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A Systolic Array for Computing B A~

PIERRE COMON, MEMBER, IEEE, AND YVES ROBERT

Abstract—This paper is devoted to the design of a new systolic array
of n(n + 1) elementary processors which computes B A™! within 4n +
p — 2 time steps, where A is a dense (nonsingular) » by » matrix, B is
a dense p by » matrix. The array can be directly extended to compute
the vector Y = B A 'R, where R is a vector with n components. Such
computations arise frequently in signal processing applications.

1. INTRODUCTION

S pointed out in [14] and [20], many signal process-
ing applications impose a severe demand on the I /O
bandwidth and computation power of general-purpose
computers. The systolic concept offers guidelines in
building cost-effective systems that balance 1/0 with
computations. A systolic architecture is a network or ar-
ray of elementary processors which are locally intercon-
nected [15], [18]. The regularity and simplicity of such
systems leads to modular designs highly suitable for VLSI
implementation [1], [19], [21]. The great interest in sys-
tolic architectures for signal processing has been demon-
strated by the large number of systolic special-purpose ar-
rays as well as systolic digital signal processors, which
have been recently introduced in the literature (see [3]-
[51, 191, [11], [14]-16], [20], [21], [23], [25], [28], [30],
and [31] among others).
In this paper, we introduce a new systolic array of n(n
+ 1) elementary processors which can compute B - A~}
within 4n + p — 2 time steps, where A4 is a dense (non-
singular) n by » matrix, and B is a dense p by n matrix.
The array can be directly extended to compute the vector
Y = BA™'R, where R is a vector with n components. Such
computations arise frequently in signal processing appli-
cations, as we briefly elaborate in the next section.
We point out that our array receives the matrix 4 fol-

lowed by the matrix B from the host, and directly outputs

the solution matrix B A~! after 4n + p — 2 time steps.
This one-array computation is much more attractive for
direct hardware implementation than a solution based on
the successive utilization of several simple special-pur-
pose arrays.

II. CompuTiNG B - A~! In SIGNAL PROCESSING

APPLICATIONS
Detection and estimation are essential operations in sig-
nal processing [29]. Focusing on multivariate discrete-
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time stationary processes observed on a finite duration,
all the linear operators entering the problem of detection
and estimation are of finite rank and are often expressed
with the help of projections.

The projection ¢g (R) (k) of an n X 1 observation vec-
tor onto the linear subspace spanned by a p X 1 random
signal S(k) is expressed as:

¢5(R) (k) = Tsp(k) Tar(k)”" R(k)

where. k stands for a time, frequency, space, or wave-
number variable. T'szg (k) = E{S(k) R(k)*} and T (k)
= E{R(k) R(k)*} (" denoting complex conjugated and
transposed) are covariance matrices of respective dimen-
sionp X nand n X n, and can eventually not depend on
k, according to the investigated problem.

The projection ¢g (R) (k) is used either in the frame of
Bayesian approach, especially under Gaussian hy-
potheses, or in Wiener filtering. In these cases, some a
priori knowledge of the signal and observation statistics
is required [12], [29].

Similar expressions must be computed in linear optimal
solutions in the least-squares sense, where quantities such
as ¥ (R) (k) are needed:

Y5 (R) (k) = Tsp(k) Tre(k)™ R(K).

Here, I'gz(k) = Z3_, S,(k) R, (k)" and Tge(k) =
E,’Y -1 R, (k) Ru(k)+ are 'sample covariance matrices that
are computed from the observations.

These kinds of expressions also arise in maximum a
posteriori or maximum likelihood approaches if the co-
variance matrices are unknown [7].

Hence, usual optimal solutions in digital signal pro-
cessing involve Toeplitz symmetric, circulant, or Her-
mitian covariance matrices. In fact, with regard to usual
practice, observations of stationary processes can be
roughly regrouped into three classes. First, the real-time
series, considered as finite observations of infinite dura-
tion realizations, lead to real symmetric block-Toeplitz
covariance matrices. Second, the real-time series as-
sumed to be one period length realizations of periodic
processes lead to real block-circulant covariance matrices
[2]; this situation occurs in many processings using the
discrete Fourier transform, that is, the circular assump-
tion [6]. Third, complex-valued data defined in frequency
domain lead to block-Hermitian covariance matrices.

In another connection, as emphasized in [10], adaptive
processing techniques can be divided into two main fam-
ilies: ‘“block’’ processings and ‘‘recursive’’ processings. -
In the first, incoming data are divided into independent
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blocks, and from each block assumed as a whole, an es-
timate is computed. On the other hand, in the second, the
estimates are assumed to be a priori dependent to the pre-
ceding estimates. Generally, this recursive procedure does
not use a block division. If the estimates are updated as
soon as new sample data income, the covariance matrices
at time k& can be computed from their value at time £ — 1
by a rank 1 modification [10]. As for us, we accord spe-
cial attention to the first kind of processing.

Hence, regarding adaptive processings of ‘‘block’’
type, we have to deal with the general problem to com-
pute B A™'R, where B and A are dense complex matrices
of respective dimension p X nand n X n, and R is a
vector with n components. Here, we do not take into ac-
count further assumptions about the particular form of
matrices A and B (Toeplitz symmetric, circulant, Hermi-
tian, . . .), so that our approach is available in any of the
three classes aforementioned. The only restriction from
the numerical point of view is that the matrix A is positive
definite or diagonal dominant.

Such a computation requires O(n’) floating-point op-
erations on a sequential computer, and this motivates the
use of a dedicated systolic processor whenever real-time
solutions are needed.

III. THE SYSTOLIC ARRAY
A. The Gauss-Jordan Diagonalization Algorithm

We first concentrate on the design of a systolic array to
compute the product B - 47!, and we differ the problem
of postmultiplication by the vector R until Section III-C.

Let C denote the n + p by n matrix

H
C= .
B

We reduce C to the matrix

e
BA!

by the Gauss-Jordan diagonalization algorithm. But since
we want to compute B A~ ! rather than A™! B, we have to
use combinations of columns rather than combinations of
rows. The way to proceed is to postmultiply C by »n ele-
mentary n X n matrices J;, J,, - * * , J, in order to obtain
after n steps

7
CJ1J2 L Jn = |:BA_I}.

Therefore, define C, = Cy_; - J, starting with Cy = C,
and let C¢ be the (r + p — k) X »n matrix built up with
the last n + p — k rows of C,. We choose J; so that the
first £ rows of C; are those of 7,, the identity matrix of
order n. Thus, C; has the following structure:

the k first rows of /,
Ck - .
Cy¢

In particular, C{¢ is the desired matrix B A~'. The matrix
Jy only defers from I, by its k&th row, which we denote as

[ef - ],

The coefficients of Cy are denoted (c{), k + 1 < i <
n+p l=<j=<n. Thevaluesofthecfj),k <i=sn+
p, 1 =j=<n,1<k < n, are computed recursively by

the following algorithm, starting from ¢ = c;:
for k :=
begin

{compute J;}

lton

e = 1/cig P (A)
forj:=1ton,j +k
ch 1= —cf ¥ cff P (B)
{compute C?}
fori:=k+1ton+p
begin
forj:=1ton,j #k
b = c(j“” + oD o, (©)
(k) - c(k D o, (D)
end,
end;

Recall that ckj ) refers to the kth row of Ji, while c(k)
with k < i refers to the matrix Cg.

B. Description of the Array

We use a bidimensional array of orthogonally con-
nected processors (see Fig. 1). The array is composed of
n rows, each row k including n + 1 processors numbered
from left to right P 1, - * * , Prps1-

The matrix A, followed by thé matrix B, is fed into the
array column by column. More specifically, column k of
the matrix C is input to processor Py, one new element
each time step, beginning at time ¢ = k. This input format
is depicted in Fig. 1.

Before describing in detail the operation of the array,
let us give an informal explanation of how it works.
There are n phases in the Gauss—Jordan diagonalization
algorithm. We map each of them onto a row of the array.
More precisely, the kth instance of the external loop is
performed by the row k of the array, which receives the
matrix Cg_; from the row Xk — 1, and delivers the matrix
Cy to the row k& + 1. There are two different things to do
during each phase k of the algorithm: first compute the
elementary matrix J;, then perform the multiplication
Cp = CZ-1J;. The action of the processors in row k is
defined to match these two different computations: the
processors in row & first compute and store the coefficients
of matrix J;, then they perform inner-product step com-
putations.

As soon as all the elementary matrices J, are computed
and stored in the array, we say that the array is initialized.
Once initialized, the array can be viewed as a linear op-
erator that transforms any matrix B into the matrix B A"
This is only a conceptual vision of the array, since the
initialization and multiplication phases are pipelined. Of
course, if we let a third matrix B’ follow B, the array will
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Fig. 1. Input of the systolic array (n = 4, p = 3).

output B’ A~" after B A'. The inverse of 4 has been
stored in the array as n elementary matrices A~! = J,J,
- J,. » ‘ .
The operation of each processor is detailed in Fig. 2.
There are three types of processors as follows.

o Type I: Circle processors compute the inverse of
their first input data, according to the instruction (A)
in the algorithm. Afterwards they simply act as delay
cells.

® Type 2: Square processors first initialize their inter-
nal register r by storing after modification their first
input data [instruction (B)]; then they act as classical
multiply-and-add cells ([15], [18]) to perform in-
struction (C).

e Type 3: Double-square processors actually operate
as square processors, with the exception that their
internal register r is not initialized in the same way
(see Fig. 2). They perform instruction (D).

In the kth row of the array, the leftmost processor Py ;
is of type 1 and the rightmost processor Py , . is of type
3. All the other processors Py ,, - * -, Py , are of type 2.

As we already mentioned, the action of a given proces-
sor depends on whether it is the first data item it receives.
As shown in Fig. 2, each processor has a control Boolean
init initialized to true. This Boolean specifies the opera-
tion to be performed and the line along which the data are
to be sent out. In an actual implementation, the instruc-
tion to start would be input to the top-left corner of the
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Stept

Bout

Step t+1

if init then { compute inverse }
begin a5,;; = 1/a ;init .= false ; end
else {transfer data } ag ;= &,

8in

l
Bin —| — — — Dout
! !
%out
Stept Step t+1

if init then {initialize internal register }

beginr = - by, *ay, ; init == false ; by 1= by, s end
else { update aj;, }

begin &gt = ajp +bjy * 1 ; byt = bjn s end

by, — ® : —i ®
! !

' out

Step t Step t+1

if init then {initialize internal register }
begin r = by, ; init := false ; end
else { update bj, } agyt = bjn " r
Fig. 2. Operation of the processors (at the beginning, all variables inir are
set to “‘true’’).

array and systolically propagated to all the processors.
Since each processor starts operation when the processor
above it sends data downwards (through a,,,) for the first
time, it can be checked from Fig. 1 that processor Py; op-
erates for the first time at step 3k + j — 3, so that the
start signal would move at full speed to the right and at
half-speed downwards.

Let us describe now the operation of the first row of the
array. At step 1, processor P;; computes cid = 1/c(9
and sends it rightwards. From step 2 until the end of the
computation, Py, operates as a one-step delay cell. At step
2, P, initializes its internal register with c{}) = —c{}’ *
c{? and then operates as a multiply-and-add cell: indeed
at step 3, it updates ¢y into

1 ._ (0 0 1
sy = oY + P * Y,

and so on with ¢35, €42, * * *

Pi3, Py, * -, Py, operate like P,,, starting, respec-
tively, at step 3, 4, n. Atstep n + 1, c{}’ reaches proces-
sor Py ,., and is stored in its internal register. From step
n + 2 to the end, processor Py ,.; updates the first col-
umn of C?{. Indeed, at step n + 2, it computes c5)’ =
S * (P, and so on, with ¢35, ¢4, - * *, according to
instruction (D).

The following table shows the operation of the first row
of processors during phase 1 (we choose n = 4 in this

example):
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Fig. 3. Operation of the first row of the array.

Py Py Py Py Pys
Time Step 1 e — — — -
2 - oy - - -
3 - o oy - -
4 - o o 4P -
5 - o oy o o n
6 - o “ o & cs

Fig. 3 shows the contents of the registers of the first row 1/ ¢~ in processor P, ;, and moves rightwards without
of the array, as well as its output format. - modification until it is stored in the processor Py ,, . ;. The

We briefly describe at the data stream level the opera- nondiagonal coefficients ¢{¥, i # k, of the matrix J,
tion of the kth row of the array, which is devoted to the are computed and stored in the processors Py, *

.
b4

computation Py ,+1 (more precisely, c,(cf-‘) is stored in processor
o o P14+ (i—kymodn)- After the processors are initialized, they .
€ = Ci-Je :

perform the multiplication C{ = C¢_J,. The matrix
The leftmost processor Py ; transmits the input data arriv-  Cy is output from the row k of the array in column order,
ing from the top to the right. Type 2 processors in the row  the leftmost column being now column & + 1.
modify and store the first data value arriving from the top The reason for such a reordering is the following: in
and pass downwards all the following data after modifi- phase k of the algorithm, column & of the matrix must be
cation. Similarly, the rightmost processor P ,,; stores combined with all the other columns (and not only with
the first input data arriving from the left and passes down- columns j, j > k, as would be the case for Gaussian trian-
wards all the following data after modification. Thus, after gularization). Moreover, ¢~ ! must be the first coeffi-
a column of » + p input data flows through the whole cient of the matrix C_; to be input to the kth row of the
array, its length is shortened by n to become a column of array. The circular permutation of columns that the array
p output data. Cy = C§ = Cis input to row 1 of the array, implements allows us to fulfill these requirements, letting

C? is input to row 2, - - - , and C;_, is input to row n; column k play exactly the same role in phase k of the
finally, the array outputs the matrix CS = BA™. algorithm as column 1 in the first phase.

It is important to note that the columns are ‘ ‘reordered’’ Theorem: Given a dense nonsingular n X n matrix 4
in some sense when moving through the array: the input and a dense p X n matrix B, the orthogonal systolic array
of the processors Py, - -+ , Py, in row k are, respec- of n(n + 1) processors can compute B A~ within 4n +
tively, the columns k£, k + 1, - - - ,n, 1, -+ ,k — 1of p — 2 time steps.

C?_,. The element ci¥ is computed according to c{ : = In the above presentation of the array, we have not ad-
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dressed the issue of pivoting. As already emphasized in
the Introduction, we are concerned with positive definite
or diagonal dominant matrices A, for which the Gauss-
Jordan algorithm is numerically stable.

Sure enough, it is well known that partial pivoting can-
not be implemented on systolic arrays, since the scanning
for a pivot would break down the regularity of the design
[18]. We would like to mention the possibility of dealing
with general matrices by programming some processors
of the array to perform Givens rotations instead of Gauss-
ian combination of columns, so that the strictly lower tri-
angular part of the matrix 4 can be annihilated in a stable
manner. Such a mixed strategy of elimination is detailed
in [8].

C. Postmultiplication by a Vector R

It is easy to compute on-the-fly the vector Y = B AflR.
For convenience, let us denote M = B A~} (instead of
C,) the matrix which is output from the preceding sys-
tolic array.

To compute ¥ = MR, we add an (n + 1)th row to the
array, as depicted in Fig. 4. This new row is composed
of n multiply-and-add processors, denoted as triple square
processors. The ith processor starting from the left, num-
bered P, ;, has its internal register preloaded with the
value R;. A processor is to be activated when it receives
its first input data from the top, that is, P, ; is to be
activated at step 3n + i. Once activated, it operates as
detailed in Fig. 5.

Let us follow the computation of Yy, initialized to 0. At
step 3n + 1, it is updated in processor P, ; according
to Yy := Y, + my; R;. At step 3n + 2, it is updated in
processor P, . 1 5 according to ¥, := ¥; + my; R,. At step
4n, Y, is output from processor P, , with its definitive
value. A new Y; is then output every time step, until step
4n + p — 1, where the last component of Y exits the
array.

There are many possible variations. One can decide that
the processors of the (rn + 1)th row start their operation
at step 1, and neglect the data output from P, , until
step 4n (in fact, only zeros are produced by the array until
this step). It is also possible to include a mechanism to
load the components of the vector R into the correspond-
ing registers: one can simply input Ry, R,, * * * , R, to the
left input port of P, ., ;, each datum moving right until it
finds an empty register to be stored in.

Proposition: Given a dense nonsingular n X n matrix
A, a dense p X n matrix B, and a vector R with n com-
ponents, the orthogonal systolic array of n(n + 2) pro-
cessors can compute B A”'R within 4n + p — 1 time
steps.

We point out that the array can be straightforwardly ex-
tended to the case where R is an n X ¢ matrix instead of
an n X 1 vector. All one has to do is to replicate the
bottom row of triple square processors, such that they pass
their inputs from above downwards. It then takes n(n +
g + 1) processors and 4n + p + g — 2 time steps to
compute the matrix B A~'R.
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Fig. 4. Computingy =B - A™' - R(n =4,p = 3).

Yin —il R ji—» —it R f— Yout
Stept Step t+1
if activated

then { update yin } Yout *=Yin + B * bjp

Fig. 5. Operation of triple square processors.

IV. CoNCLUDING REMARKS

There are many systolic arrays that have been intro-
duced in the literature to solve particular instances of lin-
ear algebra and digital signal processing problems. Given
two dense matrices A and B of respective dimensions n X
nand p X n, the computation B A™! could be achieved
by using several existing arrays. In particular, one could
use the building blocks of [11] for i) computing the LU
decomposition of A; ii) inverting the triangular matrices
L and U, iii) computing the product U 'L~! = 47!; and
iv) computing the product B A~!. Such an approach based
on several simple (but more general) arrays is less effi-
cient than our ‘‘one-array’’ scheme: it requires more pro-
cessors, and the total computation time is larger, even if
we simply add the processing time of each simple array.
However, the important price to pay in time when using
several subarrays is the extra delay needed to store partial
results in the host, and most often to rearrange them in
order to get the right input format for processing by the
next building block (see the discussion of [24] for the
problem of computing the product of three matrices).

Steps 1)-iii) above can be reduced to a single one if we
choose to use an array for matrix inversion, such as that
of Kramer and Van Leeuven [13] or Rote [27] (matrix
inversion -is a particular instance of the algebraic path
problem [27]). However, these two arrays require n” pro-
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cessors and, respectively, 6n and 7n time steps to com-

pute the inverse A~' of an # X n matrix 4. Again, there
remains to store 4~ ! in the host before using an other ma-
trix-matrix multiplication array to get the final result.

It is also possible to compute B A~' using the systolic
array of [5] and [25], since this computation is a particular
instance of the Faddeev algorithm (see [5] for details).
However, this array requires n(3n + 1)/2 elementary
processors and outputs the product B A Vafter4n + p —
2 units of time. The array that we have introduced here
delivers the solution in the same number of time steps,
but it is composed of only n{(n + 1) elementary proces-
sors, hence—to our knowledge—providing with the best
area-time performances.

Finally, it is worthwhile to point out that it is possible
to compute the product A~' B without any change in the
array. Given two dense matrices A and B of respective
dimensions n X n and n X p, just feed into the array the

(n + p) X n matrix
At
c-17)
Bt

The array will output the matrix B’A™" = (A™' B)/,
which means that the matrix 4~! B will be delivered col-
umn by column (in 4n + p — 2 time steps). In the partic-
ular case p = 1, the matrix B is a vector b with n com-
ponents, and the array computes the solution x of the
system Ax = b within 4n — 1 time steps. This remark
provides a connection with the array of Robert and Trys-
tram [26], since computing A~" B is a possible extension
of this array which was originally designed to solve the
algebraic path problem as defined in [27].

The fit between the structure of the problem (comput-
ing BA™" or A! B) and the array presented here is worth
pointing out. If only the computation of A~ were needed
(which is a special instance of the algebraic path prob-
lem), we should use the better array of Kung, Lewis, and
Lo [22].
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