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Adaptive Control
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Outline of the Course

1. Introduction
2. Parameter adaptation algorithms
3. Identification in open loop – a brief review
4. Iterative identification in closed loop and controller redesign
5. Direct and Indirect Adaptive Control
6. Robust control design for Adaptive Control
7. Parameter estimators for Adaptive Control
8. Adaptive regulation (versus adaptive control)
9. Adaptive control with multiple models
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Adaptive Control

Part 1: Introduction
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Adaptive Control

A set of techniques for automatic adjustment of the controllers
in real time, in order to achieve or to maintain a desired level
of performance of the control system when the parameters of the
plant (disturbance) dynamic model are unknown and/or change
in time 

Particular cases:
1 Automatic tuning of the controllers for unknown but constant plant parameters
2 Unpredictable change of the plant (disturbance) model in time
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Outline

• Concepts
• Basic schemes
• Adaptive control versus Robust control
• Adaptive control configurations
(open loop adaptation, direct and indirect adaptive control)

• Parameter adaptation algorithms
• RST digital controller
• Adaptive control: regimes of operation
• Identification in closed and controller redesign
• Adaptive regulation
• Use of a priori available information
• Adaptive control with multiple models
• Example of applications
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Conceptual Structures

Desired
Performance

Reference

Controller Plant

Plant
Model

Controller
Design
Method

u y

Desired
Performance

Reference

Controller Plant

Adaptation
Scheme

u y

Principle of model based
control design

An adaptive control
structure

Remark:
An adaptive control system is nonlinear since controller parameters will depend upon u and y
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Adaptive control- Why ?

• High performance control systems may require precise tuning
of the controller but plant (disturbance) model parameters may
be unknown or time-varying
• “Adaptive Control” techniques provide a systematic approach for
automatic on-line tuning of controller parameters
• “Adaptive Control” techniques can be viewed as approximations
of some nonlinear stochastic control problems (not solvable in
practice)

• Objective of “Adaptive Control” : to achieve and to maintain
acceptable level of performance when plant (disturbance) model
parameters are unknown or vary
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Adaptive Control versus Conventional Feedback Control

Disturbances

Acting upon
controlled variables

Acting upon the plant
model parameters

(modifying control system perf.)

How to reduce the
effect of disturbances ?

Conventional 
feedback control

Measurement:
Controlled variables

Adaptive 
control

Measurement:
Index of performance (I.P.)
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Adaptive Control – Basic Configuration

Performance
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Distrubances

Plant
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Controller
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Adaptation scheme

Adjustable control system
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Adaptive Control versus Conventional Feedback Control

Conventional Feedback
Control System

Adaptive Control
System

Obj.: Monitoring of the “controlled”
variables according to a certain IP for 
the case of known parameters

Obj.: Monitoring of the 
performance (IP) of the control 
system for unknown and varying 
parameters

Meas.: Controlled variables Meas.: Index of performance (IP)

Transducer IP measurement

Reference input Desired IP

Comparison block Comparison decision block

Controller Adaptation mechanism
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Adaptive Control versus Conventional Feedback Control

A conventional feedback control system is mainly dedicated to 
the elimination of the effect of disturbances upon the controlled
variables.

An adaptive control system is mainly dedicated to the elimination
of the effect of parameter disturbances (variations) upon the
performance of the control system.

Adaptive control system = hierarchical system:
• Level 1 : Conventional feedback system
• Level 2 : Adaptation loop
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Fundamental Hypothesis in Adaptive Control

For any possible values of plant (disturbance) model parameters
there is a controller with a fixed structure and complexity such
that the specified performances can be achieved with appropriate
values of the controller parameters

The task of the adaptation loop is solely to search for the “good”
values of the controller parameters 
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Adaptive Control versus Robust Control

Adaptive control can further improve the performance of a
robust control system by:
• expanding the range of uncertainty for which performance
specification can be achieved

• better tuning  of the nominal controller 

For building an adaptive control systems robustness issues for
the underlying controller design can not be ignored.

The objective is to add adaptation capabilities to a robust controller
and not to use adaptive approach for tuning a non robust controller.
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Conventional Control – Adaptive Control - Robust Control 

Conventional versus Adaptive Conventional versus Robust
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Conventional Control – Adaptive Control - Robust Control 

Robust Adaptive Control and Adaptive Robust Control
are different.

What we need : Robust Adaptation of a Robust Controller
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Basic Adaptive Control Configurations
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Open Loop Adaptive Control

 

+
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MEASURE 

ADJUSTABLE
CONTROLLER PLANT

TABLE

ENVIRONMENT

Assumption: known and rigid relationship between some
measurable variables (characterizing the environment) and
the plant model parameters

Called also: gain-scheduling systems
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Indirect Adaptive Control
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Direct Adaptive Control
(model reference adaptive control)

Resemblance with plant parameter estimation scheme

Reference model Plant

Adjustable feedback syst. Adjustable predictor

PLANT+

-

PARAMETRIC
ADAPTATION
ALGORITHM

MODEL
REFERENCE

- +

ADAPTATION LOOP

ADJUSTABLE
CONTROLLER

ε Adaptation
error

yu

The reference model gives the desired time trajectory of the plant output
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Parametric adaptation algorithm (PAA)

Parameter vector = contains all the parameters of the model (or of the controller)

Regressor vector
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Actuator Sensor

PLANT 

ADC   
DIGITAL  

COMPUTER   

CLOCK 

r(k)  

e(k) y(k) y(t) 

DAC 

+
ZOH 

u(k)  u(t) 

+

-

Process

Digital Control System

The control law is implemented on a digital computer

ADC: analog to digital converter
DAC: digital to analog converter
ZOH: zero order hold
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- Sampling time depends on the 
system bandwidth

- Efficient use of computer resources

DAC
+
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PLANT ADCCOMPUTER
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+

-

Digital Control System
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Computer
(controller)
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How to get a Direct Adaptive Control scheme ?

• Express the performance error in term of difference between 
the parameters of an unknown optimal controller and those
of the adjustable controller

• Re-parametrize indirect adaptive control scheme (if possible)
such that the adaptive predictor will provide directly the 
estimated parameters of the controller.

See : Adaptive Control (Landau, Lozano, M’Saad) pg 19

The number of situation for which a direct adaptive control
scheme can be developed is limited.
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Adaptive Control Schemes. Regimes of operation

• Adaptive regime
1. Controller parameters are updated at every sampling time
2. Plant parameters are estimated at every sampling time but

controller parameters are updated only every N samples (N small)
3 Adaptation works only when there is enough excitation

• Self-tuning regime (parameters are supposed unknown but constant)
1 Parameter adaptation algorithms with decreasing adaptation gain
2 Controller parameters are either updated at every sampling time

or kept constant during parameter estimation
3  An external excitation is applied during tuning or plant identification
Remark
If controller parameters are kept constant during parameter estimation this is called
“auto-tuning”. For the indirect approach this corresponds to “plant identification
in closed loop operation and controller redesign”
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Identification in Closed Loop and Adaptive Control

• Identification in closed loop operation using appropriate
algorithms provides better models for design

• An iterative approach combining identification in closed loop 
followed by a re-design of the controller is a very powerful
(auto-)tuning scheme
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Iterative Identification in Closed Loop
 and Controller Re-Design

Repeat 1, 2, 1, 2, 1, 2,…
εCL

εCL

Step 1 : Identification in Closed Loop
-Keep controller constant
-Identify a new model such that

Step 2 : Controller Re – Design
- Compute a new controller such that

w
1/S

R
Plant

R

1/S

Model

+
+

+

+

+

-

-

- εCL

r u y

u y

T q-d B/A

q-d B/A
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time

Parameter Estimation
+

Controller Computation
t t+1

time

Fixed (or time varying)
Controller computed at( t)

+
Parameter Estimation

t t+N

Controller
computed
at (t +N)

Iterative Identification and Controller Redesign versus 
(Indirect) Adaptive Control

N = 1 : Adaptive Control

The iterative procedure   introduces a time scale 
separation between identification / control design

N = Small
Adaptive Control
N = Large
Iterative Identification in C.L.
And Controller Re-design

Plant Identification in C.L. +
Controller Re-design

∞⇒N
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Adaptive Control and Adaptive Regulation

Adaptive Control
Plant model is unknown and time varying
The disturbance model is known and constant

Adaptive Regulation
Plant model is known and constant
The disturbance model is unknown and time varying

Adaptive control and regulation
Very difficult problem since is extremely hard to distinguish in the
performance (prediction)  error what comes from plant model 
error and what comes from disturbance model error

Rem:
The “internal model principle” has to be used in all the cases
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input output

disturbance source (unmeasurable)

PLANT

))()(( teortδ

Disturbance
model

Plant
model

)(tu )(ty)(tp
+

+

unmeasurable
disturbance

Adaptive Control )(t

Objective : tracking/disturbance attenuation performance

• Focus on adaptation with respect to plant model parameters variations
• The model of the disturbance is assumed to be known and constant

• Only a level of attenuation in a frequency band is required*
• No effort is made to simultaneously estimate the model of the disturbance

δ
)(te

: Dirac
: White noise

*) Except for known DC disturbances (use of integrators)
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input output

disturbance source (unmeasurable)

PLANT

Adaptive Regulation

Objective : Suppressing the effect of the (unknown) disturbance*

• Focus on adaptation with respect to disturbance model parameters
variations

• Plant model is assumed to be known ( a priori system identification)
and almost constant 

• Small plant parameters variations handled by a robust control design

• No effort is made to simultaneously estimate the plant model

))()(( teortδ

Disturbance
model

Plant
model

)(tu )(ty)(tp
+

+

unmeasurable
disturbance

*) Assumed to be characterized by a rational power spectrum if stationary
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Use of a priori information for improving adaptation transients 

- Before using an adaptive control scheme, an analysis of the system
is done and this is followed by plant identification in various
regimes of operation

- The availability of models for various regimes of operation allows
to design robust controllers which can assure satisfactory
performance in a region of the parameter space around each of
the identified models.

- Provided that we can detect in what region the system is, the 
appropriate controller can be used

- “Indirect adaptive control” can not detect enough fast the region
of operation but can make a “fine” tuning over a certain time. 

- In case of rapid parameter changes the adaptation transients in 
indirect adaptive control may be unacceptable. 

- There is a need to improve these transients by taking in account
the available information
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Supervisory Control
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ε2

εn
...

.. y

The “supervisor”:
• will check what “plant-model” error is minimum
• will switch to the controller associated with the selected model

Can provide a very fast decision (if there are not too many models)
but not a fine tuning
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Adaptive Control with Multiple Models

Multiple fixed models : improvement of the adaptation transients
Adaptive plant model estimator (CLOE Estimator) : performance improvement
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Controller

Controller

r

P.A.A.

G
Adaptive model

Fixed models

The supervisor select the best fixed model and then the adaptive model will be selected
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Some Applications of Adaptive Control
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Open Loop Adaptive Control of Deposited Zinc in
Hot-Dip Galvanizing

 
Finished
product  

Measurement of 
deposited mass  Air 

knives

Zinc bath

Preheat
oven 

Steel 
strip 

input: air knives pressure
output: measured deposited mass

 

airair

Steel strip zinc

V
L

sT
GesH

s
=

+
=

−
τ

τ
;

1
)(

L- distance
knives –measure

V- strip speed

• delay varies with the speed
• G and T depend upon strip speed and distance between knives and steel strip
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Open Loop Adaptive Control of Deposited Zinc in
Hot-Dip Galvanizing

% deposited zinc

%
 
s
a
m
p
l
e
s

100%
103% Digital Regulation

Computer aided 
manual control

.Standard Deviations
: 3.3%

: 4.5%.

HOT DIP GALVANIZING (SOLLAC)

Adaptation done with respect to:
• Steel strip speed
• Distance between air knives and steel strip

9 operation regions

The sampling period is tied to the strip speed to have constant discrete time delay
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Direct Adaptive Control of a Phosphate Dryer Furnace

Large delay : 90 s
Better quality( reduction of the humidity standard deviation)
Reduction of fuel comsumption and of the thermal stress.
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The flexible transmission

Φ
m

axis
motor

d.c.
motor

Position
transducer

axis
position

Φref

load

Controller
u(t)

y(t)

A
D
C

R-S-T
controller

D
A
C

Adaptive Control of a Flexible Transmission
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Adaptive Control of a Flexible Transmission

Frequency characteristics for various load

Rem.: the main vibration mode varies by 100%

Solution : Adaptive control with multiple models
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Adaptive Control versus Robust Control

Load variations : 0% 100% (in 4 steps, 25% each)
Rem : The robust controller used is the winner of  an international

benchmark test for robust control of the flexible transmission 
(EJC, no.2., 1995)
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Rejection of unknown narrow band disturbances
in active vibration control
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The Active Suspension SystemThe Active Suspension System

controller

residual acceleration (force)

primary acceleration / force (disturbance)

1

2
3

4

machine

support

elastomere cone

inertia chamber

piston
main
chamber

hole

motor

actuator
(piston
position)

sTs m 25.1=++
−

A / Bq-d ⋅S / R

D / Cq 1-d ⋅

u(t)

ce)(disturban

(t)up

Controller

force)   (residual
y(t)   

Plant )(p1 t

Two paths :
•Primary
•Secondary (double 
differentiator)

Objective:
•Reject the effect of unknown
and variable narrow band
disturbances
•Do not use an aditional
measurement
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The Active Suspension

Residual
force

(acceleration)
measurement

Active
suspension

Primary force
(acceleration)
(the shaker)
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Direct Adaptive Regulation : disturbance rejection

Closed
loop

Open 
loop

Initialization of the
adaptive controller

Disturbance : Chirp

25 Hz
47 Hz
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Direct adaptive controlSimultaneous controller initialization
and disturbance application

Direct Adaptive Regulation : rejection of sinusoidal disturbances

Step changes in the frequency of the disturbance
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Adaptive Control

Part 2: Parameter adaptation algorithms
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Parametric adaptation algorithms (PAA)

• Indirect adaptive control uses PAA in the plant model estimator
• Direct adaptive control uses PAA for controllers’ parameter
estimation

• Adaptive control with multiple models needs also PAA
• Self-tuning control using identification in closed loop needs
also PAA
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Parametric adaptation algorithm (PAA)

Parameter vector = contains all the parameters of the model
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We will develop the PAA in the context of plant model estimation
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Plant Model
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Algorithms for parameter estimation

Discrete time plant model (unknown parameters))
)()()()1( 11 ttubtyaty Tφθ=+−=+

],[ 11 baT =θ )](),([)( tutyt T −=φ
Adjustable prediction model (à priori)
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PAA – Gradient algorithm
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Criterion to be minimized (objective):
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)1()()(ˆ)1(ˆ ++=+ ttFtt oεφθθ F = αI    (α > 0)
F > 0    Positive definite matrix{

Adaptation gain

Attention:   Instability risk if  F (α) is large !!
(see book  Landau-Zito, pg. 213 – 214 for details)

Geometrical
interpretation

PAA – Gradient algorithm

F φ  (t )   ε
o
(t+1)   ; F =  α  Ι

F φ  (t )   ε
o
(t+1)   ; F > o

 

 

φ (t )

θ 
θ (t+1)

>

>

(t+1)

θ 

>

(t)



I.D. Landau, A. Karimi: « A Course on Adaptive Control » - 1
57

PAA – Improved gradient algorithm

Prediction error (a posteriori):

a posteriori output of the adjustable predictor

)()1(ˆ)()1(ˆ)()1(ˆ))1(ˆ1(ˆ)1(ˆ 11 tttutbtytattyty T φθθ +=+++−=++=+

)1(ˆ)1()1( +−+=+ tytytε

Criterion to be minimized (objective): [ ]2
)1(ˆ

)1()1(min +=+
+

ttJ
t

ε
θ

Gradient technique:
)(ˆ

)1()(ˆ)1(ˆ
t

tJFtt
θ

θθ
∂

+∂
−=+

)1(
)1(ˆ
)1(

)1(ˆ
)1(

2
1

+
+∂

+∂
=

+∂

+∂ t
t
t

t
tJ ε

θ
ε

θ

)()1(ˆ)1()1(ˆ)1()1( tttytytyt T φθε +−+=+−+=+ )(
)1(ˆ
)1( t

t
t φ

θ
ε

−=
+∂

+∂

)1()()(ˆ)1(ˆ ++=+ ttFtt εφθθ

For implementation one should express: ))1(),(),(ˆ()1( 0 +=+ tttft εφθε
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[ ] )()(ˆ)1(ˆ)()(ˆ)1()1( ttttttyt
TT φθθφθε −+−−+=+

)1()()(ˆ)1(ˆ +=−+ ttFtt εφθθ)1()()(ˆ)1(ˆ ++=+ ttFtt εφθθ

)1()()()1()1( 0 +−+=+ ttFttt T εφφεε
)()(1

)1()1(
tFt

tt T

o

φφ
εε

+

+
=+

{

)1(0 +tε

)()(1
)1()()(ˆ)1(ˆ

tFt
ttFtt T

o

φφ
εφθθ

+

+
+=+

1. Before t+1 one has:
2. Before t+1 one computes : 
3. At t+1 acquisition of y(t+1) and u(t+1) is sent
4. Running of the AAP

(computation of :                           )  

Ftttytytutu ),(ˆ),(),1(),(),..1(),( θφ−−
)(ˆ)1(ˆ)),()(1/()( 0 ttytFttF TT φθφφφ =++

)1(ˆ),1(0 ++ tt θε

Implementation:

Stable for any F > 0

PAA – Improved gradient algorithm
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)1()()1()(ˆ)1(ˆ +Φ++=+ tttFtt oεθθ

0)0(  ;  2)(0  ;  1)(0
 )()()()()()1(

21

2
1

1
1

><≤≤<
ΦΦ+=+ −−

Ftt
ttttFttF T

λλ
λλ

)()(ˆ)1()1( tttyt To φθε −+=+
vectorregressort −

General form of the parameter adaptation algorithms

Φ )(
erroradaptationprioriato "")1( =+ε

F(t) is a time varying adaptation gain (positive definite matrix).

In “self-tuning” regime F(t)           0 as t increases
In “adaptive regime” F(t) should remain > 0

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+
−=+

)()()(
)(
)(

)()()()()(
)(

1)1(

2

11 ttFt
t
t

tFtttFtF
t

tF
T

T

φφ
λ
λ

φφ
λ

Matrix inversion
lemma

( )
φφ

φφφφ
F
FFFF T

T
T

+
−=+

−−

1
11
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)()()(1
)()()()()()1(

ttFt
tFtttFtFtF T

T

ΦΦ+
ΦΦ

−=+

)()()(1
)()()()1(

ttFt
ttFttF T ΦΦ+

Φ
=Φ+

)()(ˆ)1()1( tttyt To φθε −+=+

)1()()1()(ˆ)1(ˆ +Φ++=+ tttFtt oεθθ

Sequence of operations in the PAA (details)

Between t and t+1

After t+1

At t+1: acquisition of y(t+1)

)(ˆ)1( tty Tφθ=+°

)1)()(( 21 == tt λλ
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•To optimize the performances of the PAA it is useful to tune the time profile of the
adaptation gain matrix
• To understand the influence of the tuning parameters, it is more convenient to use
the equation of the “inverse” of the adaptation gain (°°)
• To tune the time profile of the adaptation gain in (°°), 2 parameters are introduced

General form:
0)0(;2)(0;1)(0

)()()()()()1(

21

2
1

1
1

><≤≤<
+=+ −−

Ftt
ttttFttF T

λλ
φφλλ

Which gives (using matrix inversion lemma):

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+
−=+

)()()(
)(
)(

)()()()()(
)(

1)1(

2

11 ttFt
t
t

tFtttFtF
t

tF
T

T

φφ
λ
λ

φφ
λ

Choice of the adaptation gain F(t)

))(),(( 21 tt λλ

(°°)



I.D. Landau, A. Karimi: « A Course on Adaptive Control » - 1
62

Forme générale:
0)0(;2)(0;1)(0

)()()()()()1(

21

2
1

1
1

><≤≤<
+=+ −−

Ftt
ttttFttF T

λλ
φφλλ

A.1 Decreasing gain (RLS): 1)(;1)( 211 === tt λλλ

Parameter estimation  (constant parameters). To be used in self-tuning regime

A.2 Fixed forgetting factor: 1)(;10;)( 22111 ==<<= λλλλλ tt

99.0,...,95.01 =λTypical values for λ1:

[ ]
2 

1

)(
1 )1()(ˆ)()( ∑

=

− −−=
t

i

Tit itiytJ φθλMinimized criterion:

Parameter estimation for slowly time variyng plants
Dangerous algorithm if there is no excitation (adaptation gain goes to infinity)!

t   F(t)-1 F(t)

Forgetting factor

One gives more weight in the criterion the last prediction error (weigtht=1).
The weight on the first prediction error is very small (weight  =                    ; λ<1 and t>100)1)1( <<−tλ

Choice of the adaptation gain F(t)
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A.3 Variable forgetting factor: 10;1)1()1()( 00101 <<−+−= λλλλλ tt

1)( 22 == λλ t
99.0,...,95.0;99.0,...,95.0)0( 01Typical values: == λλ

[ ]
2

1

1

1
1 )1()(ˆ)()()( ∑ −−⎥

⎦

⎤
⎢
⎣

⎡
∏ −=

=

−

=

t

i

Tt

j
itiyijtJ φθλ

Since λ1(t) goes towards 1 for large i, one forgets intial valus

Minimized criterion:

•Parameter estimation for plants with constant parameters
•Use in « self-tuning regime ».
•Maintain a larger gain  then A.1 at the beginning
•Gives in general better performances than A.1

1
0

0

1
1

−−
−

qλ
λ1 )(1 tλ

Initial condition λ1(0)

1; 1 →∞→ λt

Asymptotically tends toward a decreasing adaptation gain

Choice of the adaptation gain F(t)
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t

Tr F

A.3

A.1

Comparison A.1/A.3

Tr F=Trace of matrix F (sum of the diagonal terms of gain matrix F)

The trace is a measure of the”gain” for the case of matrix gains
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fixedtttfort )(/)()(),( 211 λλαλ =

A.4 Constant trace: nGItrFttrFttrF ===+ )0()()1(

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

GI

GI

F

0
.

.
0

)0( n = number of parameters

)(
)()()()(

)()()()()(
)(

1)1(
1

ttrF
ttFtt

tFtttFtFtr
t

ttrF T

T
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−=+

φφα
φφ

λ

Choice of the adaption gain

GI = (0.01)0.1 to 4

A.5 Decreasing gain + constant trace

Parameter estimation for  time varying systems (adaptive control regime) 

One switches from A.1 to A.4 when: 4  to1.0)01.0(;)( =≤ GnGttrF

Parameter estimation of time varying systems in the absence of initial
information upon the parameters (adaptive control regime)

One computes:
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Choice of the adaptation gain

A.6 Variable forgetting factor + constant trace

One switches from A.3 to A.4 when: 

A.7 Constant gain (improved gradient algorithm)

0)(;1)( 2211 ==== λλλλ tt )0()()1( FtFtF ==+

Estimation of systems with few parameters and low noise level.
Simple implementation but performance inferior to A.1, A.2, A.3 and A.4
(adaptive control regime) 

)3(≤

1  to1.0)01.0(;)( =≤ GnGttrF

Parameter estimation of time varying systems in the absence of initial
information upon the parameters (adaptive control regime)
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t

Tr F

A.6

A.5

A.4

Comparison A.4/A.5/A.6
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Choice of the initial adaptation gain F(0)

IGIIF )(1)0( ==
δ

The adaption gain can be interpreted as a measure of the
Parametric error (precision of the estimation).

Remark:
If the trace of F(t) does not decrease significantly, in general the
parameter estimation is bad.
(can happens when the excitation signals are not appropriate)

The trace of the gain matrix is a measure of the « value » of  the adaptation gain

Without initial information upon the parameters: 0)0(ˆ;1000 == θGI

Initial parameter estimation is available: 0̂)0(ˆ;1 θθ ==<<GI
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)()()(1
)()()()()()1(

ttFt
tFtttFtFtF T

T

ΦΦ+
ΦΦ

−=+

)1()()()(ˆ)1(ˆ +Φ+=+ tttFtt εθθ

)()()(1
)1()1(

0

ttFt
tt T ΦΦ+
+

=+
εε

Alternative form for the PAA

erroradaptationposterioriattt "")1(ˆ/1()1( ++=+ θεε

erroradaptationprioriattt ""))(ˆ/1()1( θεε +=+°

Used for synthesis and analysis of adaptive systems
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How to generate a parameter adaptation algorithm ?
Define θ* as the “unknown” optimal value of the parameter vector
Define          as the  “adjustable” parameter vector to be tuned)(ˆ tθ

One can generate a PAA if one can express a signal error )1( +tε

[ ] )()1(ˆ)()1( *1 ttqHt
T

Φ+−=+ − θθε

The associated PAA is:
)1()()()(ˆ)1(ˆ +Φ+=+ tttFtt εθθ

)()()(1
)1()1(

0

ttFt
tt T ΦΦ+
+

=+
εε

0)0(;2)(0;1)(0
)()()()()()1(

21

2
1

1
1

><≤≤<
+=+ −−

Ftt
ttttFttF T

λλ
φφλλ

erroradaptationposterioriattt "")1(ˆ/1()1( ++=+ θεε
erroradaptationprioriattt ""))(ˆ/1()1( θεε +=+°

(x)

(xx)
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Does it always work ?

It works provided that:

)(max2
2

)()(' 2
11 twithzHzH

t
λλλ

≥>−= −−

• is a strictly positive real discrete time transfer function
• is bounded

)(' 1−zH
)(tΦ

This will assure that              and              go to zero as)1( +tε )1(0 +tε ∞→t

Convergence of the parameters requires in addition that Φ(t)
is a “persistenly exciting” signal (to be discussed)

Define:
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Strictly positive real transfer function (SPR)

- asymptotically stable
- )0(,10)(Re πωωω <<=> jj eallforeH (discrete-time case)

ω

Continuous - time

s

σ

ωj

Re H

Im H

H ( ω)j

z = e
j ω

Discrete - time

z

-1
Re z

1

+

j

j

z = e
ωj-

Im z

s = j

Re H

Im H

H (e
ω

)
j

Re H < 0 Re H > 0

Re H < 0 Re H > 0
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Generation of a PAA – example

Discrete time plant model (unknown parameters))

)()()()()1( 11 ttutbtyaty Tφθ=+−=+

],[ 11 baT =θ )](),([)( tutyt T −=φ
Adjustable prediction model

)()(ˆ)()(ˆ)()(ˆ))(ˆ1(ˆ)1(ˆ 11 tttutbtytattyty To φθθ =+−=+=+

)](ˆ),(ˆ[)( 11 tbtat T =θ
Prediction error

))(ˆ/1()1(ˆ)1()1( tttytyt ooo θεε +=+−+=+

Parameter vector

Measurement vector

Vector of adjustable parameters

;

)()1(ˆ)()1(ˆ)()1(ˆ))1(ˆ1(ˆ)1(ˆ 11 tttutbtytattyty T φθθ +=+++−=++=+

))1(ˆ/1()1(ˆ)1()1( ++=+−+=+ tttytyt θεε

But:

a priori

a posteriori

[ ] )()1(ˆ)1( ttt
T
φθθε +−=+

Is of the form (x) and we can use the PAA (xx) with )()( tt φ=Φ
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An equivalent feedback representation
Eqs (x) and (xx) allow to define an equivalent feedback system

Define the parameter error : θθθ −= )()(~ tt
)

From (xx) one gets: )1()()()(~)1(~
+Φ+=+ tttFtt εθθ (xxx)

The stability of the adaptive systems is studied using this equivalent representation

-

+
+( )TX ( )XF(t)

1−q

)1( +tε)( 1−qH

)(tΦ

)(~ tθ

)1(~
+tθ

)1(~
+Φ− tTθ

Linear

Nonlinear/Time Varying

scalar
product

)()1(~)()1( 1 ttqHt T Φ+−=+ − θε (x)
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Convergence towards 0 (zero) of the adaptation error
does not necessarily implies the convergence of the
estimated parameter vector      towards the optimal
value θ !!!!

θ̂

A supplementary condition upon the input is required
(persistence of excitation)

Convergence of estimated parameters
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Persistenly exciting regressor

Φ(t) is such that:

[ ] [ ] 0ˆ0)(ˆ ** =−=Φ− θθθθ ifonlyt
T

This imply that:
• is different from zero
• It does not exist:

[ ] 0)(ˆˆ0)( ** =Φ−≠≠Φ twhichforvectoraexistsitthatsucht
T

θθθθ

)(tΦ

Rem.: the condition above can be converted in many cases
in terms of a condition upon the excitation only.
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Convergence of the parameters

« null prediction error » does not implies in all the cases 
« estimation of the true parameters »!!

Plant model: )()()1( 11 tubtyaty +−=+

Estimated model: )(ˆ)(ˆ)1(ˆ 11 tubtyaty +−=+

.)( consttu =
1

1

1

1
ˆ1

ˆ
1 a

b
a

b
+

=
+

The two models have the same
static gain but 1111 ˆ ; ˆ bbaa ≠≠

1111
ˆ ; ˆ ; .)(for    0)1(ˆ)1()1( bbaaconsttutytyt ≠≠==+−+=+ε

u
a

btyty
1

1
1

)()1(
+

==+ u
a

btyty
1

1
ˆ1

ˆ
)(ˆ)1(ˆ

+
==+et

If we would like to distinguish the two
models one should apply: 0;)sin()( ≠= ωωttu

 

ω 

plant

   model 

  G
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Analysis

[ ] [ ] 0)( ˆ)(ˆ)1(ˆ)1()1( 1111 =−+−−=+−+=+ tubbtyaatytytε

)(
1

)( 1
1

1
1 tu

qa
qb

ty
−

−

+
=

( ) ( )( )[ ] 01 ˆˆ )1( 1
111

1
111 =+−+−=+ −−  u(t) qabbqbaat ε

( ) ( )[ ] 0)()(ˆˆˆ)1( 1
101111

1
11 =+=−+−=+ −− tuq u(t) baabqbb t ααε

Solution of the recursive equation: tsTt eeztu ==)(

(*)

( ) 0  1
1

0 =+ − tzz αα réelez eT ==−= σ
α
α σ ;

0

1 tTeetu σ=)(

1

1

1

1
11111101 ˆ1

ˆ
1

ˆˆˆ10)(
a

b
a

babbabbzconsttu
+

=
+

⇒−=−⇒=−⇒=⇒=⇒= αασ

Problem : find u(t) such that: 1111 ˆ;ˆ0 bbaa ==⇒=ε
Answer: u(t) should not be a solution of (*).

0,sin)( ≠= − ωωωω tToreoretu e
tTjtTj eeAn example :
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General case – choice of the excitation signal

∑∑
==

−−+−−=
BA n

i
i

n

i
i idtubityaty

11
)()()(

Number of the parameters to be identified: B

Structure of the model to be indentified:

A nn +=

∑
=

−=
p

i
ei tTtu

1
sin)( ω

One should choose p such that u(t) can not be a solution of the recursive equation
for ε whch features the parametr errors.

⎪
⎭

⎪
⎬

⎫

++
≥=+

+
≥=+

2
1

2
BA

BA

BA
BA

nnpoddnn

nnpevennn

In order to identify correctly one should use an input « rich » in frequencies.

Standard solution: Pseudo Random Binary Sequence (PRBS)

Excitation signal:
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Pseudo random binary sequence (PRBS)
Sequence of rectangular pulses, modulated in width
(rich in frequencies – almost uniform spectral density from 0 to 0.5fs)

Generation: shift registers connected in feedbck
Example : generation of a PRBS of length 31=25-1

B1   B2 B3 B4 B5

+

( addition modulo 2 )

Length of the sequence : gives its periodicity.
Random variation of the pulse width within a sequence

Characteristic parameters:
• number of cells (N)
• Maximum pulse duration ( tim=Nte )
• length of the sequence ( L=2N-1 )

C++ code and .m file for generation of  PRBS: see the book website
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PAA – Concluding remarks

• PAA are a fundamental component of any closed loop adaptive control scheme
either “direct” or “indirect”

• PAA are also used in sytem identification (recursive algorithms)

• There are several choices for the profile of the adaptation gain

• For a secure implementation the implementation of the updating algorithm for
the adaption gain should use the U-D factorization (see L-Z book appendix F)

• Convergence towards good performance does not necessarily implies that the 
optimal parameters have been correctly identified

• Convergence towards good performance simply implies that one has the good
parameters for the specific excitation (reference signals) acting on the system

• If convergence to the optimal parameters is required, special external excitation
should be applied (testing signals satisfying a persistence of excitation condition)


