Robust discrete time control l

Design of robust discrete time controllers
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Outline

* Pole placement (tracking and regulation)

* Tracking and regulation with independent objectives
 Internal model control (tracking and regulation)

* Pole placement with sensitivity function shaping

» Design examples
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Computer control (discretetime controllers)
Possibilitiesand advantages

o Large choice of strategies for controller design
» Use of more complex algorithms but with
better performance than the PID
*Techniques well suited for the control of:
- systems with delay (dead time)
- systems characterized by high order dynamic models
- systems with low damped vibration modes
» Easy combination of control design and system identification
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Digital controllers— Design methods l

- Pole placement (tracking and regulation)

* Tracking and regulation with independent objectives
e Internal model control (tracking and regulation)

* Pole placement with sensitivity function shaping

Remarks:
e All the controllers witll have the R-S-T structure

(two degrees of freedom controller)
*The « memory » (number of parameters) depends upon the
complexity of the model used for design
* All the design methods can be wiewed as particular cases of

the pole placement
*The design and tuning of the controllersrequire the knowledge

of a discrete time model of the plant
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Pole placement '

The pole placement allows to design a R-S-T controller for

o stable or unstable systems

 without restriction upon the degrees of A and B polynomials
 Without restrictions upon the plant model zeros (stable or unstable)

It isa method which does not simplify the plant model zeros

The digital PID can be designed using pole placement

|.D.Landau A course on robust discretetimecontrol, part |1



Structure l
p(t)

r(t) o1 +
T(Qq) ™ 1

[ ES(q ) A |
| |
| PROCEDE :
| 1 |
7 R@) |
! |
| -d -1 |
! q B(q ) |

-1 °

P(g )

Plant mode!: G(g)=H(g?) = q;?(j(lcll)l)

Aq Y =1+aqt+..+a,q ™ B ") =bg *+b,q°+..+b, g™ =q'B(q")
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Pole placement '

Closedloop T.F. (r—y) (reference tracking)

Y B | -1 -] -1
H oo (g7 = q "T(q")B(q ") _q T(q)B(q ")

Aq S +a?BaHR(@G™) P@@™)
Pa™)=Ag S +q B R =1+ pat+p,a  +...
Defines the (desired )closed loop poles

Closed loop T.F.(p = y) (disturbance rejection)

S (q") = A(Q")S(9) _A@h)s(@?)
? A(0)S(a7)+a°B(g)R(g™) P(g?)

Output sensitivity function
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Digital control inthe presence of disturbances and noise '

(disturbance)
p(t)

<
—
N—"

r(t)

—| 1 o= s O Bia [4OT-LY
PLANT
R [~ > 50
(measurement noise)

Output sensitivity function s, (21 = Az HS(z'h)
P —) " Az HS(z ) +B(Z Rz
Input sensitivity function s (2= - AZHR(Z'Y)
(P —u) v Az HS(zh)+B(Z "Rz ™)
Noise-output sensitivity function S, (1) = - Bz HR(Z Y
(b—y) &

AzHs(zY +B(zHR(z Y

Input disturbance-output sensitivity function o B(z )S(z'h)
V—1) Az HS(zY) +B(zHR(z Y
All four sensitivity functions should be stable! (see book pg.102 - 103)

WeaE
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Choice of desired closed loop poles (polynomial P) '

P(a) =Ry (@R (g™
~ “~
Dominant poles Auxiliary poles

Choice of Py(qt)(dominant poles)

Specification discrétisation
in continuoustime — 2d grder (Wo, Z) Py (g 1)
(tw M) Te
0.25EW,T, £1.5
0.7£z £1

Auxiliary poles

 Auxiliary poles are introduced for robustness purposes
» They usually are selected to be faster than the dominant poles
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Regulation( computation of R(g1) and S(qt)) .

(Bezout) AW H)S(@H+q “B(aHh)R@ ) =P@") (*)
?7 ™7

A and B do not have

_ -1 — -1
Ny =degA(q™™) ng =degB(q ") common factors

unigue minimal solution for :
np =degP(q ) £n, +ng+d-1

ns =degS(q ) =ng +d- 1 Nk =degR(@™) =n, - 1
S(g ) =1+s0  +..5.q ™ =1+q'S* (g
RO ™) =ro+ngt+..0 g™
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Computation of R(g-1) and $(g-1) '

Equation (*) is written as: Mx=p| =— x=MT1p
T=[1s,..., CH N P' =[L Pl Pivenes Pr. 0.-..0]
ng +d Ny
C 1 0 0 0 0 ]
Al 1 . b']_
=, 0 b'2 b'1
1 0’2 na +Ng+d
ol . .
&, a b'n,
0 : 0 : :
0 0 & 0 0 0 by
ny, +ng +d
p'=0 pour i=01..d b, =b-d pour i>d

Use of WinReg or bezoutd.sci(.m) for solving (*)
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Structure of R(g1) and S(q1) I

R et Sinclude pre-specified fixed parts (ex: intégrator)
R@™) =R(q)Hg(@™) S(@)=S(aHHs(@™)
Hg, Hg, - pre specified polynomials

1 - 1 1 - 1 - , 1 -1 _— 1 -1 1 - Na
R(@Y)=rotrygt+.ry g™ S(@7)=1+s1q " +..8y q =
*The pre specified filters H; and Hg will allow to impose certain properties of the

closed loop.
*They can influence performance and/or robustness

12
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Partiesfixes(Hg, Hg). Exemples l

Zero steady state error (S, should be null a certain frequencies)

A(g HHg(g h)Skg ™)

S,p(ah) =

P@™)
Step disturbance : He(gh) =1- g
Harmonic distrubance:  Hg =1+aq '+q 2;a =- 2coswT,

Signal blocking (S, should be null at certain frequencies)
AQ YHg(q )R )
P(q™)
Harmonic signal: Hg =1+bgl+q?:b =-2coswT,
Blocking at 0.5f¢ Hg =(1+gH":n=12

Sup(q-l) = -

13
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Solving pole placement whith pre-specified filters
In the controller

R@™)=R(@HHr(@™) S(@ ") =S(aHHs@™)

Hg, Hg, - pre specified polynomials
R(@™Y)=rotrygt+.ry g S(qh)=1+s1q +.8 g "
Eq.(*) (transp. 10) becomes:
Al HStg Hs (@) +a “Ba)REG HR(@ ™) =P@™) (+*)
ne =degP(q ) £ np+Npys +Ng +Npyg +d - 1

ne =degS'(q"Y) =ng +nyg +d- 1 ng =deg R (g ) =np +nys - 1

Use of WinReg or bezoutd.sci(.m) for solving (**)
with A" = AHg, B’ = BHj
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Tracking (computation of T(g?)) l

Ideal case
A
-1 . " -1 -1
r¢)y (a4 B, | y* () 'y =9 Bm(d)
| A i T An(Q
Tracking reference desired "4 B.(q)=by+bql+..
model (H,,) trajectory fory (t) 1 1 5
An(Q ) =1+taq " +a,q " +..
Specification discrertization .
in continuous time ond grder (Wa. 7 H -
(t M) ( (O} ) T m(q )
M> €
0.25£wgT. £1.5
0.7£z £1

The ideal case can not be attained (delay, plant zeros)
Objective : to approach y*(t)

q B (a7t
An(a)
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Tracking (computation of T(g?)) '

- . B, (q")
Build: y (t+d+1) =—m r(t)
An(@?)

Choice of T(q?) :
 Imposing unit static gain betweeny* andy
« Compensation of regulation dynamics P(q?)

j1/B@) s B0

Ta)=6Pa) &= 1 g By=0

(AR (gt XB* (@)

FT.r =Y. Hg(qh)= 9

Anah)  BO
PO
Particular case: P = A, T@H)=G={Bg ° B * 0

f 1s B®O=0
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Pole placement. Tracking and regulation l

y*(t+d+1) u(t) y(t)
rt) | B + 1 -d

| m |, A A |
| | | |
| | | |
| | | R | |
| | | |
| | | (@), |
| | P@ ™) |
(d+1) Qs I

| B q ) Brq ¥ -
| ;B |
g @D B (a) Bxg X

A @B

S(q™Hu®) + R@ ) y®) =T(q ) y* (t+d +1)
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Pole placement. Control law I

u(t) = Ty (t+d +_-? - R(@)y(®)
S(g)
S(q H)u®) + R@ Hyt) =GP(g )y t+d+1)=T(@ ")y (t+d+1)

S(qh=1+g 'S (")

ut)=P(q )Gy (t+d+1)- S’ (g Mult- H- R )y(t)

_B,(@?h
An(@™)
An(@h)=1+g AL (@)

y (t+d+1) r(t)

y (t+d+1)=- A, (@ H)yt+d)+B, (@ Hr(t)

B.(qY)=b,+b,qt+.. A (@Y =1+a,q +a ,q % +..

18
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Pole placement. Example '
Plant : d=0

B(g-1)=01g1+ 0.2¢g2
Ag-l)=1-130qg1 + 04242
Bm(g-1) = 0.0927 + 0.0687 -1
Tracking dynamics -->
Am(g-1) = 1-1.2451g-1 + 0.4066 ¢+2
Te=1s , w,=0.5rad/s,z=0.9
Regulationdynamics --> P(g-1) =1-13741 1 + 0.4867 2
Te=1s ,wy;=0.4rad/ls, z=0.9
Pre-specifications : Integrator
*** CONTROL LAW ***
S(a-1) u®) + R(a-1) y(t) = T (g-1) y*(t+d+1)
y*(t+d+1) = [Bm(g-1)/Am(a-1)] r(t)
Controller: R(g-1) = 3-394¢1+ 1.3141 ¢2
S0-1) =1-0.3742¢1 - 0.6258 2
T(g-1) = 3.333-4.5806 -1 + 1.6225 -2
Gain margin: 2.703 Phase margin: 65.4 deg
Modulus margin: 0.618 (- 4.19 dB) Delay margin 2.1. s
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Pole placement. Example

.80

a0

40

20

Zortie

ti/Te

10 20 30 40 S0 a0 70 S0

S0

100

A0

L20

.80

.60

40

V20

Commande

t/Te

10 20 30 40 S0 &0 70 50

S0

100
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Tracking and regulation with independent obj ectivesl

It isa particular case of pole placement
(the closed |oop poles contain the palant zeros))

It isa method which simplifiesthe palnt zeros
Allows exact achievement of imposed performances

Allowsto design a R-S-T controller for:

e stable ou unstables systems

o without restrictions upon the degrees of the polynomials A et B
 Without restriction upon the integer delay d of the plant model
e discrete tim plant models with stable zerod

Does not tolerate fractional delay > 0.5 T (unstable zero)

21
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Tracking and regulation with independent obj ectivesl

The model zeros should be stable and enough damped

Admissibility domainfor the zeros of the discrete time model

|.D.Landau A course on robust discretetimecontrol, part |1
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Tracking and regulation with independent objectives. Structure l

- ( >

y (t+d+1) u() y(®)
B + 1 -d
ritr)> — T =

LA ] _ S A |
| | | -(d+1) |
l I | -——— 1 >
| [ P(q - ) |
| | -(d+1) !
| |
| |
| |

-1
q -(d+1) Bm( a™)

Am@™)
P(@ ) =Ry (@ HPR:-(a™)
Desired closed loop poles are specified asfor pole placement

Reference trajectory:. y (t+d+1) = B (q:i) r(t)
(tracking) An(@)

23
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Tracking (computation of R(q?) and S(gt)) l

Closed loop T.F. without T:

q—d+1B*(q-1) _ q-d+1 _ q*—d+1B*(q-1)
AghHs@hH+a B (@HRa?h P@?h) B (@hHP@?
One needsto solve :

A S h+a B (@ hHR@H =B @HP@?h (*)
Sshould hasthe form:  S(@ %) =sy+s0 " +...+s,,9°™ =B"(q")S¢q™ ")
After ssmplification by B*, (*) becomes.
-1 -d+1 -1\ _ -1 * %

A)S(@)+g "R )=P@”) | (%)

Hee (@) =

Unique solution: n, =degP(ql) = ne+d ; degS(@h)=d ; degR(qY) = n,-1
REA) =ro+ng +.r ™t S(@1)=1+s;q " +..8qq°

24
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Regulation ( computation of R(q?) and S(gt)) l

(**) iswrittenas:. Mx=p— x=M71p

~ n,+d+1 ~
1 0
a1 0
& q 0 '
: : 1
& &1 - @ 1
aw A a o, Ma+d+1
a2 A+l a 0 .
' 0
O 0 .. 0 @&, 001
d+1 M
T _
XT :[11 Sﬁ-"ysg:lr()arll'--’rn_l] p _[11 p]_’ p2 """ pnA’ pnA+1 """ pn +d]

Use of WinReg or predisol.sci(.m) for solving (**)

Insertion of pre specified partsin R and S — same as for pole placement

25
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Tracking (computation of T(g?)) .

Closedloop T.F..r — vy

o @ h= 9 Bm(@h) _ Br(@HT@Hg
i T A An(@HP(@ )
Desired T.F.

It results: | T(gq?) = P(g?)

Controller equation:

S(a u(t) +R@y® =P@ Yy (¢ +d +)
w = PEY @+d+D- R@Hyw

1 S(a™)
_ -1 * * -1 -1
u(t)—E[P(q )y t+d+D- S (g )ut-1)- R(g )y(t)] (5,= b))
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Tracking and regulation with independent obnjectives Examples |

Pant: d=10
B(g-1)=02¢gl1l+01¢2
Agl)=1-130qg1 + 04242
->Bm (g-1) = 0.0927 + 0.0687 ¢+1
Tracking dynamics =~ -----
->Am(g-1) = 1-1.2451g-1 + 0.4066 -2
Te=1s , w,=0.5rad/s, z=0.9
Regulationdynamics--->P (g-1) = 1-1.3741 g1 + 0.4867 2
Te=1s ,wy;=0.4rad/ls, z=0.9
Pre-specifications : Integrator
*** CONTROL LAW ***
S(a-1) u(®) + R(a-1) y(t) = T (g-1) y*(t+d+1)
y*(t+d+1) = [Bm (g-1)/Am (a-1)] . r (1)
Controller: R(g-1) = 0.9258 - 1.2332 ¢+1 + 0.42 2
Sgl) =02-01¢1-01g2
T(-1) = P(g-1)
Gain margin: 2.109 Phase margin: 65.3 deg
Modululus margin: 0.526 (- 558 dB) Delay margin: 1.2

27
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Tracking and regulation with independent objectives. (d = 0)

Jortie

1t
0.80¢r {(ﬁ

0.a0r

0.40¢r

0.20¢

t/Te

0
10 20 30 40 g0 &0 70 g0 S0 100

Effect of low damped zeros
1t ‘|_|_|_r|/’

10 20 30 40 S0 &0 70 a0 a0 100

t/Te

The oscillations on the control input when there are low damped zeros can be
reduced by introducing auxiliary poles (see book pg. 169-171)
28
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Tracking and regulation with independent objectives. (d = 3)

Plant: d=3
B(drl) =021+ 01¢2
Ag-1)=1-13¢g1 + 04232
-->Bm(g-1) = 0.0927 + 0.0687 -1

Tracking dynamics -----
-->Am(¢1) =1- 1.2451g-1 + 0.4066 ¢-2
Te =1s, wO=0.5radls, z=0.9
Regulation dynamics -> P(g-1) =1-137419-1 + 0.4867 -2
Te=1s ,wO0=04radls, z=09
Pre-specifications : Intégrator
*** CONTROL LAW ***
S(a-1) u(t) + R(a-1) W(t) = T (g-1) y*(t+d+1)
y*(t+d+1) = [Bm(a-1)/Am(a-1) ] .ref(t)
Controller :
R(g-1) = 0.8914- 1.1521 g1 + 0.3732 -2
Sg-1) = 0.2+0.0852 1 - 0.0134 g-2 - 0.0045 -3 - 0.17850-4 - 0.0888 -5
T(o-1) = P(a-1)
Gain margin 2.078 Phase margin: 58 deg
Modulus margin: 0.518 (- 5.71 dB) Dealay margin: 0.7 s

The delay margin can be improved by adding auxiliary poles

29
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Tracking and regulation with independent objectives. (d = 3)

o.zor

t/Te

1o 20 30 40 50 &0 70 =] S0 100

Commande

-0.50F t/Te

1o 20 30 40 50 &0 70 =] S0 100

30
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Tracking and regulation with independent objectives. (d = 3)

Sorti
n
o.g0f
0.60
0.40
o.20f
t/Te
o
10 20 30 a0 50 &0 70 80 50 100
Corunand
1.50
Reduction of the
L (13" M 1
1 Il ngl ng \
o.sof r‘l_|‘ |_|_|_L'v
D -
-0.501 t/Te
10 20 30 a0 50 &0 70 80 50 100

Three auxiliary poles at 0.1 have been introduced,;

31
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Tracking and regulation with independent objectives. (d = 3)

Output sensitivity function : effect of auxiliary poles

dE
10

———-tith auxjiliary pole=
{3 pole= at 0.1y 4

-5
HHHHHHH
o
- _'LD L
=—- Without auxiliary poles
- _]_5 L
’
r
!
-Z20 i
i d=3
r
:
-25
o.05 0.10 0O.15 o.z20 0.25 O.z0 0.3k 0.40 0.45%5 0.&0
Ao ayp frfe

Delay margin (without auxiliary poles) : 0.7s
Delay margin (with auxiliary poles) :1.19s
32
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| nternal model control -Tracking and regulation I

It isa particular caseof the pole placement
The dominant poles are those of the plant model
Does not allow to accelerate the closed |oop reponse

Allowsto design a R-S-T controller for:
» well damped stable systems

 without restrictions upon the degrees of the polynomial A and B
e Without restrictions upon the delay of the discrete time model

The plant model should be stable and well damped !
Often used for the systemsfeaturing a large delay

Remark: The name is mideading since it has nothing in common with the
“internal moded principle’

33
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Regulation ( computation of R(gt) and S(q?)) l

A S +a Bla YR ) = AP () =P@™") (*)
Dominant poles/ \p (q?! :( '1)on
(0 7)={+aq
( typical choice)
R should hasthe form: R(g1) = A(gq1).R' (gY)

After elimination of the common factor A(q?),(*) devient:

S@h+gB@HREg ) =P-(qh)
Solution for:  S(@ Y =fl- ¢St ) (typical choice)

R = M)

S@h=@-ghHstaH)=P-(a")-qB(@™

For other cases — see book pg.174-175

P (D
B()

34
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Tracking (computation of T(q?)) '
T(@ ) =AQg )P (@) /BO

Particular case : A,= AP (tracking dynamics = regulation dynamics)

ADP: @)

B (suppression of the tracking reference model)

T =TD =

35
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H.(q7) =1

| nter nal Model Control '

A0
R@)=AG) 7
CORGICRERERECR
T(@") = A )P:(a /B

H.(q")*1

R = K@M @) g

F.@)

S(@) =R (@)= a"BaIH. (@) gy oy

T ") =Ag )P (a ") /BQ)

|.D.Landau A course on robust discretetimecontrol, part |1
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| nterpretation of the internal model control '

Equivaent scheme

y*(t+d+1)

T, : O 1/S,

u(t)

The plant model
(prediction model)
is an element of the

control scheme

R,

y(t)

v(t
a% ")

N
Feedback on the

R(a)=2D Aq) (for H (%) =1)

B(D
S(a)=P(g)

T.(q%) = %P(ql) :ﬁA(qlm (q?)

Rem.: For all the strategies one can show the presence of the plant model in the controller

|.D.Landau A course on robust discretetimecontrol, part |1

Predicition error
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| nter pretation of the internal model control l

N 1 _e 1, BR@ _
H.(a") =1 S(a™)u(t) gPF(CI ) - B g “B(a" )L}J(t)
el PF()A 1y y(t u
&B(1) ) / B(D) (q\)y()H

P (q)u(t) :%A(q YRy (t+d+1)- ((11)) [AG")Y()- q*BG")u)]

A(q) is asymptotically stable

So(@™u(t) = Pe(q’ )U(t)—%A(q WP (@)Y (t+d+1)-

R @ q“B(a?) t@:
s M@ )y() g h U

~dpya-l .
Ty t+d+1)- Ro(@Hay®) - I 20 g
8 AQ)

38
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IM C — Sensitivity functions l

S@’) _, a B HHRE DR ®

(@) === i
S P-(q° Y BH r ()P (q°Y)
s (q4=-9BEIRE@) __g'BEOIH.@)P.Q
g AGHP.(q%) BAOH.DP.(q")

P-(q) BOOHRrMP=(q™)

s (q)= 9 BlA)S@) _a'B(a) g
i A@IR@)  AQ) 7

» The plant model has to be stable

. HR(CI'l)P( ) directly influences the sensitivity functions
(]
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Partial IMC l
M otivation:

We would like to modify the dominant poles of the model
and leave unchanged the secondary poles (often outside the attenuation band)

A ) = A(aHAT)

N\ dominant poles
Bezout equation (pole placement):

AM@)A@)S(@)+g'B(g’)RE) =P (@)A@)P.(a’)

But:

R(a) =A@ HREG ™)

Simplified Bezout equation:

A@HSE Y+ Bl@HREG ) =Py (@ P (@)

40
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| nter nal model control of a system with large delay l

Plantmodel: d= 7, A= 1-0.2q'; B=q% T<1
Objective: DM 3 0.5, Dt 3 1.T,

Using IMC with: PF (ql) =1 HR(q'l) =1

S (z%)=1- 2Bz )=1— z'=(1- zHYA+z'+z2+...+ 27)
" _dB(l)_
Syb(z-l) — Y4 B(Z )=_ Z-d-l
B(D)
‘S (e") E£20EWEp Modulus margin is OK
P max !
‘Syb (e")°L0EWED Above the template for delay margin = 1 over 0.17f;
Condition for the delay margin:
Upper template on
‘ -d-1 1 — g S
y4 ‘ £

m

|.D.Landau A course on robust discretetimecontrol, part |1
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I|nternal model control of a system with large deIay'

Use of auxiliary poles (P. * 1, H_=1)
P(q") =(1+a q’) -1<a <0

Delay margin condition:

S (Z'l):‘z-_PF(l)< ! - z=e" 0EWED
U IR@E) |
Or:
*a o 1 e 0EwEp
l+a z'| [1-Z7°
1l+a

Worst situation: <05pja £-0.333

1-a
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|nternal model control of a system with large delay l

Plant model: d=7; A= 1-0.2g'; B= g

P-(@)=@+aq?)

dB

svb

e

“g-- Gabarit Marge de Retard = Te

alfa = -0.1

0.25 0.30 0.35 0.40 0.45 0.50

dE

b)

-10
-15
-an
-25

avp

*
f<—— Gabarit Marge de Retard = Te
i

0.2o

0.25 0.30 0.35 0.40 0.45 0.50
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-lI<a<0

a=-01;-02;-0.333

/

The good value
(can be obtained
analyticaly)
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|nternal model control of a system with large delay '

One can also use:
P (Y =@+ag Ha+ag )™ - 1<a £0

-0.25<a(£-0.05 Np £Ng+d

dB

! | | |
M ke MO

a)

-12
-14

-1

-10 - 1 pdle aux

3vhb

.35 0.40 0.45 0.50

dB

b)

-10

-15

Ayp

44
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|nternal model control of a system with large delay l

Useof: H (P. =L H,_11)

R(g") =Ag")H.(97)
S(gt) =1-

Sp(z'h) =-

1

“1y _ -1
BOH. M) Hr(a ") =1+Dbg

q “B(g" H(@+bg ™)
B(1)(1+ b)

z %1+ bz Y
1+Db

Delay margin condition:

1+bz|_ 1

| 1+Db

1+b°
1+b)’

—, z=€" OEwWEp
1- z

£05p b=1 mmp Hr(@ H)=1+q"

|.D.Landau A course on robust discretetimecontrol, part |1
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I|nternal model control of a system with large delayl

\“‘&;— Gabarit Marge de Retard = Te

Ja] 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

Svh i/ fe

1

-15

-20

#
ro-1
- Hr =1 & : PE=1
r Al ¢ Hr = 1; PE = 1 - 0.333g

-25
0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

Fyp £/ fe

Hr(q ') =1+q* corresponds to the opening of the loop at 0.5f

See also:
[.D. Landau (1995) : Robust digital control of systems with time delay (the Smith predictor revisited)
Int. J. of Control, v.62,n0.2 pp 325347
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Digital control inthe presence of disturbances and noise '

(disturbance)
p(t)

<
—
N—"

r(t)

—| 1 o= s O Bia [4OT-LY
PLANT
R [~ > 50
(measurement noise)
Output sensitivity function s, (21 = Az HS(z'h)
(P —V) " AZHS(zh) +B(Z R
Input sensitivity function s (2= - AZHR(Z'Y)
(P —u) v Az HS(zh)+B(Z "Rz ™)
Noise-output sensitivity function S, (1) = - Bz HR(Z Y
(b—y) " AZ"S(z ) +Bz Rz Y

B(z H)S(z )
Az HS(z 1) +B(ZHR(z )

All four sensitivity functions should be stable! (see book pg.102 - 103)

|.D.Landau A course on robust discretetimecontrol, part |1

Input disturbance-output sensitivity function S, (zY) =
vV—1) 8
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Frequency templates on the sur sensitivityfunctions'

The robust stability conditions allow to define frequency templates
on the sensitivity functions which guarantee the delay margin and
the modulus margin;

The templates are essential for designing a good controller

Frequency template on  the noise-output Frequency template on the output sensitivity
sensitivity function§,, for Dt = Tg functionS,, for Dt = Tgand DM = 0.5

48
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Pole placement with sensitivity functions shaping '

Perfor mance specification for pole placement :
» Desired dominant poles for the closed loop
 The reference trajectory (tracking reference mode!)

Questions:

* How to take into account the specifications in certain frequency
regions?

* How to guarantee the robustness of the controllers ?

* How to take advantage from the degree of freedom for
the maximum number of poles which can be assigned ?

Answer :
Shaping the sensitivity functions by:
- Introducing auxiliary poles
- Introducing filtersin the controllers

49
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Sengitivity functions - review '

Output sensitivity function:
_ CIRECE

AQHS(@ Y +g B R

| nput sensitivity function:

A HR@O ™)

(qh)=-
S AaHS@ ) +aBaHR@ ™Y

Controller structure::
RO =R@HHRE™Y) S@@YH=S(aYHHs(a™)

Pre specifiedparts (filters)
Dominant and auxiliary filters:

A S ) +q Bl HRE ) =P ) =Py (@ HR: (g
Sudy of the properties of the sensitivity functions in the frequency domain: g=z=gw
50
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Properties of the sensitivity functionsl

oIt is fundamental to understand and to interpret the behaviour
of the sensitivity functions in the frequency domain

*The following slides will explore the properties of the
output and input sensitivity functions

For the examples one uses:
Plantmodel: A(q ') =1- 0.7q"; B(q’)=0.3q";d=2

Polynomial P:
Defined by the discretization of a continuous time 2nd order system with:
wy,=04,;0.6;1, z=09

51
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Properties of the output sensitivity function '

P.1- The modulus of the output sensitivity function at a certain
frequency gives the amplification or attenuation factor of the
disturbance on the output

Sp(w) <1(0dB) attenuation Sp(w) > 1 amplification
Sp(w) =1 operationin open loop

P2 ov=[sam), )

Modulus margin

52
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Properties of the output sensitivity function '

P.3 — The open loop (KG) being stable one hasthe property:

"5loglS (e Jdf =0

The sum of the areas between the curveof Syp and the axis 0dB taken with
their sign is null

Disturbance attenuation in a frequency region impliesamplification
of the disturbancesin other frequency regions!

53
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Properties of the output sensitivity function '

Augmenting the attenuation or widening the attenuation zone

d \

Higher amplification of disturbances Reduction of the robustness
ouside the attenuation zone (reduction of the modulus margin)
5 wl = 0.4 radsa -F RN 0 =0.8 rad/s
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Properties of the output sensitivity function '

P.4 — Cancellation of the disturbance effect at a certain frequency:
A ™)SEe ™) = Ae ™)Hs (e M)Ste W)=0 ; w=2p f/f,
\

—
Zerosof S Allows introduction of zeros at desired frequencies

dEb

_40 F

_60.
__'|_ 2
<-- Hz = (1L -q (1L +q )

=801

=100+

3vp I/ fe

55
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Properties of the output sensitivity function '

P5- [Syp(iw)|=1(0dB)at the frequencies where:
B (e ™)Re™)=B (e ™)Hgx(e ™)R¢ ™)=0;w=2p f/f,

AN
Allows introduction of zeros at desired frequencies

| 7NN

dEB

o

__'LD.
Hr = l+g-2
_15t Hr =1
_20.
-25
0.05 0,10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
SYP £/ fe
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Properties of the output sensitivity function '

P.6 — Asymptotically stable auxiliary poles (Pg) lead
(in general) to thereduction of  |Sy,(jw)| in the attenuation
band of 1/P¢

Pe(@)=@+pg ™)™ -05E£pE-005 Np £np-np

dE

Pf = (1L - 0.2g 1% -
_lD_
< PE=1

—-15¢+

—Z0°F

-25

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

3vp £/ fe

In many applications, introduction of high frequency auxiliary poles
IS enough for assuring the required robustness margins
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Properties of the output sensitivity function '

P.7 — Smultaneousintroduction of a fixed part Hg and of a pair
of auxiliary poles Py having the form:

He (@) _1+by,gt+byq?

P- (0™") 1+a0™ +a,q’
resulting fromthe dicretization of

S* +27 . WoS+WS with: 2217
2

F(s) = §
S + 27 4o WoS+W§ T 1+z*

Introduces an attenuation at the normalized discretized frequency:

T.0 . R um 9
Wgiee = 2arctan§wvo e Q with the attenuation: M, = ZOIOgg Ll = (Znum <Z den)
e 2 g Zden @

and with negligibleeffect at f << f;.,and atf >> f .
58
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Properties of the output sensitivity function

dE
st <— Hz={wl=1l,xi=0.21)
Pf=i{wil=1.02, xi=0, 343

n]

-5t
__'LD -

Hz=1: Pf=1 -->=
__'LS -
_ZD -
-25
o.10 0.15 0.20 0.25 0.30 0.35 o.40 0.45 0.50

3vp i/ e

For computation details see book pg.194-197.
Effective computation with the function: filter22.sci (.m)
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Computation of Hg/Pgfor f < 0.17f¢ l

For the frequencies below 0.17f_the computations can be done directly in discrete
time with a very good precision.

Inthiscase:WO:WOden =W, =W, z

Onum

— oM/

num Z den

M, : desired attenuation at the frequency w .

H, = disc(w,,z,,.); P. =disc(w,,z,.); (Z,.)

dE
o
-0.50
1k
-1.50
_z |
-2.50
3}
-3.50
—al
-4.50

num min

EF:th,l{‘ cont /dlsd -z

w, =1rad/s(f, =0.159f )

I I I I I I I I I
o 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

Filtre_ Hsz/FPf t/fe

deqg
15

I __F_l__l_?rf_%_E_D_r}}‘»__{_cl_l_ﬁ_?f STk g e A e S S S

E - FJ..ltre d.‘Lscret

) oo g Dt 4 P RREREel EEEPEEER toooonaan e Pt AaSCTCTY EPRLRRLE

_15 } 1 } } } } } } }
u] g.0: 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0,50

Filtre Hz/Pf £/ fe
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Computation of H/Pg(general formula) l

Central frequency for attenuation fye. (w,_=2p f,_ )

Desired attenuation at f .. : M,
Minimum damping for P-: (z ). 2% 0.3

Step | : computation of the analog filter

2 .
Wo = 2 tangordise 2 0Ew,, £p 2,y =10V 07
Te €2 g

— SZ +22 numWOS+Wg
F(s) = 5 5
S+ 2Z 4eWoS+Wj

Step Il : computation of the digital filter using the bilinear transformation

21- 71
S=—
To1+2z1
For details of formulas see “Commande des systémes’ (Landau 2002)
For effective computation usefilter22.sci(.m) or ppmaster

|.D.Landau A course on robust discretetimecontrol, part |1
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Properties of the input sensitivity function '

P.1 — Cancellation of the disturbance effect on the input at a
certain frequency (S, = 0):
Ale J'W/)H @ MREe ™)=0 ; w=2p f/f,
Allows introduction of zeros at desired frequencies
He(gh) =1+bg? O<b £1 (active at 0.5f¢)

dE
20

<- Hr =1 + 0.5¢ %

i
-1
Ho =1+ g -—
-20

-40

-al

—-&0

[a} 0.03 0.10 0.13 0.z0 0.23 0.30 0.33 0.40 0.43 0.30

Sup t/fe

Rem: The system operate in open loop at this frequency

|.D.Landau A course on robust discretetimecontrol, part |1
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Properties of the input sensitivity function '

P.2 — At the frequencies where:

A ™ H (e W)Ske ™)=0 ; w=2p f/f,
One has:
. . Ale ")
— Wy | = Inverse of
‘Syp(]w)‘ O ‘Sup(e )‘ B(e_ jW) the sytem
gain

Consequence : strong attenuation of the disturbances should be
done only in the frequency regions where the system gain

IS enough large ( inorder to preserve robusteness and avoid
too much stress on the actuator)

Remember: ‘Sup ( jw)" ! ives the tolerance with respect to additive uncertainties on the
model (hi gh?Sup( jw)| = weak robustness)

63
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Properties of the input sensitivity function '

P.3 — Smultaneousintroduction of a fixed part Hy and of a pair
of auxiliary poles P, having the form:

Hg (@) _1+b,gt+byq”
P- (@) 1+aq™ +a,q 7

resulting fromthe dicretization of :

S2+27

2

2 ‘1
0S+Wq with: =212
+ 27 2 To1+2z1
S denWOS+WO e

numW

F(s) =

Introduces an attenuation at the normalized discretized freguency:

T, & & yym O
Wgise = 2arctan(a§v° e 2 Wihthe attenuation M, = 20Iog§ ST (Znum <Z den)
e 2 g Zden @

and with negligible effect at f << fy.andat f>> fj.
64
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Templatesfor the output sensitivity functions S, l

1|Syp|dB |SydmaX:'Dhﬂ
/ - Robustness
0 /\/
Performances </ ©
ISyp|aB 1Syp|, 0 = -PM
/_ -0 \ I_ - _‘ /_ I -
. <

1

0,5fe
opemng
the loop

Attenuation zone

|.D.Landau A course on robust discretetimecontrol, part |1
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Templatesfor theinput sensitivity function S“pl

\Sup \dB

Limitation of the actuator
stress

Zone with uncertai nty\

upon the model quality

Opening the loop at the
frequency f (< - 100 dB)

|.D.Landau A course on robust discretetimecontrol, part |1
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Shaping the sensitivity functions l

1. Choice of the dominants et auxiliary poles of the closed loop
2. Choice of the fixed part of the controller (Hg and Hy )
3. Simultaneous choice of the fixed parts and the auxiliary poles

Procedure:

Basic shaping: use 1 and 2
Fine shaping: use 3

Tools for sensitivity shaping: WinReg (Adaptech) and ppmaster.m

There exist also tools for automatic sensitivity function shaping
based on convex optimization (Optreg from Adaptech)

67
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Level to be controlled

(to prevent adherence) M

Continuous steel casting

Ladle Molten

Submerged Entry Nozzle

Shaking

Meniscus
Liquid

Pool Torch Cutoff

Support roll Polnt
Solidifying
Shell
Spray metallurgical
Coaling
Slab

|.D.Landau A course on robust discretetimecontrol, part |1
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Continuos steel casting l

Plant (integrator): A=1-q";B=05g9";d=2;T, =1s

Low frequency Sinusoidal
disturbances  disturbance (0.25Hz)

O [ s x*g y()
A |+
Specifications.

1. No attenuation of the sinusoidal disturbance (0.25 Hz)
2. Attenuation bandin low frequencies. 0 a 0.03 Hz

3. Disturbance amplification a 0.07 Hz: < 3dB
4
5

Modulus margin> -6 dB and Delay margin > Tg
No integrator in the controller

|.D.Landau A course on robust discretetimecontrol, part |1
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Shaping the sensitivity functions l

- Synthesis of the fixed parts: HR/: 1+ %; He =1
Opening the loop at 0.25 Hz

- Dominant poles: discretization of 2™ order: w, = 0.628 rad/s, z = 0.9

Controller A : specs.a0.07 Hz are not satisfied (see 71)

- Insertion of adipole Hy/Prcentered a wy = 0.44 rad/s
Controller B : Attenuation band smaller than specs.

- acceleration the dominant poles: w, = 0.9 rad/s
Controller C : Correct (see 71)

70
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Output sensitivity functions — Continuouscasting l

dB

=-10F

__'LE L

__]_4 1

3vp

10

LAD

0.45 0.50

t/fe
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Hot dip galvanizing. Control of the deposited zinc l

f Finished
Steel ><]product
. —
stri

> P

=Y
I_l Measurement of
Preheat oven deposited mass

hd

ir knife

\ ~/ Zinc
bath

e
A |

d

d

o I

|

"~ zinc

steel strip

72
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Hot dip galvanizing. The control Ioopsl

Desired
deposited zinc mass per cny M gasured
\ PRBS deposited zinc mass per cny
- (+ DP) o
P ‘ . . Measu-
RST 0 + Pressure Pressurized Coating
_>®_' controller | |Gaz supply process > rzn:ent
controller + T T elay m + Dm

e Important time delay with respect to process dynamics
o time delay depends upon the steel strip speed
» sampling frequency tied to the steel strip speed
e constant integer delay in discrete time
 parameter variations of the process as a function
of the type of product

73
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Hot dip galvanizing. Model and specifications.

q’'(bg’)
l+aq”
Model: T, =12sec;b =0.3;a =-0.2(- 0.3))

Plant model for atype of product :

Specifications (peformance) :
eModulusmargin. DM 3 0.5
*Delay margin: Dt 3 2T,
| ntegrator

Pole placement (IMC)

degP(@*) £(n,+n, +d +n, - 1) n,+n,+d+n, -1=9
Case | : dominant pole: 0.2 aux. pole:0.3
Case |l : dominant pole: 0.2 aux. poles.0.3 + 7x0.1

|.D.Landau A course on robust discretetimecontrol, part |1
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Hot dip galvanizing— output sensitivity l

dE
10

__'LD |

-15

—-20

v

Delay margin: 10.9 (< Ty

AVawwa

—

<--_ad%/poles: 0.3 + 7x0.1

-

- Delay margin: 25.7 (> 2Ty

T=12s

|.D.Landau A course on robust discretetimecontrol, part |1
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Hot dip galvanizing— Nyquist plot '

Nyquist

MMMMMM

Module = 0.520

Te = 12=

= 4

Gﬂ/

Nyquist

dominant pole: 0.2 aux. pole:0.3

|.D.Landau A course on robust discretetimecontrol, part |1

dominant pole: 0.2 aux. poles:0.3 + 7x0.1
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Control of a Flexible Transmission l

The flexible transmission

| Oi)?ifon Position
dec. | P transducer
motor
A
" t
T ORIS
D | u(®) C
[Controllenag— A R-tS-I-Ir
controller
C I:ref
77
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Control of a Flexible Transmission '

Sampling frequency : 20 Hz

A(q") =1- 1.609555q " +1.87644q° - 1.49879q~ +0.88574q*
B(g") =0.3053" +0.3943q°°
d=2

—T he model

Vibration modes:
w, =11.949rad /sec,z, =0.042; w, =31.462rad/sec,z, =0.023

dB

Specifications:

z20

Tracking: w, =11.94rad/sec,z =09
Dominant poles: W, =11.94rad/sec,z =0.8

10+

i}

-10F

Robustness marginss. DM 3 0.5 Dt ° 2T,
Null static error (integrator)

Constraintson §,;:
|S,| £10dB for f 3 0.35f =7Hz

—20

—30

max

-40

I I I I
o 0.10 0.z0 0.30 0.40 0.50

Rep_Frequent f/fe
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Controllersfor the Flexible Transmission '

Control strategy: Pole placement
n,=n,+n,+n _+n, +d-1

AB,;n,=8 C:n,=9

|.D.Landau A course on robust discretetimecontrol, part |1

Closedloop poles Modulus Delay
margin margin
(dB) € Max
HS(cr1) HR(qr1) [Sup|
(dB)
Dominant Auxiliary
11 wo=11.94z=0.8 0.498 (-6.06) 0.043 18.43
1ql wo=1194z=08 | W0=31462=015 | 55 565 0.062 6.24
(1-0.2q-1)4
wo=23146z=0.15
1-01 1+g-1 =1194z=0. 0.544 (-5.29 0.057 1.5
o q w0 94z=0.8 (1-0.2-1)4 ( )
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Control of a Flexible Transmission '

Output sensitivity function Input sensitivity function

N7

n souple
0 0.05 0.10 0.15 0.20 0.25 0.30
0.20 0.25 0.30 0.35 0.40 0.45 0.50
B
£/ te L

A- without auxiliary poles
B- with auxiliary poles
C- with stop band filter H_ / P.
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commande [V]

Control of a Flexible Transmission '

Real time results- Tracking

Transmission souple

4 i

10 15
temps [s] (Te= 0.05s)

10 15
temps [s] (T = 0.05s)

Controller B
(with auxiliary poles)

25

Transmission souple

1h P ————

151

5 10 15 20 25
temps [s] (T o 0.05s)

5 1.0 1.5 2.0 ;5
temps [s] (T= 0.05s)
Controller C
(with auxiliary poles and
opening of the loop at 0.5fy)
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sortie [V]

commande [V]

1.5

-0.5p v\j
-1k

-1.5

-0.2

Control of a Flexible Transmission '

Real time results- Regulation

Transmission souple
T

12 13 14 15 16 17 18
temps [s] (Te= 0.05s)

12 1'3 1'4 1'5 £6 1'7 18
temps [s] (T= 0.05s)

Controller B

(with auxiliary poles)

sortie [V]

commande [V]

Transmission souple

[any
T

o
[$2)
T

-

13 14 15 16 17 18
temps [s] (Te: 0.05s)

13 14 15 16 17 18
temps [s] (Te= 0.05s)

Controller C
(with auxiliary poles and
opening of the loop at 0.5f()
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360° Flexible Arm l

LOCAL
POSITION
SERVO.

COMPUTER

|.D.Landau A course on robust discretetimecontrol, part |1
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360° Flexible Arm l

dB

-40

____________________________________________________________________________________

as manipulateur zouple 3607

..................................

Brasz

manipulateur =ouple 3607

0.05 0.10 0.15 0.z0 0.25 0.30 0.35 0.40 0.45 0.50 -5 -4

t/fe PsZ Modéle

Frequency characteristics

(Identified Model)
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Poles-Zeros
Unstable zeros !
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360° Flexible Arm l

Sampling frequency : 20 Hz

A(qg't)y=1-2.1049q ' +1.04851q % +0.33836 q ° +0.46q"*

Modd — - 15142 q" % +0.7987 q" ©

B(q'')=0.0064 g +0.0146 "2 - 0.0697 q"° +0.044q"*
+0.0382¢q° - 0.007q °

d=0
Vibration modes:
w, =2.617rad/sec,z, =0.018 w, =14.402rad/ sec,z, = 0.025 w, =48.117rad/sec,z, = 0.038

Specifications:

Tracking: w, =2.6173rad/sec,z =0.9
Dominant poles: w, =2.6173rad/sec,z =0.8

Robustness margins:. DM 3 0.5 Dt 3 2T,
Zero steady state error (integrator)

Congtraintson §,,.  |S,|£15dB for f <4Hz|S |£0dB for 45£ f <6.5Hz
S,|<15dB for 6.5£ f <8Hz|S,|<10dB for 8£ f £10Hz
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Module [dB]

360° Flexible Arm - Shaping the Sensitivity Functions l

Output Sensitivity Function - Syp

Syp - Sensibilité perturbation-sortie

Input Sensitivity Function- Syp

Sup - Sensibilité perturbation-entrée
60

" s0f-
A
i A
B a0F
gabarit 20k

B

Module [dB]

201
/_7( gabarit

0p

10k

20k

Frequence [Hz]

_30 3 I I I I I 1 1 1
8 9 1 2 3 4 5 6 7 8 9
Frequence [Hz]

A- withauxiliary poles (2nd, and 3rd vibration modes)
B- with addititionnal auxiliar/y poles (1- 0.5q*)°

C- with stop band filter Hg,/ P,

D- with stop band filter H_,/ P.,
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Controllersfor the360° Flexible Arm

HLq) HR(Y) Closed loop poles
Dominant Auxiliary
W, = 2 and 3¢
1-q 26173 vibration
z=08 modes
W, = 2 gnd 3¢
26173 vibration
1-q z=08 modes
(1-05g%F
2 and 3¢
1-q W, = Vi br?jtl on
W, = 6.28 26173 i m(()) ; )
= z=08 — 00
z=0424 W, = 6.28
z=08
2Md and 3¢
vibration
1- gt _ modes
w625 W, = 2957 26173 (-0
iy z=0092 _ W = 6.28
z=0424 z=038 2=08
w, = 40.1
z=0.74
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360° Flexible Arm l

Input disturbance-ouput sensitivity function- Sy

Bode Diagram
10 T T T T —— damping 0.025
—— damping 0.05
= damping 0.1
5 - — damping 0.15 |

damping 0.025

Magnitude (dB)

Frequency (Hz)

Can be reduced by augmenting the damping of second pair of closed loop poles

(frequency of the 2 vibration mode)
88
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