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The paper is organized as follows. Section 1 states the prob-
lem, assumptions, and notations, and includes a brief par-
tial bibliographical survey. Section 2 is a reminder about
whitening operations and cumulants. Section 3 defines a
wide class of contrast functionals and gives several exam-
ples; some of them are new. Practical algorithms are pre-
sented in section 4. The effect of a carrier frequency offset
is analyzed in section 5. Eventually, specific tools are pro-
posed in section 6, when transmitted signals are discrete.
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1. THE MIMO BLIND DECONVOLUTION
PROBLEM

Blind equalization or identification schemes have been the
subject of intense interest since the works of Sato [41] in
1975, and then Godard [19] a few years later. One of
the main advantages of blind techniques is that training se-
quences are not required; by deleting pilot sequences, one
can thus increase the transmission rate. But there are other
advantages, which stem from limitations of classical ap-
proaches. In fact, techniques based on pilot sequences are
difficult to use when channel responses are long, or fast
varying, compared to the length of the pilot sequence. The
presence of a carrier residual can also make the equalization
task more difficult.

Instead of basing the identification or equalization
schemes on input-output measurements (data-aided ap-
proaches), some properties about the inputs are exploited
(blind approaches), as is now explained.

1.1. Modeling.

Limiting our discussion to linear modulations, the complex
envelope of a transmitted signals(t) takes the form in base-
band [39]: s(t) =

∑
k g(t − kT ) s[k]. Note the distinc-

tion between discrete-time and continuous time processes
via brackets and parentheses:s[k] = s(kTs), whereTs is

the symbol period. After propagation through the channel
and the receive filter, the signal received on the antenna may
be written as:

y(t) =
∑

k

h(t− kTs) s[k]

whereh is the convolution of the transmit filter, the channel,
and the receive filter. If the received signal is sampled at the
rate1/Ts, it can be modeled as:

y[n] =
∑

k

h[n− k] s[k] (1)

with h[k] def= h(kTs). For Multiple Input Multiple Out-
put (MIMO) systems, the transmitted signals[k] and the
received signaly[k] may be considered as vector-valued
discrete-time processes; their dimension is denoted byP
andK, respectively. Note the boldface that emphasizes the
multi-dimensional character of the processes. Model (1) can
then be rewritten as:

y[n] =
∑

k

H[n− k] s[k] (2)

where the global channel impulse responseH[k] is now a
sequence ofK ×P matrices. Itsz−transform, with a slight
abuse of notation, is denoted as

H[z] def=
∑

k

H[k] z−k

In the present context, inputssj [k] are often referred to as
sources.

The case where source symbol rates are different or un-
known is not addressed in this paper, although it is an in-
teresting issue, in surveillance or interception contexts for
instance. However, one can still say that the output appears
as a convolution, but not as adiscrete convolutionanymore.
In fact, if the sample rate is1/T ′ at the receiver, we have:

y[n] =
∑

k

H(nT ′ − kTs) s[k]
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Another important issue is that of carrier mismatch. If the
carrier frequency at the receiver is slightly different from the
modulating carrier, then there is acarrier residual, which
one can merely represent in baseband by a multiplicative
exponential. For a SISO channel, this can be written as:

y[n] =
∑

k

h[n− k] s[k] e k δ (3)

whereδ is a small real number, and the dotless denotes√
−1. This situation will be subsequently considered as

well, mainly in section 5.
The goal of blind equalization is to yield an estimate of

input sequencessj [k] from the sole observation of output
sequencesyi[n]. In order to solve this problem, some addi-
tional assumptions are necessary.
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The transmitted sequences[n] propagates through a
channelH[z], is then whitened by a filterW [z], and
is eventually deconvolved by a paraunitary equalizer
U [z] to yield outputx[n].

1.2. Assumptions and taxonomy.

In order to blindly equalize convolutive models, the most
widely used assumption is thestatistical independencebe-
tween successive symbols.

Hypothesis 1 Sourcessj [k] are all i.i.d. sequences.

For MIMO models, the independence assumption between
sources is often utilized:

Hypothesis 2 Sourcessj [k] are mutually statistically inde-
pendent.

These hypotheses can generally be deflated to less strong
whiteness/independence properties, because moments of fi-
nite orders are used [11]. Let us stress that the case where
sources arelinear processescan also be treated in a similar
manner as i.i.d. sources; Hypothesis 1 is thus not very re-
strictive. A particular case however raises problems, namely
that of Gaussian sources. In that case, all the information is
contained in moments up to order 2, which is not sufficient
to establish identifiability. For this reason, it is necessary to
resort to a third hypothesis, along with hypotheses 1 and 2:

Hypothesis 3 At most one source is Gaussian.

On the other hand, there exist other frameworks in which
hypotheses are different. For instance, if sources have
different spectra, or if they are non stationary, or cyclo-
stationary, then they can be separated with the help of ap-
propriate techniques (cf. section 1.4). These three cases are
not addressed in the present paper, and yield quite differ-
ent (easier) theoretical problems. Nevertheless, the special
framework ofdiscrete sources, which is relevant in the con-
text of digital communications, will be addressed in section
6.

Depending on hypotheses (independence, discrete char-
acter, SISO/MIMO,P > K or not...), a whole variety of
problems can be stated [11]. From now on, and unless oth-
erwise specified, we shall concentrate only on Hypotheses
1 to 3, and on the case whereP ≤ K (over-determined
mixtures). When more sources than sensors are present,
the problem becomes more complicated (under-determined
mixtures), and specific tools generally need to be utilized
[10].

1.3. Trivial filters.

The separating linear filter,F [z], if it exists, aims at deliver-
ing an output,x[n], which should satisfy as well as possible
hypotheses 1 and 2. But it is clear that there exist some
filters that do not affect them. These are called the trivial
filters, and we can prove

Proposition 4 Under hypotheses 1 to 3, trivial filters are
of the formT [z] = P D[z], whereP is a permutation,
andD[z] a diagonal filter. In addition, because of the i.i.d.
property of hypothesis 1, entries ofD[z] must be of the form
Dpp[z] = λp z

dp , wheredp is an integer.

Consequently, it is hopeless to estimate the pair
(H[z], s[k]). One should rather try to estimate one repre-
sentative of the equivalence class of solutions. Once one
solution is found, all the others can be generated by trivial
filtering.

Example Assume the model is MIMO static. Theny[n] =
Hs[n], wherey[n] ands[n] are realizations of random vari-
ables. In that case, hypothesis 1 is not mandatory anymore.
The estimation of the pair(H, s[n]) from the sole observa-
tions y[n] under hypotheses 2 and 3, has been introduced
originally by Jutten and Comon [28] [5], and is now called
Independent Component Analysis(ICA) [6] [37] [27] [29]
[25] [10].

1.4. Bibliographical comments.

The exploitation of source color and spectral differences has
been investigated in [3], among others. The case of non sta-
tionary or cyclo-stationary sources is studied for instance in
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[38] [17]. MIMO blind identification/equalization via sub-
space fitting is described in [35] [32], and via linear pre-
diction in [5] [15] [20]. For more references on the use of
the discrete character of sources in MIMO over-determined
mixtures, either static or convolutive, see [23] [48] [45] [42]
[43] [47] [31] [18] [30] [24]. Underdetermined mixtures are
addressed in [10] and references therein. For a general ac-
count on blind techniques, see [25] [27] [29] [16].

2. STATISTICAL TOOLS

2.1. Whitening

The whitening operation is useful in SISO systems, and in
over-determined (P ≤ K) MIMO systems. In fact, if out-
puts aim at being independent, then they should at least be
uncorrelated at order 2. This is what the whitening opera-
tion does.

Theorem 5 Any matrixH[z], whose entries are rational
functions, can be factored in a non unique manner as
H[z] = R[z]U [z], whereU [z] is paraunitary andR[z]
is triangular minimum phase.

The paraunitarity means that

U [z]U H[1/z∗] = I (4)

whereI is the identity. This property characterizes lossless
filters. In the scalar case for instance,U [z] is all-pass and
R[z] has all its roots in the unit disk.

One possibility is thus to assume a 3-step processing:
(i) whitening with the help of second-order statistics, which
can be done in many ways, (ii) estimation of a parauni-
tary separating filter, (iii) Space-Time Matched Filtering
(STMF), based on the estimated channel [11]. From now
on, we shall retain this procedure, although it is not always
optimal, because is puts at lot more weight on second-order
statistics than on higher orders.

2.2. Cumulants

Whereas moments can be defined as the coefficients in the
expansion of the first characteristic function, cumulants are
the coefficients in the expansion of the second one (the log-
arithm of the first) [33]. For a zero-mean real random vari-
able, the fourth order cumulant can be expressed as a func-
tion of second and fourth order moments:C(4)

y = µ4
y−3µ2

y.
The Leonov-Shiryaev formula allows to express any cumu-
lant as a function of moments of lower or equal orders [33].

For a stationary processy[n], we define theith marginal
rth order cumulant as:

C(r,p)
yi

def= Cum{yi, . . . yi︸ ︷︷ ︸
p terms

, y∗i , . . . y
∗
i︸ ︷︷ ︸

r−p terms

} (5)

The cumulant with no complex conjugation,C(r,r)
yi , some-

times called thenon circularcumulant, will be denotedC(r)
yi ,

in short.
One key property enjoyed by cumulants, and that is not

shared by moments, is the following:

Property 6 If x1 and x2 are independent random vari-
ables, then∀r, p: C(r,p)

x1+x2
= C(r,p)

x1 + C(r,p)
x2 .

In digital communications, an important property is that
of circularity. In particular, for PSK−m modulations, el-
ements of the complex constellation satisfyxm = 1. As
a consequence,E{xm} = 1, of course. But more interest-
ingly, E{xp} = 0 andC(p)

x = 0, ∀p < m. We shall say that
x is circular up to orderm − 1. General definitions can be
provided:

Definition 7 A random variable is said to be strongly circu-
lar if its distribution is invariant by rotation in the complex
plane. It is said to be circular at orderm− 1,m > 1, if its
distribution is invariant by a rotation of angle2π/m.

One must pay attention to the fact that bycircular, it is often
understoodcircular at order 2. For instance, BPSK vari-
ables arenon circular.

3. CONTRASTS

When noise is present in model (2), the estimation of in-
puts can be carried out according to a Maximum Likelihood
(ML) or a Maximum A Posteriori (MAP) procedure if the
noise has a known distribution. If this is not the case, noise
must be considered as a nuisance. Contrast criteria are ded-
icated to this kind of situation.

3.1. Definition

Let H be a set of filters, and denoteH·S the set of pro-
cesses obtained by operation of filters ofH on processes of
S. DenoteT the subset ofH of trivial filters, defined in
proposition 4. An optimization criterion,Υ(H;x), is re-
ferred to as a contrast, defined onH×H·S, if it satisfies the
three properties below [7]:

P1 Invariance:The contrast should not change within the
set of acceptable solutions, which means that
∀H ∈ T ,∀x ∈ H·S, Υ(H;x) = Υ(I;x).

P2 Domination:If sources are already separated, any filter
should decrease the contrast. In other words,
∀s ∈ S,∀H ∈ H, thenΥ(H; s) ≤ Υ(I; s).

P3 Discrimination: The maximum contrast should be
reached only for filters linked to each other via triv-
ial filters:
∀s ∈ S,Υ(H; s) = Υ(I; s) ⇒ H ∈ T .
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The most natural criterion to measure the statistical mu-
tual independence betweenP variableszp is the divergence
between the joint probability density and the product of the
marginal ones. If we assume the Kullback-Leibler diver-
gence, we end up with the Mutual Information (MI):

I(fz) =
∫
fz(u) log

fz(u)∏
p fzp(up)

du. (6)

This quantity is indeed positive, and vanishes if and only
if random variableszp are mutually independent. It is also
invariant by scale change. The MI is thus a first possible
contrast function.

However, its practical use is rather difficult, especially in
large dimension (e.g. convolutive mixtures), even if some
iterative algorithms have been devised [2]. Therefore, con-
trasts based on cumulants are often preferred.

3.2. Construction of contrast functionals

In this section, we restrict our attention to the construction
of optimization criteria based on marginal standardized cu-
mulants of the equalizer output.

Lemma 8 If φ is a real convex function of a real variable,
and ifaj are real positive numbers,1 ≤ j ≤ P ,

∑
j aj ≤ 1,

thenφ(
∑

j ajxj) ≤
∑

j aj [φ(xj)− φ(0)] + φ(0)

Proof. It suffices to add the coefficienta0 = 1−
∑

j aj

to weight the origin.

Lemma 9 Let{αij} be a set of positive real numbers,1 ≤
i, j ≤ P , such that(A1)

∑
j αij ≤ 1 and(A2)

∑
i αij ≤ 1

and letφ be convex as above. Then
∑

i φ(
∑

j αijxj) ≤∑
j φ(xj).

Proof. From lemma 8 and (A1), one gets
φ(

∑
j αijxj) ≤

∑
j αij [φ(xj) − φ(0)] + φ(0). By

summing this overi, and then using (A2), one obtains∑
i φ(

∑
j αijxj) ≤

∑
j [φ(xj)− φ(0)] + Pφ(0).

Lemma 10 Let {αij} be as in lemma 9, andψ
be a real concave function of a real variable, then∑

i ψ(
∑

j αijxj) ≥
∑

j ψ(xj).

The proof is similar.
Consider now a paraunitary equalizer,U [z]. The lemma

below, already proved in [34], defines a class of contrast
criteria, encompassing those proposed in [7], allowing to
optimizeU [z]:

Lemma 11 If φ is monotonous strictly increasing convex
and positive, then

∑
i φ(|C(r)

xi |) ≤
∑

j φ(|C(r)
sj |).

Proof. To prove this, one assumes the input of
the equalizer is the source process itself,s[n]. We
have x[n] =

∑
k U [k]s[n − k]. This yieldsC(r,p)

xi =∑
j,k Uij [k]r Uij [k](r−p)∗ C(r,p)

sj . Then using the triangular

inequality and the monotonicity ofφ leads to:φ(|C(r,p)
xi |) ≤

φ(
∑

j,k |Uij [k]|r |C(r,p)
sj |). Now, becauseU [z] is parauni-

tary,
∑

j,k |Uij [k]|2 = 1 and
∑

i,k |Uij [k]|2 = 1. The
first consequence is that

∑
j,k |Uij [k]|r ≤

∑
j,k |Uij [k]|2;

and the second is that the coefficientsαij
def=

∑
k |Uij [k]|r

satisfy the assumptions of lemma 9. Applying this lemma
yields

∑
i φ(C(r,p)

xi ) ≤
∑

j φ(C(r,p)
sj ). This proves require-

mentP2.
It remains to prove that the equality can hold only when
the filter is trivial. This is visible from the equality∑

j,k |Uij [k]|r =
∑

j,k |Uij [k]|2, which can hold true only
when only one entry of the polynomial matrixU [z] is
nonzero in each row and each column, hence the resultP3.

Theorem 12 Letφ be real positive strictly increasing con-
vex, andψ positive decreasing concave. Then the functional
below is a contrast

Υ(x) def=
∑

i φ(|C(r,p)
xi |)∑

i ψ(|C(r,p)
xi |)

Proof. Obviously, in the same manner as lemma
11, one can state another lemma for concave decreasing
functionsψ. If ψ is not strictly decreasing, one looses
the discriminationP3, but we still have

∑
i ψ(C(r,p)

xi ) ≥∑
j ψ(C(r,p)

sj ). This inequality combined with lemma 11
proves thatΥ(x) ≤ Υ(s).
If equality holds, we must necessarily have

∑
i ψ(C(r,p)

xi ) =∑
j ψ(C(r,p)

sj ) and
∑

i φ(C(r,p)
xi ) =

∑
j φ(C(r,p)

sj ). The strict
monotonicity ofφ then suffices to proveP3, as in the proof
of lemma 11.

Now we come to a nice simple theorem allowing to com-
bine criteria based on cumulants of possibly different or-
ders, which allows better discrimination properties:

Theorem 13 If Υk(y) are contrasts defined onH · Sk,

and {ak} are strictly positive numbers, thenΥ(y) def=∑
k akΥk(y) is a contrast onH·

⋃
k Sk.

Proof. RequirementP2 is obtained immediately, be-
cause all terms are positive:Υ(x) =

∑
k akΥk(x) ≤∑

k akΥk(s) = Υ(s). If equality holds, then∑
k ak[Υk(s) − Υk(x)] = 0, which is possible only if

every term vanishes because they are all positive. Thus
Υk(x) = Υk(s), ∀k. But s ∈ Sk for somek, by hy-
pothesis. And sinceΥk is a contrast, one can conclude that
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x = T ? s, for some trivial filterT of H. This proves the
theorem.

Lastly, the theorem below is an obvious corollary of the
definition of contrasts, and corollary 15 can be obtained by
merely combining theorems 13 and 14:

Theorem 14 If Υ(y) is a contrast, then so isφ(Υ(x)), for
any positive strictly increasing functionφ.

Corollary 15 Let φ be positive strictly increasing andψ
positive decreasing. Then, ifΥk(x) are contrasts defined
onH·Sk, and{ak} and{bk} are positive numbers,ak > 0,
then

Υ(x) def=
φ (

∑
k akΥk(x))

ψ (
∑

k bkΥk(x))

is a contrast onH·
⋃

k Sk.

3.3. Examples

For SISO blind equalization, the Constant Modulus (CM)
criterion is

JCM (x) = E{(1− x2)2} (7)

whereas the criterion of the Maximal kurtosis (KM) is

JKM (x) =
E{|x|4} − E{x2}2

E{|x|2}
− 2 =

C(4,2)
x

[C(2,1)
x ]2

(8)

Under mild conditions, these two criteria are equivalent,
because related by a monotonous decreasing function [16,
ch.4] [40].

For MIMO mixtures, the following criteria are contrasts,
for anyr > 2 [7]:

Jr(x) =
∑

i

|C(r)
xi
|2 (9)

Next, the Edgeworth expansion of the MI of a standardized
real variable (i.e. after whitening) is given as follows up to
an additive constantIo, as a function of standardized cumu-
lants (i.e. cumulants of the whitened variable) [6]:

−I = Io +
∑

i

4 [C(3)
xi

]2 +[C(4)
xi

]2 +7 [C(3)
xi

]4− 6 [C(3)
xi

]2C(4)
xi

This approximation is not proved to be a contrast. But from
theorem 13 and (9), the criterion below is a contrast:

J3+4(x) =
∑

i

4 |C(3)
xi
|2 + |C(4)

xi
|2

and has the advantage to be discriminating for either 3rd or
4th order circular variables.

4. NUMERICAL ALGORITHMS

4.1. SISO

Criteria JCM andJKM do not need prewhitening.JCM

can be minimized directly, andJKM should be maximized
under a norm constraint on the equalizer tap vector. The
usual practice is to run a gradient ascent ofJKM :

v = f(k) + η g(k); f(k + 1) = v/||v|| (10)

whereg(k) denotes the gradient ofJKM (f) calculated at
f(k), andη the step size. Standard gradient implementa-
tions, especially with a fixed step, perform poorly because
of the shape of the criterion, which contains many sad-
dle points. The way the step size is adjusted (e.g. quasi-
Newton) does not improve anything with this respect: if the
algorithm is initialized near a saddle point, the iterations can
stay a long time in its neighborhood, and suddenly burst out
far away from the attraction basin, and take again a long
time to come back. Yet, a significant improvement can be
brought to this.

In fact, assumeJ(f) is a rational function in thefi’s.
This is the case for instance for KM and CM criteria. Then,
J(f(k) + η g(k)) is a rational function in variableη. As a
consequence, all its stationary points can be explicitly com-
puted, as roots of a polynomial in a single variable, and the
absoluteminimum/maximum easily found [9]. This kind of
algorithm may sometimes give the possibility to leave the
attraction basin of a local minimum, if any.

4.2. Pathological cases

In the presence of carrier residual, real modulations (such as
PAM or BPSK) raise problems, because they become circu-
lar (even if they are not originally circular:E{s[n]2} 6= 0).
In these particular cases, one can show that the kurtosis
criterion can reach a maximum for filters that contain two
masses [26], instead of one as desired.

Another class of pathological cases encompasses the non
Gaussian random variables that have a null kurtosis. One
could think these variables are rare and never encountered;
this is untrue. Take the example of a variable uniformly
distributed on the unit circle with probability1/2, and null
with probability 1/2. This variable is encountered when
the on-off modulation{0, 1} suffers from a strong carrier
residual. This kind of variable is viewed as Gaussian by the
algorithms based on cumulants or moments of order lower
than or equal to 4.

4.3. Static MIMO

Several algorithms have been proposed in the static MIMO
case (ICA). Roughly speaking, one can divide them into two
families. First, the deflation type algorithms try to extract
one source, and then subtract it in the observation by linear
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regression [14]. Second, direct separating algorithms im-
pose some structure on the filterF in order to make sure
it does not become singular and delivers several times the
same source; this can be implemented adaptively or not [6]
[36].

As an illustration, consider the2× 2 separating filter

x =
(

c s eϕ

−s e−ϕ c

)
y (11)

where the inputy has been whitened,c = cosα is real
positive,s = sinα is real, andα, ϕ ∈ [−π/2, π/2[. Pa-
rameters(α, ϕ) can be found by maximizing the contrast
J4 = ε

∑
i C

(4,2)
xi , if sources have the same kurtosis sign,

ε. It can be shown that this maximization problem admits
an analytical solution given by the dominant eigenvector
w = [cos 2α, sin 2α cosφ, sin 2α sinφ]T of a 3 × 3 real
quadratic form:wT B w. See [8] for the exact expression
of B as a function of cumulants ofy.

4.4. Convolutive MIMO

Only SIMO channels can be identified with order 2 statistics
only, unless some specific additional information is avail-
able. The best we can do with second order statistics, is
to end up with a static MIMO problem. This is what lin-
ear prediction approaches do, as proposed already in 1990
in [5], and then later independently redeveloped [15] [1].
Approaches based on signal/noise subspaces [32] are very
sensitive to channel length misadjustment, and are not con-
sidered as attractive anymore. Contrast-based approaches
can be found in [44] [16] [13] [12]. Space is lacking to give
here a more detailed description.

5. PRESENCE OF CARRIER RESIDUAL

In this section, we show how we can get rid easily of the
carrier residual in SISO transmission schemes.

5.1. Carrier offset mitigation in SISO channels

The usual practice, for symbol sequences that are not cir-
cular at orderq, is to compute the absolute maximum of
some second or fourth order non-conjugated cyclic correla-
tion [46]

ArgMax
α

∣∣∣∣∣ 1
N

N−1∑
n=0

zq[n] e−αn

∣∣∣∣∣
which requires an exhaustive search. Even usual data-aided
solutions require an exhaustive search [4]. On the contrary,
the proposition below gives a closed-form solution [9].

Lemma 16 Let x[n] be a stationary discrete-time process
with finiteqth order moment, andz[n] = x[n] e n δ. Define

µq
def= E{x[n]q}, and mq(T ) def=

1
T

T−1∑
n=0

z[n]q. (12)

Then, forδ � 1 � T , Tδ ≤ A, for someA = O(1), we
have:

mq(T ) ≈ µq e
 qTδ/2 sin qTδ/2

qTδ/2
(13)

A direct consequence of this lemma is that one can com-
pute the carrier residual, after blind equalization, from two
sample moments calculated with two different data lengths
[9]:

Proposition 17 Under the assumptions of lemma 16,δ can
be estimated by

δ̂ =
2
qT

acos
(
|mq(2T )|
|mq(T )|

)
(14)

Now in the SISO case, there is a duality between source
and observation. By inspection of (3), the residual can in-
deed be moved to the observation:

y[n] = e n δ
∑

k

h̄[n− k] s[k] (15)

if we defineh̄[p] = h[p] e− p δ. It turns out that Propo-
sition 17 can still be utilized to compensate the carrier mis-
matchbeforeequalization.

Note that this quite natural role exchange does not hold
however in the MIMO case, where carrier residuals have no
reason to be identical for each source (think of the reception
at a base-station in the up-link, for instance).

5.2. Carrier offset mitigation in MIMO channels

As just explained, it seems easier to run blind space-time
channel equalization in a first stage. Then the equalizer out-
puts are supposed to be statistically independent. Therefore,
in a second stage, one can process outputs one by one, by
the procedure described for SISO channels.

6. THE CASE OF DISCRETE SOURCES

6.1. Modeling, contrast, and trivial filters

The interest of exploiting the discrete character lies not only
in a more accurate characterization of the desired output
(than just non Gaussian or CM), but also in the fact that
some other assumptions can be dropped. In this section, the
sole assumption used is

Assumption 18 The sourcessj [n] belong to a known finite
alphabetA characterized by the complex roots of a polyno-
mial P (z) = 0, and are sufficiently exciting.
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For instance, sources can be correlated and non stationary.
In fact, the approach proposed is entirely algebraic and de-
terministic, so that no statistical tool is required. The sim-
plest case isP (z) = zq − 1, for which we have

Theorem 19 LetS be the set of PSK−q processes, andH
the set ofP × P invertible FIR filters. Then

Υ(x) def= −
∑

i

∑
n

∣∣xq
i,n − 1

∣∣2
is a contrast if the matrix(si[n]) is full rank.

Proof. This proof has been derived with the help of
Jérôme Lebrun. We prove the theorem for static mixtures:
x[n] = A s[n]. First, the contrast is obviously null forx ∈
S, and always negative. ThusΥ(x) ≤ Υ(s). If equality
holds, this means thatxq

i,n = 1 for all (i, n). We have a
system of (polynomial) equations in unknownsAip. The
matrix of source signals is formed ofqth roots of unity. If it
is full rank, this firstly means thatP ≤ q, and secondly, that
there exist a submatrixP × P , S, related to the length−q
Fourier transform matrix,F , byS = P 1∆1F , whereP 1 is
a permutation and∆1 is aP ×q diagonal matrix containing
qth roots of unity. LetX = A S. ThenX is invertible. But
its entries satisfyXq

ij = 1. Thus, there exist a permutation
and a diagonal matrix ofqth roots of unity such thatX =
P 2∆2F . This implies thatA = P 2∆2∆−

1 P 1
T, which

can be put in the formA = P∆. We have proved thatA is
trivial.

In this case, trivial filters are of the formP D[z], where
Dpp[z] are rotations in the complex plane of an angle multi-
ple of2π/q combined with a pure delay, andP are permu-
tations.

6.2. Numerical algorithms

It is easy to run gradient ascents to find the maxima ofΥ(x)
defined in theorem 19. The same remarks already made in
section 4 still hold. In the present case however, algebraic
solutions can be computed, as reported in [22] [21], among
others.

Other approaches, that are not based on contrast maxi-
mization, exist in the literature, including [48] [42] [45] [43]
[47] [31].

7. CONCLUDING REMARKS

Several extensions of the contrast concept have been exam-
ined, and are currently being deepened. Algebraic block
solutions become more and more attractive, especially in
TDMA transmissions, because of the increased computa-
tional power. Other interesting directions of research in-
clude Non Linear or under-determined mixtures; MCMC
approaches can be promising in this kind of context, for the
same reason.
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