δ)=e
A(δ+τ1)

x(t−τ1)+e
A(t+δ)

∫

t+δ

t−τ1

e
−Aθ

Bu(θ−τ2(θ))dθ

2.Thepossibilitytoassignv(t+δ(t)).

•Fromcausality:

δ(t)=̇max{δ≥0|∀θ∈[t−τ1,t+δ],θ−τ2(θ)≤t}(5)

•Both1.and2.aresatisfiedift+δ(t)−τ2(t+δ(t))=t,and

u(t)=v(t+δ(t))=−Kx(t+δ(t))
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•Theresultingcontrolis

u(t)=−Ke
A(δ+τ1)

x(t−τ1)−Ke
A(t+δ)

∫

t+δ

t−τ1

e
−Aθ

Bu(θ−τ2(θ))dθ

δ(t)=τ2(t+δ(t))

i.e.if

ż(t)=Atz(t)+Btv(t),withz(0)=z0(6)

τ2(t)=Ctz(t)(7)

then

δ(t)=Ct

[

e
Atδ

z(t)+e
At(t+δ)

∫

t+δ

t

e
−Atθ

Btv(θ)dθ

]
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Stabilityanalysis

•Lemma:Considerthesystem

dx

dt
(t+δ(t))=Aclx(t+δ(t))

fort≥0andδ(0)=δ0.Ifthefollowingconditionshold:

i)theeigenvaluesofAclareintheopenLHP,

ii)∞>δM≥δ(t)≥0,

iii)||δ̇(t)||<1,∀t≥δ0.

thenlimt→∞||x(t+δ(t))||=0,∀t≥δ0andforallboundedvaluesof
x(δ0).
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Theorem1.Assumethatthedelaydynamics(3)-(4)issuchthatthe
followingholdsforτi(t),i=1,2,t≥t0:

A1)∞>τ
max
i≥τi(t)≥0,

A2)|τ̇2|<1∀t≥t0,

Then,thefeedbackcontrollaw

u(t)=−Ke
A(δ+τ1)

x(t−τ1)−Ke
A(t+δ)

∫

t+δ

t−τ1

e
−Aθ

Bu(θ−τ2(θ))dθ

δ(t)=τ2(t+δ(t))

ensuresthattheclosed-loopsystemisbounded,andthatthestatex(t)
convergesexponentiallytozero.
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IV.Observer-BasedControl

–Luenbergerstate-observer:

˙̂x(t−τ1)=Ax̂(t−τ1)+Bu(t−τ1−τ2(t−τ1))

+H{y(t−τ1)−Cx̂(t−τ1)}

–Theresultingobservationerror

ε(t−τ1)=̇x(t−τ1)−x̂(t−τ1)

–Thecompleteclosed-loopdynamicsis:

ẋ(t+δ(t))=Aclx(t+δ(t))+BKe
A(δ+τ1)

ε(t−τ1)

ε̇(t−τ1)=Âclε(t−τ1)

⇒Exponentiallystableifτiboundedand|τ̇i|<1fort>t0.
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Example:remoteoutputstabilisation
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Conclusions

–Remotestabilizationviacommunicationnetworks
⇒stabilizinganopen-loopunstablesystemwithτ(t).

–Theproposedcontroller:
∗basedonaδ(t)-stepaheadpredictor,
∗resultsinanexponentiallyconvergingclosed-loopsystemandpole
placementonthetime-shiftedsystem,

∗appliedtoremoteoutputstabilization.
–Openproblems:
∗useofstate-dependantmodels,
∗computationofδ.
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ProofofStabilityAnalysis

–Introduceζ(t)=t+δ(t),then

dx(ζ)

dζ
=γ(t)Aclx(ζ),γ(t)=

1

1+
dδ(t)
dt

–ConsiderV(ζ)=x(ζ)
T
Px(ζ)

–with(i)and(iii),∃Q>0suchthat

dV(ζ)

dζ
≤−λm(Q)||x(ζ)||

2
γ(t)<0
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–UsingtheboundsofV(ζ),andintegratingfromζ(0)=δ0toζ(t):

V(ζ)≤V(δ0)e
−Ψ(δ0,ζ)

⇒||x(ζ)||
2
≤

λm(P)

λM(P)
||x(δ0)||

2
e
−Ψ(δ0ζ)

where(iii)

Ψ(δ0,ζ)=
λm(Q)

λM(P)

∫

ζ

δ0

γ(θ)dθ≥
λm(Q)

λM(P)

1

2
(ζ−δ0),

–from(ii),t→∞impliesζ→∞aswell,and

lim
t→∞

Ψ(δ0,ζ)=+∞

♦♦♦
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Existenceof

δ(t)=̇max{δ≥0|∀θ∈[t,t+δ],θ−τ(θ)≤t}

–Proposition:Theoptimizationproblem(5)admitsasolutionδ(t)for
which

δ(t)−τ(t+δ(t))=0

–Proof:Lettbesomegiveninstant,theadmissiblesetfor(5)is:
∗nonemptysinceδ=0:t−τ(t)≤t,

∗boundbyδsup=supσ≥0τ(σ),

∗closedbyclassicalcontinuityarguments.

♦♦♦
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•Corollary:Thecontrollawappliedtothesystem(1)-(2),hasabounded
solutionandexponentiallyconvergestozero,forallt≥δ0.

•Proof:

–(1)-(2)linear:itsstatescannotdivergeinfinitetime,
–∀δ0bounded,x(δ0)bounded,
–fromthepreviouslemma,thestatethenexponentiallyconvergetozero.

♦♦♦
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Theorem2.Assumethatthedelaydynamics(3)-(4)issuchthatthe
followingholdsforτi(t),i=1,2.,

A1)∞>τi(t)≥0∀t,

A2)|τ̇i|<1∀t>t0

Then,theobserver-basedfeedbackcontrollaw

u(t)=−Ke
A(δ(t)+τ1(t))ˆ̄x(t)−Ke

A(t+δ(t))

∫

t+δ(t)

t−τ1(t)

e
−Aθ

Bu(θ−τ2(θ))dθ

˙̄̂x(t)=Aˆ̄x(t)+Bu(t−τ1−τ2(t−τ1))+H{y(t−τ1)−Cˆ̄x(t)}

withˆ̄x(t)=̇x̂(t−τ1(t))ensuresthattheclosed-loopsystemisbounded,and
thatthestatex(t)convergesexponentiallytozero.
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